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� áá¬®âà¨¬ ãà ¢­¥­¨¥

L(u) � sgn y � jyjnuxx + sgnx � jxjmuyy = 0; n;m � 0; (1)

¢ ®¡« áâ¨ G, ®£à ­¨ç¥­­®© 1) ªà¨¢®© � ¨§ ª« áá  �ï¯ã­®¢ , «¥¦ é¥© ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¯«®áª®-
áâ¨ (x; y) á ª®­æ ¬¨ ¢ â®çª å B = (1; 0) ¨ B1 = (0; 1); 2) å à ªâ¥à¨áâ¨ª ¬¨ AC ¨ CB ãà ¢­¥­¨ï
(1) ¯à¨ x > 0, y < 0; 3) å à ªâ¥à¨áâ¨ª ¬¨ AC1 ¨ C1B1 ãà ¢­¥­¨ï (1) ¯à¨ x < 0, y > 0, £¤¥

A = (0; 0), C(xC ; yC), C1(�xC ;�yC), xC =
�
�
2

� 1

� , yC = ���
2

� 1

� , � = m+2

2
, � = n+2

2
.

� ­­ ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥­¨¥¬ ¨áá«¥¤®¢ ­¨©  ¢â®à®¢ [1], £¤¥ ¡ë«¨ ãáâ ­®¢«¥­ë
íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï (1), ¨¬¥îé¥£® ¯à¨«®¦¥­¨ï ¢
£ §®¢®© ¤¨­ ¬¨ª¥ [2]. � á¢ï§¨ á ¤®ª § â¥«ìáâ¢®¬ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¤«ï
ãà ¢­¥­¨ï (1) ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¯®áâà®¥­¨ï ¢ ï¢­®¬ ¢¨¤¥ à¥è¥­¨ï § ¤ ç �®è¨{�ãàá 
¤«ï ãà ¢­¥­¨ï (1) ¢ £¨¯¥à¡®«¨ç¥áª®© ç áâ¨ D = G \ fx > 0; y < 0g á¬¥è ­­®© ®¡« áâ¨ G.

�¥à¢ ï § ¤ ç  �®è¨{�ãàá  (§ ¤ ç D1). � ©â¨ äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) ^ C2(D); (2)

Lu(x; y) � 0; (x; y) 2 D; (3)

u(x; y)
��
AC

=  (x); 0 � x � xC; (4)

u(x; 0) = �(x); 0 � x � 1;

£¤¥ � ¨  | § ¤ ­­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨ â ª¨¥, çâ® �(0) =  (0).

�â®à ï § ¤ ç  �®è¨{�ãàá  (§ ¤ ç  D2). � ©â¨ äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨-
ï¬ (2){(4) ¨

lim
y!0�0

@u

@y
= �(x); 0 < x < 1;

£¤¥  ¨ � | § ¤ ­­ë¥ ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨.

� ­¥¥ § ¤ ç¨ �®è¨{�ãàá  ¤«ï ãà ¢­¥­¨ï (1) ¯à¨ n > 0, m = 0 ¡ë«¨ ¨§ãç¥­ë ¢ [3]{[6]. �
[7] ä®à¬ «ì­® ¯®«ãç¥­ë ä®à¬ã«ë à¥è¥­¨ï § ¤ ç D1 ¨ D2 ¤«ï ãà ¢­¥­¨ï (1), ­® ®âáãâáâ¢ãîâ
á®®â¢¥âáâ¢ãîé¨¥ â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï íâ¨å § ¤ ç á ãª § ­¨¥¬ £« ¤ª®áâ¨ äã­ªæ¨©
� , � ¨  . � [8] ¤«ï ãà ¢­¥­¨ï �©«¥à {�ã áá®­ {� à¡ã ¯®áâà®¥­ë ®¡é¨¥ à¥è¥­¨ï ¤«ï ¢á¥å
§­ ç¥­¨© ¯ à ¬¥âà®¢. � ¤ ­­®© áâ âì¥ ¤«ï ãà ¢­¥­¨ï (1) ¯à¨ ¢á¥å m = n > 0 ¯®«ãç¥­ë â¥®à¥¬ë
áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç D1 ¨ D2 ¯à¨ ¡®«¥¥ á« ¡ëå ãá«®¢¨ïå ­  £« ¤ª®áâì äã­ªæ¨© � , �
¨  , ç¥¬ ¢ [3]{[6], [9].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò99-01-00934.
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� ®¡« áâ¨ D ¯¥à¥©¤¥¬ ª å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®®à¤¨­ â ¬ � = x� � (�y)�, � = x� + (�y)�.
�®£¤  ãà ¢­¥­¨¥ (1) ¯à¨¬¥â ¢¨¤

L0v � v�� +
q

� � �
(v� � v�) +

q

� + �
(v� + v�) = 0; (5)

v(�; �) = u

��
� + �

2

� 1

�

;�
�
� � �

2

� 1

�
�
; q =

m

2(m+ 2)
;

  ®¡« áâì D ®â®¡à §¨âáï ¢ ®¡« áâì 4 = f(�; �) j 0 < � < � < 1g. �  ®¡à § ¬¨ â®ç¥ª A, B, C
®áâ ¢¨¬ ®¡®§­ ç¥­¨ï ¯à®®¡à §®¢. � ¤ ç¨ �®è¨{�ãàá  áâ ¢ïâáï á«¥¤ãîé¨¬ ®¡à §®¬.

� ¤ ç  D0

1. � ©â¨ äã­ªæ¨î v(�; �), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

v(�; �) 2 C(4) ^ C1(4); v�� 2 C(4); (6)

L0(v) � 0; (�; �) 2 4; (7)

v(0; �) = u

��
�

2

� 1

�

;�
�
�

2

� 1

�
�
=  

��
�

2

� 1

�
�
=  1(�); 0 � � � 1; (8)

v(�; �) = u(�
1

� ; 0) = �(�
1

� ) = �1(�); 0 � � � 1;

£¤¥ �1 ¨  1 | § ¤ ­­ë¥ äã­ªæ¨¨, �1(0) =  1(0).

� ¤ ç  D0

2. � ©â¨ äã­ªæ¨î v(�; �), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (6){(8) ¨, ªà®¬¥ â®£®,

lim
�!�

�
1
2

�2q

�(� � �)2q(v� � v�) = �(�
1

� ) = �1(�); 0 < � < 1;

£¤¥  1 ¨ �1 | § ¤ ­­ë¥ äã­ªæ¨¨.

�«ï à¥è¥­¨ï § ¤ ç D0

1 ¨ D0

2 ¯à¨¬¥­¨¬ ¬¥â®¤ �¨¬ ­ {�¤ ¬ à , ª®â®àë© ®á­®¢ ­ ­  â ª
­ §ë¢ ¥¬®© äã­ªæ¨¨ �¨¬ ­ {�¤ ¬ à . � ­¥¥ íâ®â ¬¥â®¤ ¯à¨¬¥­ï«áï ¢ [3]{[7], [9], [10].

�ã­ªæ¨ï �¨¬ ­ {�¤ ¬ à  § ¤ ç¨ D0

2 ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

B(�; �; �0; �0) =

(
B1(�; �; �0; �0); � > �0;
B2(�; �; �0; �0); � < �0;

£¤¥ B1(�; �; �0; �0) | äã­ªæ¨ï �¨¬ ­ , ¯®áâà®¥­­ ï ¢ [7] ¨ ¯à¨ m = n ¨¬¥îé ï ¢¨¤

B1(�; �; �0; �0) = R(�; �; �0; �0) =
�
�2 � �2

�20 � �20

�q

F (1� q; q; 1;�); (9)

B2(�; �; �0; �0) = k2
(�2 � �2)2q

(�20 � �2)q (�20 � �2)q
F

�
q; q; 2q;

1
�

�
;

k2 =
�(q)

�(1� q)�(2q)
; � =

(�2 � �20)(�
2 � �20)

(�2 � �2)(�20 � �20)
;

F (�) | £¨¯¥à£¥®¬¥âà¨ç¥áª ïäã­ªæ¨ï � ãáá . �ã­ªæ¨ïB(�; �; �0; �0) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©-
áâ¢ ¬¨:

1� B(�; �; �0; �0) ª ª äã­ªæ¨ï ®â (�; �) ï¢«ï¥âáï à¥è¥­¨¥¬ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï L�0v = 0,
  ª ª äã­ªæ¨ï ®â (�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5);

2� a) B1� +
�

q

���
� q

�+�

�
B1 = 0 ­  � = �0,

¡) B1� �
�

q

���
+ q

�+�

�
B1 = 0 ­  � = �0,

¢) B(�0; �0; �0; �0) = 1;

3� d�
d�
+
�

q

���
+ q

�+�

�
� = 0 ­  � = �0,

£¤¥ � = lim
"!0

[B(�; �0 + "; �0; �0)�B(�; �0 � "; �0; �0)];
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4� B2� �B2� +
4q

���
B2 = 0 ­  � = �.

� ¬¥ç ­¨¥ 1. �â¬¥â¨¬, çâ® ¢ à ¡®â å [3], [5], [7] ¢¬¥áâ® á¢®©áâ¢  4� ¯à¨¢¥¤¥­® ãá«®¢¨¥
B2(�; �; �0; �0) = 0 ­  � = �, çâ® ­¥¤®áâ â®ç­® ¤«ï ¯®áâà®¥­¨ï à¥è¥­¨ï § ¤ ç¨ D0

2.

�ã­ªæ¨ï �¨¬ ­  { �¤ ¬ à  A(�; �; �0; �0) § ¤ ç¨ D0

1 ¨¬¥¥â ¢¨¤

A(�; �; �0; �0) =

(
A1(�; �; �0; �0); � > �0;
A2(�; �; �0; �0); � < �0;

£¤¥

A1(�; �; �0; �0) = R(�; �; �0; �0) =
�
�2 � �2

�20 � �20

�q

F (1� q; q; 1; z);

A2(�; �; �0; �0) = k1
(�2 � �2)(�20 � �20)

1�2q

(�20 � �2)1�q(�20 � �2)1�q
F

�
1� q; 1� q; 2� 2q;

1
z

�
;

k1 =
�(1� q)

�(q)�(2� 2q)
;

¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ 1�{3� ¨, ªà®¬¥ â®£®,

A(�; �; �0; �0) = 0 ¯à¨ � = �:

�ãáâì (�0; �0) | ¯à®¨§¢®«ì­ ï, ­® ä¨ªá¨à®¢ ­­ ï â®çª  ®¡« áâ¨ 4. �¢¥¤¥¬ á«¥¤ãîé¨¥ ¯®¤-
®¡« áâ¨ ®¡« áâ¨ 4:

41 = f(�; �) j 0 < � < �0 � 2"; �0 + " < � < �0g;
42 = f(�; �) j 0 < � < �0 � 2"; " < � < �0 � "g;

£¤¥ " > 0 | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®. �ãáâì v | à¥è¥­¨¥ § ¤ ç¨ D0

2, w = B(�; �; �0; �0) |
äã­ªæ¨ï �¨¬ ­ {�¤ ¬ à  § ¤ ç¨ D0

2. � ¯¨è¥¬ â®¦¤¥áâ¢® �à¨­  ¤«ï ®¯¥à â®à  L0:

wL0(v)� vL�0(w) =M� +N� � 0; (10)

£¤¥

M =
1
2
(vw)� � vw� +

�
q

� � �
+

q

� + �

�
vw;

N =
1
2
(vw)� � vw� �

�
q

� � �
� q

� + �

�
vw:

�­â¥£à¨àãï â®¦¤¥áâ¢® (10) ¯® ¬­®¦¥áâ¢ã 41[42 ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ "! 0, ¯®«ãç¨¬
à¥è¥­¨¥ § ¤ ç¨ D0

2 ¢ ï¢­®¬ ¢¨¤¥

v(�0; �0) =
k2

�
22q�1

Z �0

0

�1(�)
(2�)2q

(�20 � �2)q(�20 � �2)q
d� +

Z �0

0

B(0; �; �0; �0)
�
 01(�) +

2q
�
 1(�)

�
d� (11)

¨«¨

v(�0; �0) =
k2

2

�
2
�

�2q Z �0

0

�1(�)
(2�)2q

(�20 � �2)q(�20 � �2)q
d� +

+
�
2q
0

(�20 � �20)q
 (�0)�

Z �0

0

 1(�)
�
@B(0; �; �0; �0)

@�
� 2q

�
B(0; �; �0; �0)

�
d�: (12)

�¥®à¥¬  1. �á«¨ 1) äã­ªæ¨ï �1(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ �2 > q
­  ¨­â¥à¢ «¥ (0; 1), �1(�) ¯à¨ � ! 0 ¬®¦¥â ¨¬¥âì ®á®¡¥­­®áâì áâ¥¯¥­­®£® ¯®àï¤ª  ­¥ ¡®«ìè¥,
ç¥¬ 1,   ¯à¨ � ! 1 ¬¥­ìè¥, ç¥¬ 1�2q; 2)  1(�) 2 C2[0; 1], â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

§ ¤ ç¨ D0

2 ¤«ï ãà ¢­¥­¨ï (5), ¨ ®­® ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (11) ¨«¨ (12).
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë á«¥¤ã¥â ¨§ á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©.

�¥¬¬  1. �á«¨ äã­ªæ¨ï �1(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 1) â¥®à¥¬ë 1, â® äã­ªæ¨ï

I1(�0; �0) = 


Z �0

0

�1(�)(2�)2q

(�20 � �2)q(�20 � �2)q
d�; 
 =

k2

�
22q�1;

®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) ¥¥ ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

@I1

@�0
= 22q
��2q0 �1(�0) + 22q+1
q�0

Z �0

0

[�1(�0)� �1(�)]�d�
(�20 � �2)q+1(�20 � �2)q

+

+22q

q

1� q
�
2q
0 �1(�0)

�
�20
�20

�1�q

(�20 � �20)
�2qF

�
1� 2q; 1� q; 2� q;

�20
�20

�
; (13)

@I2

@�0
= 22q+1
q�0

Z �0

0

[�1(�0)� �1(�)]�d�
(�20 � �2)q(�20 � �2)q+1

�

�22q 
q

1� q
�
2q
0 �1(�0)

�0

�0

�
�20
�20

�1�q

(�20 � �20)
�2qF

�
1� 2q; 1� q; 2� q;

�20
�20

�
; (14)

�1(�) = �1(�)�
2q�1;

2) ¯à®¨§¢®¤­ë¥ @I1
@�0

¨ @I1
@�0

­¥¯à¥àë¢­ë ¢ 4 nAB;
3) I1(�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5) ¨ ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬

I1(0; �0) = 0;

lim
�0!�0

�
1
2

�2q

�(�0 � �0)2q
�
@I1

@�0
� @I1

@�0

�
= �1(�0); 0 < �0 < 1: (15)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äã­ªæ¨î

I1"(�0; �0) = 


Z �0�"

0

�1(�)(2�)2q

(�20 � �2)q(�20 � �2)q
d�:

�à®¤¨ää¥à¥­æ¨àã¥¬ ee ¯® �0

@I1"

@�0
= �22q+1
q�0

Z �0�"

0

�1(�)�d�
(�20 � �2)q+1(�20 � �2)q

+ 22q

�1(�0 � ")(�0 � ")2q

(�20 � (�0 � ")2)q(�20 � (�0 � ")2)q
:

� ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯à¨¡ ¢¨¬ ¨ ¢ëçâ¥¬ ¢ëà ¦¥­¨¥

R = 22q+1
q�0�1(�0)
Z �0�"

0

�d�

(�20 � �2)q+1(�20 � �2)q
+ 22q+1
q�0�1(�0)

Z �0�"

0

�d�

(�20 � �2)q(�20 � �2)q+1
;

ª®â®à®¥ ¢ á¨«ã ä®à¬ã« ([11], c. 81)

Z
dx

zntm
= � 1

(m� 1)4
1

tm�1zn�1
� (m+ n� 2)b

(m� 1)4
Z

dx

tm�1zn
;

Z
dx

zntm
=

1
(n� 1)4

1
tm�1zn�1

+
(m+ n� 2)�
(n� 1)4

Z
dx

tmzn�1
;

£¤¥ z = a+ bx, t = �+ �x, 4 = a� � �b, à ¢­®

R = 22q
�0�1(�0)
1

(�20 � (�0 � ")2)q(�20 � (�0 � ")2)q
� 22q
�0�1(�0)(�0�0)�2q:
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�®£¤ 

@I1"

@�0
= 22q+1
q�0

Z �0�"

0

[�1(�0)� �(�)] �d�
(�20 � �2)q+1(�20 � �2)q

+

+ 22q

�1(�0 � ")(�0 � ")2q

(�20 � (�0 � ")2)q(�20 � (�0 � ")2)q
+ 22q+1
q�0

Z �0�"

0

�1(�0)�d�
(�20 � �2)q(�20 � �2)q+1

�

�
�
22q+1
q�0

Z �0�"

0

�1(�0)�d�
(�20 � �2)q+1(�20 � �2)q

+ 22q+1
q�0

Z �0�"

0

�1(�0)�d�
(�20 � �2)q(�20 � �2)q+1

�
=

= 22q
�0�1(�0)(�
2

0�
2

0)
�q � 22q


�1(�0)�
2q
0

(�20 � (�0 � ")2)q (�20 � (�0 � ")2)q
+

+ 22q

�1(�0 � ")(�0 � ")2q

(�20 � (�0 � ")2)q (�20 � (�0 � ")2)q
+ 22q+1
q�0

Z �0�"

0

[�1(�0)� �1(�)]�d�
(�20 � �2)q+1(�20 � �2)q

+

+ 22q+1
q�2q0 �1(�0)
Z �0�"

0

�d�

(�20 � �2)q(�20 � �2)q+1
:

�®áª®«ìªã �1(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ­  (0; 1) á ¯®ª § â¥«¥¬ �2 > q, â® ®âáî¤  ¯à¨
"! 0 ¯®«ãç¨¬

@I1

@�0
= 22q
�1(�0)�

�2q
0 + 22q+1
q�0

Z �0

0

[�1(�0)� �1(�)]�d�
(�20 � �2)q+1(�20 � �2)q

+

+ 22q
q�2q0 �1(�0)
Z �2

0

0

(�20 � �)�q(�20 � �)�q�1d�: (16)

� «¥¥, ¯®«ì§ãïáì ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ¤«ï £¨¯¥à£¥®¬¥âà¨ç¥áª®© äã­ªæ¨¨

F (a; b; c; z) =
�(c)

�(b)�(c � b)

Z 1

0

tb�1(1� t)c�b�1

(1� tz)a
dt;

0 < Re b < Re c; jzj < 1; (17)

¨ ä®à¬ã«®©  ¢â®âà ­áä®à¬ æ¨¨

F (a; b; c; z) = (1� z)c�a�bF (c� a; c� b; c; z); (18)

ã¡¥¦¤ ¥¬áï, çâ®Z �2
0

0

(�20 � �)�q(�20 � �)�q�1d� =
1

1� q

�
�20
�20

�1�q

(�20 � �20)
�2qF

�
1� 2q; 1� q; 2� q;

�20
�20

�
: (19)

�®¤áâ ¢«ïï (19) ¢ (16), ¯®«ãç¨¬ à ¢¥­áâ¢® (13). �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï á¯à ¢¥¤«¨¢®áâì à -
¢¥­áâ¢  (14).

�§ ä®à¬ã« (13) ¨ (14) ¢¨¤­®, çâ® @I1
@�0

¨ @I1
@�0

áãé¥áâ¢ãîâ ¨ ­¥¯à¥àë¢­ë ¢ 4 nAB.
�á¯®«ì§ãï ä®à¬ã«ë (13) ¨ (14), «¥£ª® ¯à®¢¥à¨âì, çâ® I1(�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

(5) ¨ ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ ãá«®¢¨ï¬ (15).

�­ «®£¨ç­® [6] ¢¢¥¤¥¬ äã­ªæ¨î

B0(�; �; �0; �0) =

(
B01(�; �; �0; �0); � > �0;
B02(�; �; �0; �0); � < �0;

£¤¥

B01(�; �; �0; �0) =
�
�20 � �2

�20 � �20

�q�
�20 � �2

�20 � �2

�1�q

F1

�
1� q; q; 1 � q; 2;

�20 � �2

�20 � �20
;
�20 � �2

�20 � �2

�
; (20)

B02(�; �; �0; �0) = �k2
2q

�
�2 � �2

�20 � �2

�q�
�2 � �2

�20 � �2

�q

F1

�
q; q; q; 2q + 1;

�2 � �2

�20 � �2
;
�2 � �2

�20 � �2

�
; (21)

25



£¤¥ F1(�) | £¨¯¥à£¥®¬¥âà¨ç¥áª ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå.

�¥¬¬  2. �¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

@B0

@�
= � 2�

�2 � �2
B: (22)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«ãç © � > �0. �ãáâì X = �2
0
��2

�2
0
��2

0

, Y = �2
0
��2

�2
0
��2

. �®£¤  B01 =

XqY 1�qF1(1� q; q; 1� q; 2;X;Y ). �¨ää¥à¥­æ¨àãï äã­ªæ¨î B01 ¯® �; ¯®«ãç ¥¬

@B01

@�
= �XqY 1�q 2�

�20 � �2

�
F1(1� q; q; 1� q; 2;X;Y ) +X

@F1

@X
+ Y

@F1

@Y

�
:

� «¥¥ ¢ á¨«ã ä®à¬ã« ([5], c. 108)

x

b

@

@x
F1(a; b; b0; c;x; y) = F1(a; b+ 1; b0; c;x; y) � F1(a; b; b0; c;x; y);

y

b0
@

@y
F1(a; b; b

0; c;x; y) = F1(a; b; b
0 + 1; c;x; y) � F1(a; b; b

0; c;x; y);

(c� b� b0 � 1)F1(a; b; b0c;x; y) + bF1(a; b+ 1; b0; c;x; y) + b0F1(a; b; b0 + 1; c;x; y) =

= (c� 1)F1(a; b; b0; c� 1;x; y); jxj < 1; jyj < 1;

F1(a; b; b0; b+ b0;x; y) = (1� y)�aF
�
a; b; b+ b0;

x� y

1� y

�

¨¬¥¥¬

@B01

@�
= �XqY 1�q 2�

�20 � �2
[qF1(1� q; 1 + q; 1� q; 2;X;Y ) + (1� q)F1(1� q; q; 2 � q; 2;X;Y )] =

= �XqY 1�q 2�
�20 � �2

F1(1� q; q; 1� q; 1;X;Y ) =

= XqY 1�q 2�
�20 � �2

(1� Y )q�1F
�
1� q; q; 1;

X � Y

1� Y

�
= � 2�

�2 � �2

�
�2 � �2

�20 � �20

�q

F (1� q; q; 1;�):

�®£¤  á ãç¥â®¬ (9) ¯®«ãç¨¬ âà¥¡ã¥¬®¥ â®¦¤¥áâ¢® ¯à¨ � > �0.
�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï á¯à ¢¥¤«¨¢®áâì â®¦¤¥áâ¢  (22) ¨ ¢ á«ãç ¥ � < �0.

�¥¬¬  3. �á«¨  1(�) 2 C2[0; 1], â® äã­ªæ¨ï

I2(�0; �0) =
Z �0

0

�
 01(�) +

2q
�
 1(�)

�
B(0; �; �0; �0)d� (23)

®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) I2(�0; �0) 2 C1[0; 1];
2) ¥á«¨  1(0) = 0, â® I2(�0; �0) ¯à¨ �0 ! 0 ®¡à é ¥âáï ¢ ­ã«ì;
3) äã­ªæ¨ï I2(�0; �0) ¨ ¥¥ ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥

I2(�0; �0) =
1
2q
'(�0) +

1
2

Z �0

0

'0(�)B0(0; �; �0; �0)d�; (24)

@I2

@�0
=
1
2

Z �0

0

'0(�)B0�0(0; �; �0; �0)d�; (25)

@I2

@�0
=
1
2

Z �0

0

'0(�)B0�0(0; �; �0; �0)d�; (26)

£¤¥ '(�) = � 01(�) + 2q 1(�);
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4) I2(�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5) ¨ ã¤®¢«¥â¢®àï¥â £à ­¨ç­ë¬ ãá«®¢¨ï¬

I2(0; �0) =  1(�0); lim
�0!�0

�
1
2

�2q

�(�0 � �0)2q
�
@I2

@�0
� @I2

@�0

�
= 0: (27)

�®ª § â¥«ìáâ¢®. �®«®¦¨¢ ¢ ¨­â¥£à «¥ (23) �0 = �0, ¯®«ãç¨¬

I2(�0; �0) =
Z �0

0

�
 01(�) +

2q
�
 1(�)

�
B2(0; �; �0; �0)d� =

= k2

Z �0

0

'(�)�4q�1��2q0 (�2
0
� �2)�qd� =

k2

2

Z 1

0

'(�0
p
t)t2q�1(1� t)�qdt:

�âáî¤  ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ãîâ ¤¢  ¯¥à¢ëå ãâ¢¥à¦¤¥­¨ï «¥¬¬ë.
�«ï ­ å®¦¤¥­¨ï ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¥¯¨è¥¬ ¨­â¥£à « ¢ ¢¨¤¥

I2(�0; �0) =
Z �0

0

'(�)
B(0; �; �0; �0)

�
d�:

�à¨¬¥­ïï «¥¬¬ã 2 ¯à¨ � = 0 ¨ ¨­â¥£à¨àãï ¯® ç áâï¬, á ãç¥â®¬ à ¢¥­áâ¢ B01(0; �0; �0; �0) =
B02(0; 0; �0; �0) = 0, ¯®«ãç¨¬

I2(�0; �0) =
1
2
'(�0)[B01(0; �0; �0; �0)�B02(0; �0; �0; �0)] +

1
2

Z �0

0

'0(�)B(0; �; �0; �0)d�: (28)

�ãáâì �2
0

�2
0

= z ¨ T = B01(0; �0; �0; �0)�B02(0; �0; �0; �0). �®£¤  ­  ®á­®¢ ­¨¨ (20) ¨ (21) ¢ëà ¦¥-
­¨¥ ¤«ï T ¯à¨¬¥â ¢¨¤

T =
k2

2q
zqF1(q; q; q; 2q + 1; 1; z) + (1� z)1�qF1(1� q; q; 1� q; 2; 1; 1 � z):

� á¨«ã ä®à¬ã«ë ([5], c. 108)

F1(a; b; b
0; c; 1; y) =

�(c)�(c� a� b)
�(c� a)�(c� b)

F (a; b0; c� b; y);

Re(c� a� b) > 0; jxj < 1; jyj < 1

¨¬¥¥¬

T =
�(q)

�(1� q)�2(1 + q)
zqF (q; q; q + 1; z) +

1
�(1 + q)�(2� q)

(1� z)1�qF (1� q; 1� q; 2� q; 1� z):

�«ï ¢â®à®£® á« £ ¥¬®£® ¢ ¯®á«¥¤­¥¬ ¢ëà ¦¥­¨¨ ¯à¨¬¥­¨¬ ä®à¬ã«ã  ­ «¨â¨ç¥áª®£® ¯à®¤®«¦¥-
­¨ï ([12], c. 116(1))

F (a; b; c; z) = A1F (a; b; a + b� c+ 1; 1 � z) +A2(1� z)c�a�bF (c� a; c� b; c� a� b+ 1; 1 � z);

£¤¥

A1 =
�(c)�(c � a� b)
�(c� a)�(c� b)

; A2 =
�(c)�(a+ b� c)

�(a)�(b)
; j arg(1� z)j < �:

�®£¤  ­  ®á­®¢ ­¨¨ (18) ¨ ¨§¢¥áâ­®© ä®à¬ã«ë F (a; b; b; z) = (1� z)�a ¨¬¥¥¬

T =
�(q)

�(1� q)�2(1 + q)
zqF (q; q; q + 1; z) +

�(q)
�(1 + q)

(1� z)1�qF (1� q; 1� q; 1� q; z) +

+
�(�q)

�(1 + q)�2(1� q)
zq(1� z)1�qF (1; 1; q + 1; z) =

1
q�(1� q)�(1 + q)

zqF (q; q; q + 1; z) +

+
1
q
� 1
q�(1 + q)�(1� q)

zqF (q; q; q + 1; z) =
1
q
:

�®¤áâ ¢«ïï ­ ©¤¥­­®¥ §­ ç¥­¨¥ T ¢ (28), ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ (24).
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�áå®¤ï ¨§ à ¢¥­áâ¢  (24), ­¥á«®¦­® ¯à®¢¥à¨âì à ¢¥­áâ¢  (25) ¨ (26). � ¯®¬®éìî ä®à¬ã«
(25), (26) ¨ (12) ¬®¦­® ¤®ª § âì, çâ® äã­ªæ¨ï I2(�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5) ¨
ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (27).

�®« £ ï ¢ â®¦¤¥áâ¢¥ (10) v | à¥è¥­¨¥ § ¤ ç¨ D0

1
, w = A(�; �; �0; �0) | äã­ªæ¨ï �¨¬ ­ {

�¤ ¬ à  § ¤ ç¨ D0

1
¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ "! 0, ¯®«ãç¨¬ ä®à¬ã«ã à¥è¥­¨ï § ¤ ç¨ D0

1

v(�0; �0) = 2k1(1� 2q)
Z �0

0

�1(�)�(�20 � �20)
1�2q

(�20 � �2)1�q(�20 � �2)1�q
d� +

Z �0

0

A(0; �; �0; �0)
�
 01(�) +

2q
�
 1(�)

�
d�:
(29)

�¥®à¥¬  2. �á«¨ �1(�) ­¥¯à¥àë¢­  ­  [0; 1] ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥-

«¥¬ �1 > 1 � q ­  (0; 1),  1(�) 2 C2[0; 1], �1(0) =  1(0), â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
§ ¤ ç¨ D0

1 ¤«ï ãà ¢­¥­¨ï (5), ¨ ®­® ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (29).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ®¯¨à ¥âáï ­  á«¥¤ãîé¨¥ «¥¬¬ë.

�¥¬¬  4. �á«¨ äã­ªæ¨ï v(�; �), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬

v(�; �) = (�2 � �2)1�2qw(�; �);

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5), â® äã­ªæ¨ï w(�; �) | à¥è¥­¨¥¬ ãà ¢­¥­¨ï

w�� +
1� q

� � �
(w� � w�) +

1� q

� + �
(w� + w�) = 0: (30)

�¥à­® ¨ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  5. �á«¨ äã­ªæ¨ï �1(�) ­¥¯à¥àë¢­  ­  [0; 1] ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á

¯®ª § â¥«¥¬ �1 > 1� q ¯à¨ 0 < � < 1, â® äã­ªæ¨ï

J(�0; �0) = 2k1(1� 2q)(�20 � �20)
1�2q

Z �0

0

�1(�)�
(�20 � �2)1�q(�20 � �2)1�q

d�

ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5) ¨ ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬

J(0; �0) = 0; lim
�0!�0

J(�0; �0) = �1(�0): (31)

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ äã­ªæ¨î J ¢ ¢¨¤¥

J(�0; �0) = 2k1(1� 2q)(�20 � �20)
1�2qw(�0; �0);

£¤¥

w(�0; �0) =
Z �0

0

�1(�)�
(�20 � �2)1�q(�20 � �2)1�q

d�: (32)

�á«¨ äã­ªæ¨ï �1(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ­  (0; 1) á ¯®ª § â¥«¥¬ �1 > 1� q, â® ¢
á¨«ã «¥¬¬ë 1 äã­ªæ¨ï w(�0; �0), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ (32), ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï
(30). �®£¤  ­  ®á­®¢ ­¨¨ «¥¬¬ë 4 äã­ªæ¨ï J(�0; �0) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (5).

�®ª ¦¥¬, çâ® J(�0; �0) ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ (31). �¯à ¢¥¤«¨¢®áâì ¯¥à¢®£® ¨§
­¨å ®ç¥¢¨¤­ . �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® £à ­¨ç­®£® ãá«®¢¨ï äã­ªæ¨î J(�0; �0) ¯à¥¤áâ ¢¨¬ ¢
¢¨¤¥

J(�0; �0) = 2k1(1� 2q)(�20 � �20)
1�2q

Z �0

0

[�1(�)� �1(�0)] �
(�20 � �2)1�q(�20 � �2)1�q

d� +

+ k1(1� 2q)(�20 � �20)
1�2q�1(�0)

Z �0

0

2�
(�20 � �2)1�q(�20 � �2)1�q

d� = J1(�0; �0) + J2(�0; �0):
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�®áª®«ìªã äã­ªæ¨ï �1(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ �1 > 1�q, â® ¨­â¥£à «
J1(�0; �0) ¯à¨ �0 ! �0 áå®¤¨âáï ¨ ¯à¨­¨¬ ¥â §­ ç¥­¨¥, à ¢­®¥ ­ã«î. � ¨­â¥£à «¥, á®¤¥à¦ é¥¬áï
¢ J2(�0; �0), ¯à®¢¥¤¥¬ § ¬¥­ã �2 = �20t. �®£¤  ¯®«ãç¨¬

J2(�0; �0) = k1(1� 2q)(�20 � �20)
1�2q�1(�0)�

2q
0 �

2q�2
0

Z 1

0

(1� t)q�1
�
1� �20

�20
t

�q�1

dt:

� á¨«ã (17) ¨ (18) ¨¬¥¥¬

J2(�0; �0) =
�(1� q)

�(1 + q)�(1� 2q)
�1(�0)�

2q
0 �

�2q
0 F

�
2q; q; q + 1;

�20
�20

�
:

�âáî¤ 
lim
�0!�0

J2(�0; �0) = �1(�0):
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