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2n�1
, Um

2n�1
� �� ����������� ���������

� ¤ ®© à ¡®â¥ ¢¢®¤ïâáï ¥ª®â®àë¥ ª« ááë á¥¬¥©áâ¢ Lm
2n�1. �¥¬¥©áâ¢  V 2

2n�1 ï¢«ïîâáï ®¡-
®¡é¥¨¥¬ ª®£àãíæ¨© V ,   á¥¬¥©áâ¢  Um

2n�1 | ®¡®¡é¥¨¥¬ «¨¥©ëå ª®£àãíæ¨©. � ® ª®-
áâàãªâ¨¢®¥ ¯®áâà®¥¨¥ á¥¬¥©áâ¢ Um

2n�1. �áá«¥¤®¢   § ¤ ç  ¯à®¥ªâ¨¢®£® ¨§£¨¡ ¨ï ¢¢¥¤¥ëå
á¥¬¥©áâ¢.

�á«®¢¨¬áï, çâ® ¯® ¨¤¥ªá ¬ i, j, k áã¬¬¨à®¢ ¨ï ¥â, ¨ ¥á«¨ ®¨  å®¤ïâáï ¢ ®¤®¬ ¨ â®¬ ¦¥
¬ â¥¬ â¨ç¥áª®¬ ¢ëà ¦¥¨¨, â® ¥ ¯à¨¨¬ îâ à ¢ë¥ § ç¥¨ï. �® ¨¤¥ªá ¬ p, q, r ¢á¥£¤  ¯à®-
¢®¤¨âáï áã¬¬¨à®¢ ¨¥. �á¥ ¨¤¥ªáë, ª ª ¯à ¢¨«®, ¯à¨¨¬ îâ § ç¥¨ï ®â 1 ¤® n ¢ª«îç¨â¥«ì®.

1. �¥¬¥©áâ¢  V 2
2n�1 ¨ Um

2n�1. � ¯à®¥ªâ¨¢®¬ ¯à®áâà áâ¢¥ P2n�1 ¢¢¥¤¥¬ ¯à®¥ªâ¨¢ë© à¥¯¥à
fAi; An+ig á ¨ä¨¨â¥§¨¬ «ìë¬¨ ¯¥à¥¬¥é¥¨ï¬¨

dAi = !p
iAp + !n+p

i An+p; dAn+i = !p
n+iAp + !n+p

n+iAn+p;

£¤¥ ä®à¬ë �ä ää  ã¤®¢«¥â¢®àïîâ ¨§¢¥áâë¬ ãà ¢¥¨ï¬ áâàãªâãàë ¯à®¥ªâ¨¢®£® ¯à®áâà -
áâ¢ .

� [1] ¢¢¥¤¥® ¯®ïâ¨¥ á¥¬¥©áâ¢  Lm
2n�1 ¨ ¥£® ¯à¥®¡à §®¢ ¨© � ¯« á . �à¨ íâ®¬, ¥á«¨ (n�1)-

¯«®áª®áâì Ln�1 = (A1 : : : An) ®¯¨áë¢ ¥â á¥¬¥©áâ¢® Lm
2n�1, â® ¢ à¥¯¥à¥ 2-£® ¯®àï¤ª  ®® ®¯à¥¤¥-

«ï¥âáï á¨áâ¥¬®© ãà ¢¥¨© �ä ää 

�) !n+j
i = 0; �) !j

i = aji!j; ) !n+j
n+i = bji!i; (1)

£¤¥ ¢¢¥¤¥® ®¡®§ ç¥¨¥ !n+i
i = !i, ¨ §  ¥§ ¢¨á¨¬ë¥ ä®à¬ë á¥¬¥©áâ¢  Lm

2n�1 ¯à¨¨¬ îâáï
ä®à¬ë !k, k = 1;m, 2 � m � n.

� [2] ¢¢¥¤¥ë  ¡á®«îâë¥ ¨¢ à¨ âë Jij ¨ ®â®á¨â¥«ìë¥ ¨¢ à¨ âë¥ ä®à¬ë 'ij á¥¬¥©-
áâ¢  Lm

2n�1, £¤¥

Jij = ajia
i
j=b

j
i b

i
j ; 'ij = !j

i!j + !n+j
n+i!i:

�ã«¥¢ë¥ «¨¨¨ ä®à¬ë 'ij  §ë¢ îâáï  á¨¬¯â®â¨ç¥áª¨¬¨ «¨¨ï¬¨ ä®ª «ì®© m-¯®¢¥àå®áâ¨
(Ai) ¢  ¯à ¢«¥¨¨ ä®ªãá  Aj .

�¯à¥¤¥«¥¨¥ 1. �¥¬¥©áâ¢® L2
2n�1  §®¢¥¬ á¥¬¥©áâ¢®¬ V 2

2n�1, ¥á«¨

Jij = �1; â. ¥. ajia
i
j = �bji b

i
j :

�§ ®¯à¥¤¥«¥¨ï 1 á«¥¤ã¥â, çâ® bji = � ji a
j
i , �

j
i �

i
j = �1, ¨ ãç¨âë¢ ï (1 )), ¯®«ãç¨¬

!n+j
n+i = � ji a

j
i!i; � ji �

i
j = �1: (2)

� ¬ëª ï á¨áâ¥¬ã ãà ¢¥¨© (1�); �)), (2),  ©¤¥¬

aji�aji ^ !j + !j
n+i ^ !i = 0; �� ji +�� ij = 0;

� ji a
j
i (�aji +�� ji +Ap

ij!p) ^ !i � !j
n+i ^ !j = 0; p 6= i; j;

(3)
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£¤¥

�aji = d lnaji + 2!j
j � !i

i � !n+j
n+j � (ajpa

p
i =a

j
i )!p; p 6= i; j;

�� ji = d ln � ji + 2(!i
i � !n+i

n+i � !j
j + !n+j

n+j );

Ak
ij = (ajka

k
i =a

j
i )(1� � ij�

j
k�

k
i ):

� ¬ªãâ ï á¨áâ¥¬  ãà ¢¥¨© (1�); �)), (2), (3), ®¯à¥¤¥«ïîé ï á¥¬¥©áâ¢® V 2
2n�1,  å®¤¨âáï

¢ ¨¢®«îæ¨¨ á å à ªâ¥à ¬¨ s1 = 2n(n� 1), s2 = n(n+ 1)=2 � 2, â. ¥. á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �¥¬¥©áâ¢® V 2
2n�1 áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ n(n+ 1)=2 � 2 äãªæ¨© ¤¢ãå  à£ã-

¬¥â®¢.

�¥®¬¥âà¨ç¥áª¨© á¬ëá« ãà ¢¥¨ï Jij = �1 (i, j ä¨ªá¨à®¢ ë) á®áâ®¨â ¢ â®¬, çâ®  á¨¬¯â®-
â¨ç¥áª¨¬ «¨¨ï¬ ä®ª «ì®© ¯®¢¥àå®áâ¨ (Ai) ¢  ¯à ¢«¥¨¨ ä®ªãá  Aj á®®â¢¥âáâ¢ã¥â á®¯àï-
¦¥ ï á¨áâ¥¬  «¨¨© ä®ª «ì®© ¯®¢¥àå®áâ¨ (Aj) ¢  ¯à ¢«¥¨¨ ä®ªãá  Ai.

�¯à¥¤¥«¥¨¥ 2. �¥¬¥©áâ¢® Lm
2n�1  §®¢¥¬ á¥¬¥©áâ¢®¬ Um

2n�1, ¥á«¨ ¥£® ä®ª «ìë¥m-¯®¢¥àå-
®áâ¨ ¢ëà®¦¤ îâáï ¢ ¯àï¬ë¥.

�¥¬¥©áâ¢® Um
2n�1 ¯à¨ m 6= n ®¯à¥¤¥«ï¥âáï § ¬ªãâ®© á¨áâ¥¬®© ãà ¢¥¨©

!n+j
i = 0; !j

i = 0; !n+j
n+i = 0; !j

n+i = 0; (4)

!k = �r
k!r; ��r

k ^ !r = 0; r = 1;m; k = m+ 1; n; (5)

£¤¥
��j

k = d�j
k +�j

k(!
j
j � !n+j

n+j � !k
k + !n+k

n+k); j = 1;m:

�â  á¨áâ¥¬   å®¤¨âáï ¢ ¨¢®«îæ¨¨ á å à ªâ¥à ¬¨ s1 = � � � = sm = n�m, â. ¥. á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �¥¬¥©áâ¢® Um
2n�1 ¯à¨ m 6= n áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ n �m äãªæ¨© m  à-

£ã¬¥â®¢.

� á¨«ã ãà ¢¥¨© (4)
d(AiAn+i) = (!i

i + !n+i
n+i)(AiAn+i);

â. ¥. ¯àï¬ë¥ li = (AiAn+i) ¥¯®¤¢¨¦ë ¨, á«¥¤®¢ â¥«ì®, ä®ª «ìë¥ m-¯®¢¥àå®áâ¨ á¥¬¥©áâ¢ 
Lm
2n�1 ¢ëà®¦¤ îâáï ¢ ¯àï¬ë¥ li.
�á«¨ m = n, â® ãà ¢¥¨ï (5) ¡ã¤ãâ ®âáãâáâ¢®¢ âì, ¨ á¥¬¥©áâ¢® Un

2n�1 ®¯à¥¤¥«¨âáï ¢¯®«¥
¨â¥£à¨àã¥¬®© á¨áâ¥¬®© (4), â. ¥. á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �¥¬¥©áâ¢® Un
2n�1 áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ 4n(n� 1) ¯®áâ®ïëå.

�¨áâ¥¬  ãà ¢¥¨© (4) ¯à¨ ä¨ªá¨à®¢ ®¬ i ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬®©, ¨ ¥¥ ¯¥à¢ë¥
¨â¥£à «ë ¬®£ãâ ¡ëâì ¯à¨ïâë §  ª®®à¤¨ âë ¯àï¬®© li ¢ ¯à®áâà áâ¢¥ P2n�1. � ª¨¬ ®¡à §®¬,
çâ®¡ë ª®áâàãªâ¨¢® ¯®áâà®¨âì á¥¬¥©áâ¢® Un

2n�1, ¤®áâ â®ç® ¢ P2n�1 ¢§ïâì n ¯àï¬ëå li ®¡é¥£®
¯®«®¦¥¨ï ¨ à áá¬®âà¥âì ¬®¦¥áâ¢® (n�1)-¯«®áª®áâ¥©, ª ¦¤ ï ¨§ ª®â®àëå ¯¥à¥á¥ª ¥â ª ¦¤ãî
¨§ ¯àï¬ëå li. � ¬¥â¨¬, çâ® ç¥à¥§ â®çªã ®¡é¥£® ¯®«®¦¥¨ï ¯® ®â®è¥¨î ª ¯àï¬ë¬ li ¯à®å®¤¨â
¥¤¨áâ¢¥ ï (n� 1)-¯«®áª®áâì á¥¬¥©áâ¢  Un

2n�1.
�á«¨ m 6= n, â® ã¦® ¥é¥ § ¤ âì n�m äãªæ¨© m  à£ã¬¥â®¢. �¥¯¥àì ä®à¬ë !i á¢ï§ ë

ãà ¢¥¨ï¬¨ (5). � ¦¤®¥ ¨§ ãà ¢¥¨© !i = 0 ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, ¨ ¥£® ¯¥à¢ë©
¨â¥£à « ï¢«ï¥âáï ª®®à¤¨ â®© â®çª¨ Ai   ¯àï¬®© li. � ä¨ªá¨àã¥¬ ¢ á¨áâ¥¬¥ (5) ¨¤¥ªá k. �®-
£¤  ¯®«ãç¨¬ ãà ¢¥¨¥ �ä ää , à¥è¥¨¥ ª®â®à®£® áãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ ®¤ã äãªæ¨î
m  à£ã¬¥â®¢. �ãáâì ti | ª®®à¤¨ â  â®çª¨ Ai   ¯àï¬®© li. �®£¤  äãªæ¨ï tk = 'k(t1; : : : ; tm),
®¯à¥¤¥«ïîé ï ¯à®¨§¢®« à¥è¥¨ï ãà ¢¥¨ï (5) ¯à¨ ä¨ªá¨à®¢ ®¬ k, ¡ã¤¥â ¨¤ãæ¨à®¢ âì ®â®-
¡à ¦¥¨¥

qk : l1 � l2 � � � � � lm ! lk: (6)
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�®ª § ®, çâ® äãªæ¨ï 'k ®¤®§ ç® à §à¥è¨¬  ®â®á¨â¥«ì® «î¡®£® ¨§  à£ã¬¥â®¢ t1; : : : ; tm.
� á«ãç ¥ m = 2, n = 3 ®â®¡à ¦¥¨¥ (6) ®¯à¥¤¥«ï¥â ª¢ §¨£àã¯¯ã, ª®â®à ï ¡ë«  ¨áá«¥¤®¢   ¢
[3].

2. �§£¨¡ ¨¥ á¥¬¥©áâ¢ V 2
2n�1 ¨ Um

2n�1. � áá¬ âà¨¢ ¥âáï ¯à®¥ªâ¨¢®¥ ¨§£¨¡ ¨¥ �ã¡¨¨{
� àâ   ([4], á. 102). �â¥á¥¬ á¥¬¥©áâ¢® Lm

2n�1,   ª®â®à®¥ ¯à®¥ªâ¨¢ë¬ ¨§£¨¡ ¨¥¬ 2-£® ¯®àï¤ª 
 «®¦¨¬® á¥¬¥©áâ¢® Lm

2n�1, ª à¥¯¥àã fBi; Bn+ig á ¨ä¨¨â¥§¨¬ «ìë¬¨ ¯¥à¥¬¥é¥¨ï¬¨

dBi = 
q
iBq +
n+q

i Bn+q; dBn+i = 
q
n+iBq +
n+q

n+iBn+q:

�á«¨ (n� 1)-¯«®áª®áâì Ln�1 = (B1 : : : Bn) ®¯¨áë¢ ¥â á¥¬¥©áâ¢® Lm
2n�1,   � | â ª®¥ ¯à®¥ªâ¨¢®¥

¯à¥®¡à §®¢ ¨¥, çâ®

�(Bi) = eBi = Ai; �(Bn+i) = eBn+i = An+i; �(Lm
2n�1) = eLm

2n�1;

â® ãá«®¢¨¥ ª á ¨ï 2-£® ¯®àï¤ª  á¥¬¥©áâ¢ Lm
2n�1 ¨ eLm

2n�1 ®¯à¥¤¥«¨âáï ãà ¢¥¨¥¬

eLn�1 + deLn�1 + 1

2
d2 eLn�1 = (�0 + �1 + 1

2
�2)(Ln�1 + dLn�1 + 1

2
d2Ln�1):

� ¤ «ì¥©è¥¬ ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï


n+i
i = 
i; e!�

� = 
�
� � !�

�; �; � = 1; 2n:

�à®¥ªâ¨¢®¥ ¨§£¨¡ ¨¥ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  V 2
2n�1 ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© (1�); �)), (2),

(3), ª ª®â®à®© ¤®¡ ¢«ïîâáï ãà ¢¥¨ï

e!i = 0; 
n+j
i = 0; (7)

(e!i
i � e!n+i

n+i) ^ !i = 0; e!j
i ^ !j � e!n+j

n+i ^ !i = 0: (8)

�áá«¥¤®¢ ¨¥ § ¬ªãâ®© á¨áâ¥¬ë ãà ¢¥¨© (1�); �)), (2), (3), (7), (8) ¯®ª §ë¢ ¥â, çâ® á¯à ¢¥¤-
«¨¢ 

�¥®à¥¬  4. �ãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ n(n � 1) äãªæ¨© ¤¢ãå  à£ã¬¥â®¢ á¥¬¥©áâ¢®

L2
2n�1,   ª®â®à®¥ ¨§£¨¡ ¨¥¬ 1-£® ¯®àï¤ª  á ¯à®¨§¢®«®¬ ¢ n äãªæ¨© ®¤®£®  à£ã¬¥â   «®-

¦¨¬® § ¤ ®¥ á¥¬¥©áâ¢® V 2
2n�1.

�§£¨¡ ¨¥ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  Um
2n�1 ®¯à¥¤¥«ï¥âáï § ¬ªãâ®© á¨áâ¥¬®© ãà ¢¥¨© (4),

(5), (7), (8), ¨áá«¥¤®¢ ¨¥ ª®â®à®© ¯à¨¢®¤¨â ª á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  5. �ãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ n(n � 1) äãªæ¨© ¤¢ãå  à£ã¬¥â®¢ á¥¬¥©áâ¢®

Lm
2n�1,   ª®â®à®¥ ¨§£¨¡ ¨¥¬ 1-£® ¯®àï¤ª  á ¯à®¨§¢®«®¬ ¢ n äãªæ¨© ®¤®£®  à£ã¬¥â   «®-

¦¨¬® § ¤ ®¥ á¥¬¥©áâ¢® Um
2n�1.

�¯à¥¤¥«¥¨¥ 3. �®ª «ìë¬ ¨§£¨¡ ¨¥¬ k-£® ¯®àï¤ª  á¥¬¥©áâ¢  Lm
2n�1  §®¢¥¬ ¨§£¨¡ ¨¥

k-£® ¯®àï¤ª  ¥£® ä®ª «ìëå m-¯®¢¥àå®áâ¥©.

�à¨ ä®ª «ì®¬ ¨§£¨¡ ¨¨ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  Lm
2n�1 ¨¬¥îâ ¬¥áâ® ãà ¢¥¨ï

eBi + d eBi = (�i
0
+ �i

1
)(Ai + dAi):

� áá¬ âà¨¢ ï ä®ª «ì®¥ ¨§£¨¡ ¨¥ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  V 2
2n�1, ¯®«ãç¨¬ ãà ¢¥¨ï (7) ¨

ãà ¢¥¨ï

e!j
i = 0; (9)

â. ¥. ä®ª «ì®¥ ¨§£¨¡ ¨¥ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  V 2
2n�1 ¢«¥ç¥â §  á®¡®© ¥£® ¨§£¨¡ ¨¥ 1-£® ¯®-

àï¤ª . �¨áâ¥¬  (9) á ãç¥â®¬ (1�)) ¨¬¥¥â ¤¨ää¥à¥æ¨ «ìë¥ á«¥¤áâ¢¨ï

e!i
i + e!j

j = pi!i � pj!j ; (10)
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  § ¬ëª ¨¥ á¨áâ¥¬ë (7), (9), (10) ¨¬¥¥â ¢¨¤

(e!i
i � e!n+i

n+i) ^ !i = 0; e!n+j
n+i ^ !i = 0; (11)

(e!j
n+i + pia

j
i!j) ^ !i = 0; �pi ^ !i = 0; (12)

£¤¥
�pi = dpi + pi(!

i
i � !n+i

n+i) + e!i
n+i:

�áá«¥¤®¢ ¨¥ § ¬ªãâ®© á¨áâ¥¬ë ãà ¢¥¨© (1�); �)), (2), (3), (7), (9){(12) ¯®ª §ë¢ ¥â, çâ®
á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �ãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ n(2n � 1) äãªæ¨© ®¤®£®  à£ã¬¥â  á¥¬¥©áâ¢®

L2
2n�1,   ª®â®à®¥ ä®ª «ìë¬ ¨§£¨¡ ¨¥¬ 1-£® ¯®àï¤ª  á ¯à®¨§¢®«®¬ ¢ n äãªæ¨© ®¤®£®  à£ã-

¬¥â   «®¦¨¬® § ¤ ®¥ á¥¬¥©áâ¢® V 2
2n�1.

�à¨ ä®ª «ì®¬ ¨§£¨¡ ¨¨ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  Um
2n�1 ¨¬¥îâ ¬¥áâ® ãà ¢¥¨ï (7), (9),

¢¥è¨¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ ª®â®àëå ¯®«ãç¨¬ ãà ¢¥¨ï (11) ¨ ãà ¢¥¨ï

e!j
n+i ^ !i = 0: (13)

�áá«¥¤®¢ ¨¥ § ¬ªãâ®© á¨áâ¥¬ë ãà ¢¥¨© (4), (5), (7), (9), (11), (13) ¯®ª §ë¢ ¥â, çâ® ¨¬¥¥â
¬¥áâ®

�¥®à¥¬  7. �ãé¥áâ¢ã¥â á ¯à®¨§¢®«®¬ ¢ 2n(n � 1) äãªæ¨© ®¤®£®  à£ã¬¥â  á¥¬¥©áâ¢®

Lm
2n�1,   ª®â®à®¥ ä®ª «ìë¬ ¨§£¨¡ ¨¥¬ 1-£® ¯®àï¤ª  á ¯à®¨§¢®«®¬ ¢ n äãªæ¨© ®¤®£®  à£ã-

¬¥â   «®¦¨¬® § ¤ ®¥ á¥¬¥©áâ¢® Um
2n�1.

� áá¬®âà¨¬ ¨§£¨¡ ¨¥ 1-£® ¯®àï¤ª  á¥¬¥©áâ¢  V 2
2n�1 ®¤®¢à¥¬¥® á ¨§£¨¡ ¨¥¬ 1-£® ¯®àï¤ª 

¥£® ¯àï¬ëå � ¯« á . �®£¤  ¤®¯®«¨â¥«ì® ¡ã¤ãâ ¨¬¥âì ¬¥áâ® ãá«®¢¨ï

( eBi
eBn+i) + d( eBi

eBn+i) = (e�i
0
+ e�i

1
)((AiAn+i) + d(AiAn+i)):

�ª § «®áì, çâ® ¢ íâ®¬ á«ãç ¥ á¥¬¥©áâ¢® V 2
2n�1 ï¢«ï¥âáï á¥¬¥©áâ¢®¬ U 2

2n�1,   á¥¬¥©áâ¢® L2
2n�1

ï¢«ï¥âáï á¥¬¥©áâ¢®¬ U 2
2n�1 ¨ á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. � ¤ ®¥ á¥¬¥©áâ¢® U 2
2n�1 ¤®¯ãáª ¥â ¨§£¨¡ ¨¥ 1-£® ¯®àï¤ª  ®¤®¢à¥¬¥® á

¯àï¬ë¬¨ � ¯« á  á ¯à®¨§¢®«®¬ ¢ n äãªæ¨© ®¤®£®  à£ã¬¥â .

�à¨ ¨§£¨¡ ¨¨ 2-£® ¯®àï¤ª  á¥¬¥©áâ¢  Um
2n�1 á¯à ¢¥¤«¨¢ 

�¥®à¥¬  9. � ¤ ®¥ á¥¬¥©áâ¢® Um
2n�1 ¤®¯ãáª ¥â ¨§£¨¡ ¨¥ 2-£® ¯®àï¤ª  á ¯à®¨§¢®«®¬ ¢ n

äãªæ¨© ®¤®£®  à£ã¬¥â .

�¨â¥à âãà 
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