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� áá¬®âà¨¬ ¤¢ãåâ®ç¥ç­ãî ªà ¥¢ãî § ¤ çã

y00(x) + f(x; y) = 0; 0 < x < 1; (1)

y(0) = y(1) = 0: (2)

�à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï f(x; z) ­¥¯à¥àë¢­  ¨ ¨¬¥¥â ­¥¯à¥àë¢­ãî ç áâ­ãî ¯à®¨§¢®¤­ãî
@f

@z
¯à¨ x 2 [0; 1], z � 0. �ãáâì ¯à¨ x 2 [0; 1], z � 0 ¢ë¯®«­ïîâáï ãá«®¢¨ï

a(x)zp � f(x; z) � b(x)zp; p = const > 1; (3)

@f(x; z)
@z

� 0; (4)

£¤¥ a(x), b(x) | ­¥¯à¥àë¢­ë¥ ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨ ¯à¨ x 2 [0; 1], ¯à¨ç¥¬ a(x) � b(x).
� à ¡®â¥ ¤®ª §ë¢ ¥âáï ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1), (2). �®¤ ¯®-

«®¦¨â¥«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2) ¯®­¨¬ ¥âáï ¯®«®¦¨â¥«ì­ ï ¯à¨ x 2 (0; 1) äã­ªæ¨ï
y(x) 2 C2[0; 1], ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î (1) ¨ ®¡à é îé ïáï ¢ ­ã«ì ­  ª®­æ å ®âà¥§ª 
[0; 1].

� ­¥¥ ¢ à ¡®â¥ [1] ¥¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï ¡ë«  ¤®ª § ­  ¤«ï á«ãç ï äã­ª-
æ¨¨ f(x; z) = xmzn (m � 0, n > 1). �¤¥áì íâ®â à¥§ã«ìâ â ãá¨«¥­.

�®«ãç¨¬  ¯à¨®à­ãî ®æ¥­ªã ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1), (2).

�¥®à¥¬  1. �á«¨ y(x) | ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), (2), â® ¤«ï ­¥£® á¯à ¢¥¤«¨¢ 
®æ¥­ª 

max
[0;1]

y(x) � (2M)
1

p�1 ; (5)

£¤¥

M =
�Z 1

0
a(s)�p+1(s)ds

��1

; (6)

�(s) = max(s; 1� s); s 2 [0; 1]:

�®ª § â¥«ìáâ¢®. �§ ãà ¢­¥­¨ï (1) á«¥¤ã¥â, çâ® y(x) | ¢ë¯ãª« ï ¢¢¥àå äã­ªæ¨ï. �®£¤ 
«¥£ª® ¯®ª § âì, çâ®

y(x) � kyk�(x); (7)

£¤¥ kyk = max
[0;1]

y(x). � ¯®¬®éìî äã­ªæ¨¨ �à¨­ 

G(x; s) =

(
x(1� s); 0 � x � s � 1;

s(1� x); 0 � s � x � 1;
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§ ¤ çã (1), (2) ¬®¦­® § ¬¥­¨âì íª¢¨¢ «¥­â­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨¥¬

y(x) =
Z 1

0

G(x; s)f(s; y(s))ds: (8)

�âáî¤  ¢ á¨«ã (3) ¨ (7) ¯®«ãç ¥¬

y(x) � kyk
p

Z 1

0
a(s)�p(s)ds: (9)

�¥£ª® ¢¨¤¥âì, çâ® G(x; s) � �(x)�(s). �®íâ®¬ã ¨§ (9) ¨¬¥¥¬

y(x) � �(x)kykp
Z 1

0
a(s)�p+1(s)ds:

�¥à¥å®¤ï §¤¥áì ª ¬ ªá¨¬ã¬ã ¯® x, ¯®«ãç¨¬

kyk � max
[0;1]

�(x)kykp
Z 1

0
a(s)�p+1(s)ds =

1
2
kyk

p

Z 1

0
a(s)�p+1(s)ds;

®âªã¤  ¨ á«¥¤ã¥â ®æ¥­ª  (5).

�®ª ¦¥¬ â¥¯¥àì áãé¥áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï § ¤ ç¨ (1), (2). �¡®§­ ç¨¬ ç¥à¥§K
ª®­ãá ­¥®âà¨æ â¥«ì­ëå ­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ [0; 1] äã­ªæ¨©. �®¤ ¯®«ãã¯®àï¤®ç¥­¨¥¬ u � v
¡ã¤¥¬ ¯®­¨¬ âì v(x)� u(x) 2 K, â. ¥. v(x) � u(x) ¯à¨ ¢á¥å x 2 [0; 1].

�¯à¥¤¥«¥­¨¥ 1 ([2], c. 259). �¥«¨­¥©­ë© ®¯¥à â®à A ­ §ë¢ ¥âáï ¯®«®¦¨â¥«ì­ë¬ ­  ¬­®-
¦¥áâ¢¥ M � E (E | ¡ ­ å®¢® ¯à®áâà ­áâ¢®), ¥á«¨ AM � K.

�¯à¥¤¥«¥­¨¥ 2 ([2], c. 362). �®«®¦¨â¥«ì­ë© ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à A ­ §ë¢ ¥âáï
à áâï¦¥­¨¥¬ ª®­ãá  K, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  r1 < r2, çâ®

Ax�x; x 2 K(0; r1) (x 6= 0) (10)

¨

Ax�x; x 2 K(r2;1): (11)

�¤¥áì K(0; r1) = fx : x 2 K, kxk � r1g, K(r2;1) = fx : x 2 K, kxk � r2g. �á«¨ ¢¬¥áâ® (10),
(11) ¯®âà¥¡®¢ âì Ax�x, x 2 K(0; r1) (x 6= 0) ¨ Ax�x, x 2 K(r2;1), â® A ­ §ë¢ ¥âáï á¦ â¨¥¬

ª®­ãá  K.

�¥®à¥¬  2 ([2], c. 362{363). �ãáâì ¯®«®¦¨â¥«ì­ë© ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à A ï¢«ï-

¥âáï á¦ â¨¥¬ ¨«¨ à áâï¦¥­¨¥¬ ª®­ãá  K. �®£¤  A ¨¬¥¥â ¢ ª®­ãá¥ K ¯® ªà ©­¥© ¬¥à¥ ®¤­ã

­¥­ã«¥¢ãî ­¥¯®¤¢¨¦­ãî â®çªã.

�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (8) § ¯¨è¥¬ ¢ ¢¨¤¥

y = Ay;

£¤¥ ç¥à¥§ A ®¡®§­ ç¥­ ­¥«¨­¥©­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (8). �ç¥-
¢¨¤­®,A ®áâ ¢«ï¥â ¨­¢ à¨ ­â­ë¬ ª®­ãáK. �à®¬¥ â®£®, «¥£ª® ¢¨¤¥âì, çâ® ®­ ¢¯®«­¥ ­¥¯à¥àë¢e­.
�«¥¤®¢ â¥«ì­®, A| ¯®«®¦¨â¥«ì­ë© ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à. �®ª ¦¥¬, çâ® ®­ ï¢«ï¥âáï
à áâï¦¥­¨¥¬ ª®­ãá  K.

�ãáâì 0 < r1 < c
�

1

p�1

2 , r2 > (0:5c1)
�

1

p�1 , £¤¥

c1 =
Z 1

0
a(s)�(s)ds; c2 =

Z 1

0
b(s)�(s)ds:
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�«ï y 2 K(0; r1) ¢ á¨«ã (3), (7) ¨ ¢ë¯ãª«®áâ¨ ¢¢¥àå äã­ªæ¨¨ y(x) ¨¬¥¬

Ay =
Z 1

0

G(x; s)f(s; y(s))ds � kykp�1kyk

Z 1

0

b(s)G(x; s)ds �

� rp�1
1 kyk�(x)

Z 1

0

b(s)�(s)ds � rp�1
1 c2y(x) < y(x);

â. ¥. Ay�y ¢ K(0; r1). �«ï y 2 K(r2;1) ¨¬¥¥¬

Ay( 1
2
) =

Z 1

0

G( 1
2
; s)f(s; y(s))ds � kykp�1kyk

Z 1

0

a(s)G( 1
2
; s)ds � rp�1

2 �( 1
2
)y( 1

2
)c1 =

c1
2
rp�1
2 y( 1

2
) > y( 1

2
);

â. ¥. Ay�y ¢ K(r2;1). �ç¥¢¨¤­®, 0 < r1 < r2. �âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®à A ï¢«ï¥âáï à áâï-
¦¥­¨¥¬ ª®­ãá  K. �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �á«¨ äã­ªæ¨ï f(x; z) ­¥¯à¥àë¢­  ¯® ®¡®¨¬  à£ã¬¥­â ¬ ¯à¨ x 2 [0; 1], z � 0 ¨

¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3), â® áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç¨

(1), (2) ¨§ ª« áá  C2[0; 1].

�á«®¢¨¥ ¥¤¨­áâ¢¥­­®áâ¨ ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï ãáâ ­ ¢«¨¢ ¥â

�¥®à¥¬  4. �à¥¤¯®«®¦¨¬, çâ® äã­ªæ¨ï f(x; z) ­¥¯à¥àë¢­  ¨ ¨¬¥¥â ­¥¯à¥àë¢­ãî ç áâ­ãî

¯à®¨§¢®¤­ãî @f

@z
¯à¨ x 2 [0; 1], z � 0, ¨ çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï (3), (4). �®£¤  § ¤ ç  (1), (2)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯®«®¦¨â¥«ì­®¥ à¥è¥­¨¥ ¨§ ª« áá  C2[0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì y(x) ¨ y(x) + '(x) | à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥ à¥è¥­¨ï § ¤ ç¨
(1), (2). �ç¥¢¨¤­®, ®­¨ ¬®£ãâ ¨¬¥âì «¨èì ª®­¥ç­®¥ ç¨á«® N ®¡é¨å â®ç¥ª. �ãáâì íâ¨ â®çª¨
¡ã¤ãâ 0 = x0 < x1 � � � < xN�1 = 1. � ­¨å '(xk) = 0, y(xk) = yk, k = 0; 1; : : : ; N � 1. �¥à¥§ yk(x)
¨ yk(x) + 'k(x) ®¡®§­ ç¨¬ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ­  ¨­â¥à¢ «¥ (xk; xk+1), k = 0; 1; : : : ; N � 1,
¯à¨­¨¬ îé¨¥ ¢ £à ­¨ç­ëå â®çª å §­ ç¥­¨ï yk = y(xk) ¨ yk+1 = y(xk+1). �ëç¨â ï ¨§ à ¢¥­áâ¢ 
(yk + 'k)00 + f(x; yk + 'k) = 0 à ¢¥­áâ¢® y00k + f(x; yk) = 0, ¯®«ãç¨¬ «¨­¥©­®¥ ®â­®á¨â¥«ì­® 'k(x)
ãà ¢­¥­¨¥

'00

k + bk(x)'k = 0; (12)

£¤¥ bk(x) = @f(x; rk)=@y,

min(yk(x); yk(x) + 'k(x)) � rk(x) � max(yk(x); yk(x) + 'k(x)):

� á¨«ã (5) ¯®«ãç¨¬ ®æ¥­ªã 0 � rk(x) � 2M
1

p�1 . �®£¤  ¨§ (4) á«¥¤ã¥â 0 � bk(x) =
@f(x;rk)

@y
� c(M;p),

£¤¥ c(M;p) | ­¥ª®â®à ï ª®­áâ ­â , § ¢¨áïé ï â®«ìª® ®â M ¨§ (6) ¨ p.
� ª ¨§¢¥áâ­® (­ ¯à., [3], £«. 4, x 2, á. 255), à ááâ®ï­¨¥ ¬¥¦¤ã ¤¢ã¬ï ­ã«ï¬¨ à¥è¥­¨ï ãà ¢­¥-

­¨ï (12) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

d >
�r

2max
[0;1]

b(x)
�

�p
2c(M;p)

;

¯®íâ®¬ã

xk+1 � xk >
�p

2c(M;p)
; k = 0; 1; : : : ; N � 1: (13)

�  ¨­â¥à¢ «¥ (xk; xk+1) äã­ªæ¨ï 'k(x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (12),   ¢ £à ­¨ç­ëå â®çª å
| ãá«®¢¨ï¬ 'k(x) = 'k(xk+1) = 0. �âáî¤  ¢ á¨«ã (13) 'k(x) � 0 ¯à¨ x 2 [xk; xk+1]. �«¥¤®¢ -
â¥«ì­®, '(x) � 0, x 2 [0; 1], ¨ y(x) ¡ã¤¥â ¥¤¨­áâ¢¥­­ë¬ ¯®«®¦¨â¥«ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), (2)
¨§ ª« áá  C2[0; 1].

5



�¨â¥à âãà 

1. �¡¤ãà £¨¬®¢ �.�. �¤¨­áâ¢¥­­®áâì ¯®«®¦¨â¥«ì­®£® à¥è¥­¨ï ®¤­®© ­¥«¨­¥©­®© ¤¢ãåâ®ç¥ç-

­®© ªà ¥¢®© § ¤ ç¨ ¨ ç¨á«¥­­ë© ¬¥â®¤ ¥£® ­ å®¦¤¥­¨ï // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1998.
{ ò5. { C. 3{7.

2. �à á­®á¥«ìáª¨© �.�., � ¡à¥©ª® �.�. �¥®¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë ­¥«¨­¥©­®£®  ­ «¨§ . { �.:
� ãª , 1975. { 542 á.

3. �â¥¯ ­®¢ �.�. �ãàá ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. { �.: � ãª , 1950. { 468á.

� £¥áâ ­áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â �®áâã¯¨«¨

¯¥à¢ë© ¢ à¨ ­â 11:11:1999
®ª®­ç â¥«ì­ë© ¢ à¨ ­â 19:06:2001

6


