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�ãáâì H1, H2 | £¨«ì¡¥àâ®¢ë ¯à®áâà áâ¢ , á¨¬¢®« k � k ®¡®§ ç ¥â ®à¬ã í«¥¬¥â  ¢ á®®â-
¢¥âáâ¢ãîé¥¬ ¯à®áâà áâ¢¥.

1. � áá¬ âà¨¢ ¥âáï ®¯¥à â®à®¥ ãà ¢¥¨¥

F (x) = 0; x 2 H1; (1)

¢ ª®â®à®¬ ¥«¨¥©ë© ®¯¥à â®à F : H1 ! H2 ¨¬¥¥â ¢¨¤ F (x) = F1(x)+F2(x), £¤¥ ®¯¥à â®à F1(x)
¤¢ ¦¤ë ¤¨ää¥à¥æ¨àã¥¬ ¯® � â®, ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï

kF 01(x)k � N1; kF 001 (x)k � N2 8x 2 
R(x�); (2)


R(x) = fy 2 H1 : ky � xk � Rg; R > 0, x� | ¨áª®¬®¥ à¥è¥¨¥ ãà ¢¥¨ï (1). �â®á¨â¥«ì®
®¯¥à â®à  F2(x) ¯à¥¤¯®« £ ¥âáï «¨¯è¨æ¥¢®áâì   
R(x�):

kF2(x)� F2(y)k � Lkx� yk 8x; y 2 
R(x�): (3)

� «¨ç¨¥ ¢ (1) ¥£« ¤ª®£® á« £ ¥¬®£® F2(x) ¥ ¯®§¢®«ï¥â ¯à¨¬¥ïâì ª íâ®¬ã ãà ¢¥¨î ç¨-
á«¥ë¥ ¬¥â®¤ë, ®à¨¥â¨à®¢ ë¥   ãà ¢¥¨ï á ¤¨ää¥à¥æ¨àã¥¬ë¬¨ ®¯¥à â®à ¬¨ ( ¯à.,
[1]{[3]). � â® ¦¥ ¢à¥¬ï, ¢ àï¤¥ á«ãç ¥¢ ãª § ë¥ ¬¥â®¤ë ¤®¯ãáª îâ ¥áâ¥áâ¢¥ãî ¬®¤¨ä¨ª -
æ¨î ¤«ï ãà ¢¥¨© ¢¨¤  (1), ¢ ª®â®àëå ¥£« ¤ª ï á®áâ ¢«ïîé ï F2(x) ¢ â®¬ ¨«¨ ¨®¬ á¬ëá«¥
¤®¬¨¨àã¥âáï £« ¤ª¨¬ á« £ ¥¬ë¬ F1(x). � ª ç¥áâ¢¥ ¯à¨¬¥à  ãª ¦¥¬ ¥£« ¤ª¨© ¢ à¨ â ¬¥â®¤ 
�ìîâ® {� â®à®¢¨ç 

xn+1 = xn � F 01(xn)
�1F (xn): (4)

� ¯à¥¤¯®«®¦¥¨¨ ¤®áâ â®ç®© ¬ «®áâ¨ ª®áâ âë �¨¯è¨æ  L ¨ ¥¯à¥àë¢®© ®¡à â¨¬®áâ¨ ¯à®-
¨§¢®¤®© F 01(x) ¨¬¥¥â ¬¥áâ® á¨«ì ï áå®¤¨¬®áâì ¨â¥à æ¨© (4) ª x� ([1], á. 150; [4], [5]). � ¯à ª-
â¨ç¥áª®© â®çª¨ §à¥¨ï âà¥¡®¢ ¨¥ à¥£ã«ïà®áâ¨ § ¤ ç¨, á®áâ®ïé¥¥ ¢ ¥¯à¥àë¢®© ®¡à â¨¬®áâ¨
¯à®¨§¢®¤®© F 01(x) «¨¡® ®¯¥à â®à  F

0�

1 (x)F
0

1(x), § ç áâãî ®ª §ë¢ ¥âáï ¢¥áì¬  ®£à ¨ç¨â¥«ìë¬.
�® ¥ ¢ë¯®«ï¥âáï,  ¯à¨¬¥à, ¢ ¢ ¦®¬ ¤«ï ¯à¨«®¦¥¨© á«ãç ¥, ª®£¤  F1(x) ¥áâì ®¯¥à â®à
â¨¯  �àëá®  ([6], c. 369) ¢ ¯à®áâà áâ¢ å �¥¡¥£  ¨«¨ �®¡®«¥¢ . �à¨ íâ®¬ F 01(x) ª ª «¨¥©ë©
¥¯à¥àë¢ë© ®¯¥à â®à ¨§ H1 ¢ H2 ¢ â¨¯¨çëå á«ãç ïå ®ª §ë¢ ¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ¤«ï
¢á¥å x 2 H1. � à ¡®â¥   ®á®¢¥ ¨áá«¥¤®¢ ¨ï ¨â¥à æ¨®ëå ¯à®æ¥áá®¢ £à ¤¨¥â®£® â¨¯  ¤«ï
£« ¤ª¨å ¥à¥£ã«ïàëå ®¯¥à â®à®¢ ([3], £«. 5) áâà®¨âáï ¥£« ¤ª¨©   «®£ ®¤®£® ¨§ â ª¨å ¯à®æ¥á-
á®¢, ¯à¥¤ § ç¥ë© ¤«ï ãáâ®©ç¨¢®©  ¯¯à®ªá¨¬ æ¨¨ à¥è¥¨ï ãà ¢¥¨ï (1) á ¥à¥£ã«ïà®©
£« ¤ª®© ç áâìî ¢ ãá«®¢¨ïå ¯®£à¥è®áâ¥©.

2. �ç¨â ¥¬, çâ® ¢¬¥áâ® ®¯¥à â®à®¢ F1, F2 ¤®áâã¯ë «¨èì ¨å ¯à¨¡«¨¦¥¨ï eF1; eF2 : H1 ! H2

â ª¨¥, çâ® ¤«ï ¢á¥å x 2 
R(x�) ¢ë¯®«ï¥âáï

k eF1(x)� F1(x)k � �; k eF 01(x)� F 01(x)k � �; k eF2(x)� F2(x)k � �: (5)

�à®¬¥ â®£®, ¯à¥¤¯®« £ ¥¬, çâ® ¯à¨¡«¨¦¥¨ï eF1, eF2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2), (3) á â¥¬¨ ¦¥
ª®áâ â ¬¨ N1, N2, L.
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� ä¨ªá¨àã¥¬ ª®¥ç®¬¥à®¥ ¯®¤¯à®áâà áâ¢® M � H1 ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«¥ë¬
á«¥¤ãîé¥¥ ®á®¢®¥

�á«®¢¨¥ A. �¬¥¥â ¬¥áâ® á®®â®è¥¨¥ N(F 01(x
�)) \M = f0g, £¤¥ N(F 01(x

�)) ¥áâì ã«¥¢®¥ ¯®¤-
¯à®áâà áâ¢® ®¯¥à â®à  F 01(x

�).

� ¬¥ç ¨¥. �â¬¥â¨¬, ¢ ç áâ®áâ¨, çâ®M =Mn, � = �n, � = �n ¨ â. ¤., £¤¥ n| à §¬¥à®áâì
¯à®áâà áâ¢ . �®®¡é¥ £®¢®àï, íää¥ªâ¨¢ë© ¢ë¡®à ¯®¤¯à®áâà áâ¢  M ¥ ®ç¥¢¨¤¥.

�¡®§ ç¨¬ ç¥à¥§ PM ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï ¨§ H1   M ¨ ¯®«®¦¨¬
� = kx� � PMx

�k. �¥«¨ç¨  � ¨¬¥¥â á¬ëá« ¯®£à¥è®áâ¨  ¯¯à®ªá¨¬ æ¨¨ ¨áª®¬®£® à¥è¥¨ï x�

¯®¤¯à®áâà áâ¢®¬ M . �¥à¥§ �(A) ®¡®§ ç¨¬ á¯¥ªâà «¨¥©®£® ®¯¥à â®à  A. � á¨«ã ãá«®¢¨ï A
®¯¥à â®à PMF 0�1 (x

�)F 01(x
�)PM , ¤¥©áâ¢ãîé¨© ¨§ M ¢ M , ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥, â ª çâ®

� = inff� : � 2 �(PMF
0�

1 (x
�)F 01(x

�)PM )g > 0:

�§¢¥áâ 

�¥¬¬  ([3], £«. 5, x 2; [7]). �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

� < �=2; kx� x�k < min
�
�� 2�
4N1N2

; R

�
: (6)

�®£¤ 

inff� : � 2 �(PM eF 0�1 (x) eF 01(x)PM )g � �=2: (7)

� áá¬®âà¨¬ ¨â¥à æ¨®ë© ¯à®æ¥áá

x0 2M; xn+1 = xn � PM eF 0�1 (xn) eF (xn) ( > 0): (8)

�áá«¥¤®¢ ¨î  ¯¯à®ªá¨¬ æ¨®ëå á¢®©áâ¢ ¨â¥à æ¨© (8) ¯à¥¤¯®è«¥¬   «¨§ ®¯¥à â®à 

�(x) = x� PM eF 0�1 (x) eF (x); (9)

à áá¬ âà¨¢ ¥¬®£® ª ª ®â®¡à ¦¥¨¥ ¨§M ¢M . � ç «¥ ¯®ª ¦¥¬, çâ® ¯à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨-
ïå ®¯¥à â®à (9) ï¢«ï¥âáï á¦¨¬ îé¨¬   ¥ª®â®à®¬ è à¥ 
r(PMx�)\M . �¥à¥§ E ¢ ¤ «ì¥©è¥¬
®¡®§ ç ¥âáï ¥¤¨¨çë© ®¯¥à â®à. �«ï «î¡ëå x; y 2 
r(PMx�) \M , r > 0, ¨¬¥¥¬

�(x)� �(y) = (E � PM eF 0�1 (x) eF 01(x)PM )(x� y)� PM eF 0�1 (x)( eF1(x)� eF1(y)� eF 01(x)(x � y))�
�PM [( eF 0�1 (x)� eF 0�1 (y))( eF1(y) + eF2(x)) + eF 0�1 (y)( eF2(x)� eF2(y))]: (10)

�æ¥¨¬ ®â¤¥«ìë¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (10). �¥âàã¤® ¢¨¤¥âì, çâ® ¯à¨ ¢ë¯®«-
¥¨¨ ãá«®¢¨©

� � �

4
; � � 1

2
min

�
�

8N1N2

; R

�
; r � 1

2
min

�
�

8N1N2

; R

�
(11)

®¡  á®®â®è¥¨ï ¢ (6) ¢ë¯®«ïîâáï ¤«ï ¢á¥å â®ç¥ª x 2 
r(PMx�) \M , ¯®íâ®¬ã ¢ á¨«ã (7)

kE � PM eF 0�1 (x) eF 01(x)PMk = supfj1� �j : � 2 �(PM eF 0�1 (x) eF 01(x)PM )g �
� 1� �=2; 0 <  < 4=(� + 2N 2

1 ): (12)

�á«®¢¨ï (11) £ à â¨àãîâ ¢ª«îç¥¨¥ 
r(PMx�) \M � 
R(x�) ¨ á¯à ¢¥¤«¨¢®áâì ®æ¥®ª (2) ¤«ï
¢á¥å â®ç¥ª x 2 
r(PMx�) \M . �§ (2) á«¥¤ã¥â ([8], c. 483)

kPM eF 0�1 (x)( eF1(x)� eF1(y)� eF 01(x)(x� y))k � N1N2kx� yk2: (13)
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�à®¬¥ â®£®, á ãç¥â®¬ (3), (5) ¨¬¥¥¬

k eF (y)k � kF (y)k+ 2� � kF (y)� F (PMx
�)k+ kF (PMx�)� F (x�)k+ 2� � (N1 + L)(r +�) + 2�:

(14)

�®£« á® (14)

kPM ( eF 0�1 (x)� eF 0�1 (y))( eF1(y) + eF2(x))k � N2kx� yk(k eF (y)k + k eF2(x)� eF2(y)k) �
� N2kx� yk[(N1 + L)(r +�) + 2� + Lkx� yk]: (15)

� ª®¥æ, á®£« á® (2), (3)

k eF 0�1 (y)( eF2(x)� eF2(y))k � N1Lkx� yk: (16)

�á¯®«ì§ãï (10) ¨ ®æ¥ª¨ (12), (13), (15), (16), ¯®«ãç ¥¬

k�(x)� �(y)k � (1� [�=2 � 3rN2(N1 + L)� (2N2� +N2(N1 + L)�)�N1L])kx� yk: (17)

�§ (17) á«¥¤ã¥â, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©

r � �

36N2(N1 + L)
; 2N2� +N2(N1 + L)� � �

12
; L � �

12N1

(18)

¤«ï «î¡®£® 0 <  < 4=(� + 2N 2
1 ) ¡ã¤¥¬ ¨¬¥âì

k�(x)� �(y)k � (1� �=4)kx � yk 8x; y 2 
r(PMx�) \M: (19)

� ª¨¬ ®¡à §®¬, ®¯¥à â®à � ®ª §ë¢ ¥âáï á¦¨¬ îé¨¬   
r(PMx�) \M .
�  ®á®¢ ¨¨ (19) ¯®ª ¦¥¬, çâ® ¥á«¨ ¯®£à¥è®áâ¨ �, � ¤®áâ â®ç® ¬ «ë, â ª çâ®

N1(2� + (N1 + L)�) � �r

4
; (20)

â® ®¯¥à â®à � ®â®¡à ¦ ¥â è à 
r(PMx�) ¯à®áâà áâ¢  M ¢ á¥¡ï. � íâ®© æ¥«ìî ®¯à¥¤¥«¨¬
®â®¡à ¦¥¨¥

e�(x) = �(x) + PM eF 0�1 (PMx�) eF (PMx�); x 2M: (21)

�à¨ ¢ë¯®«¥¨¨ á¤¥« ëå à ¥¥ ¯à¥¤¯®«®¦¥¨© ®¯¥à â®à e�  àï¤ã á � ®¡« ¤ ¥â á¢®©áâ¢®¬
(19). �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® x 2 
r(PMx�) \M ¨¬¥¥¬

k�(x)� PMx
�k � ke�(x)� PMx

�k+ kPM eF 0�1 (PMx�) eF (PMx�)k �
� (1� �=4)r + N1(2� + (N1 + L)�) � r:

�  ®á®¢ ¨¨ ¯à¨æ¨¯  á¦¨¬ îé¨å ®â®¡à ¦¥¨© ([8], c. 75) § ª«îç ¥¬, çâ® ¤«ï ®¯à¥¤¥«ï¥¬®©
¯® ¯à ¢¨«ã (8) ¯®á«¥¤®¢ â¥«ì®áâ¨ fxng á¯à ¢¥¤«¨¢  ®æ¥ª 

kxn � x�k � qn(1� q)�1kx0 � x1k; (22)

£¤¥ q = 1� �=4, x� | ¥¤¨áâ¢¥ ï ¥¯®¤¢¨¦ ï â®çª  ®â®¡à ¦¥¨ï � ¢ è à¥ 
r(PMx�) \M ,
â. ¥.

�(x�) = x�: (23)

�æ¥¨¬ ¢¥«¨ç¨ã kx� � PMx
�k. �§ (21), (23) ¨ à ¢¥áâ¢  e�(PMx�) = PMx

� ¯®«ãç ¥¬

kx� � PMx
�k = k�(x�)� e�(PMx�)k �

� k�(x�)� �(PMx
�)k+ kPM eF 0�1 (PMx�) eF (PMx�)k �

� (1� �=4)kx� � PMx
�k+ N1(2� + (N1 + L)�):
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�âáî¤  á«¥¤ã¥â

kx� � PMx
�k � 4N1(2� + (N1 + L)�)��1: (24)

�¡ê¥¤¨ïï (22), (24), ®ª®ç â¥«ì® ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à¦¤¥¨î ® ¯®¢¥¤¥¨¨ ¨â¥à æ¨©
(8).

�¥®à¥¬ . �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ A, á®®â®è¥¨ï (11), (18), (20). �®£¤  ¯à¨ «î¡®¬

¢ë¡®à¥  ç «ì®© â®çª¨ x0 2 
r(PMx�) \M ¨ è £   2 (0; 4=(� + 2N 2
1 )) á¯à ¢¥¤«¨¢  ®æ¥ª 

kxn � x�k � qn(1� q)�1kx1 � x0k+ 4N1(2� + (N1 + L)�)��1 +� (25)

¨ ¯à¥¤¥«ì®¥ á®®â®è¥¨¥

lim
n!1

kxn � x�k � 4N1(2� + (N1 + L)�)��1 +�: (26)

� ¬¥ç ¨¥. �á«®¢¨¥ x0 2 
r(PMx�)\M ¢ë¯®«ï¥âáï, ¥á«¨ x0 2 
r0(�)(x
�)\M , £¤¥ r0(�) =p

r2 +�2.

3. �¡áã¤¨¬ ¢ªà âæ¥ ¯®«ãç¥ë© à¥§ã«ìâ â. �®®â®è¥¨¥ (26) ®§ ç ¥â, çâ® ¯à¨¡«¨¦¥¨ï
fxng ¯à¨ n ! 1 áâ ¡¨«¨§¨àãîâáï ¢ ®ªà¥áâ®áâ¨ à¥è¥¨ï x�, à ¤¨ãá ª®â®à®© ¯à®¯®àæ¨® «¥
áã¬¬ à®© ¯®£à¥è®áâ¨ �+�. �æ¥ª  (25) á®¢¯ ¤ ¥â ¯® ¯®àï¤ªã á ®æ¥ª®© ¨§ ([3], £«. 5, x 2; [7]),
®â®áïé¥©áï ª £« ¤ª®¬ã á«ãç î á F2(x) � 0. � ®â«¨ç¨¥ ®â ¬¥â®¤®¢ ¨â¥à â¨¢®© à¥£ã«ïà¨§ æ¨¨
([2], £«. 5; [3], £«. 4),  ¯¯à®ªá¨¬ æ¨®ë¥ á¢®©áâ¢  ª®â®àëå ®¡¥á¯¥ç¨¢ îâáï ®áâ ®¢®¬ ¨â¥à æ¨©
  ¯®¤å®¤ïé¥¬ è £¥, ¯à®æ¥áá (8) ¥ âà¥¡ã¥â á®¯à®¢®¦¤¥¨ï ¢ ¢¨¤¥ ªà¨â¥à¨ï ®áâ ®¢ . �å®¤¨-
¬®áâì ¯à®æ¥áá  (8) ®á¨â «®ª «ìë© å à ªâ¥à | âà¥âì¥ ãá«®¢¨¥ ¢ (11) ¨ ¯¥à¢®¥ ¥à ¢¥áâ¢® ¢
(18) ®¯à¥¤¥«ïîâ ¥®¡å®¤¨¬ãî áâ¥¯¥ì ¡«¨§®áâ¨  ç «ì®£® ¯à¨¡«¨¦¥¨ï ª à¥è¥¨î. � íâ®¬
®â®è¥¨¨ ® ¯®¤®¡¥ áå¥¬¥ (4) ¨ ¬¥â®¤ ¬ â¨¯  �ìîâ® {� â®à®¢¨ç  ¤«ï £« ¤ª¨å ãà ¢¥¨©
á à¥£ã«ïàë¬ ®¯¥à â®à®¬, ª®â®àë¥ â ª¦¥ ®¡« ¤ îâ «¨èì «®ª «ì®© áå®¤¨¬®áâìî. �à¥âì¥ ãá«®-
¢¨¥ ¢ (18) ¥áâì ¯® áãé¥áâ¢ã âà¥¡®¢ ¨¥ ¬ «®áâ¨ ¥£« ¤ª®© á®áâ ¢«ïîé¥© F2(x) ¯® áà ¢¥¨î
á £« ¤ª®© ª®¬¯®¥â®© F1(x). � á«ãç ¥ � = � = 0 ãá«®¢¨¥ ¬ «®áâ¨ ª®áâ âë �¨¯è¨æ  ¢ (18)
¨ ®æ¥ª  áª®à®áâ¨ áå®¤¨¬®áâ¨ (25)   «®£¨çë á®®â¢¥âáâ¢ãîé¨¬ ãâ¢¥à¦¤¥¨ï¬ ¤«ï ¯à®æ¥áá 
(4) ¢ ¯à¨¬¥¥¨¨ ª ãà ¢¥¨î (1) á à¥£ã«ïà®© £« ¤ª®© ç áâìî ([1], á. 150; [5]). � â® ¦¥ ¢à¥¬ï
à¥ «¨§ æ¨ï è £  ¯à®æ¥áá  (8) ¥ ¯à¥¤¯®« £ ¥â ®¡à é¥¨¥ ®¯¥à â®à  ¨ ¯à¥¤áâ ¢«ï¥âáï ¬¥¥¥
âàã¤®¥¬ª®©.

�á«®¢¨¥ A  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«ï¥âáï, ¥á«¨ ®¯¥à â®à F 01(x
�) ¨ê¥ªâ¨¢¥. � àï¤¥ ¯à ªâ¨-

ç¥áª¨ ¨â¥à¥áëå á«ãç ¥¢, ª ç¨á«ã ª®â®àëå ®â®áïâáï à §«¨çë¥ ¯®áâ ®¢ª¨ ®¡à âëå § ¤ ç
 ªãáâ¨ç¥áª®£® à áá¥ï¨ï, íâ®â ä ªâ ¬®¦¥â ¡ëâì ãáâ ®¢«¥ ¥¯®áà¥¤áâ¢¥® ([9], c. 129; [10]).
� à¨ æ¨ï ¯®¤¯à®áâà áâ¢ M ¤®áâ ¢«ï¥â ¤®¯®«¨â¥«ìë¥ ¢®§¬®¦®áâ¨ ¯® ®¡¥á¯¥ç¥¨î ¢ë¯®«-
¥¨ï ãá«®¢¨ï A.

�á«®¢¨ï â¥®à¥¬ë áãé¥áâ¢¥® ã¯à®é îâáï, ¥á«¨ ®¯¥à â®à F1(x) ï¢«ï¥âáï  ää¨ë¬, â. ¥.
F1(x) = Ax � b. � íâ®¬ á«ãç ¥ ¬®¦® ¯®«®¦¨âì N1 = kAk, N2 = 0, ¨ ¨§ ãá«®¢¨© â¥®à¥¬ë
¥âà¨¢¨ «ìë¬¨ ®áâ îâáï «¨èì (20) ¨ á®®â®è¥¨ï � � �=4, � � R=2, r < R=2, L � �=(12N1).
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