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1. �ã¤¥¬ à áá¬ âà¨¢ âì ¨â¥£à «ì®¥ ãà ¢¥¨¥ â¨¯  á¢¥àâª¨ ¢¨¤ 

�(x)'(x) +
1p
2�

Z 1

0

k1(x� t)'(t)dt+
1p
2�

Z 0

�1

k2(x� t)'(t)dt + �(x)'(x) +

+
1p
2�

Z 1

0

k3(x� t)'(t)dt+
1p
2�

Z 0

�1

k4(x� t)'(t)dt = f(x); �1 < x <1; (1)

£¤¥ �(x) ¨ �(x) | ¢¥é¥áâ¢¥ë¥ ªãá®ç®-¯®áâ®ïë¥ äãªæ¨¨

�(x) =

(
�1; x > 0;
�2; x < 0;

�(x) =

(
�3; x > 0;
�4; x < 0:

�â® ãà ¢¥¨¥ ¢¯¥à¢ë¥ ¡ë«® à áá¬®âà¥® ¢ ([1], c. 33{34).
�áª®¬ ï äãªæ¨ï '(x), á¢®¡®¤ë© ç«¥ f(x) ¨ à §®áâë¥ ï¤à  áç¨â îâáï ¯à¨ ¤«¥¦ é¨¬¨

ª« ááã f0g. �« ááë f0g ¨ ff0gg ¡ë«¨ ¢¢¥¤¥ë ¢ ([2], á. 12). �à¨ ¯®¬®é¨  ¯¯ à â  ¯à¥®¡à §®¢ ¨ï
�ãàì¥ ãà ¢¥¨¥ (1) ¯à¨¢®¤¨âáï ¢ ([1], c. 40{41) ª ªà ¥¢®¬ã ãá«®¢¨î ¢¨¤ 

[�1 +K1(x)]�+(x)� [�2 +K2(x)]��(x) + [�3 +K3(x)]�+(�x)�
� [�4 +K4(x)]��(�x) = F (x); �1 < x <1; (2)

£¤¥ ��(x) 2 ff0gg ¨ ï¢«ïîâáï ¯à¥¤¥«ìë¬¨ § ç¥¨ï¬¨   ¤¥©áâ¢¨â¥«ì®© ®á¨   «¨â¨ç¥áª¨å
á®®â¢¥âáâ¢¥® ¢ ¢¥àå¥© ¨ ¨¦¥© ¯®«ã¯«®áª®áâïå äãªæ¨© ��(z). �à¨á®¥¤¨ïï ª (2) à ¢¥-
áâ¢®, ¯®«ãç¥®¥ ¨§ ¥£® ª®¬¯«¥ªáë¬ á®¯àï¦¥¨¥¬ ¨ § ¬¥®© x   (�x), ¨ ¨áª«îç ï ¨§ ¨å
�+(�x), ¯®«ãç¨¬ ªà ¥¢®¥ ãá«®¢¨¥ ¢¨¤ 

�1(x)�+(x) = C(x)��(x) +D(x)��(�x) +G(x); �1 < x <1; (3)

£¤¥ ¢¢¥¤¥ë ®¡®§ ç¥¨ï

C(x) = [�2 +K2(x)][�1 +K1(�x)]� [�3 +K3(x)][�4 +K4(�x)];
D(x) = [�1 +K1(�x)][�4 +K4(x)]� [�3 +K3(x)][�2 +K2(�x)];
G(x) = [�1 +K1(�x)]F (x)� [�3 +K3(x)]F (�x);
�1(x) = [�1 +K1(x)][�1 +K1(�x)]� [�3 +K3(x)][�3 +K3(�x)]:

�ãªæ¨¨ �1(x), C(x), D(x), G(x) ¯à¨ ¤«¥¦ â ª« ááã ff0gg. �¡®§ ç¥¨ï ¤«ï ª®íää¨æ¨¥â®¢
§ ¤ ç¨ (3) ¢§ïâë ¨§ ([1], c. 41). �®«ãç¥ ï ªà ¥¢ ï § ¤ ç  (3) ¨ ãà ¢¥¨¥ (1) íª¢¨¢ «¥âë ¢
â®¬ á¬ëá«¥, çâ®,  ©¤ï à¥è¥¨¥ ��(x) ªà ¥¢®© § ¤ ç¨, à¥è¥¨¥ ãà ¢¥¨ï ¯®«ãç¨¬ ¯® ä®à¬ã«¥

'(x) =
1p
2�

Z 1

�1

[�+(t)���(t)]e�itxdt:

�à¨ íâ®¬ «¨¥©® ¥§ ¢¨á¨¬ë¬ à¥è¥¨ï¬ ªà ¥¢®© § ¤ ç¨ (3) á®®â¢¥âáâ¢ãîâ «¨¥©® ¥§ ¢¨-
á¨¬ë¥ à¥è¥¨ï ãà ¢¥¨ï (1) ¨  ®¡®à®â.
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2. � ä¨ªá¨àã¥¬ æ¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«® h. �¡®§ ç¨¬ ç¥à¥§ r1; r2; : : : ; rh+1 ¯®¯ à®
à §«¨çë¥ ä¨ªá¨à®¢ ë¥ ®âà¨æ â¥«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« ,   ç¥à¥§ r2h+2; r2h+1; : : : ; rh+2

| ç¨á« , á®®â¢¥âáâ¢¥® á¨¬¬¥âà¨çë¥ ¨¬ ®â®á¨â¥«ì® ã«ï. �¢¥¤¥¬ ®¡®§ ç¥¨¥ U :=
hS
i=0
(r2i+1; r2i+2). �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥âë ªà ¥¢®£® ãá«®¢¨ï (3) ã¤®¢«¥â¢®àïîâ

á«¥¤ãîé¨¬ â®¦¤¥áâ¢ ¬:

C(x) � 0 ¯à¨ x 2 U;
D(x) � 0 ¯à¨ x 2 R n U: (4)

�®£¤  ªà ¥¢®¥ ãá«®¢¨¥ (3) § ¯¨è¥âáï ¢ ¢¨¤¥

�1(x)�
+(x) = D(x)��(�x) +G(x) ¯à¨ x 2 U;

�1(x)�+(x) = C(x)��(x) +G(x) ¯à¨ x 2 R n U: (5)

� á¨«ã ¯à¨ ¤«¥¦®áâ¨ äãªæ¨© C(x) ¨ D(x) ª« ááã ff0gg ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ à ¢¥áâ¢ :
C(ri) = 0; D(ri) = 0 ¯à¨ i = 1; 2h + 2: (6)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® â ª¦¥ ¢ë¯®«ïîâáï ãá«®¢¨ï

�i +Ki(rj) 6= 0; i = 1; 2; j = 1; 2h + 2: (7)

�®£¤  ¨§ (6) «¥£ª® ¯®«ãç¨âì

�i +Ki(rj) 6= 0; i = 3; 4; j = 1; 2h + 2: (70)

�¥¬¬ . �®íää¨æ¨¥â �1(x) ¢ â®çª å x = rj, j = 1; 2h + 2, ®¡à é ¥âáï ¢ ã«ì.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ «î¡ãî â®çªã x = rj , j = 1; 2h + 2. �§ ãá«®¢¨© (6) á«¥¤ãîâ
à ¢¥áâ¢ 

[�2 +K2(�rj)][�1 +K1(rj)] = [�3 +K3(�rj)][�4 +K4(rj)];

[�2 +K2(rj)][�1 +K1(�rj)] = [�3 +K3(rj)][�4 +K4(�rj)];
[�1 +K1(�rj)][�4 +K4(rj)] = [�3 +K3(rj)][�2 +K2(�rj)];
[�1 +K1(rj)][�4 +K4(�rj)] = [�3 +K3(�rj)][�2 +K2(rj)]:

�¥à¥¬®¦¨¬ ¢á¥ ç¥âëà¥ à ¢¥áâ¢  ¬¥¦¤ã á®¡®© ¨ á®ªà â¨¬ ®¡é¨¥ ¬®¦¨â¥«¨. �ë¯¨è¥¬ à¥-
§ã«ìâ â [�1 +K1(rj)]2[�1 +K1(�rj)]2 = [�3 +K3(rj)]2[�3+K3(�rj)]2. �§ íâ®£® à ¢¥áâ¢  á«¥¤ãîâ
¤¢¥ ¢®§¬®¦®áâ¨:

1) [�1 +K1(rj)][�1 +K1(�rj)] = [�3 +K3(rj)][�3 +K3(�rj)], â. ¥. �1(rj) = �1(�rj) = 0,
2) [�1 +K1(rj)][�1 +K1(�rj)] = �[�3 +K3(rj)][�3 +K3(�rj)].

�®ª ¦¥¬, çâ® ¢â®à ï ¢®§¬®¦®áâì ¥ à¥ «¨§ã¥âáï. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �®£¤  ¢ëà §¨¬
C(�rj) á«¥¤ãîé¨¬ ®¡à §®¬:

C(�rj) = �[�2 +K2(�rj)] [�3 +K3(rj)][�3 +K3(�rj)]
[�1 +K1(�rj)] � [�3 +K3(�rj)][�4 +K4(rj)] =

= � [�3 +K3(�rj)]
[�1 +K1(�rj)] (D(rj) + 2[�2 +K2(�rj)][�3 +K3(rj)]) =

= �2[�3 +K3(�rj)][�2 +K2(�rj)][�3 +K3(rj)]
[�1 +K1(�rj)] = 0:

�«¥¤®¢ â¥«ì®, å®âï ¡ë ®¤¨ ¨§ ¬®¦¨â¥«¥© ç¨á«¨â¥«ï à ¢¥ ã«î. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥
á ãá«®¢¨ï¬¨ (7). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® ¢â®à®¥ à ¢¥áâ¢® ¥ ¢ë¯®«ï¥âáï.
�«¥¤®¢ â¥«ì®, ¨¬¥¥â ¬¥áâ® â®«ìª® ¯¥à¢®¥ à ¢¥áâ¢® ¤«ï «î¡®© â®çª¨ x = rj , j = 1; 2h + 2.
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�ã¤¥¬ à¥è âì § ¤ çã (5), ¯à¥¤¯®« £ ï, çâ® �1(x), C(x), D(x) ¢ á®®â¢¥âáâ¢ãîé¨å ®ªà¥áâ®-
áâïå â®ç¥ª x = rj , j = 1; 2h + 2, (â. ¥. â ¬, £¤¥ ª®íää¨æ¨¥âë ®â«¨çë ®â â®¦¤¥áâ¢¥®£® ã«ï)
ï¢«ïîâáï ¡¥áª®¥ç® ¬ «ë¬¨ äãªæ¨ï¬¨ ®¤®£® ¨ â®£® ¦¥ ¯®àï¤ª . �à¥¤¯®«®¦¨¬ â ª¦¥, çâ®
á¢®¡®¤ë© ç«¥ G(x) ¢ ®ªà¥áâ®áâïå íâ¨å â®ç¥ª ¨¬¥¥â ¯®àï¤®ª ¥ ¨¦¥, ç¥¬ �1(x). � ¯¨è¥¬
íâ¨ ãá«®¢¨ï ¢ ¢¨¤¥ á«¥¤ãîé¨å á®®â®è¥¨©:

C(x) = O�(�1(x)) ¯à¨

(
x! ri; x < ri; i = 2k + 1; k = 0; h;
x! ri; x > ri; i = 2k + 2; k = 0; h;

D(x) = O�(�1(x)) ¯à¨

(
x! ri; x > ri; i = 2k + 1; k = 0; h;
x! ri; x < ri; i = 2k + 2; k = 0; h;

G(x) = O(�1(x)) ¯à¨ x! ri; i = 1; 2h + 2:

(8)

� á¨«ã ¯à¨ ¤«¥¦®áâ¨ ª« ááã ff0gg ¯à¥¤¥«ë   ¡¥áª®¥ç®áâ¨ ª®íää¨æ¨¥â®¢ �1(x), C(x)
§ ¤ ç¨ (5), á¢®¡®¤®£® ç«¥  G(x) ¨ ¨áª®¬ëå äãªæ¨© ��(x) à ¢ë ã«î. �ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® ¢ ®ªà¥áâ®áâ¨ ¡¥áª®¥ç® ã¤ «¥®© â®çª¨ �1(x) ¨ C(x) ï¢«ïîâáï ¡¥áª®¥ç® ¬ «ë¬¨
äãªæ¨ï¬¨ ®¤®£® ¨ â®£® ¦¥ ¯®àï¤ª ,   G(x) ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ íâ®© â®çª¨ ¯®àï¤®ª ¥ ¨¦¥,
ç¥¬ C(x)

x
, â. ¥.

�1(x) = O�(C(x)) ¯à¨ x!1;

G(x) = O
�C(x)

x

�
¯à¨ x!1:

(9)

�¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥¨ï:

8x 2 R n fr1; r2; : : : ; r2h+2g : �1(x) 6= 0;

8x 2 R n U : C(x) 6= 0;

8x 2 U : D(x) 6= 0:

(10)

�ã¤¥¬ à¥è âì § ¤ çã, ¯à¥¤¯®« £ ï , çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï (4), (7){(10). �§ íâ¨å ®£à ¨ç¥¨©
á«¥¤ã¥â, çâ® ¥á«¨ à¥è¥¨¥ § ¤ ç¨ (5) áãé¥áâ¢ã¥â, â® ®® ¡ã¤¥â ¯à¨ ¤«¥¦ âì ª« ááã ®£à ¨-
ç¥ëå äãªæ¨©, ¨¬¥îé¨å ã«ì ªà â®áâ¨, ¡®«ìè¥© «¨¡® à ¢®© ¥¤¨¨æ¥ «¨èì ¢ ®¤®© â®çª¥
(¡¥áª®¥ç® ã¤ «¥®©). � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ ¯à¥¤¥«ìë¥ § ç¥¨ï á¢¥àåã ¨ á¨§ã ��(x)  
¢¥é¥áâ¢¥®© ®á¨ äãªæ¨© ��(z) ¡ã¤ãâ ¯à¨ ¤«¥¦ âì ª« ááã ff0gg.

3. �¢¥¤¥¬ ¢¥ªâ®à-äãªæ¨î �
�1(z)
�2(z)

�
=
�
�(z)
�(�z)

�
: (11)

�ç¥¢¨¤®, çâ® äãªæ¨¨ �1(z) ¨ �2(z) ¡ã¤ãâ á¢ï§ ë ¬¥¦¤ã á®¡®© â®¦¤¥áâ¢®¬

�1(z) � �2(�z): (12)

�âáî¤  á«¥¤ã¥â, çâ® ¯à¨ x 2 R ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ â®¦¤¥áâ¢ :

�+
1 (x) � �+

2 (�x); ��1 (x) � ��2 (�x): (13)

�¤¥áì ��1 (x), �
�

2 (x) | ¯à¥¤¥«ìë¥ § ç¥¨ï á¢¥àåã (+) ¨ á¨§ã (�)   ¤¥©áâ¢¨â¥«ì®© ®á¨
äãªæ¨© �1(z), �2(z). �à¨á®¥¤¨¨¬ ª ª ¦¤®¬ã à ¢¥áâ¢ã (5) à ¢¥áâ¢®, ¯®«ãç¥®¥ ¨§ ¥£®
ª®¬¯«¥ªáë¬ á®¯àï¦¥¨¥¬ ¨ § ¬¥®© x   (�x). � ãç¥â®¬ ä®à¬ã« (11){(13) ¯®«ãç¨¬ ªà ¥¢®¥
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ãá«®¢¨¥ ¢¨¤ 

�1(x)�+
1 (x) = D(x)��2 (x) +G(x);

�1(�x)�+
2 (x) = D(�x)��1 (x) +G(�x);

¯à¨ x 2 U ;

�1(x)�+
1 (x) = C(x)��1 (x) +G(x);

�1(�x)�+
2 (x) = C(�x)��2 (x) +G(�x);

¯à¨ x 2 R n U:
(14)

�®«ãç¥ ï á¨áâ¥¬  ãà ¢¥¨© (14) íª¢¨¢ «¥â  á¨áâ¥¬¥ ãà ¢¥¨© (5). � ¬¥â¨¬, çâ® ¥á«¨
¢ ãà ¢¥¨ïå (14) § ¬¥¨âì x   (�x) ¨ ¢á¥ äãªæ¨¨ § ¬¥¨âì ª®¬¯«¥ªá®-á®¯àï¦¥ë¬¨, â®
ãá«®¢¨ï á®¯àï¦¥¨ï (14) ¯¥à¥©¤ãâ á ¬¨ ¢ á¥¡ï. �¨áâ¥¬  (14) ¥áâì § ¤ ç  �¨¬   ¤«ï ¤¢ãå ¯ à
äãªæ¨© á «¨¨¥© à §àë¢  R. Cä®à¬ã«¨àã¥¬ ¥¥ ¡®«¥¥ ¯®¤à®¡®. � ©â¨ ¢á¥ äãªæ¨¨ �1(z),
�2(z),   «¨â¨ç¥áª¨¥ ¢ C n R, ¯à¥¤¥«ìë¥ § ç¥¨ï ª®â®àëå   ¤¥©áâ¢¨â¥«ì®© ®á¨ ¯à¨ ¤-
«¥¦ â ª« ááã ff0gg ¨ ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (14), ¯à¥¤¯®« £ ï, çâ®   ª®íää¨æ¨¥âë
ªà ¥¢®£® ãá«®¢¨ï  ª« ¤ë¢ îâáï ®£à ¨ç¥¨ï ¢¨¤  (4), (7){(10).

4. � ¤ çã (14) ¡ã¤¥¬ à¥è âì á¢¥¤¥¨¥¬ ª áª «ïà®© § ¤ ç¥ �¨¬     à¨¬ ®¢®© ¯®¢¥àå®-
áâ¨ à®¤  h, § ¤ ¢ ¥¬®© ãà ¢¥¨¥¬

w2 =
2h+2Y
k=1

(z � rk): (15)

� áá¬®âà¨¬ à áè¨à¥ãî ª®¬¯«¥ªáãî ¯«®áª®áâì á à §à¥§ ¬¨ ®â r2i+1 ¤® r2i+2 (i = 0; h) ¯®
¢¥é¥áâ¢¥®© ®á¨. �¡®§ ç¨¬ ç¥à¥§ D ¯®«ãç¥ãî ®¡« áâì,   ç¥à¥§ D [ @D | ¥¥ ª®¬¯ ªâ¨-
ä¨ª æ¨î � §ãàª¥¢¨ç  (®¡« áâì á ªà ¥¬) ([3], c. 24). �  à §à¥§ ®© ¯«®áª®áâ¨ ¢ë¤¥«¨¬ ¤¢¥

®¤®§ çë¥ ¥¯à¥àë¢ë¥ ¢¥â¢¨ ª®àï w(z) =

s
2h+2Q
k=1

(z � rk). �¥à¥§ w(z) =

s
2h+2Q
k=1

(z � rk) ®¡®-

§ ç¨¬ âã ¥¯à¥àë¢ãî ¢¥â¢ì, ª®â®à ï ¯à¨ z !1 ¨¬¥¥â à §«®¦¥¨¥

s
2h+2Q
k=1

(z � rk) = zh+1+ � � � .
�®§ì¬¥¬ ¤¢  íª§¥¬¯«ïà  D [ @D, ª®â®àë¥ ®¡®§ ç¨¬ ç¥à¥§ D+ [ @D+ ¨ D� [ @D�. � á¯®«®¦¨¢
D+[@D+  ¤ D�[@D�, áª«¥¨¬ ¨å \ ªà¥áâ" ¢¤®«ì à §à¥§®¢ [r2i+1; r2i+2] (i = 0; h). � à¥§ã«ìâ â¥
¯®«ãç¨¬ à¨¬ ®¢ã ¯®¢¥àå®áâì R à®¤  h,  «£¥¡à ¨ç¥áª®¥ ãà ¢¥¨¥ ª®â®à®© á®¢¯ ¤ ¥â á (15).
�ã¤¥¬ áç¨â âì, çâ®

D� = f(z; �w( _z)) j z 2 Dg:
� ¦¤ë© «¨áâ ¯®¢¥àå®áâ¨ R ¨¬¥¥â ¡¥áª®¥ç® ã¤ «¥ãî â®çªã. �¡®§ ç¨¬ íâ¨ â®çª¨ á®®â-
¢¥âáâ¢¥® á¨¬¢®« ¬¨ (1;11), (1;12). �  «®ª «ìë© ¯ à ¬¥âà ®ªà¥áâ®áâ¥© ¢ëè¥ãª § ëå
â®ç¥ª ¯à¨¨¬ ¥âáï t = 1

z
. �®çª¨ ¢¨¤  (rk; 0) (k = 1; 2h+ 2) ï¢«ïîâáï ¥¤¨áâ¢¥ë¬¨ â®çª ¬¨

¢¥â¢«¥¨ï ¯®¢¥àå®áâ¨ R. �¥à¥¬¥ ï t =
p
z � rk ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥ «®ª «ì®£® ¯ à -

¬¥âà  ®ªà¥áâ®áâ¥© â®ç¥ª ¢¥â¢«¥¨ï. � à¥£ã«ïàëå â®çª å (z; w) 2 R §  «®ª «ìë© ¯ à ¬¥âà
¯à¨¨¬ ¥âáï z.

�à î @D ¯à¨¯¨è¥¬ ®à¨¥â æ¨î, ãª § ãî   à¨á. 1.

�¨á. 1.
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�¨áã®ª 1 á®®â¢¥âáâ¢ã¥â á«ãç î h = 3. �¡« áâì D+ ®áâ ¥âáï á«¥¢  ¯à¨ ¤¢¨¦¥¨¨ ¢¤®«ì ªà ï ¢
¯®«®¦¨â¥«ì®¬  ¯à ¢«¥¨¨. �á«®¢¨¬áï áç¨â âì, çâ® ¨â¥à¢ «ë (�1; r1), (r2i; r2i+1) (i = 1; h);
(r2h+2; +1) ¢¥é¥áâ¢¥®© ®á¨   «¨áâ¥ D+ ®à¨¥â¨à®¢ ë á«¥¢   ¯à ¢®,     «¨áâ¥ D� |
¢ ¯à®â¨¢®¯®«®¦®¬  ¯à ¢«¥¨¨ (  à¨á. 1 ¯ãªâ¨à®¬ ®¡®§ ç ¥âáï «¨¨ï   ¨¦¥¬ «¨áâ¥).
� ®¨ç¥áª¨¥ á¥ç¥¨ï ai ¨ bi (i = 1; h)   R ¢ë¡¨à ¥¬ ¨ ®à¨¥â¨àã¥¬ áâ ¤ àâë¬ ®¡à §®¬ ([4],
cá. 119, 155).

�  R ¢¢¥¤¥¬ ®¢ãî ¥¨§¢¥áâãî ªãá®ç®-  «¨â¨ç¥áªãî äãªæ¨î F (z; w), (z; w) 2 R, ¯®-
« £ ï

F (z; w) =

(
�1(z); (z; w) 2 D+;
�2(z); (z; w) 2 D�:

(16)

�§ (12) á«¥¤ã¥â, çâ® ®  ¤®«¦  ã¤®¢«¥â¢®àïâì ãá«®¢¨î

F (z; w) = F (�z; �w(z)): (17)

�ãªæ¨ï F (z; w) ï¢«ï¥âáï à §àë¢®© ¢¤®«ì ®¡é¥© £à ¨æë ®¡« áâ¥© D+ ¨ D�. �¡®§ ç¨¬ íâã
£à ¨æã L1. �¥à¥§ L2 ®¡®§ ç¨¬ ®¡ê¥¤¨¥¨¥ ¬®¦¥áâ¢ ¢¨¤  f(x; #) j x 2 (�1; r1)g, f(x; #) j x 2
(r2i; r2i+1); i = 1; hg, f(x; #) j x 2 (r2h+2; +1)g, £¤¥ #2 =

2h+2Q
k=1

(x� rk), (x; #) 2 R.
�ë¯¨è¥¬ ªà ¥¢®¥ ãá«®¢¨¥   ª®âãà¥ L := L1[L2 ¤«ï äãªæ¨¨ F (z; w). �¢¥¤¥¬ ®¡®§ ç¥¨ï

e�1(x; #) =

(
D(x)=�1(x)   ¢¥àå¨å ¡¥à¥£ å ¢á¥å à §à¥§®¢;
�1(�x)=D(�x)   ¨¦¨å ¡¥à¥£ å ¢á¥å à §à¥§®¢;

eG1(x; #) =

(
G(x)=�1(x)   ¢¥àå¨å ¡¥à¥£ å ¢á¥å à §à¥§®¢;
�G(�x)=D(�x)   ¨¦¨å ¡¥à¥£ å ¢á¥å à §à¥§®¢;

e�2(x; #) =

(
C(x)=�1(x) ¯à¨ (x; #) 2 L2; # > 0;
�1(�x)=C(�x) ¯à¨ (x; #) 2 L2; # < 0;

eG2(x; #) =

(
G(x)=�1(x) ¯à¨ (x; #) 2 L2; # > 0;
�G(�x)=C(�x) ¯à¨ (x; #) 2 L2; # < 0;

�(x; #) =

(e�1(x; #) ¯à¨ (x; #) 2 L1;e�2(x; #) ¯à¨ (x; #) 2 L2;

G1(x; #) =

( eG1(x; #) ¯à¨ (x; #) 2 L1;eG2(x; #) ¯à¨ (x; #) 2 L2:

�ç¨âë¢ ï íâ¨ ®¡®§ ç¥¨ï ¨ (16), ¯®«ãç¨¬ ªà ¥¢®¥ ãá«®¢¨¥   R

F+(x; #) = �(x; #)F�(x; #) +G1(x; #); (x; #) 2 L; (18)

£¤¥ F�(x; #) | ¯à¥¤¥«ìë¥ § ç¥¨ï á«¥¢  ¨ á¯à ¢  äãªæ¨¨ F (z; w)   L.
� ¬¥â¨¬, çâ® ¥á«¨ ¢ ªà ¥¢®¬ ãá«®¢¨¨ (18) § ¬¥¨âì (x; #(x))   (�x;�#(x)) ¨ § ¬¥¨âì ¢á¥

äãªæ¨¨ ª®¬¯«¥ªá®-á®¯àï¦¥ë¬¨, â® ®® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (17) ¯¥à¥©¤¥â á ¬® ¢ á¥¡ï,
â. ª. ª®íää¨æ¨¥â § ¤ ç¨ �(x; #) ¨ á¢®¡®¤ë© ç«¥ G1(x; #) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

�(x; #(x)) =
1

�(�x;�#(x)) ; G1(x; #(x)) = �G1(�x;�#(x))�(x; #(x)): (19)

�â¨ ãá«®¢¨ï ¯à®¢¥àïîâáï ¥¯®áà¥¤áâ¢¥®. � ¤àã£®© áâ®à®ë, ¥á«¨ F (z; w(z)) ï¢«ï¥âáï à¥è¥-
¨¥¬ ªà ¥¢®© § ¤ ç¨ (18), â® F (�z;�w(z)) â ª¦¥ ï¢«ï¥âáï à¥è¥¨¥¬ íâ®© § ¤ ç¨ ¢ á¨«ã (19).
� ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë ®¡é¥¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (18) ¤ ¢ «® ®¡é¥¥ à¥è¥¨¥ § ¤ ç¨
(14), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ á¨¬¬¥âà¨¨ (17). �®áª®«ìªã à¥è¥¨¥
¨ ª®íää¨æ¨¥âë § ¤ ç¨ (18) ¯à¨ ¤«¥¦ â £�¥«ì¤¥à®¢áª®¬ã ª« ááã (H-¥¯à¥àë¢ë), â® ¤«ï ¥¥
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à¥è¥¨ï ¬®¦® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬ ¬¨ ¨ ä®à¬ã« ¬¨ ¨§ [4]. �§ ¯®áâ ®¢ª¨ § ¤ ç¨ (14) á«¥-
¤ã¥â, çâ® ¤¨¢¨§®à J ([4], c. 129), ®¯à¥¤¥«ïîé¨© ª« áá äãªæ¨©, ª®â®à®¬ã ¯à¨ ¤«¥¦ â à¥è¥¨¥
(¥á«¨ ®® áãé¥áâ¢ã¥â) ¨ á¢®¡®¤ë© ç«¥ § ¤ ç¨ (18), ¨¬¥¥â ¢¨¤ J = (1;11)�1(1;12)�1.

5. � áá¬®âà¨¬ ®¤®à®¤ãî § ¤ çãbF+(x; #) = �(x; #) bF�(x; #); (x; #) 2 L: (20)

�®®â¢¥âáâ¢ãîé ï á®î§ ï § ¤ ç  ¤«ï ¤¨ää¥à¥æ¨ «®¢ ¨¬¥¥â ¢¨¤

d	+(x; #) =
1

�(x; #)
d	�(x; #); (x; #) 2 L: (21)

� ç «  ¡ã¤¥¬ à¥è âì § ¤ ç¨ (20) ¨ (21) ¡¥§ ãç¥â  ãá«®¢¨ï á¨¬¬¥âà¨¨,   § â¥¬ ®¡¥á¯¥ç¨¬ ¥£®
¢ë¯®«¥¨¥.

�®¦¥áâ¢® â®ç¥ª ª®âãà  L ®¡®§ ç¨¬ á¨¬¢®«®¬ fLg ¨ ¡ã¤¥¬ áç¨â âì ¥£® â®¯®«®£¨ç¥-
áª¨¬ ¯à®áâà áâ¢®¬ á ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¥©. �®¦¥áâ¢® fLgnf(r1; 0); (r2; 0); : : : ; (r2h+2; 0);
(1;11); (1;12)g à á¯ ¤ ¥âáï   ª®¥ç®¥ ç¨á«® á¢ï§ëå ª®¬¯®¥â fLjg, ª ¦¤ ï ¨§ ª®â®àëå
¥áâì £« ¤ª ï ®âªàëâ ï ¦®à¤ ®¢  ªà¨¢ ï, £®¬¥®¬®àä ï ¨â¥à¢ «ã (0; 1) ç¨á«®¢®© ®á¨. �à¨¢ë¥
Lj  §®¢¥¬ ªà¨¢ë¬¨ ª®âãà  L. � ¦¤ ï ªà¨¢ ï Lj ¨¬¥¥â  ç «ìãî ¨ ª®æ¥¢ãî â®çª¨, ª®â®-
àë¥ ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã f(r1; 0); (r2; 0); : : : ; (r2h+2; 0); (1;11); (1;12)g. �  ª ¦¤®© ¨§ ¨å
§ ¤   H-¥¯à¥àë¢ ï äãªæ¨ï �j(x; #), ª®¥ç ï ¨ ¥ ®¡à é îé ïáï ¢ ã«ì, H-¥¯à¥àë¢®
¯à®¤®«¦¨¬ ï    ç «ìãî ¨ ª®æ¥¢ãî â®çª¨ ªà¨¢®© Lj , ¯à¨ç¥¬ ¯à¥¤¥«ìë¥ § ç¥¨ï ï¢«ï-
îâáï ª®¥çë¬¨ ¨ ®â«¨çë¬¨ ®â ã«ï ¢ á¨«ã (8){(10). �  ª ¦¤®© ªà¨¢®© Lj ¬®¦® ¢ë¤¥«¨âì
®¤®§ çãî ¢¥â¢ì «®£ à¨ä¬  ln�j(x; #). �ë¤¥«¨¬ ¯à®¨§¢®«ìë¬ ®¡à §®¬ ãª § ë¥ ¢¥â¢¨,
§ ä¨ªá¨àã¥¬ ¨å ¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¢ ¤ «ì¥©è¨å ä®à¬ã« å.

�«ï à¥è¥¨ï ¢®§¨ªè¨å § ¤ ç ã¤®¡® ¨á¯®«ì§®¢ âì ä®à¬ã«ë ¨ â¥®à¥¬ë ¨§ [4]. �â®¡ë à¥-
è¨âì § ¤ ç¨ (18), (20), (21), ¥®¡å®¤¨¬® ãª § âì ª®¬¯«¥ªá®-®à¬¨à®¢ ë© ¡ §¨á  ¡¥«¥¢ëå
¤¨ää¥à¥æ¨ «®¢ ¯¥à¢®£® à®¤    R. �®à¬¨àãï ¡ §¨á  ¡¥«¥¢ëå ¤¨ää¥à¥æ¨ «®¢ ¯¥à¢®£® à®¤ 
¯®¢¥àå®áâ¨ R dz

w
; z dz

w
; : : : ; z

h�1dz

w
, (z; w) 2 R, ®â®á¨â¥«ì® ¢ë¡à ëå ª ®¨ç¥áª¨å á¥ç¥¨©,

¯®«ãç¨¬ ª®¬¯«¥ªá®-®à¬¨à®¢ ë© ¡ §¨á du1(z; w); du2(z; w); : : : ; duh(z; w). �¨ää¥à¥æ¨ «ë
íâ®£® ¡ §¨á  ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ ([4], c. 155)

duj(z; w) =

���������������

0
dz

w
: : :

zh�1dz

w

��j1
Z
a1

d�

�
: : :

Z
a1

�h�1d�

�
: : : : : : : : : : : :

��jh
Z
ah

d�

�
: : :

Z
ah

�h�1d�

�

�������������������������

Z
a1

d�

�
: : :

Z
a1

�h�1d�

�
: : : : : : : : :Z
ah

d�

�
: : :

Z
ah

�h�1d�

�

����������

(j = 1; h);
(z; w) 2 R;
(�; �) 2 R;

£¤¥ �jk | á¨¬¢®« �à®¥ª¥à .
�®áç¨â ¥¬ ¨¤¥ªá ª®íää¨æ¨¥â  § ¤ ç¨ (20) ([4], c. 132). � ª ¦¤®© â®çª¥ (rk; 0), k = 1; 2h + 2,

ª®âãà  L  ç¨ îâáï ¨ ®ª ç¨¢ îâáï ¯® ¤¢¥ ªà¨¢ë¥ ¨§ ¬®¦¥áâ¢  ªà¨¢ëå Lj . �¡®§ ç¨¬ ç¥-
à¥§ Lk;1, Lk;2 â¥ ªà¨¢ë¥, ª®â®àë¥ ®ª ç¨¢ îâáï ¢ ¯à®¨§¢®«ì® § ä¨ªá¨à®¢ ®© â®çª¥ (rk; 0),
k = 1; 2h + 2,   ç¥à¥§ Lk;3, Lk;4 | â¥ ªà¨¢ë¥, ª®â®àë¥  ç¨ îâáï ¢ ãª § ®© â®çª¥. �¥à¥§
�Lk;j

(rk � 0) (j = 1; 2) ®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ¯à¥¤¥«ìë¥ § ç¥¨ï á«¥¢  äãªæ¨¨ �(x; #) ¢
ª®æ¥¢®© â®çª¥ (rk; 0) ¯® ªà¨¢ë¬ Lk;j (j = 1; 2). � «®£¨ç® ç¥à¥§ �Lk;j

(rk + 0) (j = 3; 4) ®¡®-
§ ç¨¬ á®®â¢¥âáâ¢¥® ¯à¥¤¥«ìë¥ § ç¥¨ï á¯à ¢  äãªæ¨¨ �(x; #) ¢  ç «ì®© â®çª¥ (rk; 0)
¯® ªà¨¢ë¬ Lk;j (j = 3; 4). � ãç¥â®¬ ¢¢¥¤¥ëå ®¡®§ ç¥¨© ¨¤¥ªá ª®íää¨æ¨¥â  § ¤ ç¨ (20)
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¡ã¤¥â ¢ëç¨á«ïâìáï ¯® ä®à¬ã«¥ { =
2h+2P
k=1

[{k], £¤¥ {k = 1
2�
(arg�Lk;1

(rk � 0) + arg�Lk;2
(rk � 0) �

arg�Lk;3
(rk+0)�arg �Lk;4

(rk+0)). �¤¥áì ¨ ¢ ¯®á«¥¤ãîé¥¬ ª¢ ¤à âë¬¨ áª®¡ª ¬¨ ¡ã¤¥¬ ®¡®§ -
ç âì æ¥«ãî ç áâì. � ¬¥â¨¬, çâ® {k = {2h+3�k (k = 1; h+ 1) ¢ á¨«ã á¢®©áâ¢  (19) ª®íää¨æ¨¥â 
�(x; #). �¢¥¤¥¬ ¤¨¢¨§®à E = (r1; 0)[{1](r2; 0)[{2] � : : : �(r2h+2; 0)[{2h+2 ], ordE = {. � ¤ ç  (20) á¢®¤¨â-
áï ª ¯®á«¥¤®¢ â¥«ì®¬ã à¥è¥¨î ¤¢ãå § ¤ ç: ¯à®¡«¥¬ë ®¡à é¥¨ï �ª®¡¨ ([4], x x 4, 5) ¨ § ¤ ç¨
 å®¦¤¥¨ï ¬¥à®¬®àäëå ¢áî¤ã   R äãªæ¨©, ªà âëå § ¤ ®¬ã ¤¨¢¨§®àã.

�¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ (20) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ([5], c. 112)

bF (z; w) = b'(z; w) exp� 1
2�i

Z
L

ln�(�; �)e!(z;w)(�; �)d� �

�
hX

j=1

�
0
Z (zj;wj)

(z0;w0)

e!(z;w)(�; �)d� � nj

Z
aj

e!(z;w)(�; �)d� �mj

Z
bj

e!(z;w)(�; �)d�
��
; (22)

£¤¥ (z0; w0) | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  ¯®¢¥àå®áâ¨ R, ¥ ¯à¨ ¤«¥¦ é ï ª®âãàã
L,   ç¥à¥§ e!(z;w)(�; �)d� ®¡®§ ç¥® ¢ëà ¦¥¨¥

e!(z;w)(�; �)d� =
w + �

2�
d�

� � z
� ew + �

2�
d�

� � ez :
�¤¥áì (ez; ew) | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª  ¯®¢¥àå®áâ¨ R, ¥ ¯à¨ ¤«¥¦ é ï ª®âãàã
L, ¯à¨ç¥¬ (ez; ew) 6= (z0; w0). �âà¨å ¯¥à¥¤ ¨â¥£à «®¬ ¢ ä®à¬ã«¥ (22) ®§ ç ¥â, çâ® ¯ãâì ¨â¥-
£à¨à®¢ ¨ï ¥ ¯¥à¥á¥ª ¥â ª ®¨ç¥áª¨¥ á¥ç¥¨ï. �®çª¨ (zj ; wj) ¨ æ¥«ë¥ ç¨á«  nj , mj (j = 1; h)
 å®¤ïâáï ¨§ â®£® ãá«®¢¨ï, çâ®¡ë ¢å®¤ïé ï ¢ ä®à¬ã«ã (22) íªá¯®¥â  ¥ ¨¬¥«  áãé¥áâ¢¥®
®á®¡ëå â®ç¥ª ¯à¨ (z; w) = (1;11) ¨ (z; w) = (1;12). � §«®¦¨¬ w(z) ¨ 1

��z
¢ àï¤ë ¯® áâ¥¯¥ï¬

z ¯à¨ z !1 ¨ ¯®¤áâ ¢¨¬ íâ¨ à §«®¦¥¨ï ¢ ä®à¬ã«ã (22). � ¬¥â¨¬, çâ®

w(z) � zh+1 + Chz
h + Ch�1z

h�1 + � � �+ C0 ¯à¨ z !1;

£¤¥ Ci (i = 0; h) | ¥ª®â®àë¥ ¯®áâ®ïë¥. �à¨à ¢¨¢ ï ã«î á®®â¢¥âáâ¢ãîé¨¥ ª®íää¨æ¨¥-
âë ¯à¨ ®¤¨ ª®¢ëå ¯®«®¦¨â¥«ìëå áâ¥¯¥ïå z, ¯®«ãç¨¬ ®¤®à®¤ãî âà¥ã£®«ìãî á¨áâ¥¬ã h
ãà ¢¥¨© á h ¥¨§¢¥áâë¬¨ �i8>>>>>><>>>>>>:

�0 = 0;

�0Ch + �1 = 0;

�2Ch�1 + �1Ch + �2 = 0;

: : : : : : : : : : : :

�0C2 + �1C3 + � � �+ �h�2Ch + �h�1 = 0;

(23)

£¤¥ �i ¢ëà ¦ îâáï ä®à¬ã«®©

�i =
1
2�i

Z
L

ln�(�; �)
2�

� id� �
hX

j=1

�
0
Z (zj ;wj)

(z0;w0)

� i

2�
d� � nj

Z
aj

� i

2�
d� �mj

Z
bj

� i

2�
d�

�
; i = 0; h � 1:

�ç¥¢¨¤®, çâ® á¨áâ¥¬  (23) ¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥. � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ § ¤ çã
®¡à é¥¨ï  ¡¥«¥¢ëå ¨â¥£à «®¢ ¯¥à¢®£® à®¤ , ª®â®à ï ¨¬¥¥â ¢¨¤

1
2�i

Z
L

ln�(�; �)
2�

� id� =
hX

j=1

�
0
Z (zj ;wj)

(z0;w0)

� i

2�
d� � nj

Z
aj

� i

2�
d� �mj

Z
bj

� i

2�
d�

�
; i = 0; h � 1: (24)

�â  § ¤ ç  § ª«îç ¥âáï ¢  å®¦¤¥¨¨ â®ç¥ª (zj ; wj) ¨ æ¥«ëå ç¨á¥« nj , mj (j = 1; h), ã¤®¢«¥â¢®-
àïîé¨å (24). �â® ¨ ¥áâì ¯à®¡«¥¬  ®¡à é¥¨ï �ª®¡¨. �¡é ï ¨¤¥ï á¯®á®¡ , c ¯®¬®éìî ª®â®à®£®
¯®«ãç¥ë ãà ¢¥¨ï (24), ¨§«®¦¥  ¢ à ¡®â¥ ([5], c. 112). �®«¥¥ ¯®¤à®¡® íâ®â á¯®á®¡ ¯à¨¬¥¥
¢ áâ âì¥ ([6], c. 48). �«ï ¢ëç¨á«¥¨ï â®ç¥ª (zj ; wj) ¨ æ¥«ëå ç¨á¥« nj , mj (j = 1; h) £®¤¨âáï ®¯¨-
á ë© ¢ áâ âì¥ [4]  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ ®¡à é¥¨ï �ª®¡¨. � ãª § ®© à ¡®â¥ ¯à¨¢¥¤¥
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 «£®à¨â¬ ¤«ï á«ãç ï ¯à®¨§¢®«ì®© à¨¬ ®¢®© ¯®¢¥àå®áâ¨ à®¤  h. �¯¥æ¨ä¨ª  £¨¯¥àí««¨¯â¨-
ç¥áª®£® á«ãç ï ®âà ¦¥  ¢ áâ âì¥ [7], ¯®íâ®¬ã    «£®à¨â¬¥ §¤¥áì ¥ ®áâ  ¢«¨¢ ¥¬áï. �ã¤¥¬
áç¨â âì, çâ® à¥è¥¨¥ ¯à®¡«¥¬ë ®¡à é¥¨ï �ª®¡¨  ©¤¥® ¨ â¥¬ á ¬ë¬ ®¯à¥¤¥«¥ ¤¨¢¨§®à
F = (z0; w0)h(z1; w1)�1(z2; w2)�1 � : : : � (zh; wh)�1.

�ãªæ¨ï b'(z; w), ¢å®¤ïé ï ¢ ä®à¬ã«ã (22), ¥áâì ¯à®¨§¢®«ì ï ¬¥à®¬®àä ï ¢áî¤ã   R
äãªæ¨ï, ªà â ï ¤¨¢¨§®àã

J�1E�1F�1 = (1;11)
1(1;12)

1(r1; 0)
�[{1](r2; 0)

�[{2] � : : : �
� (r2h+2; 0)

�[{2h+2](z0; w0)
�h(z1; w1)

1(z2; w2)
1 � : : : � (zh; wh)

1:

�ãªæ¨î b'(z; w) ¬®¦® ¨áª âì ¢ ¢¨¤¥
P (z)w +Q(z)

R(z)
;

£¤¥ P (z), Q(z), R(z) | ¬®£®ç«¥ë ®â z, áâ¥¯¥¨ ¨ ª®íää¨æ¨¥âë ª®â®àëå  å®¤ïâáï ¨§ ãá«®-
¢¨©, ®¡¥á¯¥ç¨¢ îé¨å ªà â®áâì. �¢â®à®¬ ¯®«ãç¥ ª®ªà¥âë© ¢¨¤ äãªæ¨¨ b'(z; w), ªà â®©
¤¨¢¨§®àã J�1E�1F�1, ®¤ ª®   íâ®¬ §¤¥áì ¥ ®áâ  ¢«¨¢ ¥¬áï. �¡®§ ç¨¬ ç¥à¥§ l ç¨á«® ¯à®-
¨§¢®«ìëå ª®¬¯«¥ªáëå ¯®áâ®ïëå, á®¤¥à¦ é¨åáï ¢ äãªæ¨¨ b'(z; w),   á«¥¤®¢ â¥«ì®, ¨ ¢
®¡é¥¬ à¥è¥¨¨ ®¤®à®¤®© § ¤ ç¨ (20). �®£¤  ®¡é¥¥ à¥è¥¨¥ íâ®© § ¤ ç¨ ¢ëà ¦ ¥âáï ä®à¬ã-
«®© (22) ¨ á®¤¥à¦¨â l «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©.

�¥à¥©¤¥¬ ª à¥è¥¨î ®¤®à®¤®© § ¤ ç¨ ¤«ï ¤¨ää¥à¥æ¨ «®¢ (21). �ã¤¥¬ ¨áª âì ¥£® ¢ ¢¨¤¥

d	(z; w) = d (z; w) exp
�
� 1
2�i

Z
L

ln�(�; �)e!(z;w)(�; �)d� +

+
hX

j=1

�
0
Z (zj;wj)

(z0;w0)

e!(z;w)(�; �)d� � nj

Z
aj

e!(z;w)(�; �)d� �mj

Z
bj

e!(z;w)(�; �)d�
��
; (25)

£¤¥ d (z; w) | ¯à®¨§¢®«ìë©  ¡¥«¥¢ ¤¨ää¥à¥æ¨ «, ªà âë© ¤¨¢¨§®àã JEF ,   ¢á¥ ®áâ «ìë¥
á¨¬¢®«ë ¢ ¯à ¢®© ç áâ¨ (25) â¥ ¦¥, çâ® ¨ ¢ ¯à ¢®© ç áâ¨ (22). �¨ää¥à¥æ¨ « d (z; w) ¬®¦®
¨áª âì ¢ ¢¨¤¥

P �(z)w +Q�(z)
R�(z)

dz;

£¤¥ P �(z), Q�(z), R�(z) | ¬®£®ç«¥ë ®â z, áâ¥¯¥¨ ¨ ª®íää¨æ¨¥âë ª®â®àëå  å®¤ïâáï ¨§
ãá«®¢¨©, ®¡¥á¯¥ç¨¢ îé¨å ªà â®áâì ¤¨¢¨§®àã

JEF = (1;11)
�1(1;12)

�1(r1; 0)
[{1](r2; 0)

[{2] � : : : �
� (r2h+2; 0)

[{2h+2](z0; w0)
h(z1; w1)

�1(z2; w2)
�1 � : : : � (zh; wh)

�1:

�¨¤ ¤¨ää¥à¥æ¨ «  d (z; w) â ª ¦¥, ª ª ¨ ¢¨¤ äãªæ¨¨ b'(z; w), ¬®¦® ª®ªà¥â¨§¨à®¢ âì,
®   íâ®¬ §¤¥áì ¥ ®áâ  ¢«¨¢ ¥¬áï. �¡®§ ç¨¬ ç¥à¥§ l0 ç¨á«® ¯à®¨§¢®«ìëå ª®¬¯«¥ªáëå
¯®áâ®ïëå, á®¤¥à¦ é¨åáï ¢ ¤¨ää¥à¥æ¨ «¥ d (z; w),   á«¥¤®¢ â¥«ì®, ¨ ¢ ®¡é¥¬ à¥è¥¨¨
§ ¤ ç¨ (21). �®£¤  ®¡é¥¥ à¥è¥¨¥ íâ®© § ¤ ç¨ ¢ëà ¦ ¥âáï ä®à¬ã«®© (25) ¨ á®¤¥à¦¨â l0 «¨¥©®
¥§ ¢¨á¨¬ëå à¥è¥¨©. � ª¨¬ ®¡à §®¬, ¯®«ãç¥ë ®¡é¨¥ à¥è¥¨ï ®¤®à®¤ëå § ¤ ç (20) ¨ (21)
¡¥§ ãç¥â  ãá«®¢¨ï á¨¬¬¥âà¨¨ (17). �à®¢¥¤¥¬ à ááã¦¤¥¨ï, ¯®§¢®«ïîé¨¥ ãç¥áâì íâ® ãá«®¢¨¥.

6. �â¢¥à¦¤¥¨¥. �¨á«® ¯à®¨§¢®«ìëå ª®¬¯«¥ªáëå ¯®áâ®ïëå, á®¤¥à¦ é¨åáï ¢ ®¡é¥¬
¥á¨¬¬¥âà¨ç®¬ à¥è¥¨¨ § ¤ ç¨ (20), à ¢® ç¨á«ã ¯à®¨§¢®«ìëå ¢¥é¥áâ¢¥ëå ¯®áâ®ïëå,
á®¤¥à¦ é¨åáï ¢ ®¡é¥¬ á¨¬¬¥âà¨ç®¬ à¥è¥¨¨ íâ®© § ¤ ç¨.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¥á«¨ F (z; w) ¥áâì à¥è¥¨¥ § ¤ ç¨ (20), â® F (�z;�w(z))
â ª¦¥ ¥áâì à¥è¥¨¥ íâ®© § ¤ ç¨ ¢ á¨«ã (19). �«¥¤®¢ â¥«ì®, F (z;w)+F (�z;�w(z))

2
, F (z;w)�F (�z;�w(z))

2i
â ª¦¥ ï¢«ïîâáï à¥è¥¨ï¬¨ § ¤ ç¨ (20), ¯à¨ç¥¬ ®¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î á¨¬¬¥âà¨¨ (17).
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�à®¬¥ â®£®, «î¡®¥ à¥è¥¨¥ F (z; w) ®¤®à®¤®© § ¤ ç¨ (20) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ «¨-
¥©®© ª®¬¡¨ æ¨¨ á¨¬¬¥âà¨çëå à¥è¥¨©, ãª § ëå ¢ëè¥. �ãáâì fFk(z; w)g, k = 1; l, ï¢«ï-
¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢  ¥á¨¬¬¥âà¨çëå à¥è¥¨© § ¤ ç¨ (20). �®£¤  á¨áâ¥¬  á¨¬¬¥âà¨çëå

à¥è¥¨© Fk(z;w)+Fk(�z;�w(z))

2
, Fk(z;w)�Fk(�z;�w(z))

2i
¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ãî á¨áâ¥¬ã à¥è¥¨© ®¤-

®à®¤®© § ¤ ç¨ (20). �â  á¨áâ¥¬  á®¤¥à¦¨â 2l äãªæ¨©. �ë¡¥à¥¬ ¢ ¥© l «¨¥©® ¥§ ¢¨á¨¬ëå
á¨¬¬¥âà¨çëå äãªæ¨© ¨ à §«®¦¨¬ à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ ¯® ®¢®¬ã ¡ §¨áã. �®«ãç¨¬
ä®à¬ã«ã ®¡é¥£® á¨¬¬¥âà¨ç®£® à¥è¥¨ï § ¤ ç¨ (20) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ª®íä-
ä¨æ¨¥âë íâ®£® à §«®¦¥¨ï ¡ã¤ãâ ¢¥é¥áâ¢¥ë¬¨. �®«¨ç¥áâ¢® ¯à®¨§¢®«ìëå ¢¥é¥áâ¢¥ëå
¯®áâ®ïëå, á®¤¥à¦ é¨åáï ¢ ®¡é¥¬ á¨¬¬¥âà¨ç®¬ à¥è¥¨¨ § ¤ ç¨ (20), ¡ã¤¥â à ¢® l.

�§ ãâ¢¥à¦¤¥¨ï á«¥¤ã¥â, çâ® ª àâ¨  à §à¥è¨¬®áâ¨ ®¤®à®¤®© § ¤ ç¨ (20) ®áâ ¥âáï â®©
¦¥ á ¬®© ¨ á ãç¥â®¬ ãá«®¢¨ï á¨¬¬¥âà¨¨ (17). �®¤ ª àâ¨®© à §à¥è¨¬®áâ¨ ¯®¨¬ ¥âáï ª®«¨-
ç¥áâ¢® «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨© (á®®â¢¥âáâ¢¥® ¨ ¯à®¨§¢®«ìëå ¯®áâ®ïëå), á®¤¥à¦ -
é¨åáï ¢ ®¡é¥¬ à¥è¥¨¨ § ¤ ç¨. � á«ãç ¥ á¨¬¬¥âà¨ç®£® à¥è¥¨ï à¥çì ¨¤¥â ® ¯à®¨§¢®«ìëå
¢¥é¥áâ¢¥ëå ¯®áâ®ïëå. � ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à¦¤¥¨ï ä ªâ¨ç¥áª¨ ®¯¨á   ¯à®æ¥¤ãà   -
å®¦¤¥¨ï ®¡é¥£® à¥è¥¨ï ®¤®à®¤®© § ¤ ç¨ (20), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î á¨¬¬¥âà¨¨ (17).
�ã¤¥¬ áç¨â âì, çâ® ®® ¯®áâà®¥®, ¨ ®¡®§ ç¨¬ ¥£® bF�(z; w).

7. �¥¯¥àì à áá¬®âà¨¬ ¥®¤®à®¤ãî § ¤ çã (18). �«ï ¯®áâà®¥¨ï ¥¥ á¨¬¬¥âà¨ç®£® ®¡é¥-
£® à¥è¥¨ï ¤®áâ â®ç® ¯®áâà®¨âì á¨¬¬¥âà¨ç®¥ ç áâ®¥ à¥è¥¨¥ ¨ ¯à¨¡ ¢¨âì ª ¥¬ã ®¡é¥¥
à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ bF�(z; w). �®áâà®¨¬ á ç «  ç áâ®¥ à¥è¥¨¥, ¥ ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î á¨¬¬¥âà¨¨ (17),   § â¥¬ ¯®«ãç¨¬ á¨¬¬¥âà¨ç®¥ ç áâ®¥ à¥è¥¨¥.

�«ï à §à¥è¨¬®áâ¨ ¥®¤®à®¤®© § ¤ ç¨ ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«¨áì à -
¢¥áâ¢  ([4], á. 146) Z

L

G1(�; �)d	+(�; �) = 0 (26)

¤«ï ¢á¥å «¨¥©® ¥§ ¢¨á¨¬ëå à¥è¥¨©, á®¤¥à¦ é¨åáï ¢ d	(z; w). �à¥¤¯®«®¦¨¬, çâ® íâ¨ à -
¢¥áâ¢  ¢ë¯®«ïîâáï, ¨ ¯®áâà®¨¬ ç áâ®¥ à¥è¥¨¥ ¥®¤®à®¤®© § ¤ ç¨ (18). � áâ®¥ à¥è¥¨¥
íâ®© § ¤ ç¨ ¡ã¤¥â ¯à¥¤áâ ¢«¥® à §«¨çë¬¨   «¨â¨ç¥áª¨¬¨ ¢ëà ¦¥¨ï¬¨ ¢ § ¢¨á¨¬®áâ¨ ®â
â®£®, à §à¥è¨¬  ¥âà¨¢¨ «ì® § ¤ ç  (21) ¨«¨ ¥â.

� áá¬®âà¨¬ ¯¥à¢ë© á«ãç ©. �ãáâì § ¤ ç  (21) ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥. �¡®§ ç¨¬
¥£® d	0(z; w). �®£¤  § ¤ çã (18) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ á«¥¤ãîé¥© § ¤ ç¨ \® áª çª¥" ¤«ï
 å®¦¤¥¨ï ªãá®ç®-  «¨â¨ç¥áª®£® ¤¨ää¥à¥æ¨ «  F (z; w)d	0(z; w):

F+(x; #)d	+
0 (x; #)� F�(x; #)d	�

0 (x; #) = G1(x; #)d	
+
0 (x; #); (x; #) 2 L:

� á¨«ã (26) íâ  § ¤ ç  à §à¥è¨¬ ,    «£®à¨â¬ ¥¥ à¥è¥¨ï ¯®¤à®¡® ®¯¨á  ¢ ([4], c. 147{148).
�¥è¨¢ íâã § ¤ çã, «¥£ª®  ©â¨ ç áâ®¥ à¥è¥¨¥ § ¤ ç¨ (18).

� áá¬®âà¨¬ ¢â®à®© á«ãç ©. �ãáâì § ¤ ç  (21) ¥ ¨¬¥¥â ¥âà¨¢¨ «ìëå à¥è¥¨©. �â® ®§ ç -
¥â, çâ® à §¬¥à®áâì «¨¥©®£® ¯à®áâà áâ¢   ¡¥«¥¢ëå  R ¤¨ää¥à¥æ¨ «®¢, ªà âëå ¤¨¢¨§®àã
JEF , à ¢  ã«î. �âáî¤  á«¥¤ã¥â ord(JEF ) � h � 1. �®¡ ¢«ïï ¢ § ¬¥ â¥«ì ¤¨¢¨§®à  JEF
ª®¥ç®¥ ç¨á«® â®ç¥ª, ¥ «¥¦ é¨å   L, ¬®¦¥¬ ¤®¯®«¨âì ¥£® ¤® ¬¨¨¬ «ì®£® ¤¨¢¨§®à  ([4],
á. 122). � ¯®¬¨¬, çâ® ¤¨¢¨§®à �min  §ë¢ ¥âáï ¬¨¨¬ «ìë¬, ¥á«¨ ¥ áãé¥áâ¢ã¥â ¬¥à®¬®àä-
ëå ¢áî¤ã   R äãªæ¨©, ªà âëå ��1

min, ¨ ¥ áãé¥áâ¢ã¥â  ¡¥«¥¢ëå   R ¤¨ää¥à¥æ¨ «®¢,
ªà âëå �min. �§ â¥®à¥¬ë �¨¬  {�®å  ([8], c. 122) á«¥¤ã¥â, çâ® ¤«ï ¬¨¨¬ «ì®£® ¤¨¢¨§®à 
¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® ord�min = h � 1. �ë¡®à â®ç¥ª, ª®â®àë¥ ã¦® ¤®¡ ¢¨âì ¢ § ¬¥ â¥«ì
¤¨¢¨§®à  JEF , çâ®¡ë ¤®¯®«¨âì ¥£® ¤® ¬¨¨¬ «ì®£®, ®á®¢ë¢ ¥âáï   ®¤®¬ ¨§ á¢®©áâ¢ á®-
¯àï¦¥ëå ¯ à â®ç¥ª ([4], c. 157) £¨¯¥àí««¨¯â¨ç¥áª®© ¯®¢¥àå®áâ¨ R (â. ¥. ¯ à ¢¨¤  (z0; w0),
(z0;�w0) â®ç¥ª ãª § ®© ¯®¢¥àå®áâ¨). �®çª¨ (1;11), (1;12) ®¡à §ãîâ á®¯àï¦¥ãî ¯ àã.
� ¦¤ ï â®çª  ¢¥â¢«¥¨ï, ¢§ïâ ï á ªà â®áâìî ¤¢ , â ª¦¥ ¯®à®¦¤ ¥â á®¯àï¦¥ãî ¯ àã. �§-
¢¥áâ®, çâ® á®¯àï¦¥ë¥ ¯ àë (¨ â®«ìª® ®¨) ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬, çâ® áãé¥áâ¢ãîâ ¤¢¥
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«¨¥©® ¥§ ¢¨á¨¬ë¥ äãªæ¨¨

C1 +
C2

z � z0
; C1 +

C2

z � rk
; C1 + C2z;

ªà âë¥ á®®â¢¥âáâ¢¥® ¤¨¢¨§®à ¬

(z0; w(z0))�1(z0; �w(z0))�1; (rk; 0)�2; (1;11)�1(1;12)�1:

�á«¨ ¦¥ â®çª¨ (z1; w(z1)), (z2; w(z2)) ¥ ®¡à §ãîâ á®¯àï¦¥®© ¯ àë, â® áãé¥áâ¢ã¥â â®«ìª®
®¤  äãªæ¨ï (¯®áâ®ï ï), ªà â ï ¤¨¢¨§®àã (z1; w(z1))�1 (z2; w(z2))�1. �à¨¨¬ ï ¢® ¢¨¬ ¨¥
¨§«®¦¥®¥ ¢ëè¥ á¢®©áâ¢®, ¢ë¡¥à¥¬ â®çªã ¯®¢¥àå®áâ¨ R, ¥ «¥¦ éãî   ª®âãà¥ L, â ª,
çâ®¡ë ®  ¥ ®¡à §®¢ë¢ «  á®¯àï¦¥ëå ¯ à á â®çª ¬¨ ¤¨¢¨§®à  JEF . �®¡ ¢¨¬ ¢ § ¬¥ â¥«ì
¤¨¢¨§®à  JEF íâã â®çªã, ¢§ïâãî á ªà â®áâìî {�h� 1. �¡®§ ç¨¬ ¯®«ãç¥ë© ¤¨¢¨§®à �min.
�£® ¯®àï¤®ª ¡ã¤¥â à ¢ë¬ h�1. �¨¢¨§®à �min ¬ë ¯®áâà®¨«¨ â ª¨¬ ®¡à §®¬, çâ® ¥ áãé¥áâ¢ã¥â
 ¡¥«¥¢ëå   R ¤¨ää¥à¥æ¨ «®¢, ªà âëå �min, ¨ ¥ áãé¥áâ¢ã¥â ¬¥à®¬®àäëå ¢áî¤ã   R
äãªæ¨©, ªà âëå ��1

min. �«¥¤®¢ â¥«ì®, �min ¨ ¥áâì ¬¨¨¬ «ìë© ¤¨¢¨§®à. �à¨¨¬ ï ¥£® § 
å à ªâ¥à¨áâ¨ç¥áª¨© ¤¨¢¨§®à ¬¥à®¬®àä®£®   «®£  ï¤à  �®è¨ ([4], c. 124), ¯®áâà®¨¬ ¯®á«¥¤¨©
¯® ä®à¬ã«¥ ¨§ ([4], c. 125). �¡®§ ç¨¬ ¥£® d!(z;w)(�; �). �¥à¥§ X0(z; w) ®¡®§ ç¨¬ äãªæ¨î, ¢
ª®â®àãî ¯¥à¥å®¤¨â ¯à ¢ ï ç áâì ä®à¬ã«ë (22), ¥á«¨ ¢ ¥© ¯®«®¦¨âì b'(z; w) � 1. �ãªæ¨ï
X0(z; w) ã¤®¢«¥â¢®àï¥â ªà ¥¢®¬ã ãá«®¢¨î (20), ¯®íâ®¬ã § ¤ çã (18) ¬®¦® á¢¥áâ¨ ª § ¤ ç¥ \®
áª çª¥"

F+(x; #)
X+

0 (x; #)
� F�(x; #)
X�

0 (x; #)
=

G1(x; #)
X+

0 (x; #)
; (x; #) 2 L:

�à¨¬¥ïï ä®à¬ã«ã ¤«ï à¥è¥¨ï íâ®© § ¤ ç¨ ([4], á. 149), ¯®«ãç¨¬ ç áâ®¥ ¥á¨¬¬¥âà¨ç®¥
à¥è¥¨¥

F (z; w) =
X0(z; w)
2�i

Z
L

G1(�; �)
X+

0 (�; �)
d!(z;w)(�; �)

§ ¤ ç¨ (18).
� áâ®¥ á¨¬¬¥âà¨ç®¥ à¥è¥¨¥ ¬®¦® ¯®«ãç¨âì ¨§ ¥á¨¬¬¥âà¨ç®£® á«¥¤ãîé¨¬ ®¡à §®¬:

F�(z; w) =
F (z; w) + F (�z;�w(z))

2
: (27)

�á«¨ F (z; w) | à¥è¥¨¥ ¥®¤®à®¤®© § ¤ ç¨, â® ¨ F (�z;�w(z)) â ª¦¥ ï¢«ï¥âáï à¥è¥¨¥¬
íâ®© § ¤ ç¨ ¢ á¨«ã (19). �®£¤  ®¡é¥¥ á¨¬¬¥âà¨ç®¥ à¥è¥¨¥ § ¤ ç¨ (18) ¡ã¤¥â ¨¬¥âì ¢¨¤

F �(z; w) = bF�(z; w) + F�(z; w); (28)

£¤¥ bF�(z; w) | ®¡é¥¥ á¨¬¬¥âà¨ç®¥ à¥è¥¨¥ ®¤®à®¤®© § ¤ ç¨ (20),   F�(z; w) | ç áâ®¥ á¨¬-
¬¥âà¨ç®¥ à¥è¥¨¥ § ¤ ç¨ (18), ¢ëç¨á«ï¥¬®¥ ¯® ä®à¬ã«¥ (27).

8. �®¤ëâ®¦¨¬ ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¨ ®¯¨è¥¬ â¥¬ á ¬ë¬ ª àâ¨ã à §à¥è¨¬®áâ¨ ªà -
¥¢®© § ¤ ç¨ (5). � ¯®¬¨¬, çâ® ç¥à¥§ l ®¡®§ ç ¥âáï ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå á¨¬¬¥âà¨çëå
à¥è¥¨© ®¤®à®¤®© § ¤ ç¨ (20) ¨ ç¨á«® ¯à®¨§¢®«ìëå ¢¥é¥áâ¢¥ëå ¯®áâ®ïëå ¢ á¨¬¬¥âà¨ç-
®¬ ®¡é¥¬ à¥è¥¨¨ ¥®¤®à®¤®© § ¤ ç¨ (18). �á«¨ l = 0, â® ®¤®à®¤ ï § ¤ ç  (20) ¨¬¥¥â «¨èì
âà¨¢¨ «ì®¥ à¥è¥¨¥. �¥à¥§ l0 ®¡®§ ç ¥âáï ç¨á«® ãá«®¢¨© à §à¥è¨¬®áâ¨ ¥®¤®à®¤®© § ¤ ç¨
(18). �â¨ ãá«®¢¨ï ®¯¨áë¢ îâáï ä®à¬ã«®© (26).

�¥®à¥¬  1. �á«¨ { > 2h, â® l = { � h � 1, l0 = 0. �á«¨ { < 2, â® l = 0, l0 = �{ + h + 1.
� \®á®¡®¬ á«ãç ¥" 2 � { � 2h ¨¬¥¥â ¬¥áâ® â®ç ï ®æ¥ª  maxf0;{ � h � 1g � l � {

2
, l0 =

l � { + h + 1. �® ¢á¥å á«ãç ïå, ª®£¤  à¥è¥¨¥ § ¤ ç¨ (18) áãé¥áâ¢ã¥â, ®® ¢ëç¨á«ï¥âáï ¯®
ä®à¬ã«¥ (28).
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�¥à¥©¤¥¬ â¥¯¥àì ®â à¥è¥¨ï § ¤ ç¨ (18) ª à¥è¥¨î § ¤ ç¨ (5) . � ª ª ª ¯®áâà®¥®¥ à¥-
è¥¨¥ § ¤ ç¨ (18) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î á¨¬¬¥âà¨¨ (17), â® ¯®¤áâ ¢¨¢ ¢¬¥áâ® w ¢ à¥è¥¨¥

F �(z; w(z)) ¢ëà ¦¥¨¥

s
2h+2Q
k=1

(z � rk), ¯®«ãç¨¬ â¥¬ á ¬ë¬ à¥è¥¨¥ �(z) § ¤ ç¨ (5). �ë¯®«¨¢

®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ �ãàì¥,  ©¤¥¬ äãªæ¨î '(x). �  ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (1),
ï¤à  ª®â®à®£® ¯®¤ç¨ïîâáï ãá«®¢¨ï¬ (4), (7){(10).

�ä®à¬ã«¨àã¥¬ ®ª®ç â¥«ìë© à¥§ã«ìâ â.

�¥®à¥¬  2. �à ¢¥¨¥ (1), ï¤à  ¨ á¢®¡®¤ë© ç«¥ ª®â®à®£® ¯®¤ç¨ïîâáï ãá«®¢¨ï¬ (4), (7){
(10), ¤®¯ãáª ¥â à¥è¥¨¥ ¢ § ¬ªãâ®© ä®à¬¥. �â® ãà ¢¥¨¥ íª¢¨¢ «¥â® ªà ¥¢®© § ¤ ç¥ �¨-
¬   (5), ª àâ¨  à §à¥è¨¬®áâ¨ ª®â®à®© ¯®«®áâìî ®¯à¥¤¥«¥  ¢ â¥®à¥¬¥ 1. �® ¢á¥å á«ãç ïå,
ª®£¤  à¥è¥¨¥ ãà ¢¥¨ï (1) áãé¥áâ¢ã¥â, ®® ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

'(x) =
1p
2�

Z 1

�1

F �

�
t;

vuut2h+2Y
k=1

(t� rk)
�
e�itxdt;

£¤¥ F �(z; w) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (28).
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