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1. �®¯à®á ¬ á®áãé¥áâ¢®¢ ¨ï ¯¥à¨®¤®¢ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª, ¯®«®¦¨â¥«ì®áâ¨ â®¯®«®£¨-
ç¥áª®© íâà®¯¨¨ ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ª®¥çëå £à ä®¢ ¯®á¢ïé¥ë áâ âì¨ [1]{[5]. � [6]
¨§ãç¥  ¤¨ ¬¨ª  ¯à®áâ¥©è¨å ®â®¡à ¦¥¨© ¤¥¤à¨â®¢, ¤®¯ãáª îé¨å ¥ â®«ìª® ª®¥ç®¥, ®
¨ áç¥â®¥ ¬®¦¥áâ¢® â®ç¥ª à §¢¥â¢«¥¨ï. �à¨¢¥¤¥ë ¯à¨¬¥àë, ¨««îáâà¨àãîé¨¥ à §«¨ç¨ï ¢
íâà®¯¨©ëå á¢®©áâ¢ å ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¤¥¤à¨â®¢ á® áç¥âë¬ ¬®¦¥áâ¢®¬ â®ç¥ª
à §¢¥â¢«¥¨ï ¨ ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ¨å à¥âà ªâ®¢ | ª®¥çëå ¤¥à¥¢ì¥¢.

�  ï à ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ [6]. �ë à áá¬ âà¨¢ ¥¬ §¤¥áì ®á®¢ë¥  á¯¥ªâë ¤¨-
 ¬¨ª¨ ¬®®â®ëå ®â®¡à ¦¥¨© í«¥¬¥â à®£® ¯à¥¤áâ ¢¨â¥«ï ª« áá  ¤¥¤à¨â®¢ | n-®¤ .

2. �à¨¢¥¤¥¬ ¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï ¨ áä®à¬ã«¨àã¥¬ ®á®¢ë¥ à¥§ã«ìâ âë áâ âì¨.

�¯à¥¤¥«¥¨¥ 1. �ãáâì C | ª®¬¯«¥ªá ï ¯«®áª®áâì, n| ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®.
n-®¤®¬  §ë¢ ¥âáï ¬®¦¥áâ¢® X = fz 2 C : z = jzjei

2�
n
(j�1); 0 � jzj � 1; j = 1; 2; : : : ; n; i |

¬¨¬ ï ¥¤¨¨æ g.

X ¨¬¥¥â ¥¤¨áâ¢¥ãî â®çªã à §¢¥â¢«¥¨ï 0, ¨ ®âªàëâ®¥ ¢ X ¬®¦¥áâ¢® X n f0g, á®áâ®¨â ¨§
n ª®¬¯®¥â,  §ë¢ ¥¬ëå ª®¬¯®¥â ¬¨ n-®¤ . �á«®¢¨¬áï á®£« á®¢ë¢ âì ã¬¥à æ¨î ª®¬¯®¥â
á ã£«®¢®© ª®®à¤¨ â®© ¨å â®ç¥ª ¨ ®¡®§ ç âì ç¥à¥§Xj âã ª®¬¯®¥âã n-®¤ , ã£«®¢ ï ª®®à¤¨ â 
¯à®¨§¢®«ì®© â®çª¨ ª®â®à®© à ¢  2�

n
(j � 1), 1 � j � n.

� ¬ëª ¨¥ Xj ¯à®¨§¢®«ì®© ª®¬¯®¥âë Xj , 1 � j � n,  §ë¢ ¥âáï ¢¥â¢ìî n-®¤ .
�®¤ ¤ã£®© ¢ X ¡ã¤¥¬ ¯®¨¬ âì ¬®¦¥áâ¢®, £®¬¥®¬®àä®¥ ¯à®¬¥¦ãâªã   ¯àï¬®©. �¤®â®-

ç¥ç®¥ ¬®¦¥áâ¢® ®â¥á¥¬ ª ª« ááã ¤ã£, áç¨â ï ¥£® ¢ëà®¦¤¥®© ¤ã£®©. �¨¬¢®«®¬ (x; y) ¡ã¤¥¬
®¡®§ ç âì ¤ã£ã á ª®æ ¬¨ ¢ â®çª å x ¨ y, á®¤¥à¦ éãî íâ¨ â®çª¨. �à¨ «î¡®¬ 1 � j � n áã-
é¥áâ¢ã¥â â ª ï â®çª  ej 2 Xj , çâ® Xj = (0; ej). �®çª¨ ej , 1 � j � n,  §ë¢ îâáï ª®æ¥¢ë¬¨
â®çª ¬¨ n-®¤ .

�¯à¥¤¥«¥¨¥ 2 ([6]). �â®¡à ¦¥¨¥ f : X ! X  §®¢¥¬ ¯à®áâ¥©è¨¬, ¥á«¨ f ¥¯à¥àë¢® ¨
¯®«ë© ¯à®®¡à § «î¡®© ¤ã£¨ ¨§ f(X) ¥áâì ¤ã£  ¢ X.

�¡®§ ç¨¬ P 0(X) ¬®¦¥áâ¢® ¢á¥å ¯à®áâ¥©è¨å ®â®¡à ¦¥¨© n-®¤  ¢ á¥¡ï. � ª®¢® ¡ë ¨ ¡ë«®
f 2 P 0(X), ¯à¨ «î¡®¬m � 1 fm 2 P 0(X). �à¨¬¥à ¯à®áâ¥©è¥£® ®â®¡à ¦¥¨ï ¤®áâ ¢«ï¥â ¯®¢®à®â
n-®¤  X   ã£®« 2�=n á ¥¯®¤¢¨¦®© â®çª®© 0.

�¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® å®âï n-®¤ ¥ ï¢«ï¥âáï «¨¥©® ã¯®àï¤®ç¥ë¬ â®¯®«®£¨ç¥-
áª¨¬ ¯à®áâà áâ¢®¬ (á â®¯®«®£¨¥©, ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¥© ª®¬¯«¥ªá®© ¯«®áª®áâ¨), â¥¬
¥ ¬¥¥¥ ª®àà¥ªâ® ®¯à¥¤¥«¥® ¯®ïâ¨¥ ¬®®â®®£® ®â®¡à ¦¥¨ï n-®¤  ¢ á¥¡ï.

�¯à¥¤¥«¥¨¥ 3 ([7], á. 140). �â®¡à ¦¥¨¥ f : X ! X  §ë¢ ¥âáï ¬®®â®ë¬, ¥á«¨ f ¥-
¯à¥àë¢® ¨ ¯®«ë© ¯à®®¡à § «î¡®£® á¢ï§®£® ¬®¦¥áâ¢  ¨§ f(X) ¥áâì á¢ï§®¥ ¬®¦¥áâ¢®.

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-

¤®¢ ¨©, £à â ò 96-01-1755.
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�¡®§ ç¨¬ M 0(X) ¬®¦¥áâ¢® ¢á¥å ¬®®â®ëå ®â®¡à ¦¥¨© n-®¤  X ¢ á¥¡ï. �«ï «î¡®£®
f 2M 0(X) ¨ «î¡®£® m � 1 fm 2M 0(X).

�á«®¢¨¬áï ®¡®§ ç âì ç¥à¥§ f�m(A), m � 1, m-© ¯®«ë© ¯à®®¡à § ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢ 
A � f(X), ¯®«®¦¨¬ f�0(A) = A.

�â¬¥â¨¬, çâ® P 0(X) �M 0(X), ® P 0(X) 6=M 0(X). �¥©áâ¢¨â¥«ì®, ®â®¡à ¦¥¨¥ f : X ! X
â ª®¥, çâ® f(X) | ®¤®â®ç¥ç®¥ ¬®¦¥áâ¢®, ï¢«ï¥âáï ¬®®â®ë¬, ® ¥ ¯à®áâ¥©è¨¬.

�à¨¢¥¤¥ë¥ ®¯à¥¤¥«¥¨ï ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì ®á®¢ë¥ à¥§ã«ìâ âë à ¡®âë. � ª,
¯®«®¥ ®¯¨á ¨¥ áâàãªâãàë ¬®®â®ëå ®â®¡à ¦¥¨© n-®¤  ¤ ¥â

�¥®à¥¬  A. �ãáâì f 2M 0(X). �®£¤ 

(A1) ¥á«¨
+1S
m=0

f�m(0) = f0g, â® f 2 P 0(X);

(A2) ¥á«¨ f(0) = 0,  
+1S
m=0

f�m(0) ¥áâì á®¡áâ¢¥®¥ ¯®¤¬®¦¥áâ¢® X, á®¤¥à¦ é¥¥ ¡®«¥¥ ®¤®©

â®çª¨, â® ¥¯ãáâ®¥ ¬®¦¥áâ¢® Y = X n
+1S
m=0

f�m(0) ¨¢ à¨ â®, ¨ áãé¥áâ¢ã¥â â ª®¥

g 2 P 0(X), çâ® fjY = gjY , £¤¥ (�)jY | áã¦¥¨¥ ®â®¡à ¦¥¨ï (�)   ¬®¦¥áâ¢® Y ;
(A3) ¥á«¨ f(0) 6= 0, â®  ©¤¥âáï ¥ ¬¥¥¥ (n � 2)-å ª®¬¯®¥â n-®¤  Xj1 ;Xj2 ; : : : ;Xjs ;

n � 2 � s � n â ª¨å, çâ® ¯à¨ «î¡®¬ 1 � m � s f(Xjm) = f(0). �à¨ íâ®¬ f(X)
¥áâì ¨¢ à¨ â ï ª®¬¯ ªâ ï ¤ã£ .

�«ï ®¯¨á ¨ï  à¨ä¬¥â¨ç¥áª¨å á®®â®è¥¨© ¬¥¦¤ã ¯¥à¨®¤ ¬¨ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ®â®¡à -
¦¥¨ï f 2M 0(X)¯®âà¥¡ã¥âáï ¯®ïâ¨¥ ¤®¯ãáâ¨¬®£® ¬®¦¥áâ¢ .

�¯à¥¤¥«¥¨¥ 4 ([6]). �®¥ç®¥ ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢®K = fk1; k2; : : : ; krg, £¤¥ k1 < k2 <

� � � < kr ¯à¨ r > 1,  §®¢¥¬ ¤®¯ãáâ¨¬ë¬, ¥á«¨ ®¤®¢à¥¬¥® k1 = 1 ¨
rP

j=2
kj � n.

� [6] ¯®«ãç¥  ®æ¥ª  ¬®é®áâ¨ cardK ¤®¯ãáâ¨¬®£® ¬®¦¥áâ¢  K: cardK � E(�1+
p
9+8n
2

),
£¤¥ E(�) | æ¥« ï ç áâì ç¨á«  (�).

�¥®à¥¬  B. �ãáâì f 2M 0(X). �®£¤ 

(B1) ¥á«¨ f(0) = 0, â® áãé¥áâ¢ã¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ¬®¦¥áâ¢® K, çâ® T (f) = K, £¤¥

T (f) | ¬®¦¥áâ¢® ¯¥à¨®¤®¢ ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª f ;
(B2) ¥á«¨ f(0) 6= 0, â® f ¨¬¥¥â «¨èì ¥¯®¤¢¨¦ë¥ â®çª¨ ¨, ¡ëâì ¬®¦¥â, ¯¥à¨®¤¨ç¥áª¨¥

â®çª¨ ¯¥à¨®¤  2.

� àï¤ã á® áâàãªâãà®© ¬®¦¥áâ¢  Per(f) ¯¥à¨®¤¨ç¥áª¨å â®ç¥ª ®¯¨è¥¬ áâàãªâãàã !-¯à¥-
¤¥«ì®£® ¬®¦¥áâ¢  !(x; f) âà ¥ªâ®à¨¨ ¯à®¨§¢®«ì®© â®çª¨ x 2 X, ¬®¦¥áâ¢  ¥¡«ã¦¤ îé¨å
â®ç¥ª 
(f) ¨ ãª ¦¥¬ â®¯®«®£¨ç¥áªãî íâà®¯¨î h(f) ®â®¡à ¦¥¨ï f 2M 0(X).

�¥®à¥¬  C. �ãáâì f 2M 0(X). �®£¤ 

(C1) Per(f) | § ¬ªãâ®¥ ¬®¦¥áâ¢®;
(C2) !(x; f) | ¯¥à¨®¤¨ç¥áª ï ®à¡¨â  ¤«ï «î¡®© â®çª¨ x 2 X;
(C3) 
(f) =

S
x2X

!(x; f) = Per(f);

(C4) h(f) = 0.

3. �¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ®á®¢ëå à¥§ã«ìâ â®¢ à ¡®âë. �«ï ¬®®â®ëå ®â®¡à ¦¥¨©
¨á¯®«ì§ã¥¬

�������� ��������. �á«¨ f 2M 0(X), â® ¤«ï ¯à®¨§¢®«ìëå â®ç¥ª x; y 2 X á¯à ¢¥¤«¨¢®
à ¢¥áâ¢® f((x; y)) = (f(x); f(y)).
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�¥¬¬  1. �ãáâì f 2M 0(X) ¨
+1S
m=0

f�m(0) = f0g. �®£¤  f 2 P 0(X).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå «¥¬¬ë 1 f(0) = 0. �à¥¤¯®«®¦¨¬, çâ® f =2 P 0(X).
�®£¤   ©¤¥âáï â ª ï ¤ã£  (x; y) � f(X), çâ® ª®¬¯ ªâ®¥ á¢ï§®¥ ¬®¦¥áâ¢® f�1((x; y)) ¥
ï¢«ï¥âáï ¤ã£®©. �á¯®«ì§ãï à¥£ã«ïà®áâì X ([7], c. 305), ¯®«ãç ¥¬ ®âáî¤ , çâ® f�1((x; y)) |
n1-®¤ ¯à¨ 3 � n1 � n; 0 2 f�1((x; y)), 0 2 (x; y), (x; y) | ¥¢ëà®¦¤¥ ï ¤ã£ . �à¨¬¥ïï
®á®¢®¥ á¢®©áâ¢® ¬®®â®ëå ®â®¡à ¦¥¨©, ãª ¦¥¬ â®çª¨ z 2 (x; y), z 6= 0; z1 ¨ z2, ¯à¨ ¤-
«¥¦ é¨¥ ¤¢ã¬ à §«¨çë¬ ª®¬¯®¥â ¬ n1-®¤  f�1((x; y)), ¤«ï ª®â®àëå ¢ë¯®«¥ë à ¢¥áâ¢ 
f(z1) = f(z2) = z. � ª ª ª f�1(z) | á¢ï§®¥ ¬®¦¥áâ¢®, â® (z1; z2) � f�1(z), 0 2 (z1; z2).
�®íâ®¬ã f(0) 6= 0.

�¥¬¬  2. �ãáâì f 2M 0(X) ¨ f(0) = 0. �®£¤ 
+1S
m=0

f�m(0) | á¢ï§®¥ ¬®¦¥áâ¢®.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ «¥¬¬ë 2 á¯à ¢¥¤«¨¢®, ¥á«¨
+1S
m=0

f�m(0) = f0g. �®íâ®¬ã ¡ã-

¤¥¬ ¯à¥¤¯®« £ âì, çâ®
+1S
m=0

f�m(0) 6= f0g. �®§ì¬¥¬ ¯à®¨§¢®«ì® ¤¢¥ à §«¨çë¥ â®çª¨ x; y 2

+1S
m=0

f�m(0). �®£¤   ©¤ãâáï  âãà «ìë¥ ç¨á«  m(x) ¨ m(y) â ª¨¥, çâ® fm(x)(x) = fm(y)(y) = 0.

�®«®¦¨¬ m0 = maxfm(x);m(y)g. � ª ª ª f(0) = 0, â® x; y 2 f�m0(0). �á«®¢¨¥ f 2M 0(X)¢«¥ç¥â
§  á®¡®© á¢ï§®áâì ¬®¦¥áâ¢  f�mo(0) ¨ á¯à ¢¥¤«¨¢®áâì ¢ª«îç¥¨ï (x; y) � f�m0(0). �âáî¤ 

á«¥¤ã¥â, çâ® (x; y) �
+1S
m=0

f�m(0). � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢®
+1S
m=0

f�m(0) ¤ã£®®¡à §® á¢ï§®.

�«¥¤áâ¢¨¥ 1. �ãáâì f 2M 0(X), f(0) = 0,
+1S
m=0

f�m(0) 6= f0g. �®£¤ 

1.1.
+1S
m=0

f�m(0) | «¨¡® ª®¬¯ ªâ ï ¥¢ëà®¦¤¥ ï ¤ã£ , «¨¡® n1-®¤, 3 � n1 � n;

1.2. ¥á«¨ ¬®¦¥áâ¢®
+1S
m=0

f�m(0) ¥ § ¬ªãâ®, â® «î¡ ï â®çª  ¨§
+1S
m=0

f�m(0)n
+1S
m=0

f�m(0) ï¢«ï-

¥âáï ª®æ¥¢®© â®çª®© ª®â¨ãã¬ 
+1S
m=0

f�m(0), ¯à¨ç¥¬
+1S
m=0

f�m(0) n
+1S
m=0

f�m(0) | ¨¢ à¨-
 â®¥ ¬®¦¥áâ¢®.

�ä®à¬ æ¨î ® ¤¨ ¬¨ª¥ ¬®®â®®£® ®â®¡à ¦¥¨ï   ¬®¦¥áâ¢¥ ª®æ¥¢ëå â®ç¥ª ª®â¨ã-

ã¬ 
+1S
m=0

f�m(0) á®¤¥à¦¨â

�¥¬¬  3. �ãáâì f 2M 0(X), f(0) = 0,
+1S
m=0

f�m(0) 6= f0g. �®£¤ 

3.1. ª ª®¢  ¡ë ¨ ¡ë«  ª®æ¥¢ ï â®çª  e ª®â¨ãã¬ 
+1S
m=0

f�m(0), á¯à ¢¥¤«¨¢® «¨¡® e 2

+1S
m=0

f�m(0), «¨¡® e 2 Per(f) n f0g;

3.2. ¥á«¨ áãé¥áâ¢ã¥â ª®æ¥¢ ï â®çª  e ª®â¨ãã¬ 
+1S
m=0

f�m(0), ¥ ï¢«ïîé ïáï ª®æ¥¢®©

â®çª®© X, â® e 2 Per(f).

�®ª § â¥«ìáâ¢®. 1. �¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥¨ï 3.1. � ª®¢  ¡ë ¨ ¡ë«  ª®-

æ¥¢ ï â®çª  e 2
+1S
m=0

f�m(0), ¢®§¬®¦® «¨¡® e 2
+1S
m=0

f�m(0), «¨¡® e 2
+1S
m=0

f�m(0) n
+1S
m=0

f�m(0).

� áá¬®âà¨¬ ¢â®àãî ¨§ ãª § ëå ¢®§¬®¦®áâ¥©. �®£¤  e 6= 0, ¨ ¢ á¨«ã á«¥¤áâ¢¨ï 1 âà ¥ªâ®à¨ï
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ffm(e)gm�0 á®áâ®¨â ¨§ ª®¥ç®£® ç¨á«  ¯®¯ à® à §«¨çëå â®ç¥ª. �âáî¤  ¯®«ãç ¥¬, çâ® «¨¡®
e =2 Per(f), ® ¯à¨ ¥ª®â®à®¬ j � 1 ej = f j(e) | ¯¥à¨®¤¨ç¥áª ï â®çª  f ; «¨¡® e 2 Per(f).
�áª«îç¨¬ ¯¥à¢ãî ¨§ ãª § ëå ¢®§¬®¦®áâ¥©. �¥©áâ¢¨â¥«ì®, ¢ ¯à®â¨¢®¬ á«ãç ¥  ©¤ãâ-
áï à §«¨çë¥ â®çª¨ z1 = f j�1(e) ¨ z2 = f j+k�1(e) (k | ¯¥à¨®¤ â®çª¨ ej , k � 1) â ª¨¥, çâ®
f(z1) = f(z2) = ej . �®£¤  (z1; z2) � f�1(ej). � á¨«ã á«¥¤áâ¢¨ï 1 z1 ¨ z2 | à §«¨çë¥ ª®æ¥-

¢ë¥ â®çª¨ ª®â¨ãã¬ 
+1S
m=0

f�m(0). �®íâ®¬ã 0 2 (z1; z2), ¨ f(0) 6= 0. �®á«¥¤¥¥ ¥¢®§¬®¦®.

�«¥¤®¢ â¥«ì®, e 2 Per(f).

2. �®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ 3.2. �á«¨ e = 0, â® ãâ¢¥à¦¤¥¨¥ 3.2 á¯à ¢¥¤«¨¢®. �ãáâì e 6= 0,

â®£¤ 
+1S
m=0

f�m(0) 6= X, ¨  ©¤¥âáï ª®¬¯®¥â  U ®âªàëâ®£® ¬®¦¥áâ¢  X n
+1S
m=0

f�m(0), ª®â®-

à ï ¨¬¥¥â ¢ X ¥¤¨áâ¢¥ãî £à ¨çãî â®çªã e. �à¥¤¯®«®¦¨¬, çâ® e 2
+1S
m=0

f�m(0). �®£¤ 

áãé¥áâ¢ã¥â m0 � 1 â ª®¥, çâ® fm0(e) = 0, ¨ ¯à¨ «î¡®¬ m � m0 fm(U) | ª®¬¯ ªâ ï ¥¢ë-
à®¦¤¥ ï ¤ã£ , ®¤  ¨§ ª®æ¥¢ëå â®ç¥ª ª®â®à®© á®¢¯ ¤ ¥â á 0. �®íâ®¬ã ¯à¨ «î¡®¬ m � m0

(fm(U))
T
(
+1S
m=0

f�m(0)) = f0g. �á¯®«ì§ãï ãâ¢¥à¦¤¥¨¥ 1.1 á«¥¤áâ¢¨ï 1, ¯®«ãç ¥¬ ®âáî¤ , çâ®

áãé¥áâ¢ã¥â ¨¢ à¨ âë© ª®â¨ãã¬ X� =
pS

l=1
Xjl , £¤¥ Xj1 ;Xj2 ; : : : ;Xjp | ¢á¥ â¥ ª®¬¯®¥âë

n-®¤  X, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® Xjl

T
(
+1S
m=0

f�m(0)) = ;, Xjl

T
(

+1S
m=m0

fm(U)) 6= ; ¯à¨ «î¡®¬

1 � l � p. �â¬¥â¨¬, çâ® U
T
X� = ;. �®á«¥¤¥¥ ¢«¥ç¥â §  á®¡®© áãé¥áâ¢®¢ ¨¥  âãà «ì®-

£® ç¨á«  s ¨ â®ç¥ª z 2 X�, z 6= 0; z1 2 U , z2 2 Xjl0
¯à¨ ¥ª®â®à®¬ 1 � l0 � p â ª¨å, çâ®

f s(z1) = f s(z2) = z. �âáî¤  á«¥¤ã¥â à ¢¥áâ¢® f s(0) = z. � ª¨¬ ®¡à §®¬, á¤¥« ®¥ ¯à¥¤¯®«®-

¦¥¨¥ ¥¢¥à®, ¨ e =2
+1S
m=0

f�m(0). � á¨«ã ¯. 3.1 e 2 Per(f).

�«¥¤áâ¢¨¥ 2. �ãáâì f 2 M 0(X), f(0) = 0,
+1S
m=0

f�m(0) | á®¡áâ¢¥®¥ ¯®¤¬®¦¥áâ¢® X,

á®¤¥à¦ é¥¥ ¡®«¥¥ ®¤®© â®çª¨. �®£¤  ¬®¦¥áâ¢® Y = X n
+1S
m=0

f�m(0) ¥ ¯ãáâ® ¨ ¨¢ à¨ â®.

�¥¬¬  4. �ãáâì f 2M 0(X), f(0) = 0,
+1S
m=0

f�m(0) | á®¡áâ¢¥®¥ ¯®¤¬®¦¥áâ¢® X, á®¤¥à-

¦ é¥¥ ¡®«¥¥ ®¤®© â®çª¨. �®£¤  fjY | ¯à®áâ¥©è¥¥ ®â®¡à ¦¥¨¥.

�®ª § â¥«ìáâ¢® «¥¬¬ë 4   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 1, áâ®¨â «¨èì § ¬¥â¨âì, çâ® ¥á«¨
¤«ï ¥ª®â®à®© ¤ã£¨ (x; y) � f(Y ) ª®â¨ãã¬ f�1((x; y)) ¥ ï¢«ï¥âáï ¤ã£®©, â® f�1((x; y))

T

(
+1S
m=0

f�m(0)) = f0g.

�«¥¤áâ¢¨¥ 3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 4. �®£¤  áãé¥áâ¢ã¥â g 2 P 0(X) â ª®¥, çâ®
fjY = gjY .

�¥¬¬  1, á«¥¤áâ¢¨ï 2 ¨ 3 ¤®ª §ë¢ îâ á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨© (A1) ¨ (A2) â¥®à¥¬ë �.
�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ãâ¢¥à¦¤¥¨ï (A3).

�¥¬¬  5. �ãáâì f 2 M 0(X), f(0) 6= 0. �®£¤  áãé¥áâ¢ã¥â ¥ ¬¥¥¥ (n � 2)-å ª®¬¯®¥â

n-®¤  Xj1 ;Xj2 ; : : : ;Xjs , n � 2 � s � n, â ª¨å, çâ® ¯à¨ «î¡®¬ l, 1 � l � s; f(Xjl) = f(0).
�®¦¥áâ¢® f(X) ¥áâì ¨¢ à¨ â ï ¤ã£ .

�®ª § â¥«ìáâ¢®. 1. � ª ª ªX | å ãá¤®àä®¢® ¯à®áâà áâ¢®, â®  ©¤¥âáï â ª ï ¤ã£  (a; b),
çâ® f(0) 2 (a; b), a 6= f(0), b 6= f(0), 0 =2 (a; b). �á¯®«ì§ãï ¥¯à¥àë¢®áâì f , ãª ¦¥¬ ®ªà¥áâ®áâì
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U�(0) â®çª¨ 0 â ª, çâ®¡ë f(U�(0)) � (a; b). �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¥ ¡®«¥¥ (n � 3)-å
ª®¬¯®¥â Xj1 ;Xj2 ; : : : ;Xjl , 1 � l � n� 3, â ª¨å, çâ® f(Xjm) = f(0), 1 � m � l. �®£¤   ©¤ãâáï
à §«¨çë¥  âãà «ìë¥ ç¨á«  1 � r1; r2 � n, r1; r2 =2 fj1; j2; : : : ; jlg, ¢ë¤¥«ïîé¨¥ â¥ ª®¬¯®¥âë
Xr1 ¨ Xr2 , ¤«ï ª®â®àëå áãé¥áâ¢ã¥â z 2 f(U�(0)

T
Xr1)

T
f(U�(0)

T
Xr2), z 6= f(0); z 2 (a; f(0))

¨«¨ z 2 (b; f(0)). �®íâ®¬ã ¬®¦® ãª § âì â®çª¨ z1 2 U�(0)
T
Xr1 ¨ z2 2 U�(0)

T
Xr2 , ¤«ï ª®â®àëå

f(z1) = f(z2) = z. �âáî¤  á«¥¤ã¥â (z1; z2) � f�1(z), ¨ 0 2 f�1(z). �®á«¥¤¥¥ ¥¢®§¬®¦®. � ª¨¬
®¡à §®¬, á¤¥« ®¥ ¯à¥¤¯®«®¦¥¨¥ ¥¢¥à®.

2. � á¨«ã ¯. 1 X n
sS

m=1
Xjm | § ¬ªãâ ï ¤ã£ . �®«®¦¨¬ (c; d) = X n

sS
m=1

Xjm . �à¨ s = n

¨¬¥¥¬ c = d = 0, ¨ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢®. �ãáâì s = n�2 ¨«¨ s = n�1. �á¯®«ì§ãï ®á®¢®¥

á¢®©áâ¢® ¬®®â®ëå ®â®¡à ¦¥¨©, ¨¬¥¥¬ f(X) = f(
sS

m=1
Xjm

S
(c; d)) = f(0)

S
(f(c); f(d)). � ª

ª ª f(X) | á¢ï§®¥ ¬®¦¥áâ¢®, â® f(0) 2 (f(c); f(d)). � ª¨¬ ®¡à §®¬, f(X) | ª®¬¯ ªâ ï
¨¢ à¨ â ï ¤ã£ .

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï (A3) ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 5.
�à¨¢¥¤¥¬ ¯à¨¬¥àë ¬®®â®ëå ®â®¡à ¦¥¨©, ¤«ï ª®â®àëå 0 ¥ ï¢«ï¥âáï ¥¯®¤¢¨¦®© â®ç-

ª®©.

�à¨¬¥à 1. �ãáâì ®â®¡à ¦¥¨¥ f 2M 0(X)®¯à¥¤¥«¥® à ¢¥áâ¢ ¬¨

f(z) =

8>>>>>><
>>>>>>:

1=2; z 2
nS

j=3
Xj ;

1=2 � z; z 2 [0; 1=2];

(2z � 1)ei2�=n; z 2 (1=2; 1];

1=2(jzj + 1); z 2 X2:

�®£¤  ¢á¥ â®çª¨ X1

S
X2, §  ¨áª«îç¥¨¥¬ ¥¯®¤¢¨¦®© â®çª¨ z = 1=4, ï¢«ïîâáï ¯¥à¨®¤¨ç¥áª¨-

¬¨ â®çª ¬¨ f ¯¥à¨®¤  2.

�à¨¬¥à 2. � áá¬®âà¨¬ ®â®¡à ¦¥¨¥ f 2M 0(X), ®¯à¥¤¥«ï¥¬®¥ à ¢¥áâ¢ ¬¨

f(z) =

8>>>>>><
>>>>>>:

1=2; z 2
nS

j=3
Xj ;

1=2(z + 1); z 2 X1;

1=2 � jzj; z 2 X2; ¯à¨ç¥¬ 0 � jzj � 1=2;

(2jzj � 1)ei2�=n; z 2 X2; ¯à¨ç¥¬ 1=2 < jzj � 1:

�®£¤  f ¨¬¥¥â ¤¢¥ ¥¯®¤¢¨¦ë¥ â®çª¨ z0 = 1 ¨ z1 = ei2�=n,   ¤«ï !-¯à¥¤¥«ì®£® ¬®¦¥áâ¢ 
!(z; f) âà ¥ªâ®à¨¨ ¯à®¨§¢®«ì®© â®çª¨ z 2 X n fz1g á¯à ¢¥¤«¨¢® !(z; f) = fz0g.

�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ B ¨ C ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë A ¨ à¥§ã«ìâ â®¢ à ¡®âë [6]. �â¬¥â¨¬,
çâ® ãâ¢¥à¦¤¥¨¥ (C4) â¥®à¥¬ë C á«¥¤ã¥â â ª¦¥ ¨§ [4] ¨ [5].

�¨â¥à âãà 

1. Alseada L., Llibre J., Misiurewich M. Periodic orbits of maps of Y // Trans. Amer. Math. Soc. {
1989. { V. 313. { P. 475{538.

2. Baldwin St. An extension of Sarkovskii's theorem to the n-od // Ergod. Theory and Dynam. Syst.
{ 1991. { V. 11. { ò2. { P. 249{271.

3. Baldwin St. Some limitations toward extending Sarkovskii's theorem to connected linearly ordered

spaces // Houston J. Math. { 1991. { V. 17. { ò1. { P. 39{53.

35



4. Blokh A.M. The spectral decomposition, periods of cycles and Misiurewicz conjecture for graph maps

// Preprint. { 1990.
5. Llibre J., Misiurewich M. Horseshoes, entropy and periods for graph maps // Preprint. { 1991.
6. Efremova L.S., Makhrova E.N. Strange mappings of dendrites with countable set of rami�cation

points // Dynamics Days. Seventeenth Annual Informal Workshop, Lyon, France, 10-13 July, 1996.
Abstracts. { 1996. { P. 63.

7. �ãà â®¢áª¨© �. �®¯®«®£¨ï. { �.: �¨à, 1969. { �. 2. { 624 á.

�¨¦¥£®à®¤áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â �®áâã¯¨« 

23.05.1995

36


