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�®«ãç¥­¨¥ à¥è¥­¨ï § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï á § ¤ ­­®© â®ç­®áâìî § 
ª®­¥ç­®¥ ç¨á«® ¨â¥à æ¨®­­ëå è £®¢ á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï ï¢«ï¥âáï  ªâã «ì­®© ¢ëç¨-
á«¨â¥«ì­®© ¯à®¡«¥¬®©. � à §à ¡®âª¥  «£®à¨â¬®¢, ¯®§¢®«ïîé¨å à¥è¨âì íâã ¯à®¡«¥¬ã ¢ ¬¥â®¤¥
æ¥­âà®¢ [1], [2], ãá«®¢­® ¬®¦­® ¢ë¤¥«¨âì ¤¢  ®á­®¢­ëå ¯®¤å®¤ . �¥à¢ë© ¯®¤å®¤ § ª«îç ¥âáï
¢ à §à ¡®âª¥  «£®à¨â¬®¢, ¨á¯®«ì§ãîé¨å á¯¥æ¨ «ì­ë¥ ªà¨â¥à¨¨ ®áâ ­®¢ª¨, ãá«®¢¨ï ª®â®àëå
¢ë¯®«­ïîâáï ç¥à¥§ ª®­¥ç­®¥ ç¨á«® ¨â¥à æ¨© ¨ £ à ­â¨àãîâ ¤®áâ¨¦¥­¨¥ § ¤ ­­®© â®ç­®áâ¨. �
à ¬ª å íâ®£® ¯®¤å®¤  à §à ¡®â ­ë  «£®à¨â¬ë á ¤¢ãáâ®à®­­¨¬ ¯à¨¡«¨¦¥­¨¥¬ ª ¬¨­¨¬ã¬ã [3],
á ­¥¯®«­®© ¬¨­¨¬¨§ æ¨¥© äã­ªæ¨¨ ¬ ªá¨¬ã¬  [4], á  ¯¯à®ªá¨¬ æ¨¥© ¤®¯ãáâ¨¬®£® ¬­®¦¥áâ¢ 
[5], [6].

�áá«¥¤®¢ ­¨ï ¢ à ¬ª å ¢â®à®£® ¯®¤å®¤  § ª«îç «¨áì ¢® ¢¢¥¤¥­¨¨ ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢,
¯®§¢®«ïîé¨å ¯®«ãç¨âì âà¥¡ã¥¬ãî â®ç­®áâì §  § à ­¥¥ ®¯à¥¤¥«¥­­®¥ ç¨á«® ¨â¥à æ¨©. �¥®à¥â¨-
ç¥áª¨ ¢ [7]{[9] ¡ë«® ¯®ª § ­®, çâ® ¯ à ¬¥âà¨§ æ¨ï ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ ¬ ªá¨¬ã¬  ¬®¦¥â
¯®§¢®«¨âì ­ ©â¨ ¯à¨¡«¨¦¥­­®¥ á § ¤ ­­®© â®ç­®áâìî à¥è¥­¨¥ §  ®¤¨­ ¯à®æ¥áá ¬¨­¨¬¨§ æ¨¨
¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨.

� ­­ ï áâ âìï ¯®á¢ïé¥­  à §à ¡®âª¥  «£®à¨â¬®¢ ¢ ¯ à ¬¥âà¨§®¢ ­­®¬ ¬¥â®¤¥ æ¥­âà®¢ á
 ¯¯à®ªá¨¬ æ¨¥© ¬­®¦¥áâ¢  ¤®¯ãáâ¨¬ëå à¥è¥­¨© ¢ à ¬ª å ¢â®à®£® ¯®¤å®¤ .

�ãáâì H = f1; 2; : : : ;mg, äã­ªæ¨¨ f(x), fi(x), i 2 H, ®¯à¥¤¥«¥­ë ¢ n-¬¥à­®¬ ¥¢ª«¨¤®¢®¬
¯à®áâà ­áâ¢¥ Rn, g(x) = maxffi(x); i 2 Hg, D = fx : x 2 Rn; g(x) � 0g, D0 = fx : x 2 Rn,
g(x) < 0g.

�á«®¢¨¥ A. � ¤ ç 

minff(x); x 2 Dg (1)

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A, ¥á«¨ ®­  ¨¬¥¥â à¥è¥­¨¥, äã­ªæ¨¨ f(x), g(x) ­¥¯à¥àë¢­ë ¢ Rn, D0 6= ;
¨ D0 = D.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: f� = minff(x); x 2 Dg, Y = Argminff(x); x 2 Rng, X�
� =

fx : x 2 D; f(x) � f� + �g, £¤¥ � � 0. �ç¥¢¨¤­®, X�
0 ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ â®ç­ëå à¥è¥­¨©

§ ¤ ç¨ (1).
Tà¥¡ã¥âáï ¯® § ¤ ­­®¬ã " > 0 ­ ©â¨ â®çªã ¨§ ¬­®¦¥áâ¢  X�

" .

�¥¬¬  1. �á«¨ § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A ¨ ¤«ï § ¤ ­­®© ª®­áâ ­âë � > 0
¬­®¦¥áâ¢® X�

� ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬, â® minfg(x); x 2 X�
�g < 0.

�®ª § â¥«ìáâ¢®. �ãáâì x� 2 X�
0 . � ª ª ª f(x

�) < f�+� ¯à¨ � > 0, â® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨
äã­ªæ¨¨ f(x) ­ ©¤¥âáï â ª ï ®ªà¥áâ­®áâì ! â®çª¨ x�, çâ® f(x) < f� + � ¤«ï ¢á¥å x 2 !. �®£¤ 
! \D � X�

� . �à®¬¥ â®£®, ¢ á¨«ã ãá«®¢¨ï D0 = D ¢ ! ­ ©¤¥âáï â®çª  y 2 D0. �§ ¤¢ãå ¯®á«¥¤­¨å
¯à¥¤«®¦¥­¨© á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ y 2 ! \D0 � ! \D � X�

� ¨ g(y) < 0.
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�«ï ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨© ¯ à ¬¥âà®¢ t; 
; � ¯®«®¦¨¬

F (x; t; 
; �) = maxff(x)� t; �g(x) � 
g;

Z(t; 
; �) = ArgminfF (x; t; 
; �); x 2 Rng:

�¥®à¥¬  1. �ãáâì äã­ªæ¨¨ f(x), g(x) ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­ë ¢ Rn, ¤«ï ª®­áâ ­âë " > 0
¬­®¦¥áâ¢® X�

" ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬, ¯ à ¬¥âàë � > 0, 
, t § ä¨ªá¨à®¢ ­ë â ª¨¬ ®¡à §®¬,

çâ®

�minfg(x); x 2 X�
" g � " � f� + 
 � t � 0: (2)

�®£¤  Z(t; 
; �) � X�
" .

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® â®çªã x� 2 X�
0 . �®£¤  ¨¬¥¥¬, ¢®-¯¥à¢ëå,

�g(x�)� 
 � �
, ¢®-¢â®àëå, á®£« á­® ãá«®¢¨ï¬ â¥®à¥¬ë f(x�)� t � �
. �®íâ®¬ã F (x�; t; 
; �) =
maxff(x�) � t, �g(x�) � 
g � �
. �âáî¤  ¤«ï «î¡®© â®çª¨ z 2 Z(t; 
; �) ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­-
áâ¢  �g(z)� 
 � F (z; t; 
; �) � F (x�; t; 
; �) � �
, ®âªã¤  g(z) � 0. � ª¨¬ ®¡à §®¬, Z(t; 
; �) � D.
�®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç­® ¯®ª § âì, çâ® Q\Z(t; 
; �) = ;, £¤¥ Q = DnX�

" .
�®£« á­® ®¯à¥¤¥«¥­¨î ¬­®¦¥áâ¢  X�

" ¤«ï «î¡®© â®çª¨ y 2 X�
" ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

f(y) � f�+",   ¤«ï «î¡®© â®çª¨ x 2 Q ¨¬¥¥â ¬¥áâ® f(x) > f�+". �®íâ®¬ã á¯à ¢¥¤«¨¢® ¤¢®©­®¥
­¥à ¢¥­áâ¢®

f(x)� t > f� + "� t � f(y)� t 8x 2 Q; 8y 2 X�
" : (3)

�­®¦¥áâ¢® X�
" ï¢«ï¥âáï § ¬ª­ãâë¬ ¯® ®¯à¥¤¥«¥­¨î ¨ ®£à ­¨ç¥­­ë¬ á®£« á­® ãá«®¢¨ï¬

â¥®à¥¬ë. �¥¯à¥àë¢­ ï äã­ªæ¨ï g(x) ¤®áâ¨£ ¥â ­  ­¥¬ á¢®¥£® ¬¨­¨¬ «ì­®£® §­ ç¥­¨ï, â. ¥. áã-
é¥áâ¢ã¥â â®çª  y 2 X�

" â ª ï, çâ® g(y) = minfg(x); x 2 X�
" g. � á¨«ã (2) ¨¬¥¥¬ f� + 
 � t �

�minfg(x); x 2 X�
" g � ", ¯®íâ®¬ã ¤«ï â®çª¨ y á®£« á­® ¯¥à¢®¬ã á®®â­®è¥­¨î ¨§ (3) ¯®«ãç¨¬

æ¥¯®çªã ­¥à ¢¥­áâ¢ f(x)� t > f� + "� t � �minfg(x); x 2 X�
" g � 
 = �g(y) � 
 ¤«ï ¢á¥å x 2 Q.

�âáî¤  ¢ á¨«ã (3) ¨ ¨§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ¬ ªá¨¬ã¬  ¨¬¥¥¬

F (x; t; 
; �) � f(x)� t > maxff(y)� t; �g(y)� 
g = F (y; t; 
; �) 8x 2 Q: (4)

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® áãé¥áâ¢ã¥â â®çª  z 2 Z(t; 
; �) \ Q. �®£¤  á®£« á­® (4) ¤«ï
íâ®© â®çª¨ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® F (z; t; 
; �) > F (y; t; 
; �), ª®â®à®¥ ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®
z 2 Z(t; 
; �). �®íâ®¬ã Z(t; 
; �) \ Q = ;, çâ®, ª ª ®â¬¥ç «®áì, ¤®áâ â®ç­® ¤«ï ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë.

�§ ãá«®¢¨© â¥®à¥¬ë 1 ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢ëâ¥ª îâ ®æ¥­ª¨ ¯ à ¬¥âà  �, ¯®§¢®«ïîé¨¥
¯à¨ à §«¨ç­®© ä¨ªá æ¨¨ §­ ç¥­¨© ¯ à ¬¥âà  t ¨ ®¯à¥¤¥«¥­­ëå ¯à ¢¨« å ä¨ªá æ¨¨ §­ ç¥­¨©
¯ à ¬¥âà  
 ¯®«ãç¨âì à¥è¥­¨¥ á â®ç­®áâìî " > 0 ¯ãâ¥¬ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ â¨¯  F (x; t; 
; �).

�«¥¤áâ¢¨¥ 1. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A, " > 0, X�
" | ®£à ­¨ç¥­­®¥ ¬­®-

¦¥áâ¢® ¨ ¯ à ¬¥âàë t, 
 § ä¨ªá¨à®¢ ­ë â ª, çâ® 
 � � > 0, t � f� + 
. �á«¨ ¯ à ¬¥âà � > 0
§ ä¨ªá¨à®¢ âì â ª¨¬ ®¡à §®¬, çâ®

� �
"+ � + f� � t

minfg(x); x 2 X�
" g
; (5)

â® Z(t; 
; �) � X�
" .

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 1 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® minfg(x); x 2 X�
" g < 0. �®-

íâ®¬ã ¨§ (5) á«¥¤ã¥â �minfg(x); x 2 X�
" g � " + � + f� � t. �âáî¤ , â. ª. ¯® ãá«®¢¨ï¬ á«¥¤áâ¢¨ï


 � �, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® 
 � � � t� f�� "+ �minfg(x), x 2 X�
" g. �à®¬¥ â®£®, á®£« á­® ãá«®-

¢¨ï¬ á«¥¤áâ¢¨ï ¢ë¯®«­ï¥âáï f� + 
 � t � 0. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ® ¤¢®©­®¥ ­¥à ¢¥­áâ¢®
(2). �® â¥®à¥¬¥ 1 ¯à¨ â ª®© ä¨ªá æ¨¨ ¯ à ¬¥âà®¢ Z(t; 
; �) � X�

" .
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� ¬¥ç ­¨¥. �ãáâì ¨¬¥¥â ¬¥áâ® á«ãç ©, ª®£¤  ç¨á«¨â¥«ì ¢ ¯à ¢®© ç áâ¨ ¤à®¡¨ ¨§ (5) ­¥®-
âà¨æ â¥«ì­ë©, â. ¥. t � f� + � + ". �â® ¢®§¬®¦­®, ­ ¯à¨¬¥à, ª®£¤  §­ ç¥­¨ï 
, � ä¨ªá¨àãîâáï
â ª, çâ® � � 
 � �+ " ¨ t = f�+
. �®£¤  ¤à®¡ì ¢ ¯à ¢®© ç áâ¨ (5) á®£« á­® «¥¬¬¥ 1 ®ª §ë¢ ¥âáï
­¥¯®«®¦¨â¥«ì­®© ¨, á«¥¤®¢ â¥«ì­®, Z(t; 
; �) � X�

" ¯à¨ «î¡®¬ � > 0.

�«¥¤áâ¢¨¥ 2. �á«¨ § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A, " > 0, X�
" | ®£à ­¨ç¥­­®¥ ¬­®¦¥-

áâ¢® ¨ ¯ à ¬¥âàë � > 0, t, 
 § ä¨ªá¨à®¢ ­ë â ª, çâ®

t � f�; � �
"� f� + t

minfg(x); x 2 X�
" g
; 
 = �minfg(x); x 2 X�

" g � "; (6)

â® Z(t; 
; �) � X�
" ¤«ï «î¡®£® � � �.

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® minfg(x), x 2 X�
" g < 0. �âáî¤ 

¨ ¨§ ¢â®à®£® ­¥à ¢¥­áâ¢  (6) ¯®«ãç¨¬ �minfg(x); x 2 X�
" g � " � f� + t, çâ® ¢ á¨«ã âà¥âì¥£® ¨§

á®®â­®è¥­¨© (6) ®§­ ç ¥â

f� + 
 � t � 0: (7)

� ª ª ª � � �, â® à ¢¥­áâ¢® ¨§ (6) ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã 
 � �minfg(x); x 2 X�
" g � ",  

ãç¨âë¢ ï ¯¥à¢®¥ ãá«®¢¨¥ ¨§ (6), ¯®«ãç¨¬ f� + 
 � t � �minfg(x), x 2 X�
" g � ", çâ® ¢¬¥áâ¥ á (7)

®§­ ç ¥â ¢ë¯®«­¥­¨¥ ãá«®¢¨© â¥®à¥¬ë 1. �«¥¤®¢ â¥«ì­®, Z(t; 
; �) � X�
" .

� ¬¥ç ­¨¥. �®§¬®¦¥­ á«ãç ©, ª®£¤  ç¨á«¨â¥«ì ¯à ¢®© ç áâ¨ ¤à®¡¨ ¨§ ¢â®à®£® ­¥à ¢¥­áâ¢ 
(6) ­¥®âà¨æ â¥«¥­. �«ï íâ®£® ¤®áâ â®ç­® § ä¨ªá¨à®¢ âì ¯ à ¬¥âà t â ª, çâ®¡ë ¢ë¯®«­ï«®áì
¤¢®©­®¥ ­¥à ¢¥­áâ¢® f�� " � t � f�. �®£¤  á ¬  ¤à®¡ì ®ª ¦¥âáï ­¥¯®«®¦¨â¥«ì­®©, ¨ "-à¥è¥­¨¥
§ ¤ ç¨ (1) ¬®¦­® ¯®«ãç¨âì ª ª â®çªã  ¡á®«îâ­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ F (x; t; 
; �) ¯à¨ «î¡®¬
� > 0 ¨ ¯ à ¬¥âà¥ 
, § ä¨ªá¨à®¢ ­­®¬ á®£« á­® (6).

�«¥¤áâ¢¨ï 1 ¨ 2 â¥®à¥¬ë 1 ãª §ë¢ îâ á¯®á®¡ë ä¨ªá æ¨¨ ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ ¤«ï
¯®«ãç¥­¨ï "-à¥è¥­¨ï ¯à¨ t � f�+
 ¨ t � f� á®®â¢¥âáâ¢¥­­®. �«¥¤ãîé¨¥ ¯®«®¦¥­¨ï ãª §ë¢ îâ,
ª ª ¯®«ãç¨âì "-à¥è¥­¨¥ ¯à¨ ä¨ªá æ¨¨ §­ ç¥­¨© t ¨ 
 â ª¨x, çâ® f� < t < f� + 
.

�¥¬¬  2. �ãáâì äã­ªæ¨¨ f(x), g(x) ­¥¯à¥àë¢­ë ¢ Rn. �á«¨ Y \D 6= ; ¨ ¯ à ¬¥âàë t, 

§ ä¨ªá¨à®¢ ­ë â ª, çâ® 
 � t� f�, â® X�

0 � Z(t; 
; �) ¯à¨ «î¡®¬ � > 0, ¯à¨ç¥¬ Z(t; 
; �) � Y .

�®ª § â¥«ìáâ¢®. �ãáâì § ä¨ªá¨à®¢ ­ ¯ à ¬¥âà � > 0. �ë¡¥à¥¬ â®çªã x� 2 X�
0 . �®áª®«ìªã

Y \D 6= ;, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ X�
0 � Y . T ª ª ª x� 2 D ¨ � > 0, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

�g(x�) � 0. �®íâ®¬ã á®£« á­® ãá«®¢¨ï¬ «¥¬¬ë á¯à ¢¥¤«¨¢® f(x�) � t � �
 � �g(x�) � 
. �«¥-
¤®¢ â¥«ì­®, F (x�; t; 
; �) = f(x�) � t. � ª ª ª x� 2 Y , ¤«ï «î¡ëå â®ç¥ª x 2 Rn ¢ë¯®«­ï¥âáï
f(x�) � f(x). �âáî¤  ¢ á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ ¬ ªá¨¬ã¬  ¯®«ãç¨¬ á«¥¤ãîéãî æ¥¯®çªã
­¥à ¢¥­áâ¢ F (x�; t; 
; �) = f(x�) � t � f(x)� t � F (x; t; 
; �) ¤«ï «î¡ëå x 2 Rn. �«¥¤®¢ â¥«ì­®,
x� 2 Z(t; 
; �). �®áª®«ìªã â®çª  x� 2 X�

0 ¡ë«  § ä¨ªá¨à®¢ ­  ¯à®¨§¢®«ì­ë¬ ®¡à §®¬, ¯¥à¢ ï
ç áâì ãâ¢¥à¦¤¥­¨ï «¥¬¬ë ¤®ª § ­ .

�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥. �«ï «î¡®© â®çª¨ z 2 Z(t; 
; �) ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥
f(z) � t � F (z; t; 
; �) � F (x�; t; 
; �) = f(x�) � t,   â. ª. x� 2 Y , ¢á¥ ­¥à ¢¥­áâ¢  ¢ ¯®á«¥¤­¥©
æ¥¯®çª¥ ¢ë¯®«­ïîâáï ª ª à ¢¥­áâ¢ , â. ¥. f(z) = f�. � ª¨¬ ®¡à §®¬, Z(t; 
; �) � Y .

�¥¬¬  2 ¯®ª §ë¢ ¥â, çâ® ¥á«¨ áà¥¤¨ ¤®¯ãáâ¨¬ëå à¥è¥­¨© § ¤ ç¨ (1) ¥áâì â®çª¨  ¡á®«îâ­®£®
¬¨­¨¬ã¬  äã­ªæ¨¨ f(x) ¨ ¯ à ¬¥âàë t, 
 § ä¨ªá¨à®¢ ­ë â ª, çâ® t � f� + 
, â® ¯à¨ «î¡®¬
¯®«®¦¨â¥«ì­®¬ §­ ç¥­¨¨ � áà¥¤¨ â®ç¥ª  ¡á®«îâ­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ F (x; t; 
; �) áãé¥áâ¢ã¥â
â , ª®â®à ï ï¢«ï¥âáï â®ç­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1).

�¡®§­ ç¨¬ ç¥à¥§ M ¬­®¦¥áâ¢® äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ¢ Rn, ª ¦¤ë© «®ª «ì­ë© ¬¨­¨¬ã¬
ª®â®àëå ï¢«ï¥âáï  ¡á®«îâ­ë¬.

�¥¬¬  3. �ãáâì äã­ªæ¨¨ f(x), g(x) ­¥¯à¥àë¢­ë ¢ Rn, f 2 M , � > 0. �á«¨ Y \ D = ; ¨

¯ à ¬¥âàë t, 
 § ä¨ªá¨à®¢ ­ë â ª, çâ® 
 > t� f�, â® Z(t; 
; �) \D = ;.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ­¥ ¨¬¥¥â ¬¥áâ , â. ¥. áãé¥áâ¢ã¥â
â®çª  z 2 Z(t; 
; �) \ D. �®£¤  g(z) � 0, f(z) � f� ¨ á®£« á­® ãá«®¢¨ï¬ «¥¬¬ë ¨¬¥¥â ¬¥áâ®
æ¥¯®çª  ­¥à ¢¥­áâ¢ f(z) � t � f� � t > �
 � �g(z) � 
. � á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© f(x) ¨
g(x) áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì ! â®çª¨ z â ª ï, çâ® f(x) � t � �g(x) � 
 ¤«ï ¢á¥å â®ç¥ª x 2 !.
�®íâ®¬ã, â. ª. z 2 Z(t; 
; �), ¨¬¥¥â ¬¥áâ® f(z) � t � F (z; t; 
; �) � F (x; t; 
; �) = f(x) � t ¤«ï
¢á¥å x 2 !. �«¥¤®¢ â¥«ì­®, z ï¢«ï¥âáï â®çª®© «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ f(x),   ¯®áª®«ìªã
f 2M , â® z 2 Y . �¤­ ª® ¤®ª § ­­®¥ ¯à®â¨¢®à¥ç¨â ãá«®¢¨î Y \D = ;. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥
¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

� ¬¥ç ­¨¥. �ãáâì ¢ § ¤ ç¥ (1) f 2M . �ë¡¥à¥¬ ¯à®¨§¢®«ì­® â®çªã z 2 Z(t; 
; �) ¯à¨ §­ ç¥-
­¨ïå ¯ à ¬¥âà®¢, § ä¨ªá¨à®¢ ­­ëå â ª, çâ® 0 < 
 � ", f� < t < f� + 
, � > 0. �ãáâì z =2 D, çâ®
á¯à ¢¥¤«¨¢® ¢ á¨«ã «¥¬¬ë 3, ¥á«¨ Y \D = ;, ¨«¨ ¢ á«ãç ¥, ª®£¤  Y \D 6= ;, ­® Y nD 6= ;. �®£¤ 
¢ á¨«ã ä¨ªá æ¨¨ ¯ à ¬¥âà  
 ¨¬¥¥¬ f� < t < f� + 
 � f� + ". �á«¨ ¦¥ z 2 D, â® Y \ D 6= ;,
¯®áª®«ìªã ¢ ¯à®â¨¢­®¬ á«ãç ¥ á®£« á­® «¥¬¬¥ 3 â ªãî â®çªã ¯®«ãç¨âì ­¥«ì§ï. �®íâ®¬ã ¢ á¨«ã
«¥¬¬ë 2 â®çª  z ï¢«ï¥âáï â®ç­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1).

Oæ¥­ª¨ (5) ¨ (6) ¯à¨¬¥­ïâì ­  ¯à ªâ¨ª¥ ­¥¯®áà¥¤áâ¢¥­­® ­¥«ì§ï, â. ª. ®­¨ á®¤¥à¦ â ­¥¨§-
¢¥áâ­ë¥ ¢¥«¨ç¨­ë. �¤­ ª® ¯à¨ ­ «®¦¥­¨¨ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© ­  ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ç¨
¬®¦­® ¯®«ãç¨âì ®æ¥­ª¨ ­¥¨§¢¥áâ­ëå ¢¥«¨ç¨­, ¨á¯®«ì§ã¥¬ëå ¢ (5) ¨ (6), ¨ â¥¬ á ¬ë¬ ¯®«ãç¨âì
¡®«¥¥ £àã¡ë¥, ­® ¯à ªâ¨ç¥áª¨ à¥ «¨§ã¥¬ë¥ ¢ à¨ ­âë íâ¨å ®æ¥­®ª.

�«ï ¯®«ãç¥­¨ï ®æ¥­ª¨ §­ ç¥­¨ï f� á¢¥àåã ¤®áâ â®ç­®, ­ ¯à¨¬¥à, ¢ë¡à âì â®çªã z 2 D.
�®£¤  f(z) � f�.

�ª ¦¥¬ á¯®á®¡ ¯®áâà®¥­¨ï ®æ¥­ª¨ á­¨§ã ¢¥«¨ç¨­ë f�. �¨­¨¬¨§¨àã¥¬ äã­ªæ¨î 	(x) =
maxff(x)+d; g(x)g, £¤¥ d| ª®­áâ ­â , ¢ë¡à ­­ ï â ª, çâ® f(x)+d � g(x) ¤«ï ¢á¥å x 2 D. �®£¤ 
á®£« á­® «¥¬¬¥ 1 [3], ¥á«¨ â®çª  y 2 Argminf	(x); x 2 Rng â ª®¢ , çâ® y =2 D, â® f(y) � f�. �
¯à®â¨¢­®¬ á«ãç ¥ â®çª  y ï¢«ï¥âáï â®ç­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1).

�¨á« , ®æ¥­¨¢ îé¨¥ §­ ç¥­¨¥ f� á¢¥àåã ¨ á­¨§ã, ¡ã¤¥¬ ®¡®§­ ç âì f ¨ f á®®â¢¥âáâ¢¥­­®.
�«ï ¯®áâà®¥­¨ï ®æ¥­ª¨ ¢¥«¨ç¨­ë minfg(x); x 2 X�

" g ¯®âà¥¡ã¥âáï ­ «®¦¨âì ¤®¯®«­¨â¥«ì­ë¥
ãá«®¢¨ï ­  ¤ ­­ë¥ ¨áå®¤­®© § ¤ ç¨ ¨ ¤®ª § âì ­¥áª®«ìª® ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©.

�¥¬¬  4. �ãáâì äã­ªæ¨¨ '(x),  (x) ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­ë ¢ Rn, ' 2 M , G = fx : x 2
Rn;  (x) � 0g 6= ;, Q = Argminf'(x); x 2 Gg. �á«¨ minf'(x); x 2 Gg 6= minf'(x); x 2 Rng, â®
 (z) = 0 ¤«ï «î¡ëå z 2 Q.

�®ª § â¥«ìáâ¢®. �á«¨ ¤«ï «î¡®© â®çª¨ x 2 G ¨¬¥¥â ¬¥áâ®  (x) = 0, â® ãâ¢¥à¦¤¥­¨¥
«¥¬¬ë âà¨¢¨ «ì­® ¢ë¯®«­ï¥âáï. �ãáâì áãé¥áâ¢ã¥â â®çª  x 2 G, ¤«ï ª®â®à®©  (x) < 0. �à¥¤-
¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ­¥¢¥à­® ¨ áãé¥áâ¢ã¥â â®çª  z 2 Q, ¤«ï ª®â®à®©  (z) < 0.
�®£¤  G ï¢«ï¥âáï â ª®© ®ªà¥áâ­®áâìî â®çª¨ z, çâ® '(z) � '(x) ¤«ï ¢á¥å x 2 G. �«¥¤®¢ â¥«ì­®,
z ï¢«ï¥âáï â®çª®© «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨¨ '(x),   â. ª. ' 2M , â® ®­  ï¢«ï¥âáï ¨ â®çª®©
 ¡á®«îâ­®£® ¬¨­¨¬ã¬ . �¤­ ª® ¯® ãá«®¢¨ï¬ «¥¬¬ë  ¡á®«îâ­ë© ¨ £«®¡ «ì­ë© ¬¨­¨¬ã¬ë ­ 
¬­®¦¥áâ¢¥ G äã­ªæ¨¨ '(x) ­¥ á®¢¯ ¤ îâ.

�¥¬¬  5. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A, g 2 M , G1 = fx : x 2 Rn, g(x) � 0,
g1(x) � 0g 6= ;, £¤¥ g1(x) | ­¥¯à¥àë¢­ ï ¢ Rn äã­ªæ¨ï, Q1 = Argminfg(x); x 2 G1g. �á«¨
minfg(x); x 2 G1g 6= minfg(x); x 2 Rng, â® g1(z) = 0 ¤«ï «î¡ëå z 2 Q1.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ �(x) = maxfg(x); g1(x)g. �®£¤  G1 = fx : x 2 Rn, �(x) � 0g.
�®£« á­® «¥¬¬¥ 4 �(z) = 0 ¤«ï ¢á¥å z 2 Q1, â. ¥.

maxfg(z); g1(z)g = 0: (8)

�á«¨ g1(z) = 0 ¤«ï «î¡®© â®çª¨ z 2 Q1, â® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë á¯à ¢¥¤«¨¢®. �®¯ãáâ¨¬,
áãé¥áâ¢ã¥â â®çª  z 2 Q1 â ª ï, çâ®

g1(z) < 0: (9)
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�®£¤  g(z) = 0. � ª ª ª D0 = D, ¢ ®ªà¥áâ­®áâ¨ ! = fx : x 2 Rn; g1(x) < 0g â®çª¨ z áãé¥áâ¢ã¥â
â®çª  y 2 D0. �âáî¤  g(y) < 0 ¨ ¢ á¨«ã g1(y) < 0 ¨¬¥¥¬ y 2 G1. � ª ª ª z 2 Q1, â® g(z) � g(y) < 0,
çâ® ¢¬¥áâ¥ á (9) ¯à®â¨¢®à¥ç¨â (8).

�á«®¢¨¥ B. � ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î A, äã­ªæ¨ï f(x) ï¢«ï¥âáï ¢ë¯ãª«®© ­  Rn,
¨ äã­ªæ¨¨ fi(x), i 2 H, ï¢«ïîâáï á¨«ì­® ¢ë¯ãª«ë¬¨ ­  Rn á ¯®áâ®ï­­ë¬¨ á¨«ì­®© ¢ë¯ãª«®-
áâ¨ �i.

�¥®à¥¬  2. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, " > 0, ¬­®¦¥áâ¢® X�
" ®£à ­¨ç¥­®,

äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L ­  ¬­®¦¥áâ¢¥ X�
" ¨ minfg(x),

x 2 X�
" g 6= minfg(x), x 2 Rng. �®£¤  ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

minfg(x); x 2 X�
" g � �

�"2

L2
; (10)

£¤¥ � = minf�i; i 2 Hg.

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î ¬­®¦¥áâ¢® X�
" ï¢«ï¥âáï § ¬ª­ãâë¬,   ¯® ãá«®¢¨ï¬ â¥-

®à¥¬ë | ®£à ­¨ç¥­­ë¬ ¬­®¦¥áâ¢®¬. �®íâ®¬ã ­¥¯à¥àë¢­ ï äã­ªæ¨ï g(x) ¤®áâ¨£ ¥â ­  ­¥¬
á¢®¥£® ¬¨­¨¬ «ì­®£® §­ ç¥­¨ï, â. ¥. áãé¥áâ¢ã¥â â®çª  y 2 X�

" , ¤«ï ª®â®à®© g(y) = minfg(x),
x 2 X�

" g. �§ ®¯à¥¤¥«¥­¨ï á¨«ì­®© ¢ë¯ãª«®áâ¨ ([10], á. 181) á«¥¤ã¥â, çâ® äã­ªæ¨ï g(x) ï¢«ï¥â-
áï á¨«ì­® ¢ë¯ãª«®© á ¯®áâ®ï­­®© á¨«ì­®© ¢ë¯ãª«®áâ¨ � = minf�i; i 2 Hg. � ª ª ª äã­ªæ¨ï
f(x) ¢ë¯ãª« ï, ¬­®¦¥áâ¢® X�

" ï¢«ï¥âáï ¢ë¯ãª«ë¬. �§¢¥áâ­® ([10], á. 182), çâ® ¢ íâ®¬ á«ãç ¥
¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® �kx � yk2 � g(x) � g(y) ¤«ï ¢á¥å x 2 X�

" , ¢ â®¬ ç¨á«¥ ¨ ¤«ï â®çª¨
x� 2 X�

0 , â. ª. á®£« á­® ®¯à¥¤¥«¥­¨î X�
0 � X�

" . � «¥¥, ¯®áª®«ìªã g(x
�) � 0, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

�kx� � yk2 � �g(y) ¨«¨

g(y) � ��kx� � yk2: (11)

� ª ª ª D0 = D, â® ¬­®¦¥áâ¢® X�
" á®¤¥à¦¨â â®çªã ¨§ D0. �®£¤  f(y) = f� + " á®£« á­® ®¯à¥-

¤¥«¥­¨î X�
" ¨ ¢ á¨«ã «¥¬¬ë 5,   â. ª. f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , ¨¬¥¥â ¬¥áâ®

" = f� + " � f� = jf(y) � f(x�)j � Lky � x�k ¨«¨ kx� � yk � "

L
. �âáî¤  ¨ ¨§ (11) ¯®«ãç¨¬

minfg(x), x 2 X�
" g = g(y) � ��kx� � yk2 � ��"2

L2 .

�áå®¤ï ¨§ ¤®¯®«­¨â¥«ì­®© ¨­ä®à¬ æ¨¨ ® § ¤ ç¥, ¯®«ãç¨¬ ¯à ªâ¨ç¥áª¨ à¥ «¨§ã¥¬ë¥  ­ -
«®£¨ ®æ¥­®ª (5) ¨ (6).

�¥®à¥¬  3. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, " > 0, ¬­®¦¥áâ¢® X�
" ®£à ­¨ç¥­®,

äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ­  X�
" ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L ¨ minfg(x), x 2 X�

" g 6=
minfg(x), x 2 Rng. �á«¨ ¯ à ¬¥âàë � > 0, t, 
 § ä¨ªá¨à®¢ ­ë â ª¨¬ ®¡à §®¬, çâ®


 � � > 0; t � f� + 
; � � �
L2("+ � + f � t)

�"2
; (12)

£¤¥ � = minf�i; i 2 Hg, â® Z(t; 
; �) � X�
" .

�®ª § â¥«ìáâ¢®. �¬­®¦¨¬ âà¥âì¥ ­¥à ¢¥­áâ¢® (12) ­  ¢¥«¨ç¨­ã ��"2

L2 < 0. �âáî¤  ¨ ¨§

®æ¥­ª¨ f � f� ¯®«ãç¨¬ æ¥¯®çªã ­¥à ¢¥­áâ¢ ��"2

L2
� � " + � + f � t � " + � + f� � t. �à¨­¨¬ ï ª

â®¬ã ¦¥ ¢® ¢­¨¬ ­¨¥ (10) ¨ ãá«®¢¨¥ � > 0, ¯®«ãç¨¬ �minfg(x), x 2 X�
" g � ���"

2

L2 � "+ �+ f�� t,
çâ®, ¢ á¢®î ®ç¥à¥¤ì, ¢ á¨«ã «¥¬¬ë 1 ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã (5), ª®â®à®¥ ¢¬¥áâ¥ á á®®â­®è¥­¨ï¬¨
(12) á®£« á­® á«¥¤áâ¢¨î 1 ª â¥®à¥¬¥ 1 ®§­ ç ¥â, çâ® Z(t; 
; �) � X�

" .
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�¥®à¥¬  4. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, " > 0, ¬­®¦¥áâ¢® X�
" ®£à ­¨ç¥­®,

äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ­  X�
" ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L ¨ minfg(x), x 2 X�

" g 6=
minfg(x), x 2 Rng. �á«¨ ¯ à ¬¥âàë �0 > 0, t, 
 § ä¨ªá¨à®¢ ­ë â ª¨¬ ®¡à §®¬, çâ®

t � f�; �0 � �
L2("� f + t)

�"2
; 
 = ��0

�"2

L2
� "; (13)

£¤¥ � = minf�i; i 2 Hg, â® Z(t; 
; �) � X�
" ¤«ï «î¡ëå � � �0.

�®ª § â¥«ìáâ¢®. �ãáâì

� = �
�0�"2

L2minfg(x); x 2 X�
" g
: (14)

� á¨«ã «¥¬¬ë 1 ¢ë¯®«­ï¥âáï � > 0. � ¤àã£®© áâ®à®­ë, ¢ á¨«ã (10) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
� �"2

L2minfg(x); x2X�

"
g
� 1, ¨§ ª®â®à®£®, â. ª. �0 > 0, á«¥¤ã¥â

0 < � � �0: (15)

�§ (14) á ãç¥â®¬ ¢â®à®£® ¨§ ­¥à ¢¥­áâ¢ (13) ¯®«ãç¨¬ á®®â­®è¥­¨¥

�
�L2minfg(x); x 2 X�

" g

�"2
= �0 � �

L2("� f + t)
�"2

;

®âªã¤  �minfg(x); x 2 X�
" g � "� f + t. � â ª ª ª f � f�, â® ¢ á¨«ã «¥¬¬ë 1

� �
"� f� + t

minfg(x); x 2 X�
" g
: (16)

�®¤áâ ¢«ïï �0 ¢ âà¥âì¥ ¨§ á®®â­®è¥­¨© (13), ¯®«ãç¨¬ 
 = �minfg(x); x 2 X�
" g� ", çâ® á®£« á­®

á«¥¤áâ¢¨î 2 ª â¥®à¥¬¥ 1 ¢¬¥áâ¥ á (16) ¨ ¯¥à¢ë¬ ­¥à ¢¥­áâ¢®¬ ¨§ (13) ®§­ ç ¥â, çâ® Z(t; 
; �) � X�
"

¤«ï «î¡ëå � � �, ¢ â®¬ ç¨á«¥ á®£« á­® (15) ¤«ï ¢á¥å � � �0.

�à ¢¨«  ä¨ªá æ¨¨ ¯ à ¬¥âà®¢, ®¯à¥¤¥«¥­­ë¥ â¥®à¥¬ ¬¨ 3 ¨ 4, ï¢«ïîâáï ¯à ªâ¨ç¥áª¨ à¥-
 «¨§ã¥¬ë¬¨ ¨ ¯®§¢®«ïîâ ¯®«ãç¨âì "-à¥è¥­¨¥ § ¤ ç¨ (1) á ¯®¬®éìî ®¤­®£® ¯à®æ¥áá  ¬¨­¨¬¨-
§ æ¨¨ äã­ªæ¨¨ ¢¨¤  F (x; t; 
; �). �¤­ ª® §­ ç¥­¨¥ ¯ à ¬¥âà  �, ¨á¯®«ì§ã¥¬®¥ ¯à¨ íâ®¬, ¬®-
¦¥â ®ª § âìáï ¤®áâ â®ç­® ¡®«ìè¨¬, çâ® ¬®¦¥â ¯à¨¢¥áâ¨ ª ®¢à ¦­®¬ã å à ªâ¥àã ¬¨­¨¬¨§¨àã¥-
¬®© äã­ªæ¨¨ F (x; t; 
; �) ¨ âàã¤­®áâï¬ ¯à¨ ¥¥ ¬¨­¨¬¨§ æ¨¨. �«¥¤ãîé¨¥  «£®à¨â¬ë ¯®§¢®«ïîâ
ã¬¥­ìè¨âì ¢«¨ï­¨¥ ¡®«ìè¨å §­ ç¥­¨© ¯ à ¬¥âà  � ¨ ¯®«ãç¨âì "-à¥è¥­¨¥ § ¤ ç¨ (1) ­¥ ¡®«¥¥
ç¥¬ §  § ¤ ­­®¥ § à ­¥¥ ª®«¨ç¥áâ¢® N ¯à®æ¥áá®¢ ¬¨­¨¬¨§ æ¨¨ ¢á¯®¬®£ â¥«ì­®© äã­ªæ¨¨ ¢¨¤ 
F (x; t; 
; �). � ¦¤ë© â ª®© ¯à®æ¥áá ¡ã¤¥¬ ­ §ë¢ âì ¡®«ìè®© ¨â¥à æ¨¥©.

�«£®à¨â¬ 1. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® â®çªã x0 2 D, âà¥¡ã¥¬ãî â®ç­®áâì " > 0, ç¨á«®
� 2 (0; "], N > 0 | ç¨á«® ¡®«ìè¨å ¨â¥à æ¨©, §  ª®â®à®¥ ¤®«¦­® ¡ëâì ¯®«ãç¥­® "-à¥è¥­¨¥
§ ¤ ç¨ (1), ��1 = 0. �®« £ ¥¬ k = 0.

1. �ëç¨á«ïîâáï §­ ç¥­¨ï Ck = �
L2("+�+f�f(xk))

�"2
, �k = maxfk+1

N
Ck; �k�1g.

2. �¨ªá¨àã¥âáï ç¨á«® 
k 2 [�; "].
3. �ë¡¨à ¥âáï â®çª  xk+1 2 Z(f(xk); 
k; �k).
4. �á«¨ k = N � 1 ¨ xk+1 2 D, â® xk+1 2 X�

" .
5. �á«¨ xk+1 =2 D, â® xk 2 X�

" , ¨­ ç¥ ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.

�¥®à¥¬  5. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, ¬­®¦¥áâ¢® X�
" ®£à ­¨ç¥­®, äã­ª-

æ¨ï f(x) ã¤®¢«¥â¢®àï¥â ­  X�
" ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© L ¨ minfg(x), x 2 X�

" g 6=
minfg(x), x 2 Rng, � = minf�i, i 2 Hg. �®£¤  ãá«®¢¨ï ¯. 4 ¨«¨ ¯. 5  «£®à¨â¬  1 ¢ë¯®«­ïâáï ¯à¨
­¥ª®â®à®¬ k � N � 1 ¨ ¡ã¤¥â ¯®«ãç¥­® "-à¥è¥­¨¥ § ¤ ç¨ (1).
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�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ­¥ª®â®à®£® ­®¬¥à  k � N � 1 ¢ë¯®«­ïîâáï ãá«®¢¨ï ¯. 5  «£®-
à¨â¬  1, â. ¥. xk+1 =2 D. �®£¤  xk 2 D, ¯®áª®«ìªã ãá«®¢¨ï ¯. 5  «£®à¨â¬  ¢ë¯®«­ïîâáï ¢¯¥à¢ë¥
¤«ï ­®¬¥à  k. �®íâ®¬ã á®£« á­® ãâ¢¥à¦¤¥­¨î 4 «¥¬¬ë 1 [5] ¨ 
k � " ¨¬¥¥¬ f(xk)� f� � 
k � ".
�âáî¤  á«¥¤ã¥â, çâ® xk 2 X�

" .
�ãáâì â¥¯¥àì xk+1 2 D ¤«ï ¢á¥å ­®¬¥à®¢ k � N � 1. �®£¤  ¤«ï ­®¬¥à  k = N � 1 ¨¬¥¥¬

�k = maxfCk; �k�1g � Ck. �âáî¤  ¢ á¨«ã ®¯à¥¤¥«¥­¨ï §­ ç¥­¨ï Ck ¨ á®£« á­® â¥®à¥¬¥ 3 á«¥¤ã¥â,
çâ® xk+1 2 X�

" .

� ¬¥ç ­¨¥. �§¢¥áâ­®, çâ® ¯à¨ à¥è¥­¨¨ § ¤ ç¨ (1) ¬¥â®¤®¬ ¢­ãâà¥­­¨å æ¥­âà®¢ áâà®¨âáï
¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª fxkg, ¤«ï ª®â®à®© ¤«ï «î¡ëå k ¨¬¥¥â ¬¥áâ® f(xk+1) � f(xk). �á«¨
à áá¬ âà¨¢ âì Ck ª ª äã­ªæ¨î ®â f(xk), â® â ª ï äã­ªæ¨ï ï¢«ï¥âáï ¢®§à áâ îé¥©. �«¥¤®¢ -
â¥«ì­®, Ck+1 � Ck ¤«ï «î¡®£® ­®¬¥à  k. � ª¨¬ ®¡à §®¬, ­¥â ­¥®¡å®¤¨¬®áâ¨ ã¢¥«¨ç¨¢ âì §­ ç¥-
­¨¥ ¯ à ¬¥âà  �k ¤® §­ ç¥­¨ï C0, çâ® ¯®§¢®«ï¥â ­  ¯à ªâ¨ª¥ ¨§¡¥¦ âì âàã¤­®áâ¥©, á¢ï§ ­­ëå
á ®¢à ¦­ë¬ å à ªâ¥à®¬ äã­ªæ¨¨ F (x; f(xk); 
k; �k).

�«£®à¨â¬ 2. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® â®çªã x0 =2 D, ¤«ï ª®â®à®© f(x0) � f�, âà¥¡ã¥¬ãî
â®ç­®áâì " > 0, ç¨á«® � 2 (0; "], N > 0 | ç¨á«® ¡®«ìè¨å ¨â¥à æ¨©, £ à ­â¨àãîé¥¥ ¯®«ãç¥­¨¥
"-à¥è¥­¨ï § ¤ ç¨ (1), ��1 = 0. �®« £ ¥¬ k = 0.

1. �ëç¨á«ïîâáï §­ ç¥­¨ï Ck = �L2("�f+f(xk))
�"2

, �k = maxfk+1
N
Ck; �k�1g.

2. �¨ªá¨àã¥âáï ç¨á«® 
k = "+ �"2

L2
�k.

3. �ë¡¨à ¥âáï â®çª  xk+1 2 Z(f(xk);�
k; �k).
4. �á«¨ xk+1 2 D, â® xk+1 2 X�

" , ¨­ ç¥ | ¯¥à¥å®¤ ª ¯. 1 ¯à¨ k, § ¬¥­¥­­®¬ ­  k + 1.

�¥®à¥¬  6. �ãáâì § ¤ ç  (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, Y \D = ;, ¬­®¦¥áâ¢® X�
" ®£à -

­¨ç¥­®, äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ­  X�
" á ª®­áâ ­â®© L ¨ minfg(x),

x 2 X�
" g 6= minfg(x), x 2 Rng, � = minf�i; i 2 Hg. �®£¤  ¯à¨ ­¥ª®â®à®¬ k � N � 1 ¢ë¯®«­ïâáï

ãá«®¢¨ï ¯. 4  «£®à¨â¬  2 ¨ ¡ã¤¥â ¯®«ãç¥­® "-à¥è¥­¨¥ § ¤ ç¨ (1).

�®ª § â¥«ìáâ¢®. �á«¨ ¤«ï «î¡®£® k < N � 1 ãá«®¢¨ï ¯. 4 ­¥ ¢ë¯®«­ïîâáï, â® ¤«ï ­®¬¥à 
k = N � 1 ¨¬¥¥â ¬¥áâ® �k = maxfCk; �k�1g � Ck, çâ® ¢ á¨«ã â¥®à¥¬ë 4 ®§­ ç ¥â, çâ® xk+1 2 X�

" ,
¯à¨ç¥¬ ¤«ï íâ®£® ­®¬¥à  ¢ë¯®«­ïîâáï ãá«®¢¨ï ¯. 4  «£®à¨â¬  2, ¯®áª®«ìªã X�

" � D.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¤«ï ­¥ª®â®à®£® ­®¬¥à  k < N � 1 ¨¬¥«¨ ¬¥áâ® ãá«®¢¨ï ¯. 4  «£®-

à¨â¬  2, â. ¥. xk+1 2 D. �®ª ¦¥¬, çâ® xk+1 2 X�
" .

�¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

�
k � f(xk)� f�: (17)

�¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¬, çâ® á¯à ¢¥¤«¨¢® ¯à®â¨¢­®¥. �®£¤ , â. ª. Y \D = ;, â®

Z(f(xk);�
k; �k) \D = ;

á®£« á­® «¥¬¬¥ 3, çâ® ­¥¢®§¬®¦­® ¢ á¨«ã ¢ë¡®à  â®çª¨ xk+1 2 Z(f(xk);�
k; �k) â ª®©, çâ®
xk+1 2 D.

�à¥¤¯®«®¦¨¬, çâ® f� � 
k � f(xk) < �kminfg(x), x 2 X�
" g � ". �®£¤  ¢ á¨«ã (10) ¨ ¯à ¢¨« 

ä¨ªá æ¨¨ ¯ à ¬¥âà  
k ¨§ ¯. 2  «£®à¨â¬  2 ¨¬¥¥¬ f� � f(xk) < 
k � " + �kminfg(x), x 2 X�
" g �


k � " � �k
�"2

L2
= 0. � ª¨¬ ®¡à §®¬, f(xk) > f�, ­®, á ¤àã£®© áâ®à®­ë, á®£« á­® «¥¬¬¥ 1 [5],

â. ª. xk =2 D, ¨¬¥¥¬ f(xk) � f�. �®«ãç¥­® ¯à®â¨¢®à¥ç¨¥. �®íâ®¬ã f� � 
k � f(xk) � �kminfg(x),
x 2 X�

" g � ". � ­­®¥ ­¥à ¢¥­áâ¢® ¢¬¥áâ¥ á (17) ¢ á¨«ã â¥®à¥¬ë 1 ®§­ ç ¥â, çâ® xk+1 2 X�
" .

� ¬¥ç ­¨¥. �§¢¥áâ­®, çâ® ¯à¨ à¥è¥­¨¨ § ¤ ç¨ (1) ¬¥â®¤®¬ ¢­¥è­¨å æ¥­âà®¢ áâà®¨âáï ¯®-
á«¥¤®¢ â¥«ì­®áâì â®ç¥ª fxkg, ¤«ï ª®â®à®© ¤«ï «î¡ëå k ¨¬¥¥â ¬¥áâ® f(xk+1) � f(xk). �¥«¨ç¨­ã
Ck ¬®¦­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨î ®â  à£ã¬¥­â  f(xk). �â  äã­ªæ¨ï ï¢«ï¥âáï ã¡ë¢ î-
é¥©. �«¥¤®¢ â¥«ì­®, Ck+1 � Ck ¤«ï «î¡®£® ­®¬¥à  k. �®íâ®¬ã, ª ª ¨ ¢ § ¬¥ç ­¨¨ ª  «£®à¨â-
¬ã 1, ®â¬¥â¨¬, çâ® ¬®¦­® ¨§¡¥¦ âì ¢ëç¨á«¨â¥«ì­ëå âàã¤­®áâ¥© ¯à¨ ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨
F (x; f(xk);�
k; �k), ¯®áª®«ìªã ­¥â ­¥®¡å®¤¨¬®áâ¨ ã¢¥«¨ç¥­¨ï §­ ç¥­¨ï ¯ à ¬¥âà  �k ¤® C0.
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�  N ¡®«ìè¨å ¨â¥à æ¨©, ¯à®¤¥« ­­ëå ¯®  «£®à¨â¬ ¬ 1 ¨ 2, ¡ã¤¥â £ à ­â¨à®¢ ­® ¯®«ãç¥­¨¥
"-à¥è¥­¨ï § ¤ ç¨ (1). �¤­ ª® ®¡   «£®à¨â¬  ¨¬¥îâ ªà¨â¥à¨¨ ®áâ ­®¢ª¨ (¯. 5  «£®à¨â¬  1 ¨
¯. 4  «£®à¨â¬  2), ¯®§¢®«ïîé¨¥ ¯à¥ªà â¨âì ¢ëç¨á«¨â¥«ì­ë© ¯à®æ¥áá ­  ¡®«ìè®© ¨â¥à æ¨¨, ¯®
­®¬¥àã ¬¥­ìè¥© N . �¥§ã«ìâ âë ¯à®¢¥¤¥­­ëå ¢ëç¨á«¨â¥«ì­ëå íªá¯¥à¨¬¥­â®¢ ¯®ª § «¨, çâ®
®áâ ­®¢ª  ¯à®æ¥áá  ¢ëç¨á«¥­¨© ¯®  «£®à¨â¬ ¬ 1 ¨ 2 ç é¥ ¯à®¨áå®¤¨«  ¯® ¢ë¯®«­¥­¨î ãá«®¢¨©
ãª § ­­ëå ªà¨â¥à¨¥¢, ­¥¦¥«¨ ¯® ¢ë¯®«­¥­¨î ¢á¥å N ¡®«ìè¨å ¨â¥à æ¨©.
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