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� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï ®¡®¡é¥® à¥ªãàà¥âë¥ á¨¬¬¥âà¨ç¥áª¨¥ â¥§®àë¥ ¯®-
«ï ¢â®à®© ¢ «¥â®áâ¨   à¨¬ ®¢ëå ¬®£®®¡à §¨ïå § ª®®¯à¥¤¥«¥®© á¥ªæ¨®®© ªà¨¢¨§ë
¨ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥. �®«ãç¥ë¥ à¥§ã«ìâ âë ¯à¨¬¥ïîâáï ª £¥®¬¥âà¨¨ ®¡®¡é¥®
à¥ªãàà¥âëå ¨ ®¡®¡é¥® ª®æ¨àªã«ïà® à¥ªãàà¥âëå à¨¬ ®¢ëå ¬®£®®¡à §¨© [1].

�¥§ã«ìâ âë áâ âì¨ ¡ë«¨  ®á¨à®¢ ë ¢ [2].

1. �¢¥¤¥¨¥

� áá¬®âà¨¬ n-¬¥à®¥ (n � 2) à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) á® á¢ï§®áâìî �¥¢¨-�¨¢¨â  5.
�®¤®¡® â®¬ã, ª ª ¢¢¥¤¥®¥ �.�® [3] â®àá®®¡à §ãîé¥¥ ¢¥ªâ®à®¥ ¯®«¥ � 2 C1TM : 5� =
�g + � 
 � ¤«ï � 2 C1M ¨ � 2 C1T �M ®¡®¡é ¥â ¯®ïâ¨¥ à¥ªãàà¥â®£® ¢¥ªâ®à®£® ¯®«ï
5� = � 
 �, â ª ¨ à áá¬ âà¨¢ ¥¬®¥ ¢ ¤ ®© à ¡®â¥ ®¡®¡é¥® à¥ªãàà¥â®¥ á¨¬¬¥âà¨ç¥áª®¥

â¥§®à®¥ ¯®«¥ ' 2 C1S2M :

5' = �
 g + � 
 ' (1.1)

¤«ï �; � 2 C1T �M ®¡®¡é ¥â å®à®è® ¨§¢¥áâ®¥ ¯®ïâ¨¥ à¥ªãàà¥â®£® â¥§®à®£® ¯®«ï 5' =
� 
 '.

�â¬¥â¨¬, çâ® ¥á«¨   (M; g) áãé¥áâ¢ã¥â à¥ªãàà¥â®¥ â¥§®à®¥ ¯®«¥ ' 2 C1S2M , â®  
(M; g) áãé¥áâ¢ã¥â ®¡®¡é¥® à¥ªãàà¥â®¥ â¥§®à®¥ ¯®«¥  2 C1S2M , ¢ ª ç¥áâ¢¥ ª®â®à®£®
¬®¦® ¢ë¡à âì â¥§®à®¥ ¯®«¥  = '� 1

n
(traceg ')g. � ª, ¢ ç áâ®áâ¨, ¥á«¨ â¥§®à Ric ï¢«ï¥âáï

à¥ªãàà¥âë¬, â® â¥§®à �©èâ¥©  G = Ric� 1

n
Skg, £¤¥ Sk = traceg Ric, ¡ã¤¥â ®¡®¡é¥®

à¥ªãàà¥âë¬.

2. �¡®¡é¥® à¥ªãàà¥â®¥ â¥§®à®¥ ¯®«¥   ¬®£®®¡à §¨¨

§ ª®®¯à¥¤¥«¥®© á¥ªæ¨®®© ªà¨¢¨§ë

� «®ª «ì®© á¨áâ¥¬¥ ª®®à¤¨ â x1; : : : ; xn   (M; g) ¨§ ª®¬¯®¥â 'ij = '( @

@xi
; @

@xj
) ®¡®¡é¥®

à¥ªãàà¥â®£® á¨¬¬¥âà¨ç¥áª®£® â¥§®à®£® ¯®«ï ' á ¯®¬®éìî ®¯¥à â®à  ª®¢ à¨ â®£® ¤¨ää¥-
à¥æ¨à®¢ ¨ï5i ¢  ¯à ¢«¥¨¨ ¢¥ªâ®à®£® ¯®«ï @

@xi
¯®áâà®¨¬ ¢¥ªâ®à®¥ ¯®«¥X á ª®¬¯®¥â ¬¨

X i = (5k'
il)'k

l � (5l'
lk)'i

k.
�á«¨ ¢®á¯®«ì§®¢ âìáï ãà ¢¥¨ï¬¨ (1.1), ª®â®àë¥ ¢ «®ª «ì®© á¨áâ¥¬¥ ª®®à¤¨ â x1; : : : ; xn

¨¬¥îâ ¢¨¤ 5k' = �kgij + �k'ij , â® ¥âàã¤® ãáâ ®¢¨âì, çâ® divX = 5iX
i � 0.

� ¤àã£®© áâ®à®ë, ¨á¯®«ì§ãï â®¦¤¥áâ¢® �¨çç¨

5k 5l 'ij �5l5k 'ij = �'pjR
p
ikl � 'ipR

p
jkl;

£¤¥ Rm
ikl | ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë R á¢ï§®áâ¨ 5,  å®¤¨¬, çâ®

divX = Rij'
ik'

j
k �Rijkl'

ik'jl;

£¤¥ Rij = Rm
imj | ª®¬¯®¥âë â¥§®à  �¨çç¨.
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�á«¨ ¢ ¯à®¨§¢®«ì®© â®çª¥ x 2M ¯®«®¦¨âì '(ei; ej) = �i�ij ¤«ï á®®â¢¥âáâ¢ãîé¥£® ®àâ®®à-
¬¨à®¢ ®£® ¡ §¨á  fe1; : : : ; eng ¯à®áâà áâ¢  TxM , â®, ¯à®¢¥¤ï á®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ -
¨ï ¨ ¯¥à¥®¡®§ ç¥¨ï, ¯®«ãç¨¬

R0

ij'
ik'

j
k �R0

kijl'
kj'il = R0

ij�i�j�
ik�

j
l �R0

kijl�i�j�
il�jk =

= R0

kijl�i�j(�
ik�jl � �il�jk) = R0

ijij(�i � �j)2;

  ¢ à¥§ã«ìâ â¥

R0

ijij(�i � �j)
2 = 0; (2.1)

£¤¥ R0

ijkl = R(ei; ej ; ek; el).
�®¯ãáâ¨¬, çâ® á¥ªæ¨® ï ªà¨¢¨§  à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g) § ª®®¯à¥¤¥«¥ , â. ¥., ¢

ç áâ®áâ¨, R0

ijij = R(ei; ej ; ei; ej) > 0 ¨«¨ R0

ijij = R(ei; ej ; ei; ej) < 0, â®£¤  ¨§ (2.1) á«¥¤ã¥â

�¥®à¥¬  1. �á«¨ á¥ªæ¨® ï ªà¨¢¨§  à¨¬ ®¢  ¬®£®®¡à §¨ï (M; g) § ª®®¯à¥¤¥«¥ , â®
®¡®¡é¥® à¥ªãàà¥â®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥ ' 2 C1S2M ¡ã¤¥â ¯à®¯®àæ¨® «ì®

¬¥âà¨ç¥áª®¬ã â¥§®àã g, â. ¥. ' = �g ¤«ï � 2 C1M .

3. �¡®¡é¥® à¥ªãàà¥â®¥ ¨ ª®æ¨àªã«ïà® à¥ªãàà¥âo¥ ¬®£®®¡à §¨ï

� §®¢¥¬ (M; g) ®¡®¡é¥® �¨çç¨-à¥ªãàà¥âë¬ (áà. á [4]), ¥á«¨ ¥£® â¥§®à �¨çç¨ Ric ã¤®-
¢«¥â¢®àï¥â ãà ¢¥¨ï¬ (1.1), â. ¥. 5kRij = �kgij + �kRij .

�á«¨ ¬®£®®¡à §¨¥ (M; g) ¨¬¥¥â § ª®®¯à¥¤¥«¥ãî á¥ªæ¨®ãî ªà¨¢¨§ã, â. ¥. ¢ë¯®«ïîâáï
ãá«®¢¨ï â¥®à¥¬ë 1, â® Rij = �gij ¨, á«¥¤®¢ â¥«ì®, ®¡®¡é¥® �¨çç¨-à¥ªãàà¥â®¥ ¬®£®®¡à §¨¥
(M; g) ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ �©èâ¥©  [5]. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 1. �¡®¡é¥® �¨çç¨-à¥ªãàà¥â®¥ à¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g) § ª®®¯à¥¤¥-
«¥®© á¥ªæ¨®®© ªà¨¢¨§ë ï¢«ï¥âáï �©èâ¥©®¢ë¬.

�¨¬ ®¢® ¬®£®®¡à §¨¥ (M; g)  §ë¢ ¥âáï ®¡®¡é¥® à¥ªãàà¥âë¬ [1], ¥á«¨ ¥£® â¥§®à ªà¨-
¢¨§ë R ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

5mR
h
ijk = �mR

h
ijk + �m[�

h
j gik � �hi gjk] (3.1)

¤«ï ¥ª®â®àëå �; � 2 C1T ��. � ãà ¢¥¨ïå (3.1) ¯à®¨§¢¥¤¥¬ á¢¥àâªã ¯® h ¨ j, â®£¤  ¯®«ãç¨¬
à ¢¥áâ¢® 5mRik = �mRik+(n�1)�mgik, ª®â®à®¥ á®®â¢¥âáâ¢ã¥â  è¥¬ã ®¯à¥¤¥«¥¨î ®¡®¡é¥®
à¥ªãàà¥â®£® â¥§®à®£® ¯®«ï ¤«ï �k = (n�1)�k. � ç¨â, â¥§®à �¨çç¨ Ric ï¢«ï¥âáï ®¡®¡é¥®
à¥ªãàà¥âë¬ á¨¬¬¥âà¨ç¥áª¨¬ â¥§®àë¬ ¯®«¥¬.

�¡®¡é¥® ª®æ¨àªã«ïà® à¥ªãàà¥âë¬ ¬®£®®¡à §¨¥¬  §ë¢ ¥âáï [1] à¨¬ ®¢® ¬®£®-
®¡à §¨¥ (M; g), ç¥© â¥§®à ª®æ¨àªã«ïà®© ªà¨¢¨§ë

Qh
ijk = Rh

ijk �
Sk

n(n� 1)
[�hj gik � �hi gjk]

¯®¤ç¨ï¥âáï ãà ¢¥¨î 5mQ
h
ijk = �mQ

h
ijk + �m[�hj gik � �hi gjk].

�á«¥¤áâ¢¨e íâ®£® â¥§®à �©èâ¥©  G = Ric� 1

n
Skg íâ®£® ¬®£®®¡à §¨ï ¯®¤ç¨ï¥âáï ãà ¢-

¥¨ï¬5mGij = �mGij+(n�1)�mgij ,   § ç¨â, G ï¢«ï¥âáï ®¡®¡é¥® à¥ªãàà¥âë¬ â¥§®àë¬
¯®«¥¬.

� [1] ¤®ª §ë¢ ¥âáï â¥®à¥¬ , á®£« á® ª®â®à®© ®¡®¡é¥® à¥ªãàà¥â®¥ ¨«¨ ®¡®¡é¥® ª®-
æ¨àªã«ïà® à¥ªãàà¥â®¥ ¬®£®®¡à §¨¥ ¬®¦¥â ¡ëâì «¨¡® à¥ªãàà¥âë¬ à¨¬ ®¢ë¬ ¬®£®®¡à -
§¨¥¬ [6], «¨¡® ¬®£®®¡à §¨¥¬ �©èâ¥© , â. ¥. â ª¨¬ ¬®£®®¡à §¨¥¬ (M; g), £¤¥ G � 0. � á®£« á¨¨
á â¥®à¥¬®© 1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 2. �¡®¡é¥® à¥ªãàà¥â®¥ ¨«¨ ®¡®¡é¥® ª®æ¨àªã«ïà® à¥ªãàà¥â®¥ à¨¬ -
®¢® ¬®£®®¡à §¨¥ § ª®®¯à¥¤¥«¥®© á¥ªæ¨®®© ªà¨¢¨§ë ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ �©èâ¥©-
 .

49



4. �¡®¡é¥® à¥ªãàà¥â®¥ â¥§®à®¥ ¯®«¥ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥

� áá¬®âà¨¬ ®¡®¡é¥® à¥ªãàà¥â®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥ ' ¢ ¥¢ª«¨¤®¢®¬ ¯à®-
áâà áâ¢¥ En á ®àâ®£® «ì®© á¨áâ¥¬®© ª®®à¤¨ â x1; : : : ; xn. �®£¤  ãà ¢¥¨ï (1.1) ¯à¥¤áâ ãâ
¢ ¢¨¤¥

@k'ij = �k�ij + �k'ij : (4.1)

�®áª®«ìªã @l@k'ij = @k@l'ij , â® ¨§ (4.1) ¢ë¢®¤¨¬

@l@k'ij = (@l�k + �l�k)�ij + (@l�k + �k�l)'ij : (4.2)

� «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ®

@k@l'ij = (@k�l + �k�l)�ij + (@k�l + �l�k)'ij : (4.3)

� ©¤¥¬ à §®áâì (4.2) ¨ (4.3) ¨ ®¯ïâì ¢®á¯®«ì§ã¥¬áï á¢®©áâ¢®¬ @l@k'ij = @k@l'ij , â®£¤ 

(@l�k � @k�l + �l�k � �k�l)�ij + (@l�k � @k�l)'ij = 0: (4.4)

� ®¡®§ ç¥¨ïx �lk = @l�k � @k�l + �l�k � �k�l, �lk = @l�k � @k�l ãà ¢¥¨ï (4.4) ¯à¨¬ãâ ¢¨¤

�lk�ij + �lk'ij = 0: (4.5)

�à®¨§¢¥¤ï á¢¥àâªã ¢ (4.5) ¯® i ¨ j, ¯®«ãç¨¬ �lkn+ �lk traceg('ij) = 0. �®« £ ¥¬ a = 1

n
traceg('),

â®£¤  �lk = �a�lk, ¨, § ç¨â, (4.5) ¯¥à¥©¤¥â ¢ ãà ¢¥¨ï

�a�lk�ij + �lk'ij = 0

¨«¨

�lk('ij � a�ij) = 0: (4.6)

�®áª®«ìªã â¥§®à 'ij ¢ ®¡é¥¬ á«ãç ¥ ¥ ¬®¦¥â ¡ëâì à ¢¥ a�ij ¢ ª ¦¤®© â®çª¥ ¯à®áâà áâ¢ 
En, â® ãà ¢¥¨ï (4.6) ¡ã¤ãâ á¯à ¢¥¤«¨¢ë ¢ á«ãç ¥ �lk = 0 ¨«¨, çâ® à ¢®á¨«ì®, ¤«ï @l�k = @k�l,
a § ç¨â, �k = @k� | £à ¤¨¥â ¤«ï ¯à®¨§¢®«ì®© £« ¤ª®© äãªæ¨¨ �.

� áá¬®âà¨¬ â¥§®à®¥ ¯®«¥ e'ij = �'ij , ¯à¨ç¥¬ ¢ë¡¥à¥¬ � â ª, çâ®¡ë ¢ ãà ¢¥¨ïå (4.1) ¤«ï
e'ij ¢ë¯®«ï«¨áì à ¢¥áâ¢  e�k = 0. � ©¤¥¬ ãá«®¢¨ï   äãªæ¨î �. �¬¥¥¬

@k e'ij = @k(�'ij) = (@k�)'ij + �@k'ij = (@k�)'ij + �(�k�ij + �k'ij) = ��k�ij + (@k�+ ��k)'ij :

� ®¡®§ ç¥¨ïå e�k = ��k ¨ e�k = @k�

�
+ �k ãà ¢¥¨ï,   «®£¨çë¥ (4.1), ¯à¨¬ãâ ¢¨¤

@k e'ij = e�k�ij + e�k e'ij :

�®áª®«ìªã á®£« á® ¯à¥¤¯®«®¦¥¨î e�k = @k�

�
+ �k = 0, â® @k e'ij = e�k�ij . �à¨ íâ®¬ äãªæ¨ï �

¡ã¤¥â ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï¬ ln� = ��+const ¨ e�lk = @le�k � @ke�l, e�lk = 0. �®£¤  e�lk = 0 ¨«¨
@le�k = @ke�l, â. ¥. e�k = @k, £¤¥  | ¥ª®â®à ï £« ¤ª ï äãªæ¨ï.

�®áâ ¢¨¬ ¤¨ää¥à¥æ¨ « d e'ij = d�ij , â®£¤  e'ij = �ij+Cij , £¤¥ Cij = const. �ç¨âë¢ ï á¯®á®¡
¯®áâà®¥¨ï â¥§®à®£® ¯®«ï e'ij , ¯®«ãç¨¬

'ij = f1�ij + f2Cij ;

£¤¥ f1, f2 | £« ¤ª¨¥ äãªæ¨¨ ¨ Cij | ¯®áâ®ïë¥. �¥¬ á ¬ë¬ ¤®ª §  

�¥®à¥¬  2. �¡®¡é¥® à¥ªãàà¥â®¥ á¨¬¬¥âà¨ç¥áª®¥ â¥§®à®¥ ¯®«¥ ' â¨¯  (2; 0) ¨¬¥¥â
¢ ®àâ®£® «ì®© á¨áâ¥¬¥ ª®®à¤¨ â x1; : : : ; xn ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  En áâà®¥¨¥ 'ij =
f1�ij + f2Cij ¤«ï ¯à®¨§¢®«ìëå £« ¤ª¨å äãªæ¨© f1, f2 ¨ ¯®áâ®ïëå Cij.
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