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1. �®áâ ­®¢ª  § ¤ ç¨

�«ï ®¯¨á ­¨ï ¤¨­ ¬¨ª¨ ¯®¯ã«ïæ¨© ¢ § ¤ ç å ¡¨®«®£¨¨, íª®«®£¨¨, ¤¥¬®£à ä¨¨ ¨ â.¤. è¨à®ª®
¯à¨¬¥­ïîâáï ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ª®â®àë¥ ¢® ¬­®£¨å á«ãç ïå ¨¬¥îâ ¢¨¤

_x(t) = f(xt)� �(xt)x(t); t � 0;

£¤¥ x(t) ®§­ ç ¥â ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, äã­ªæ¨¨ f(xt) ¨ �(xt)x(t) ®¯¨áë¢ -
îâ áª®à®áâ¨ à®¦¤¥­¨ï, ¨¬¬¨£à æ¨¨, £¨¡¥«¨ ¨ í¬¨£à æ¨¨ ¨­¤¨¢¨¤ãã¬®¢. �â¨ äã­ªæ¨¨ ¬®£ãâ § -
¢¨á¥âì ª ª ®â â¥ªãé¥£®, â ª ¨ ®â ¯à¥¤è¥áâ¢ãîé¨å á®áâ®ï­¨© x(s), s � t. �à¨¬¥¬, çâ® x(t) 2 Rm,
á¨¬¢®« xt ®§­ ç ¥â ­ ¡®à (x(t); x(t � !1); : : : ; x(t � !n)), £¤¥ 0 � !k � r, 1 � k � n, 0 < r < 1,
f(xt) = col(f1(xt); : : : ; fm(xt)) ï¢«ï¥âáï ¢¥ªâ®à-äã­ªæ¨¥©,   �(xt) = diag(�1(xt); : : : ; �m(xt)) |
¤¨ £®­ «ì­®© ¬ âà¨æ¥©. �®­ªà¥â­ë© ¢¨¤ f(xt), �(xt) ®¯à¥¤¥«ï¥âáï ¯à®æ¥áá ¬¨, ®¯¨áë¢ îé¨¬¨
¢§ ¨¬®¤¥©áâ¢¨¥ ¨­¤¨¢¨¤ãã¬®¢ ª ª ¬¥¦¤ã á®¡®©, â ª ¨ á ®ªàã¦ îé¥© áà¥¤®©. �á«¨ ¯à¨ ¬®¤¥-
«¨à®¢ ­¨¨ ¤¨­ ¬¨ª¨ ¯®¯ã«ïæ¨© ãç¨âë¢ âì ®£à ­¨ç¥­­®áâì ¢à¥¬¥­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢, â®
ãà ¢­¥­¨ï ¬®¤¥«¨ ¬®¦­® ¬®¤¨ä¨æ¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:

_x(t) = f(xt)� �(xt)x(t)� (�x)(t); t � 0; (1)

£¤¥ ®¯¥à â®à (�x)(t) § ¤ ¥â áª®à®áâì ã¬¥­ìè¥­¨ï ç¨á«¥­­®áâ¨ ¨­¤¨¢¨¤ãã¬®¢ §  áç¥â ¯à®æ¥áá®¢
áâ à¥­¨ï. � á®®â¢¥âáâ¢¨¨ á [1]{[3] ª®¬¯®­¥­âë (�x)i(t) ®¯¥à â®à  (�x)(t) ¡ã¤¥¬ § ¤ ¢ âì ä®à¬ã-
« ¬¨

(�x)i(t) =

�iZ

0

e
�

tR
t�a

�i(xs)ds

fi(xt�a)pi(a)da; t � �i;

(�x)i(t) = e
�

tR
0

�i(xs)ds
�i�tZ

0

'i(a)pi(a+ t)da+

tZ

0

e
�

tR
t�a

�i(xs)ds

fi(xt�a)pi(a)da; 0 � t � �i; 1 � i � m;

£¤¥ 0 < �i < 1 | ¬ ªá¨¬ «ì­ ï ¯à®¤®«¦¨â¥«ì­®áâì ¢à¥¬¥­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢ i-£® ¢¨¤ ,

Ri(s) =
�iR
s

pi(a)da | äã­ªæ¨ï ¢ë¦¨¢ ¥¬®áâ¨ ¨­¤¨¢¨¤ãã¬®¢ i-£® ¢¨¤ , Ri(0) = 1, Ri(�i) = 0,

äã­ªæ¨ï 'i(s) ®¯¨áë¢ ¥â à á¯à¥¤¥«¥­¨¥ ¯® ¢®§à áâã ¯¥à¢®­ ç «ì­® áãé¥áâ¢ãîé¨å ¨­¤¨¢¨¤ã-
ã¬®¢ i-£® ¢¨¤ , 0 � s � �i, 1 � i � m.

�¨áâ¥¬ã ãà ¢­¥­¨© (1) ¤®¯®«­¨¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬

x(t) =  (t); �r � t � 0; (2)
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¢ ª®â®à®¬ äã­ªæ¨ï  i(t) § ¤ ¥â ç¨á«¥­­®áâì ¨­¤¨¢¨¤ãã¬®¢ i-£® ¢¨¤  ­  ®âà¥§ª¥ ¢à¥¬¥­¨ [�r; 0],
¯à¨ç¥¬  i(0) = xi(0) ®§­ ç ¥â ¨å ­ ç «ì­ãî ç¨á«¥­­®áâì, 1 � i � m. �§ á¬ëá«  äã­ªæ¨© 'k(s),
Rk(s) ¢¨¤­®, çâ® ­ ç «ì­ ï ç¨á«¥­­®áâì ¨­¤¨¢¨¤ãã¬®¢ k-£® ¢¨¤  (á ãç¥â®¬ ¨å ¢ë¦¨¢ ¥¬®áâ¨)

à ¢­  xk(0) =
�kR
0

Rk(s)'k(s)ds. �®íâ®¬ã ¡ã¤¥¬ âà¥¡®¢ âì, çâ®¡ë ¢ë¯®«­ï«¨áì á®®â­®è¥­¨ï

 i(0) = xi(0) =
Z �i

0

Ri(s)'i(s)ds; 1 � i � m:

� à ¡®â å [3], [4] ¨áá«¥¤®¢ ­ë á¢®©áâ¢  à¥è¥­¨© á¨áâ¥¬ë (1) ¤«ï ­¥ª®â®àëå ¥¥ ç áâ­ëå á«ãç ¥¢.
�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¯®«ãç¥­¨¥ ¤®áâ â®ç­ëå ãá«®¢¨© ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï
á¨áâ¥¬ë (1) à áá¬ âà¨¢ ¥¬®£® ¢¨¤ .

2. �á­®¢­ë¥ ¯à¥¤¯®«®¦¥­¨ï ¨ à¥§ã«ìâ âë

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: fi(x; u; : : : ; w); �0i (x; u; : : : ; w) : R
m
+ � Rm

+ � � � � � Rm
+ ! R+,

1 � i � m, Rm
+ | ¬­®¦¥áâ¢® ¢¥ªâ®à®¢ u 2 Rm á ­¥®âà¨æ â¥«ì­ë¬¨ ª®¬¯®­¥­â ¬¨. � âà¨æ 

�(xt) ¨¬¥¥â ¢¨¤ �(xt) = �0 + diag(�01(xt); : : : ; �
0
m(xt)), �0 = diag(�0;1; : : : ; �0;m), �0;i = const � 0,

1 � i � m. � «¥¥, 'i(s); pi(s) : [0; �i]! R+, 1 � i � m,  (t) : [�r; 0]! Rm
+ .

�ç¨â ¥âáï, çâ® ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ äã­ªæ¨¨ ¯à¥¤¯®« £ îâáï ­¥¯à¥àë¢­ë¬¨ ¢ á¢®¨å ®¡« -
áâïå ®¯à¥¤¥«¥­¨ï ¨ çâ® ¢ë¯®«­¥­® á«¥¤ãîé¥¥ ¯à¥¤¯®«®¦¥­¨¥:

H) äã­ªæ¨¨ f(x; u; : : : ; w), �i(x; u; : : : ; w), 1 � i � m, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨¯è¨æ 
­  Dn+1, ¨ ¯à¨ ¢á¥å (x(t); x(t � !1); : : : ; x(t � !n)) 2 Dn+1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® f(xt) �

�(xt) = 
0x(t) +
nP
i=1


ix(t � !i) (¯®ª®¬¯®­¥­â­®), £¤¥ 
0; 
1; : : : ; 
n | ¬ âà¨æë á ­¥®âà¨æ â¥«ì-

­ë¬¨ í«¥¬¥­â ¬¨, D = fu 2 Rm : 0 � ui < d0i ; 1 � i � mg | ­¥ª®â®àë© ¯ à ««¥«¥¯¨¯¥¤,
Dn+1 = D �D � � � � �D.

� ¤ «ì­¥©è¥¬ ­¥à ¢¥­áâ¢  ¬¥¦¤ã ¢¥ªâ®à ¬¨ u 2 Rm ¯®­¨¬ îâáï ª ª ­¥à ¢¥­áâ¢  ¬¥¦¤ã
¨å ª®¬¯®­¥­â ¬¨, § ¯¨áì u > 0 ®§­ ç ¥â, çâ® ¢á¥ ª®¬¯®­¥­âë ¢¥ªâ®à  u ¯®«®¦¨â¥«ì­ë. �®¤
juj ¡ã¤¥¬ ¯®­¨¬ âì ­®à¬ã ¢¥ªâ®à  u 2 Rm, ª®â®àãî § ¤ ¤¨¬ ä®à¬ã«®© juj = max

1�i�m
juij. �á«¨

C = diag(c1; : : : ; cm) | ¤¨ £®­ «ì­ ï ¬ âà¨æ , â® exp(C) = diag(exp c1; : : : ; exp cm), á¨¬¢®« I
á®®â¢¥âáâ¢ã¥â ¥¤¨­¨ç­®© ¬ âà¨æ¥. � á¨áâ¥¬¥ ãà ¢­¥­¨© (1) ¯®¤ _x(t) ¡ã¤¥¬ ¯®­¨¬ âì ¯à ¢®áâ®-
à®­­îî ¯à®¨§¢®¤­ãî.

�¥è¥­¨¥¬ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ¡ã¤¥¬ ­ -
§ë¢ âì ­¥¯à¥àë¢­ãî äã­ªæ¨î x(t), ã¤®¢«¥â¢®àïîéãî á®®â­®è¥­¨î (2) ¨ á¨áâ¥¬¥ (1) ­  ­¥ª®-
â®à®¬ ¯®«ã¨­â¥à¢ «¥ [0; �), � > 0. �¥âàã¤­® § ¬¥â¨âì, çâ® ¢ à ¬ª å á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨©
á¨áâ¥¬  (1) á ­ã«¥¢ë¬ ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ¨¬¥¥â ­ã«¥¢®¥ à¥è¥­¨¥ x(t) � 0, t 2 [0;1). �«ï
¨áá«¥¤®¢ ­¨ï á¢®©áâ¢ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ¯¥à¥©¤¥¬ ª
íª¢¨¢ «¥­â­®© á¨áâ¥¬¥ ¨­â¥£p «ì­ëå ãp ¢­¥­¨©

x(t) = (Gx)(t); 0 � t <1;

x(t) =  (t); �r � t � 0;

¢ ª®â®à®© ®¯¥à â®à (Gx)(t) ¨¬¥¥â ª®¬¯®­¥­âë

(Gx)i(t) =

�iZ

0

Ri(a)e
�

tR
t�a

�i(xs)ds

fi(xt�a)da; t � �i;

(Gx)i(t) = e
�

tR
0

�i(xs)ds
�i�tZ

0

Ri(a+ t)'i(a)da+

tZ

0

Ri(a)e
�

tR
t�a

�i(xs)ds

fi(xt�a)da; 0 � t � �i; 1 � i � m:
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�®¬¯®­¥­âë G(x)(t) ¯®«ãç¥­ë ¯ãâ¥¬ ¨­â¥£à¨à®¢ ­¨ï i-£® ãà ¢­¥­¨ï á¨áâ¥¬ë (1) á ¯®¬®éìî
¢ à¨ æ¨¨ ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®©, 1 � i � m. �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨¨ x(t), ¢å®¤ïé¨¥ ¢
¢ëà ¦¥­¨¥ ¤«ï (Gx)(t), ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­ë ¯à¨ ¢á¥å �r � t <1. �®®¯à¥¤¥«¨¬ äã­ªæ¨¨
Ri(s), 'i(s) ¯® ¯à ¢¨«ã Ri(s) = Ri(�i) = 0, 'i(s) = 'i(�i) ¯à¨ ¢á¥å s � �i, 1 � i � m. �¡®§­ ç¨¬

� = max(�1; : : : ; �m); h1(t) = max(0; � � t); h2(t) = min(t; �); t � 0;

R(s) = diag(R1(s); : : : ; Rm(s)), '(s) = col('1(s); : : : ; 'm(s)), s � 0. � ãç¥â®¬ ¢¢¥¤¥­­ëå ®¡®§­ ç¥-
­¨© § ¯¨è¥¬

(Gx)(t) = e
�

tR
0

�(xs)ds Z h1(t)

0
R(a+ t)'(a)da +

Z h2(t)

0
R(a)e

�

tR
t�a

�(xs)ds

f(xt�a)da:

�§ ¯à¨¢¥¤¥­­ëå ¢ëè¥ á¢®©áâ¢ äã­ªæ¨© f(xt), �(xt) á«¥¤ã¥â, çâ® ¤«ï ¢á¥å xt 2 Dn+1, t � 0,
á¯à ¢¥¤«¨¢  ®æ¥­ª  (Gx)(t) � (Lx)(t), t � 0, £¤¥ ®¯¥à â®à (Lx)(t) ¨¬¥¥â ¢¨¤

(Lx)(t) = e��0t
Z h1(t)

0
R(a+ t)'(a)da +

Z h2(t)

0
R(a)e��0a�(xt�a)da:

� ¤ ¤¨¬ ¬ âà¨æë A = diag(a1; : : : ; am), ai =
�iR
0

Ri(a) exp(��0;ia)da, 1 � i � m, B =
nP

k=0

k, Q =

I �AB.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ H) ¨ áãé¥áâ¢ã¥â y0 2 D â ª®©, çâ®

(Ly0)(t) � y0; 0 � t � �: (3)

�®£¤ , ¥á«¨ 0 �  (t) � y0, �r � t � 0, â® ¤«ï ¥¤¨­áâ¢¥­­®£® à¥è¥­¨ï x(t) á¨áâ¥¬ë ãà ¢­¥­¨©

(1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) á¯à ¢¥¤«¨¢  ®æ¥­ª  0 � x(t) � y0, 0 � t < 1. �á«¨, ªà®¬¥ â®£®,

¬ âà¨æ  Q ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®©, â® áãé¥áâ¢ã¥â lim
t!+1

x(t) = 0.

�®ª § â¥«ìáâ¢®. � ­¥à ¢¥­áâ¢¥ (3) ¯®«®¦¨¬ t = � . �®£¤  y0 � (Ly0)(�) = (Ly0)(t) ¤«ï
t � � . �âáî¤  ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® (Ly0)(t) � y0 ¯à¨ ¢á¥å 0 � t <1. � áá¬®âà¨¬ ­¥¯à¥àë¢­ãî
äã­ªæ¨î x(t) â ªãî, çâ® 0 � x(t) � y0, �r � t < 1. �®£¤  ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® 0 <
T < 1 ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  0 � (Gx)(t) � (Lx)(t) � (Ly0)(t) � y0, 0 � t � T . �á¯®«ì§ãï
®æ¥­ª¨ ­  (Gx)(t) ¨§ [3] ¨ ¯à¨¬¥­ïï ¯à¨­æ¨¯ á¦¨¬ îé¨å ®â®¡à ¦¥­¨©, ¯®«ãç ¥¬, çâ® á¨áâ¥¬ 
ãà ¢­¥­¨© (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­®¥ à¥è¥­¨¥ x(t) â ª®¥,
çâ® 0 � x(t) � y0, 0 � t < 1. �®« £ ï y0(t) = y0, �r � t < 1, ¯®áâp®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì
äã­ªæ¨©

yn(t) = (Lyn�1)(t); 0 � t <1;

yn(t) =  (t); �r � t � 0; n = 1; 2; : : :

�«¥¤ãï [4], ¯®«ãç¨¬ ­¥à ¢¥­áâ¢ 

0 � x(t) � � � � � yn(t) � yn�1(t) � � � � � y0(t); 0 � t <1;

0 � lim inf
t!+1

x(t) � lim sup
t!+1

x(t) � w�;

£¤¥ w� ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨©Qw = 0. �á«¨ ¬ âp¨æ Q ­¥¢ëp®¦¤¥­ , â® w� = 0.
�®£¤  áãé¥áâ¢ã¥â lim

t!+1
x(t) = 0, çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.
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�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ H) ¨ Q ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®© M -¬ â-

à¨æ¥©. �®£¤  áãé¥áâ¢ãîâ � 2 R, c0 2 D, c1 2 D, � > 0, c0 > c1 > 0, â ª¨¥, çâ® ¤«ï «î¡®£®

à¥è¥­¨ï x(t) á¨áâ¥¬ë (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) á¯à ¢¥¤«¨¢  ®æ¥­ª : ¥á«¨ 0 �  (t) � c1,
�r � t � 0, â®

0 � x(t) � c0 exp(��t); 0 � t <1: (4)

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ­¥ª®â®àë¥ � 2 R, c0 2 D, � > 0, c0 > 0, ¨ ®¯à¥¤¥-

«¨¬ äã­ªæ¨î w(t) = c0 exp(��t), 0 � t < 1. �¡®§­ ç¨¬ B� = 
0 +
nP

k=1

k exp(�!k), A� =

diag(a1(�); : : : ; am(�)), £¤¥ ai(�) =
�iR
0

Ri(s) exp((�� �0;i)s)ds, 1 � i � m, Q� = I �A�B�. � ãç¥â®¬

íâ¨å ®¡®§­ ç¥­¨©

(Lw)(t) = e��0t
Z h1(t)

0

R(s+ t)'(s)ds+ e��t
Z h2(t)

0

R(s)e(���0)sB�c
0ds; 0 � t <1:

� ¬¥â¨¬, çâ® ¥á«¨ ­¥à ¢¥­áâ¢  0 � (Lw)(t) � w(t) ¢¥à­ë ¯à¨ 0 � t � � , â® ®­¨ ¢¥à­ë â ª¦¥ ¨ ¤«ï
� � t <1. �¥©áâ¢¨â¥«ì­®, ­¥à ¢¥­áâ¢® (Lw)(�) � w(�) à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã Q�c

0 � 0. �®-
íâ®¬ã ¯à¨ t � � 0 � (Lw)(t) = exp(��t)A�B�c

0 � c0 exp(��t) = w(t). �âáî¤  ­¥¯®áà¥¤áâ¢¥­­®
á«¥¤ã¥â, çâ® ¥á«¨ äã­ªæ¨ï w(t) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (Lw)(t) � w(t), 0 � t � � , â®, ¢ë¡¨-
à ï 0 �  (t) � c0, �r � t � 0, ¤«ï à¥è¥­¨ï x(t) ¯®«ãç¨¬ ®æ¥­ªã (4). �ç¥¢¨¤­®, ¤«ï ¢á¥å 0 � t � �
¢¥à­® (Lw)(t) � x(0) + exp(��t)A�B�c

0. � áá¬®âà¨¬ ­¥à ¢¥­áâ¢® x(0) + exp(��t)A�B�c
0 � w(t),

0 � t � � , ª®â®à®¥ ¯à¨¢®¤¨âáï ª ¢¨¤ã

e��tQ�c
0 � x(0); 0 � t � �: (5)

� âà¨æ  Q� ­¥¯à¥àë¢­ë¬ ®¡à §®¬ § ¢¨á¨â ®â � ¨ Q� ! Q0 = Q ¯à¨ � ! 0 (¯®í«¥¬¥­â­®).
�® ãá«®¢¨î Q | ­¥¢ëà®¦¤¥­­ ï M -¬ âà¨æ . �â® íª¢¨¢ «¥­â­®, ¢ ç áâ­®áâ¨, â®¬ã, çâ® ¢á¥
¥¥ £« ¢­ë¥ ¬¨­®àë ¯®«®¦¨â¥«ì­ë. �®£¤  áãé¥áâ¢ã¥â ¤®áâ â®ç­® ¬ «®¥ �0 > 0 â ª®¥, çâ® ¢á¥
£« ¢­ë¥ ¬¨­®àë ¬ âà¨æë Q�0 â ª¦¥ ¡ã¤ãâ ¯®«®¦¨â¥«ì­ë, ¨­ ç¥ Q�0 | ­¥¢ëà®¦¤¥­­ ï M -
¬ âà¨æ . �«ï ¬ âà¨æë Q�0 ­ ©¤¥âáï â ª®© y

0 2 Rm, y0 > 0, çâ® Q�0y
0 > 0 ([4], [5], ç. 6, á. 134).

�®« £ ï c0 = qy0, £¤¥ q > 0 | ­¥ª®â®à®¥ ç¨á«®, § ¢¨áïé¥¥ ®â D, ¯®«ãç¨¬ c0 2 D, c0 > 0 ¨
Q�0c

0 > 0. � á®®â¢¥âáâ¢¨¨ á (5) ­ ç «ì­ãî äã­ªæ¨î  (s) ¡ã¤¥¬ ¢ë¡¨à âì ¨§ ãá«®¢¨ï 0 �  (s) �
c1 = exp(��0�)Q�0c

0, �r � s � 0. �ç¥¢¨¤­®, ¯à¨ â ª®¬ ¢ë¡®à¥ 0 < c1 < c0, c1 2 D ¨ ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® (5).

�¥à¥©¤¥¬ ¤ «¥¥ ª  ­ «¨§ã ãáâ®©ç¨¢®áâ¨ ­ã«¥¢®£® à¥è¥­¨ï x(t) � 0 á¨áâ¥¬ë ãà ¢­¥­¨© (1).
�«¥¤ãï ([6], £«. 2, áá. 89, 94, 105), ¢¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï. �ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)
­ §ë¢ ¥âáï ãáâ®©ç¨¢ë¬ ¯® �ï¯ã­®¢ã, ¥á«¨ ¤«ï «î¡®£® " > 0 ¬®¦­® ãª § âì â ª®¥ ç¨á«® �(") >
0, çâ® ­¥à ¢¥­áâ¢® jx(t)j � " ¡ã¤¥â ¢ë¯®«­ïâìáï ¯à¨ ¢á¥å 0 � t <1, ¥á«¨ â®«ìª® k (s)k � �(").
�¤¥áì x(t) | à¥è¥­¨¥ á¨áâ¥¬ë (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2), ®¯à¥¤¥«¥­­®¥ ¯à¨ ¢á¥å 0 � t <1,
k (s)k | ­®à¬  ¢¥ªâ®à-äã­ªæ¨¨  (s) ¢ ¯à®áâà ­áâ¢¥ C[�r; 0] ­¥¯à¥àë¢­ëå äã­ªæ¨©, § ¤ ­­ëå
­  ®âà¥§ª¥ [�r; 0]. �ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬, ¥á«¨
íâ® à¥è¥­¨¥ ãáâ®©ç¨¢® ¯® �ï¯ã­®¢ã ¨ áãé¥áâ¢ã¥â â ª®¥ �0 > 0, çâ® lim

t!+1
x(t) = 0 ¯à¨ k (s)k � �0.

�ãáâì áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ � > 0, � > 0, b > 0, çâ® ¢áïª®¥ à¥è¥­¨¥ x(t) á¨áâ¥¬ë (1)
á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã jx(t)j � bk (s)k exp(��t), 0 � t <1, ¯à¨
k (s)k � �. �®£¤  ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1) ­ §ë¢ ¥âáï íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ H) ¨ Q ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®© M -¬ â-

à¨æ¥©. �®£¤  ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¨, ¡®«¥¥ â®-

£®, íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¢¥ªâ®à y0 2 D, y0 > 0, â ª®©, çâ® Qy0 �
x(0). �®£¤  (Ly0)(t) � x(0) + ABy0 � y0, 0 � t � � , ®âªã¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢® (3). �®íâ®¬ã ¢
ãá«®¢¨ïå â¥®à¥¬ë 1 ¡ã¤¥¬ ¨áª âì â ª®© ¢¥ªâ®à y0, çâ®

y0 2 D; y0 > 0; 0 � x(0) � Qy0; 0 �  (t) � y0; �r � t � 0: (6)

�® ãá«®¢¨î Q | ­¥¢ëà®¦¤¥­­ ï M -¬ âà¨æ . �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â c 2 Rm, c > 0, ¤«ï
ª®â®à®£® Qc > 0. �®íâ®¬ã ­ ©¤¥âáï â ª®¥ ç¨á«® q > 0, çâ® y0 = qc 2 D, y0 > 0, Qy0 > 0, ¨ ¬®¦­®
ãª § âì â ªãî ­ ç «ì­ãî äã­ªæ¨î  (s), çâ® 0 �  (s) � Qy0 � y0, �r � s � 0. �âáî¤  ¢ëâ¥ª ¥â,
çâ® ­¥à ¢¥­áâ¢  (6) ¡ã¤ãâ ¢ë¯®«­¥­ë. �à¨¬¥­ïï ¤ «¥¥ â¥®à¥¬ã 1 ¨ ¯¥à¥å®¤ï ®â ­¥à ¢¥­áâ¢ ¤«ï
x(t),  (s) ª ­¥à ¢¥­áâ¢ ¬ ®â­®á¨â¥«ì­® jx(t)j, k (s)k, ãáâ ­®¢¨¬, çâ® ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë
ãà ¢­¥­¨© (1) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬.

�®ª ¦¥¬ â¥¯¥àì íªá¯®­¥­æ¨ «ì­ãî ãáâ®©ç¨¢®áâì ­ã«¥¢®£® à¥è¥­¨ï. �®¢â®àïï áå¥¬ã ¤®ª § -
â¥«ìáâ¢  â¥®à¥¬ë 2 ¨ ¨á¯®«ì§ãï á®®â¢¥âáâ¢ãîé¨¥ ­¥à ¢¥­áâ¢  ¤«ï äã­ªæ¨¨ w(t) = c0 exp(��t),
¯¥à¥©¤¥¬ ª ­ å®¦¤¥­¨î ¢¥ªâ®à  c0 > 0 ¨ ¯ à ¬¥âà  � > 0, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã
(5). �ë¡¥à¥¬ � = �0 > 0 â ª¨¬, çâ® Q�0 ¡ã¤¥â ­¥¢ëà®¦¤¥­­®© M -¬ âà¨æ¥©. �¥à ¢¥­áâ¢® (5)
¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

Q�0c
0 � exp(�0t)x(0); 0 � t � �: (7)

�ãáâì x� = b0k (s)ke�, £¤¥ e� 2 Rm | ¢¥ªâ®à, ¢á¥ ª®®à¤¨­ âë ª®â®à®£® à ¢­ë ¥¤¨­¨æ¥, b0 2 R,
b0 � 1 (k (s)k > 0). � ª ª ª ¬ âà¨æ  Q�1�0 áãé¥áâ¢ã¥â ¨ ¨¬¥¥â ­¥®âà¨æ â¥«ì­ë¥ í«¥¬¥­âë, ¢
á¨«ã (7) ¨§ à ¢¥­áâ¢  Q�0c

0 = exp(�0�)x� ¯®«ãç ¥¬ c0 = b0k (s)k exp(�0�)Q�1�0 e
�, ¯à¨ç¥¬ c0 > 0.

�ç¥¢¨¤­®, ¯ à ¬¥âà b0 � 1 ¬®¦­® ¢ë¡à âì â ª¨¬, çâ® 0 �  (s) � c0, �r � s � 0. �à®¬¥ â®£®,
¬®¦­® ãª § âì â ª®¥ �0 2 R, �0 > 0, çâ® ¨§ ­¥à ¢¥­áâ¢  k (s)k � �0 ¡ã¤¥â á«¥¤®¢ âì c0 2 D.
�âáî¤  à¥è¥­¨¥ x(t) á¨áâ¥¬ë ãà ¢­¥­¨© (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (2), ¢ ª®â®à®¬ k (s)k � �0,
ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥ 0 � x(t) � c0 exp(��0t), 0 � t < 1. �¥à¥å®¤ï §¤¥áì ª ­¥à ¢¥­áâ¢ã ¤«ï
jx(t)j, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ¯®á«¥¤­¥£® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë.

� ¬¥ç ­¨¥. �á¯®«ì§ãï à¥§ã«ìâ âë à ¡®âë [4], «¥£ª® § ¬¥â¨âì, çâ® ¬ âà¨æ Q ¡ã¤¥â ï¢«ïâì-
áï ­¥¢ëà®¦¤¥­­®© M -¬ âà¨æ¥©, ¥á«¨ í«¥¬¥­âë ¬ âà¨æë B «¨¡® ¯ à ¬¥âàë ai, 1 � i � m,
¤®áâ â®ç­® ¬ «ë. �«¥¬¥­âë ¬ âà¨æë B § ¤ îâ ¢¥àå­¨¥ ®æ¥­ª¨ ¤«ï ¨­â¥­á¨¢­®áâ¥© ¯à®æ¥á-
á®¢ à®¦¤¥­¨ï ¨­¤¨¢¨¤ãã¬®¢ à áá¬ âà¨¢ ¥¬ëå ¯®¯ã«ïæ¨©. � à ¬¥âàë ai ¬®¦­® ¨­â¥à¯à¥â¨à®-
¢ âì ª ª áà¥¤­¨¥ ¢à¥¬¥­  ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢ i-£® ¢¨¤ , ¯®áª®«ìªã äã­ªæ¨¨ Ri(a) exp(��0;ia),
0 � a � �i, ®¯¨áë¢ îâ à á¯à¥¤¥«¥­¨¥ ¢à¥¬¥­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢ á ãç¥â®¬ ã¬¥­ìè¥­¨ï ¨å
ç¨á«¥­­®áâ¨ §  áç¥â ¯à®æ¥áá®¢ ¬¨£à æ¨¨ ¨ £¨¡¥«¨ á ¨­â¥­á¨¢­®áâï¬¨ �0;i, 1 � i � m.

3. �à¨¬¥àë

3.1. � áá¬®âà¨¬ ®¤­®¬¥à­ãî ¬®¤¥«ì, ¢ ª®â®à®© áª®à®áâì à®¦¤¥­¨ï ¨­¤¨¢¨¤ãã¬®¢ ¯à®¯®à-
æ¨®­ «ì­  ª¢ ¤à âã ç¨á«¥­­®áâ¨ ¯®¯ã«ïæ¨¨,   ¨­â¥­á¨¢­®áâì £¨¡¥«¨ ¨­¤¨¢¨¤ãã¬®¢ ¯®áâ®ï­­ ,

_x(t) = 
x2(t)� �0x(t)� (�x)(t); t � 0; (8)

£¤¥ 
 > 0, �0 � 0 | § ¤ ­­ë¥ ¯ à ¬¥âàë. �ãáâì x(0) � 0 | ­ ç «ì­ ï ç¨á«¥­­®áâì ¯®¯ã«ï-
æ¨¨. �á«¨ ¢ ¬®¤¥«¨ (8) ­¥ ãç¨âë¢ âì ®£à ­¨ç¥­­®áâì ¢à¥¬¥­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢, ¯®« £ ï
(�x)(t) � 0, â® à¥è¥­¨¥ (8) § ¤ ¥âáï ä®à¬ã«®© x(t) = �0x(0)=(
x(0) + (�0 � 
x(0)) exp(�0t)).
�ã«¥¢®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¯à¨ �0 > 0 ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬. �á«¨
�0 > 
x(0), â® x(t) ! 0 ¯à¨ t ! +1. �á«¨ ¦¥ �0 < 
x(0), â® x(t) ­¥®£à ­¨ç¥­­® ¢®§à -
áâ ¥â §  ª®­¥ç­®¥ ¢à¥¬ï T , ¨­ ç¥ x(t) ! +1 ¯à¨ t ! T , £¤¥ T ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï

x(0)+ (�0�
x(0)) exp(�0T ) = 0. �çâ¥¬ â¥¯¥àì ®£à ­¨ç¥­­®áâì ¢à¥¬¥­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢ ¨
¯®«ãç¨¬ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ x(t)! 0 ¯à¨ t! +1. � ä¨ªá¨àã¥¬ d > 0 ¨ ¯®«®¦¨¬ D = [0; d).
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�®£¤  A =
�R
0

R(a) exp(��0a)da, B = 
d, Q = 1 � AB. �«¥¤ãï (6), ¨áª®¬®¥ ç¨á«® y0 ¡ã¤¥¬ ­ å®-

¤¨âì ¨§ ­¥à ¢¥­áâ¢ 0 � y0 < d, x(0) � Qy0. �â¬¥â¨¬, çâ® ¯à¨ ¤®áâ â®ç­® ¬ «ëå A > 0 ¢¥à­®
1�A
d > 0. �ç¥¢¨¤­®, y0 = x(0)=(1�A
d) ã¤®¢«¥â¢®àï¥â ãª § ­­ë¬ ­¥à ¢¥­áâ¢ ¬, ¥á«¨ â®«ì-
ª® 
x(0) < k = 0:25=A. � ­­®¥ ­¥à ¢¥­áâ¢® ãáâ ­ ¢«¨¢ ¥â á¢ï§ì ¬¥¦¤ã ¯ à ¬¥âà ¬¨ ¬®¤¥«¨ ¨
­ ç «ì­ë¬¨ §­ ç¥­¨ï¬¨, ¤«ï ª®â®àëå à¥è¥­¨¥ ãà ¢­¥­¨ï (8) x(t)! 0 ¯à¨ t! +1. �¨¤­®, çâ®
¯à¨ �0 < 
x(0) < k á¢®©áâ¢  à¥è¥­¨© ¤¢ãå ¬®¤¥«¥© (á ãç¥â®¬ ¨ ¡¥§ ãç¥â  ®£à ­¨ç¥­­®áâ¨ ¢à¥¬¥-
­¨ ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢) áãé¥áâ¢¥­­® à §«¨ç îâáï. �á«¨ áà¥¤­¥¥ ¢à¥¬ï ¦¨§­¨ ¨­¤¨¢¨¤ãã¬®¢
¤®áâ â®ç­® ¬ «®, â® ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ ã¡ë¢ ¥â ¤® ­ã«ï, ­¥á¬®âàï ­  ª¢ ¤à â¨ç­ë© â¥¬¯
à §¬­®¦¥­¨ï.

3.2. � áá¬®âà¨¬ ¬®¤¥«ì ¤¨­ ¬¨ª¨ m ª®­ªãà¨àãîé¨å ¯®¯ã«ïæ¨©, ¢ ª®â®à®© ç¨á«¥­­®áâì
¨­¤¨¢¨¤ãã¬®¢ i-£® ¢¨¤  ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© â¨¯  �®âª¨-
�®«ìâ¥àà 

_xi(t) = 
ixi(t)� �i(x(t))xi(t)� (�x)i(t); 1 � i � m; t � 0; (9)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ xi(0) = x0i � 0, 1 � i � m. �®íää¨æ¨¥­âë 
i > 0 ®§­ ç îâ â¥¬¯ë ¯à¨-
à®áâ  ç¨á«¥­­®áâ¨ xi(t) ¢ ãá«®¢¨ïå ®âáãâáâ¢¨ï ª®­ªãà¥­æ¨¨ ¨ á ¬®«¨¬¨â¨à®¢ ­¨ï, 1 � i � m.
�¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨ �i(x(t)), 1 � i � m, § ¤ îâ ¨­â¥­á¨¢­®áâ¨ £¨¡¥«¨ ¨­¤¨¢¨¤ãã¬®¢
¢á«¥¤áâ¢¨¥ á ¬®«¨¬¨â¨à®¢ ­¨ï ¨ ª®­ªãà¥­æ¨¨. �à¥¤¯®« £ ¥âáï, çâ® �i(x) ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥-
àë¢­ë ¯à¨ ¢á¥å x 2 Rm

+ , ã¤®¢«¥â¢®àïîâ ­  Rm
+ ãá«®¢¨î �¨¯è¨æ  ¨, ªà®¬¥ â®£®, �i(0) = 0,

1 � i � m. �«ï á¨áâ¥¬ë ãà ¢­¥­¨© (9) ¯à¥¤¯®«®¦¥­¨¥ H) ¢ë¯®«­ï¥âáï ­  ¬­®¦¥áâ¢¥ D = Rm
+ ,

¬ âà¨æ  Q ¨¬¥¥â ¯à®áâãî áâàãªâãàã, Q = I � diag(q1; : : : ; qm), £¤¥ qi = 
i
�iR
0

Ri(s)ds, 1 � i � m.

�ãáâì ¤«ï ¢á¥å 1 � i � m ¢¥à­ë ­¥à ¢¥­áâ¢  qi < 1. �®£¤  «î¡®¥ à¥è¥­¨¥ x(t) á¨áâ¥¬ë ãà ¢­¥-
­¨© (9) â ª®¢®, çâ® x(t)! 0 ¯à¨ t! +1. �á¯®«ì§ãï áå¥¬ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 2 ¨ 3, ¬®¦­®
«¥£ª® ¯®«ãç¨âì ª®íää¨æ¨¥­âë ¢ íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¥ (4). �« ¢­ë¥ ¬¨­®àë ¬ âà¨æë Q�

¯®«®¦¨â¥«ì­ë ¢ â®¬ á«ãç ¥, ª®£¤  ¤«ï ¢á¥å 1 � i � m ¢¥à­® qi(�) = 
i
�iR
0

Ri(s) exp(�s)ds < 1.

�®áª®«ìªã qi(�) ï¢«ï¥âáï ¢®§à áâ îé¥© äã­ªæ¨¥© � ¨ qi(0) < 1, â® áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë©
ª®à¥­ì ��i > 0 ãà ¢­¥­¨ï qi(�) = 1, � � 0, 1 � i � m. �¡®§­ ç¨¬ ç¥à¥§ �� ­ ¨¬¥­ìè¨© ¨§
íâ¨å ª®à­¥© ¨ ¢ë¡¥à¥¬ �0 = �� � ", £¤¥ " > 0 | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®. �«¥¤ãï (7), ¢¥ªâ®à c0

­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï Q�0c
0 = exp(�0�)x(0), ®âªã¤  c0i = exp(�0�)xi(0)=(1 � qi(�0)), 1 � i � m.

�®áâà®¥­­ ï íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  ¬®¦¥â ¡ëâì ãâ®ç­¥­ , ¥á«¨ ¢ ãà ¢­¥­¨ïå (9) á¤¥« âì
­¥ª®â®àãî § ¬¥­ã ¯¥à¥¬¥­­ëå ¨ ¨á¯®«ì§®¢ âì ¤ «¥¥ à¥§ã«ìâ âë à ¡®âë [1]. �à®¬¥ â®£®, ¬®¦­®
¯®ª § âì, çâ® ¥á«¨ qk � 1 ¤«ï ­¥ª®â®à®£® 1 � k � m, â® xk(t) ! 0 ¯à¨ t ! +1. �â¬¥â¨¬, çâ®
¯à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  qi � 1 ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ xi(t), 1 � i � m, á à®áâ®¬ t ã¡ë¢ ¥â
¤® ­ã«ï ­¥§ ¢¨á¨¬® ®â ­ ç «ì­®© ç¨á«¥­­®áâ¨ ¨ ®â ­ ç «ì­®£® à á¯à¥¤¥«¥­¨ï ¨­¤¨¢¨¤ãã¬®¢
¯® ¢®§à áâã.
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