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1. �¢¥¤¥¨¥

� áâ âì¥   ¯à¨¬¥à¥ ¬ï£ª®© ®¡®«®çª¨, ã¤®¢«¥â¢®àïîé¥© ä¨§¨ç¥áª¨¬ á®®â®è¥¨ï¬ § ª® 
�ã¨, ¯à¥¤« £ ¥âáï ®¢ë©, ®á®¢ ë©   £¥®¬¥âà¨ç¥áª¨å ¨¤¥ïå �íè , ¯®¤å®¤ ª ¨áá«¥¤®¢ ¨î
¯®á«¥¤®¢ â¥«ì®áâ¨ ¤¥ä®à¬ æ¨©, ¬¨¨¬¨§¨àãîé¥© äãªæ¨® « ¯®«®© í¥à£¨¨ ®¡®«®çª¨.

�à âª® ®¯¨è¥¬ ¯®áâà®¥¨¥ äãªæ¨® «  ¯®«®© í¥à£¨¨ ¤«ï ®¤®à®¤®© ¨§®âà®¯®© ¬ï£ª®©
®¡®«®çª¨ ¢ à ¬ª å ¬®¤¥«¨, ¨§«®¦¥®© ¢ [1].

�¨§¨ç¥áª¨¥ á®®â®è¥¨ï ¤«ï ®¤®à®¤®© ¨§®âà®¯®© ¬ï£ª®© ®¡®«®çª¨ ¢ â¥à¬¨ å £« ¢ëå
ãá¨«¨© T1, T2 ¨ áâ¥¯¥¥© ã¤«¨¥¨© �1, �2 ¢áî¤ã ¨¬¥îâ ¢¨¤ (á¬. [1])

T1(�1; �2) = '0(�1; �2) + �1'1(�1; �2);

T2(�1; �2) = '0(�1; �2) + �2'1(�1; �2):
(1)

�¯¥æ¨ä¨ª  ¬ï£ª®© ®¡®«®çª¨ áª §ë¢ ¥âáï ¢ ®£à ¨ç¥¨ïå,  ª« ¤ë¢ ¥¬ëå   äãªæ¨¨
'0, '1:

1) äãªæ¨¨ '0, '1 § ¤ ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®à®© ®¡« áâ¨


 � f(�1 � 1&�2 > 0) [ (�1 > 0&�2 � 1)g;
2) äãªæ¨¨ '0 + �i'1, i = 1; 2; ¥®âà¨æ â¥«ìë;
3) ¥á«¨ �i > 1 ¯à¨ i = 1 ¨«¨ i = 2, â® á®®â¢¥âáâ¢ãîé¥¥ Ti > 0;
4) ¥á«¨ �1 � 1 ¨ �2 � 1, â® T1 = T2 = 0.

�¤¥«ì ï ¯®â¥æ¨ «ì ï í¥à£¨ï ¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨ í ¥áâì ¢¥«¨ç¨ , ¢ à¨ æ¨ï
ª®â®à®© à ¢  í«¥¬¥â à®© à ¡®â¥ ¢¥è¨å á¨«, ®â¥á¥ ï ª ¥¤¨¨æ¥ ¯«®é ¤¨ ®âáç¥â®©
ª®ä¨£ãà æ¨¨. �á«®¢¨¥¬ ¥¥ áãé¥áâ¢®¢ ¨ï ï¢«ï¥âáï (á¬. [1])  «¨ç¨¥ á«¥¤ãîé¥£® â®¦¤¥áâ¢ :

@

@�2
(�2'0 + �1�2'1) =

@

@�1
(�1'0 + �1�2'1): (2)

� «¨â¥à âãà¥, ¯®á¢ïé¥®© à áç¥â ¬ ¬ï£ª¨å ®¡®«®ç¥ª, ¢ë¡®à '0, '1 ¯à®¤¨ªâ®¢  ®á®¡¥®-
áâï¬¨ ¬ â¥à¨ « ,   § ç áâãî ¨ ¬¥â®¤®¢ à¥è¥¨ï, ¨ ¢¨¤ ¨å ¢¥áì¬  à §®®¡à §¥. � ¬®®£à ä¨ïå
[2], [3]  ¨¡®«¥¥ á«®¦ ï § ¢¨á¨¬®áâì ¯à¥¤áâ ¢«¥  § ª®®¬ �ã¨

T1 = (�41�
2
2 � 1)(1 + c�22)=�

3
1�

3
2;

T 2 = (�42�
2
1 � 1)(1 + c�21)=�

3
1�

3
2:

(3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©

(¯à®¥ªâ 95-01-00400).
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�¤¥áì '0 = �41�
4
2� 1� c(�21 + �22)� �31�

3
2� c�1�2, '1 = �21�

2
2(�1+ �2) + c(�1+ �2), ãá«®¢¨¥ (2) ¨¬¥¥â

¬¥áâ®, ¨

í(�) = �21 + �22 + c

�
1
�21

+
1
�22

�
+

1
�21�

2
2

+ c�21�
2
2:

�¡« áâì ®¯à¥¤¥«¥¨ï äãªæ¨¨ í(�) 
 = f(�1; �2) : �21�2 � 1; �22�1 � 1g:. �ë¯®«¥¨¥ ¢á¥å
ãá«®¢¨© 1){4)   
 ¯à®¢¥àï¥âáï ¯à®áâ®.

� ¤ ®© à ¡®â¥ à §¢¨¢ ¥âáï áå¥¬  ¨áá«¥¤®¢ ¨ï ¯à®¡«¥¬ë ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  ¯®«-
®© í¥à£¨¨ ¤«ï ¬ï£ª®© ®¡®«®çª¨ á § ªà¥¯«¥®© £à ¨æ¥© ¯à¨ ä¨§¨ç¥áª¨å á®®â®è¥¨ïå
(3). �«ï ¯à®áâ®âë ¨§«®¦¥¨ï ¡ã¤¥¬ áç¨â âì, çâ® ¯¥à¢® ç «ì ï (\à áªà®© ï") ä®à¬  ¬ï£-
ª®© ®¡®«®çª¨ ¥ ¯àï¦¥ ï, ¯«®áª ï ¨ ¤ ¦¥ ¯à¥¤áâ ¢«ï¥â ¯àï¬®ã£®«ì¨ª S0: 0 � x1 � a,
0 � x2 � b   ¯«®áª®áâ¨ ¯¥à¥¬¥ëå x1, x2, ª®â®àë¥ ¨ ¯à¨¬¥¬ §  « £à ¦¥¢ë ª®®à¤¨ âë ç -
áâ¨æ ®¡®«®çª¨. �® £à ¨æ¥ íâ®£® ¯àï¬®ã£®«ì¨ª  ®¡®«®çª  § ªà¥¯«¥ . �¥ä®à¬¨à®¢  ï ä®à-
¬  ®¡®«®çª¨ § ¤ ¥âáï ª ª ¯®¢¥àå®áâì R(x), R(x) { à ¤¨ãá-¢¥ªâ®à ç áâ¨æë x á ª®®à¤¨ â ¬¨
x = (x1; x2), R(x) = ('1(x); '2(x); '3(x)). �á«®¢¨¥¬ â®£®, çâ® ¢¥ªâ®à-äãªæ¨ï R(x) ®¯à¥¤¥«ï¥â
¯®¢¥àå®áâì, ¯à¨¬¥¬ ¥¢ëà®¦¤¥®áâì ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë g(R(x)), ¯®áâà®¥®© ¯®
R(x): gij = @iR � @jR. �â®á¨â¥«ì® ¢¥è¨å á¨«, ¤¥©áâ¢ãîé¨å   ®¡®«®çªã, ¯à¥¤¯®«®¦¨¬, çâ®
®¨ ®¡« ¤ îâ ¯®â¥æ¨ «®¬, ¨ ¯®« ï ¯®â¥æ¨ «ì ï í¥à£¨ï ¨å ¥¯à¥àë¢  ¢ ¬¥âà¨ª¥ C(S0).
�â® ãá«®¢¨¥ ¢ë¯®«ï¥âáï,  ¯à¨¬¥à, ¥á«¨ ¢¥è¨¥ á¨«ë § ¬®à®¦¥ë, â.¥. ¨å ¯®¢¥àå®áâ ï
¯«®â®áâì ¥ ¬¥ï¥âáï ¯à¨ ¤¥ä®à¬ æ¨¨ ®¡®«®çª¨. �®íâ®¬ã ¢ª« ¤ íâ¨å á¨« ¢ ¯®«ãî í¥à£¨î
¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨ § ¤ ¥âáï «¨¥©ë¬ äãªæ¨® «®¬ L(R(x)) =

R
S0

f(x) � R(x)dx ®â

®¯à¥¤¥«ïîé¥© ¤¥ä®à¬ æ¨î ¢¥ªâ®à-äãªæ¨¨ R(x) ([4], áá. 115, 386, 396). �®« ï í¥à£¨ï ®¡®-
«®çª¨ ¯à¥¤áâ ¢«ï¥âáï á«¥¤ãîé¨¬ äãªæ¨® «®¬:

I(R(x)) =
Z
S0

[�21(x) + �22(x) + c(��21 (x) + ��22 (x) + ��21 (x)��22 (x) + c�21(x)�
2
2(x)]dx+ L(R): (4)

�¤¥áì �1(x), �2(x) | £« ¢ë¥ § ç¥¨ï áâ¥¯¥¨ ã¤«¨¥¨ï, ¢ë§ë¢ ¥¬®© ¤¥ä®à¬ æ¨¥© R(x).
�¥à¢ë© ¨â¥£à « ¢ (4) ®¡®§ ç¨¬ ç¥à¥§ I1(R(x)). �á«®¢¨¬áï ®â®á¨â¥«ì® ¤ «ì¥©è¨å ®¡®§ -
ç¥¨©: § ª k � k ¡ã¤¥â ®§ ç âì ®à¬ã ¢ ¯®¤å®¤ïé¥¬ ¯à®áâà áâ¢¥, á¨¬¢®« ª®â®à®£® ¢ á«ãç ¥
¥®¡å®¤¨¬®áâ¨ ¡ã¤¥â § ¯¨áë¢ âìáï ª ª ¨¤¥ªá ¯à¨ k � k. �à¨ § ¯¨á¨ áª «ïà®£® ¨«¨ ¬ âà¨ç®-
£® ¯à®¨§¢¥¤¥¨© ã¯®âà¥¡«ï¥âáï â®çª . �¢  àï¤®¬ áâ®ïé¨å ¢¥ªâ®à  ¡ã¤ãâ ®§ ç âì ¤¨ ¤ã ¨«¨
â¥§®à®¥ ¯à®¨§¢¥¤¥¨¥.

�ãªæ¨® « (4) ¨áá«¥¤ã¥âáï ¢ ¯à®áâà áâ¢¥ ¢¥ªâ®à-äãªæ¨© R(x) 2 [W 1
4 (S0)]3 �W. �¥ªâ®à-

 ï äãªæ¨ï f(x) ¯à¨ ¤«¥¦¨â [L2(S0)]3 � L.

2. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë

�¥¬¬  1. �®¦¥áâ¢® V ¯®«®¦¨â¥«ìëå á¨¬¬¥âà¨çëå ¬ âà¨æ A ¢â®à®£® ¯®àï¤ª , á®¡-

áâ¢¥ë¥ ç¨á«  ª®â®àëå �1, �2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �2
1�2 � 1, �2

2�1 � 1, ¢ë¯ãª«®.

�®ª § â¥«ìáâ¢®. �ãáâì A1 ¨ A2 | ¬ âà¨æë ¨§ V ¨ A | ¨å ¢ë¯ãª« ï ª®¬¡¨ æ¨ï A =
�A1 + �A2, 0 � � � 1, � = 1 � �. � á¨«ã  è¥£® á®£« è¥¨ï �2 � �1, ¨ ¯®â®¬ã ¤®áâ â®ç®
¯à®¢¥à¨âì  «¨ç¨¥ ¥à ¢¥áâ¢ 

�2
2()�1(A) � 1: (5)

�á¯®«ì§ã¥¬ ¢ë¯ãª«®áâì �1(A) ¨ ¢®£ãâ®áâì �2(A)   ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ìëå ¬ âà¨æ
(¡®«¥¥ ®¡é¨© à¥§ã«ìâ â � ªá  á¬. ¢ [5], á. 485). �¬¥¥¬

�2(�A1 + �A2) � ��2(A1) + ��2(A2) � �

det(A1)
+

�

det(A2)
� 1
det�(A1)

1

det�(A2)
: (6)
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�¤¥áì ¯®á«¥¤®¢ â¥«ì® ¨á¯®«ì§®¢ «¨ à ¢¥áâ¢® �1(A)�2(A) = det(A), ¨áå®¤ë¥ ¥à ¢¥áâ¢  (5)
¤«ï A1, A2 ¨ ¨§¢¥áâ®¥ ç¨á«®¢®¥ ¥à ¢¥áâ¢® ��¥«ì¤¥à  �x+ �y � x�y�, x > 0, y > 0.

� «¥¥ ¢®á¯®«ì§ã¥¬áï ¢®£ãâ®áâìî äãªæ¨¨ ln(det(A)) ([5], á. 480)   ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ì-
® ¯®«ã®¯à¥¤¥«¥ëå ¬ âà¨æ

det(�A1 + �A2) � det �(A1) det
�(A2): (7)

�§ ¥à ¢¥áâ¢ (6) ¨ (7) á«¥¤ã¥â

�2(�A1 + �A2) � 1=det(�A1 + �A2):

�â® à ¢®á¨«ì® ¢ë¯®«¥¨î (5) ¤«ï �A1 + �A2.

�¡®§ ç¨¬ ç¥à¥§ V ¬®¦¥áâ¢® ¬ âà¨çëå äãªæ¨©, í«¥¬¥âë ª®â®àëå ¯à¨ ¤«¥¦ â L2(S0)
¨ § ç¥¨ï ª®â®àëå ¯®çâ¨ ¤«ï ¢á¥å x 2 S0 áãâì ¬ âà¨æë ¨§ V . � áá¬®âà¨¬, ª ª á¢ï§ë¢ ¥âáï
¬®¦¥áâ¢® V á äãªæ¨® «®¬ ¯®«®© í¥à£¨¨ (4).

�¥ä®à¬ æ¨î ®¡®«®çª¨ å à ªâ¥à¨§ã¥â â¥§®à®¥ ¯®«¥
�

rR(x) = e1R1(x) + e2R2(x). �¤¥áì e1,

e2 | ¥¤¨¨çë¥ ®àâë ®á¥© x1, x2, Ri(x) = @iR(x), i = 1; 2. �¥§®à
�

rR ®¤®§ ç® ®¯à¥¤¥«ï¥âáï
¬ âà¨æ¥© r' = k@i'jk; i = 1; 2, j = 1; 2; 3. �§¢¥áâ® (á¬.,  ¯à., [1]), çâ® äãªæ¨¨ �1(x) ¨ �2(x)
ï¢«ïîâáï ¯à¨ ä¨ªá¨à®¢ ®¬ x ¥ã«¥¢ë¬¨ á®¡áâ¢¥ë¬¨ ç¨á« ¬¨ â¥§®à  ¨áª ¦¥¨ï V (x) ¨§

®àâ®£® «ì®£® à §«®¦¥¨ï
�

rR(x) = O(x)�V (x). �áî¤ã ¢ áâ âì¥ á®¡áâ¢¥ë¥ ç¨á«  ã¬¥àãîâáï
¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï,   á¨¬¢®«ë i1, i2, i3 ¡ã¤ãâ ®¡®§ ç âì ¨¢ à¨ âë ¬ âà¨æë.

�à¨¢¥¤¥¨¥ â¥§®à  V (x)   ª á â¥«ìãî ª ¯®¢¥àå®áâ¨ R(x) ¢ â®çª¥ x ¯«®áª®áâì E2 ¡ã¤¥¬
®¡®§ ç âì ç¥à¥§ V2(x). � ¯à®áâà áâ¢¥ E2(x), ®¯à¥¤¥«ï¥¬®¬ ¢¥ªâ®à ¬¨ R1(x), R2(x), ¨¬¥¥â
¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

V 2
2 (x) = R1(x)R1(x) +R2(x)R2(x): (8)

�á«¨ à áá¬®âà¨¬ V 2
2 ª ª âà¥å¬¥àë© â¥§®à, áç¨â ï ¢ ¥£® ¯à¥¤áâ ¢«¥¨¨ R1(x), R2(x) âà¥å-

¬¥àë¬¨ ¢¥ªâ®à ¬¨ ¢ E3, â® ¥£® á«¥¤ ¥ ¨§¬¥¨âáï, ¯®áª®«ìªã âà¥âì¥ á®¡áâ¢¥®¥ ç¨á«® à ¢®
ã«î. �à¥å¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ V 2

2 (x) ¢ ¨áå®¤®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ e1, e2, e3 ¨¬¥¥â
¢¨¤

3X
i;j=1

(@1'i@1'j + @2'i@2'j)eiej =
3X

i;j=1

(
2

r'i �
�

r'j)eiej ;
2

r = (@1; @2):

�«¥¤®¢ â¥«ì®,

kV2k2 =
3X
i=1

k
2

r'ik2 =
2X
i=1

2X
j=1

(@j'i)2 =
2X

j=1

3X
i=1

(@j'i)2 = jR1j2 + jR2j2: (9)

�ãáâì g | ¬ âà¨æ  ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë ¯®¢¥àå®áâ¨ R(x), x 2 S0 : g = (gij), gij =
Ri �Rj , i = 1; 2,   R1(x), R2(x) | ª®âà ¢ à¨ âë© ¡ §¨á ¢ ¤¢ã¬¥à®¬ à¨¬ ®¢®¬ ¯à®áâà áâ¢¥,
®¯à¥¤¥«ï¥¬®¬ íâ®© ¬¥âà¨ª®©   ¯®¢¥àå®áâ¨. �§ ä®à¬ã«ë (8) ¯®«ãç ¥¬

V 2
2 (x) =

2X
i;j=1

gij(x)Ri(x)Rj(x): (10)

�®áª®«ìªã á®¡áâ¢¥ë¥ ç¨á«  â¥§®à  ®¯à¥¤¥«ïîâáï ¬ âà¨æ¥© ¥£® á¬¥è ëå ª®¬¯®¥â, ¨§
(10) á«¥¤ã¥â, çâ® á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë áãâì �21(x), �

2
2(x); �1,

�2 | £« ¢ë¥ § ç¥¨ï áâ¥¯¥¨ ã¤«¨¥¨ï ¯à¨ ¤¥ä®à¬ æ¨¨ R(x),   á ¬¨ í«¥¬¥âë ¬ âà¨æë
g(x) áãâì á¬¥è ë¥ ª®¬¯®¥âë â¥§®à  V 2

2 (x).
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�¤¥« ¥¬ ¢ë¢®¤ë. �¤¥«ìãî ¯®â¥æ¨ «ìãî í¥à£¨î í ¬ï£ª®© ®¡®«®çª¨ ¬®¦® áç¨â âì
äãªæ¨¥© ®â

p
g(x) ¨«¨ g(x) | ¬ âà¨æë ¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë ¯®¢¥àå®áâ¨ R(x). �à¨

íâ®¬ �21 = �1, �22 = �2, £¤¥ �1, �2 | á®¡áâ¢¥ë¥ ç¨á«  g(x). �§ (9), (10) á«¥¤ã¥â

�1 +�2 = jR1j2 + jR2j2 = kpgk2: (11)

�®®â¢¥âáâ¢¥®, ¬®¦¥áâ¢® V ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª ¬®¦¥áâ¢®, á®¤¥à¦ é¥¥ ¢ á¥¡¥
¬ âà¨çë¥ äãªæ¨¨ g(R(x)) = r'(x) � r'T (x), á®®â¢¥âáâ¢ãîé¨¥ ¢á¥¢®§¬®¦ë¬ ¤®¯ãáâ¨¬ë¬
¤¥ä®à¬ æ¨ï¬ R(x). �¥à¥§ VM ®¡®§ ç¨¬ ¢ë¯ãª«®¥ ¯®¤¬®¦¥áâ¢® ¬®¦¥áâ¢  V, á®áâ®ïé¥¥ ¨§
¬ âà¨çëå äãªæ¨©, çì¨ á®¡áâ¢¥ë¥ ç¨á«  ¯®çâ¨ ¢áî¤ã ¥ ¯à¥¢®áå®¤ïâ M .

�¥¬¬  2. �ãáâì c > 0, â®£¤  äãªæ¨ï ã¤¥«ì®© ¯®â¥æ¨ «ì®© í¥à£¨¨ ª ª äãªæ¨ï ®â

¯¥à¢®© ª¢ ¤à â¨ç®© ä®à¬ë í = í(g) ¬®®â®    ¬®¦¥áâ¢¥ V , â.¥. g1 > g2 g1; g2 2 V =)
í(g1) > í(g2). �«ï ª ¦¤®£® M áãé¥áâ¢ã¥â â ª ï ª®áâ â  cM , çâ® ¯à¨ c � cM äãªæ¨ï

I1(g) =
R
S0

í(g(x))dx ¢ë¯ãª«    ¬®¦¥áâ¢¥ VM ¨ ¯®«ã¥¯à¥àë¢  á¨§ã. �®á«¥¤¥¥ ãâ¢¥à¦¤¥-

¨¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¯à¨ «î¡®¬ c, ¥á«¨ M � 6
p
4.

�®ª § â¥«ìáâ¢®. �§¢¥áâ®, çâ® g1(x) > g2(x) ¢«¥ç¥â �1(g1(x)) > �1(g2(x)) ¨ �2(g1(x)) >
�2(g2(x)) ([5], á. 480). �«¥¤®¢ â¥«ì®, ¥®¡å®¤¨¬® ã¡¥¤¨âìáï «¨èì ¢ áâà®£®© ¬®®â®®áâ¨ äãª-
æ¨¨ í(�1;�2) = �1+�2+c(�

�1
1 +��12 )+��11 ��12 +c�1�2   ¬®¦¥áâ¢¥ f(�1;�2) : �1�2

2 � 1; �2�2
1 �

1g. �® ¯¥à¢ ï ¯à®¨§¢®¤ ï ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ @1í(�1;�2) = (1���21 ��12 ) + c�2(1���21 ��12 ).
� «®£¨ç® ¢ëç¨á«ï¥âáï ¯à®¨§¢®¤ ï @2í(�1;�2). � «¨§ ¯®«ãç¥ëå ¢ëà ¦¥¨© ¨ ¤®ª §ë¢ ¥â
¯¥à¢ãî ç áâì «¥¬¬ë. �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â �®¬¯-
á®  ¨ �à¨¤  ([4], á. 206): ¯ãáâì § ¤   á¨¬¬¥âà¨ç¥áª ï ¢ë¯ãª« ï äãªæ¨ï � : [0;+1)2 ! R,
ª®â®à ï ï¢«ï¥âáï äãªæ¨¥©, ¥ã¡ë¢ îé¥© ¯® ª ¦¤®¬ã  à£ã¬¥âã. �®£¤  äãªæ¨ï W : A 2
M 2 ! W (A) = �(�1(A); �2(A)) ¢ë¯ãª« . �¤¥áì M 2 | ¬®¦¥áâ¢® ª¢ ¤à âëå ¬ âà¨æ ¢â®à®£®
¯®àï¤ª ; �1, �2 | á¨£ã«ïàë¥ ç¨á«  ¬ âà¨æë.

�§ ¤®ª § â¥«ìáâ¢ , ¯à¨¢¥¤¥®£® ¢ ([4], c. 206{209), á«¥¤ã¥â, çâ® íâ®â à¥§ã«ìâ â ®áâ ¥âáï á¯à -
¢¥¤«¨¢ë¬, ¥á«¨ � à áá¬ âà¨¢ ¥âáï   § ¬ªãâ®¬ ¢ë¯ãª«®¬ ¯®¤¬®¦¥áâ¢¥. �à®¢¥à¨¬ ãá«®¢¨ï,
 ª« ¤ë¢ ¥¬ë¥   � ¤«ï  è¥© äãªæ¨¨ í(�) = �1(�) + c�2(�), £¤¥

�1(�) = �1 +�2 +��11 ��12 ; �2(�) = ��11 +��12 +�1�2:

� âà¨æë  
2��31 ��12 ��21 ��22

��21 ��22 2��32 ��11

!
;

 
2��31 1
1 2��32

!
¢â®àëå ¯à®¨§¢®¤ëå ¤«ï �1 ¨ �2 ï¢«ïîâáï, ª ª «¥£ª® ¢¨¤¥âì, ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë¬¨
  ¬®¦¥áâ¢¥ f�1;�2) : �1�2

2 � 1; �2�2
1 � 1; �3

1�
3
2 � 4g.

�â ª, ãá«®¢¨¥ ¢ë¯ãª«®áâ¨ äãªæ¨¨ í ¢ë¯®«ï¥âáï, ¥á«¨ M � 6
p
4.

� áá¬®âà¨¬ ¤àã£®¥ ¯à¥¤áâ ¢«¥¨¥ í = �1 +�2,

�1(�) = �1 +�2 + c(��11 +��12 ); �2(�) = ��11 ��12 + c�1�2:

�ë¯ãª«®áâì �1 ¯à®¢¥àï¥âáï ¯à®áâ®. �«ï �2 ¬ âà¨æ  ¢â®àëå ¯à®¨§¢®¤ëå ¨¬¥¥â ¢¨¤ 
2��31 ��12 c+��21 ��22

c+��21 ��22 2��32 ��11

!
:

�à¨ c �M�4 ®¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë ¥®âà¨æ â¥«¥. �«ï à áá¬ âà¨¢ ¥¬ëå á«ãç ¥¢ ãá«®-
¢¨ï â¥®à¥¬ë �®¬¯á® , �à¨¤  ¢ë¯®«¥ë, ¨ ¯®â®¬ã í ¢ë¯ãª«  ¯® g, ª®£¤  g ¬¥ï¥âáï   VM .
�« ¡ ï ¯®«ã¥¯à¥àë¢®áâì á¨§ã äãªæ¨® «  I1(g) á«¥¤ã¥â ¨§ ¤®ª § ®© ¢ë¯ãª«®áâ¨ í ¨
á¨«ì®© ¥¯à¥àë¢®áâ¨ I1(g) ¢ ¯à®áâà áâ¢¥ L \VM .
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�¥¬¬  3. �ãáâì g 2 VM , R(x) 2W, g(x) � g(R(x)) > 0 ¯.¢. �ãé¥áâ¢ã¥â ¢¥ªâ®à-äãªæ¨ïeR(x) á® á¢®©áâ¢ ¬¨
g( eR(x)) 2 V; kg(x) � g( eR(x))kL � "; kR(x)� eR(x)kC(S0) � ";

£¤¥ " |  ¯¥à¥¤ § ¤ ®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. � «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢®, ¥á«¨

¢¬¥áâ® V ¢§ïâì VM .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¢¥ªâ®à-äãªæ¨î R0(x) = x = (x1; x2; 0), x1; x2 2 S0. �ãªæ¨ï

¯¥à¥¬¥é¥¨© u(x) = R(x)�R0(x) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã [
�

W 1
4]
3. �ë¡¨à ¥¬ äãªæ¨î uH(x),

¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ãî, á ®á¨â¥«¥¬, «¥¦ é¨¬ áâà®£® ¢ãâà¨ S0, á â®ç®áâìî ¤® "
 ¯¯à®ªá¨¬¨àãîéãî u(x): ku�uHkW � "1. � ª ç¥áâ¢¥ RH(x) ¢ë¡¥à¥¬ R0(x)+uH(x) �ãé¥áâ¢ã¥â
â ª®¥ � > 0, çâ® RH(x) = x ¢ ¯à¨£à ¨ç®© ¯®«®á¥ S� è¨à¨ë �. �ë¡®à "1, � ®¯à¥¤¥«¨âáï ¢
¤ «ì¥©è¨å à ááã¦¤¥¨ïå.

�ã¤¥¬ áâà®¨âì ¬ âà¨çãî äãªæ¨î gH(X) ¯® è £ ¬, áâà¥¬ïáì ¯®¤ç¨¨âì ¯®«ãç ¥¬ë¥  
ª ¦¤®¬ è £¥ ¬ âà¨æë eg(x) á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

eg(x) 2 V; (12.1)

kg � egkL � "2; (12.2)eg(x) � g(RH(x)): (12.3)

�  ¯¥à¢®¬ è £¥ ¢¢®¤¨¬ ¬ âà¨æã g1(x) = g(RH)+(g�g(R)). �á«®¢¨î (12.3) g1(x) ã¤®¢«¥â¢®àï¥â.
�ë¯®«ï¥âáï â ª¦¥ (12.2) ¯®¤å®¤ïé¨¬ ¢ë¡®à®¬ "1, çâ® á«¥¤ã¥â ¨§ ®ç¥¢¨¤ëå ®æ¥®ª (ª®¬¯®-
¥âë ¢¥ªâ®à-äãªæ¨¨ R(x) ®¡®§ ç¥ë ç¥à¥§ 'i(x), i = 1; 2; 3)Z

S0

jgpq(R)� gpq(RH)j2dx �
Z
S0

3X
i=1

j@p'i@q'i � @p'Hi@q'i + @p'Hi@q'i � @p'Hi@q'Hij2dx �

� 4
Z
S0

3X
i=1

(@q'i)4dx
Z
S0

3X
i=1

(@p'i � @p'Hi)4dx+

+ 4
Z
S0

3X
i=1

(@p'Hi)
4dx

Z
S0

3X
i=1

(@q'i � @q'Hi)
4dx; p; q = 1; 2:

�  ¢â®à®¬ è £¥ ¯¥à¥å®¤¨¬ ª ¢ë¯®«¥¨î ãá«®¢¨ï (12.1). �à ¢¨¬ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æ
g1(x) ¨ g(x). �¬¥¥¬ Z

S0

j�i(g(x)) � �i(g1(x))j2dx � "3:

�à¨ íâ®¬ "3 ! 0, ª®£¤  "2 ! 0. � áá¬®âà¨¬ ®àâ®£® «ì®¥ ¯à¨¢¥¤¥¨¥ ¬ âà¨ç®© äãªæ¨¨ g1(x)
ª ¤¨ £® «ì®¬ã ¢¨¤ã g1(x) = O(x) � d(x) �OT (x). � íâ®¬ ¯à¥¤áâ ¢«¥¨¨ § ¬¥¨¬ ¤¨ £® «ìë¥
í«¥¬¥âë d(x) (á®¡áâ¢¥ë¥ ç¨á«  g1(x)) ®¢ë¬¨ ¯® ä®à¬ã«¥

�01(x) = max(�1(g(x));�1(g1(x))); �02(x) = max(�2(g(x));�2(g1(x))):

�¥£ª® ¯à®¢¥àï¥âáï, çâ® �01(x) � �02(x), �
0

1(x)�
02
2(x) � 1 ¯.¢.

�®áª®«ìªã Z
S0

j�i(g(x)) � �i(g01(x))j2dx �
Z
S0

j�i(g(x)) � �i(g1(x))j2dx;

â® ¯® á¯¥ªâà «ì®© ®à¬¥,   á«¥¤®¢ â¥«ì®, ¨ ¯® ¥¢ª«¨¤®¢®© ®à¬¥ g01(x) ¯à¨ "2 ! 0 ®â«¨ç ¥â-
áï ®â g(x) ¯à®¨§¢®«ì® ¬ «® ¢ áà¥¤¥¬. �¤¥áì g01(x) ®¡®§ ç ¥â ¬ âà¨æã, ¯®«ãç¥ãî ¨§ g1(x)
ãª § ®© § ¬¥®© d(x), ®  ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ (12). � ª ¢¨¤® ¨§ ¯®áâà®¥¨ï g01(x),
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¨§¬¥ïï § ç¥¨ï g01(x)   ¬®¦¥áâ¢¥ áª®«ì ã£®¤® ¬ «®© ¬¥àë, ¯®«ãç ¥¬ ¬ âà¨çãî äãª-
æ¨î g2(x), ã¤®¢«¥â¢®àïîéãî âà¥¡®¢ ¨ï¬ (12), ¨§ ª« áá  [L1(S0)]3, â.¥. j(g2)ij(x)j � M1 ¤«ï
¢á¥å x 2 S0, £¤¥ M1 | ¯®«®¦¨â¥«ì ï ª®áâ â .

�¥« ¥¬ âà¥â¨© è £. �ë¡¥à¥¬ â ª®¥ ®âªàëâ®¥ ¬®¦¥áâ¢® S�1 áª®«ì ã£®¤® ¬ «®© ¬¥àë �1,
çâ® ¢¥ ¥£® (  § ¬ªãâ®¬ ¬®¦¥áâ¢¥ S0 n S�1) g2(x) ¥¯à¥àë¢ . �¥à¥å®¤¨¬ ª ¥¯à¥àë¢®¬ã
¯à®¤®«¦¥¨î g2   ¢á�¥ S0 á á®¡«î¤¥¨¥¬ ãá«®¢¨© (12).

�ãáâì b(x) =
p
g(RH(x)). �¬¥¥¬ ¥à ¢¥áâ¢® a(x) = b�1(x)g2(x)b�1(x) � I, £¤¥ I | ¥¤¨¨ç ï

¬ âà¨æ ,   äãªæ¨ï a(x) ¥¯à¥àë¢    S0 n S�1 , ¨ jaij(x)j � M2 ¤«ï ¢á¥å x á ¨§¢¥áâ®©  ¬
ª®áâ â®© M2. �«ï â®£® çâ®¡ë ¥¯à¥àë¢®¥ ¯à®¤®«¦¥¨¥ a(x) ¯®-¯à¥¦¥¬ã ã¤®¢«¥â¢®àï«®
íâ®¬ã ¥à ¢¥áâ¢ã, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç® ¢ë¯®«¥¨¥ ãá«®¢¨©

a11(x) � 1; a22(x) � 1; (a11(x)� 1)(a22(x)� 1)� a212(x) � 0:

�®«ì§ãïáì â¥®à¥¬®© �àëá® -�¨âæ¥, á ç «  ¥¯à¥àë¢® ¯à®¤®«¦¨¬ a1(x) ¨ a2(x) á á®åà ¥-
¨¥¬ ¥à ¢¥áâ¢ M2 � aii(x) � 1, i = 1; 2, x 2 S0, a § â¥¬ ¯à®¤®«¦¨¬ ¥¯à¥àë¢®   ¢á�¥ S0

äãªæ¨î a12(x) ¢ à ¬ª å ®æ¥ª¨

�
q
(a11(x)� 1)(a22(x)� 1) � a12(x) �

q
(a11(x)� 1)(a22(x)� 1):

�â ª, ¥¯à¥àë¢ ï ¬ âà¨ç ï äãªæ¨ï a0(x), á®¢¯ ¤ îé ï á a(x)   S0 n S�1 ¨ ã¤®¢«¥â¢®-
àïîé ï ¢áî¤ã ®æ¥ª¥ a0(x) � I, ¯®«ãç¥ . �«ï ¬ âà¨ç®© äãªæ¨¨ g02(x) = b(x)a0(x)b(x) ¨¬¥¥¬
¥¯à¥àë¢®áâì   ¢á¥¬ S0, ¨ g02(x)   ¢á¥¬ S0 ¬ ¦®à¨àã¥â g(R(x)).

� ª ¢¨¤® ¨§ ¯à¨¢¥¤¥ëå à ááã¦¤¥¨©, ¥é¥ ¤® ¢ë¡®à  S�1 ¬®¦¥¬ ®æ¥¨âì á¢¥àåã í«¥¬¥âë
g02(x). �¢¥¤¥¬ áª «ïàãî äãªæ¨î �(x) ¯à¨ ¯®¬®é¨ ãá«®¢¨ï

�(x) = inf
t
ft : t � 1; �1[tg02]�

2
2[tg

0

2] > 1g:
�¥£ª® ¯à®¢¥à¨âì, çâ® �(x) | ¥¯à¥àë¢ ï   S�1 äãªæ¨ï á ¨§¢¥áâ®© ¢¥àå¥© ®æ¥ª®©
(¯®á«¥¤ïï ¯®«ãç ¥âáï ¯® § ç¥¨ï¬ �1, �2 ¬ âà¨æë g(RH(x)), ¯®áª®«ìªã �1�2

2(g
0

2(x)) �
�1�2

2(g(RH(x))) ). �  S0 n S�1 �(x) = 1. �ãªæ¨ï �(x)g02(x), ¡ã¤ãç¨ ¥¯à¥àë¢®©, ã¤®¢«¥â¢®àï¥â
¢á¥¬ ãá«®¢¨ï¬ (12) ¯à¨ ¤®áâ â®ç® ¬ «®¬ �1. �®¡ ¢«ï¥¬ ª �(x)g02(x) á« £ ¥¬®¥ ¢¨¤  ��(x)I, £¤¥
�(x) | à ááâ®ï¨¥ ®â â®çª¨ x ¤® £à ¨æë S0 ¢ ¯à¨£à ¨ç®© ¯®«®á¥ S� ¨ à ¢® � ¢ S0 n S�, �
| ¯®«®¦¨â¥«ì®¥ ç¨á«®. �à¨¬¥ïï ¯®¤å®¤ïéãî  ¯¯à®ªá¨¬ æ¨î, ¯®«ãç ¥¬ ¬ âà¨æã g3(x), ¤«ï
ª®â®à®© ¢ë¯®«ïîâáï ãá«®¢¨ï (12), g3(x) 2 C1(S0), g3(x) > g(RH(x)) ¤«ï ¢á¥å x 2 S0.

�¥¯¥àì, ¯®¢â®àïï ¤®á«®¢® â¥å¨ç¥áª¨¥ ¢ëª« ¤ª¨ ¨§ [6], áâà®¨¬ ®¢ãî ¢¥ªâ®à-äãªæ¨îeR(x) â ª, çâ® g( eR(x)) = g3(x)   S0 n S�,   g3(x) � g( eR) � I   S�, ¯à¨ íâ®¬ eR(x) ®áâ ¥âáï
¢ § ¤ ®© "4-®ªà¥áâ®áâ¨ RH(x) ¯à®áâà áâ¢  C(S0). �¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¯®áâà®¥¨ï eR(x):
max ds=ds002 � 4=3 (®¡®§ ç¥¨ï áâ âì¨ [6]) | ¢ë¯®«ï¥âáï §  áç¥â ¢ë¡®à  �. �¤¨áâ¢¥®¥
¨§¬¥¥¨¥ ¢ ¤®ª § â¥«ìáâ¢¥ [6] | ª ¦¤ãî n-ãî áâ ¤¨î ¯à®¢®¤¨¬ ¢ ®¡« áâ¨ S0 n S�n , £¤¥ S�n
| ¯à¨£à ¨ç ï ¯®«®á  è¨à¨ë �n, �n " �. �â¨¬ ®¡¥á¯¥ç¨¢ ¥âáï â®, çâ® eR(x) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ § ªà¥¯«¥¨ï ¨ ¥¯à¥àë¢  ¢ S0. �ãªæ¨ï eR(x) ¯®«ãç ¥âáï ¨áª®¬®© ¯à¨ ¯®¤å®¤ïé¥¬
¢ë¡®à¥ "4, �. �¥¬¬  ¤®ª §   ¤«ï ¬®¦¥áâ¢  V; ¤«ï á«ãç ï VM ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï
  «®£¨ç®.

3. �á®¢®© à¥§ã«ìâ â

� áá¬®âà¨¬ äãªæ¨® « ¯®«®© í¥à£¨¨ I(R(x)   á«¥¤ãîé¥¬ ¬®¦¥áâ¢¥ RM ¢¥ªâ®à-
äãªæ¨© R(x):

R(x) 2 [W 1
4 (S0)]3; R(x) = R0(x) = x ¤«ï x 2 @S0; g(R(x)) 2 VM :

�«ï ¯à®¨§¢®«ì®© á¨¬¬¥âà¨ç®© ¬ âà¨ç®© äãªæ¨¨ g(x) ¢¢¥¤¥¬ ¬®¦¥áâ¢  S2(g) = fx : x 2
S0; �1�2

2(g(x)) > 1g, S1(g) = fx : x 2 S0; �1�2
2(g(x)) = 1; �1(g(x)) > �2(g(x))g. �®¦® ãá«®¢®
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 §¢ âì S2 §®®© ¤¢ãå®á®£® á®áâ®ï¨ï, S1 | §®®© ®¤®®á®£® á®áâ®ï¨ï, á®®â¢¥âáâ¢ãîé¥£®
¬ âà¨ç®© äãªæ¨¨ g(x).

�¥®à¥¬ . �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¤®¯ãáâ¨¬ëå (â.¥. ¯à¨ ¤«¥¦ é¨å RM ) ¢¥ªâ®à-

äãªæ¨© R1(x); R2(x); : : : ; Rk(x) : : : ¬¨¨¬¨§¨àã¥â äãªæ¨® « (4) ¯®«®© í¥à£¨¨ ¬ï£ª®© ®¡®-

«®çª¨ (¢ (4) c | ¤®áâ â®ç® ¬ « ï ¯®«®¦¨â¥«ì ï ª®áâ â , ¨«¨ c | ¯à®¨§¢®«ì ï, ®

¤®áâ â®ç® ¬ «ë ¤®¯ãáª ¥¬ë¥ ¤¥ä®à¬ æ¨¨ M � 6
p
4 ). �ãáâì â ª¦¥ g1(x); g2(x); : : : | á®®â-

¢¥âáâ¢ãîé ï ¯®á«¥¤®¢ â¥«ì®áâì ¬ âà¨çëå äãªæ¨©: gk(x) = g(Rk(x)), k = 1; 2; : : : ; x 2 S0.

�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï. � áá¬ âà¨¢ ¥¬ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¬®¦® ¢ë-

¡à âì áå®¤ïé¨¬¨áï:

Rk(x)* Rm ¢ W2; gk(x)! gm ¢ L2;

£¤¥ W2 = [W 1
2 (S0)]3, L2 = [L2(S0)]3. �à¨ íâ®¬ gm(x) 2 VM .

� «¥¥, S2(gm) = S2(g(Rm)), ¨ ¯®çâ¨ ¢áî¤ã   S2(gm) �k(gm(x)) = �k(g(Rm(x))), k = 1; 2.
�®çâ¨ ¢áî¤ã   S1(gm) �1(gm(x)) = �1(g(Rm(x))).

�®ª § â¥«ìáâ¢®. �¥£ª® ¤®ª § âì á« ¡ãî ª®¬¯ ªâ®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ Rk(x) =
('k1(x); '

k
2(x); '

k
3(x)) ¢ ¯®¤å®¤ïé¥¬ ¯à®áâà áâ¢¥. �¥©áâ¢¨â¥«ì®, ¯à¨ ¯à¥¤¢ à¨â¥«ì®¬ ®¡áã¦¤¥-

¨¨ ¨¢ à¨ â®¢ â¥§®à 
�

rR ãáâ ®¢¨«¨, çâ®

�k
1(x) + �k

2(x) =
3X
i=1

2X
j=1

(@i'kj )
2;

�®íâ®¬ãZ
S0

3X
i=1

2X
j=1

(@i'kj )
2dx =

Z
S0

�
�k
1(x) + �k

2(x) + c

�
1

�k
1(x)

+
1

�k
2(x)

�
+

+
1

�k
1(x)�k

2(x)
+ c�k

1(x)�
k
2(x)

�
dx �

Z
S0

(í(g(Rk(x)))dx + kLk kRk(x)kL3

2
(S0):

�â¥£à «
h R
S0

P3
i=1

P2
j=1(@i'

k
j )

2dx
i1=2

¯à¥¤áâ ¢«ï¥â ¯®«ã®à¬ã jR(x)jW2
¢ á®¡®«¥¢áª®¬ ¯à®áâà -

áâ¢¥ W2. �á¯®«ì§ãï ¯®á«¥¤¥¥ ¥à ¢¥áâ¢®, ¯®«ãç¨¬

jRk �R0j2W2
� 2jRkj2

W2
+ 2jR0j2W2

� 2I1(Rk) + 2kLk kRk(x)kL2 + 2jR0j2W2
:

�®áª®«ìªã ¯®«ã®à¬  jR(x)jW2
¢ ¯à®áâà áâ¢¥

�

W2 íª¢¨¢ «¥â  ®à¬¥ kR(x)kW2
, ¨¬¥¥¬ á«¥-

¤ãîé¥¥ ª¢ ¤à â¨ç®¥ ¥à ¢¥áâ¢®

kRk �R0k2W2
� c1kRk �R0kW2

+ c2

¤«ï ¥ª®â®àëå ¯®«®¦¨â¥«ìëå, ¥ § ¢¨áïé¨å ®â k, ª®áâ â c1, c2. �«¥¤®¢ â¥«ì®, ¬¨¨¬¨-
§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì ®£à ¨ç¥ ,   ¢ á¨«ã à¥ä«¥ªá¨¢®áâ¨ ¯à®áâà áâ¢  W2 á« ¡®
®â®á¨â¥«ì® ª®¬¯ ªâ . �®à¬ë á®®â¢¥âáâ¢ãîé¨å ¬ âà¨çëå äãªæ¨© gk(x) ¢ ¯à®áâà áâ¢¥
L2 ®¯à¥¤¥«ïîâáï à ¢¥áâ¢®¬

kg(x)k2
L2

=
Z
S0

tr g2(x)dx =
Z
S0

(�41(x) + �41(x))dx =
Z
S0

(�2
1(x) + �2

1(x))dx;

¨ ¯®â®¬ã à ¢®¬¥à® ®£à ¨ç¥ë,   á ¬  ¯®á«¥¤®¢ â¥«ì®áâì fgk(x)g, k = 1; 2; : : : ; á« ¡® ®â®-
á¨â¥«ì® ª®¬¯ ªâ  ¢ L2. �¥ â¥àïï ®¡é®áâ¨ ¯à¨¬¥¬, çâ®

Rk(x)* Rm ¢ W2;
0 gk(x)* gm ¢ L2: (13)
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�§ «¥¬¬ë 1 á«¥¤ã¥â gm(x) 2 VM . �ãáâì a(x), b(x) | ä¨ªá¨à®¢ ë¥ ¢¥ªâ®à-äãªæ¨¨ ¨§ ¯à®-
áâà áâ¢  [L1(S0)]2. � á¨«ã ®¯à¥¤¥«¥¨ï á« ¡®© áå®¤¨¬®áâ¨Z

S0

a(x)gk(x)b(x)dx ���!
k!1

Z
S0

a(x)gm(x)b(x)dx:

�®« £ ï a(x) = b(x) ¨ ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ à ¢¥áâ¢® gk(x) = r'k(x) � rT'k(x), ¯®á«¥¤¥¥
á®®â®è¥¨¥ ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥Z

S0

ka(x)r'k(x)k2dx ���!
k!1

Z
S0

a(x)gm(x)a(x)dx: (14)

� ¤àã£®© áâ®à®ë, ¯®á«¥¤®¢ â¥«ì®áâì fa(x)r'k(x)g á« ¡® áå®¤¨âáï ª äãªæ¨¨ a(x)r'm(x)
(á¬. (13)). � á¨«ã ¢ë¯ãª«®áâ¨ ®à¬ë ®âáî¤  ¯®«ãç ¥¬

lim
k!1

Z
S0

ka(x)r'k(x)k2dx �
Z
S0

ka(x)r'm(x)k2dx: (15)

�à ¢¥¨¥ ¥à ¢¥áâ¢ (14) ¨ (15) ¯à¨¢®¤¨â ª á«¥¤ãîé¥¬ã § ª«îç¥¨î: ¤«ï «î¡®© äãªæ¨¨
a(x) 2 [L1(S0)]2 ¨¬¥¥â ¬¥áâ®Z

S0

a(x)gm(x)a(x)dx �
Z
S0

a(x)r'm(x)rT'm(x)a(x)dx: (16)

�â ¤ àâë¬¨ à ááã¦¤¥¨ï¬¨ ¨§ (16) § ª«îç ¥¬, çâ® ¯®çâ¨ ¢áî¤ã   S0

gm(x) � r'm(x)rT'm(x) = g(Rm(x)): (17)

�¥à ¢¥áâ¢® (17) | ª«îç¥¢®¥ ¤«ï ¤ «ì¥©è¨å à ááã¦¤¥¨©. �® à ¢®á¨«ì® ¯®«®¦¨â¥«ì®©
¯®«ã®¯à¥¤¥«¥®áâ¨ á¨¬¬¥âà¨ç®© ¬ âà¨æë h(x) = gm(x)� g(Rm(x)).

�§ á« ¡®© ¯®«ã¥¯à¥àë¢®áâ¨ á¨§ã äãªæ¨® «  I1(g) ¨¬¥¥¬ lim
k!1

I1(gk) � I1(gm). �à¥¤-

¯®«®¦¨¬, çâ® lim
k!1

I1(gk) � I1(gm) =  > 0. �§ «¥¬¬ë 3 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¤®¯ãáâ¨-

¬ ï ¢¥ªâ®à-äãªæ¨ï eR(x),  å®¤ïé ïáï ¢ "-C-®ªà¥áâ®áâ¨ äãªæ¨¨ Rm(x), ¨ ¤«ï ª®â®à®©
jI1(gm)� I1(g( eR))j � ". �âáî¤  ¯à¨ ¤®áâ â®ç® ¬ «®¬ " ¢ëâ¥ª ¥â ¥à ¢¥áâ¢® I1(g( eR)) +L( eR) <
lim
k!1

I1(gk)+L(Rm). �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fRk(x)g ¬¨¨¬¨§¨àã¥âäãª-
æ¨® « I(R). �«¥¤®¢ â¥«ì®,  = 0. �  ®á®¢ ¨¨ íâ®£® ä ªâ  ¨ à¥§ã«ìâ â®¢ à ¡®âë [7] ¯®á«¥-
¤®¢ â¥«ì®áâì fgk(x)g á¨«ì® áå®¤¨âáï ¢ [L2(S0)]3 ª gm(x).

� áá¬®âà¨¬ ¤ «¥¥ ¬ âà¨çãî äãªæ¨î eg(x), ®¯à¥¤¥«ï¥¬ãî à ¢¥áâ¢®¬ eg(x) = (1�t(x))gm(x)+
t(x)g(Rm(x)), £¤¥ t(x) = supft : t 2 [0; 1]; �1�2

1(eg(x)) � 1g. �â®á¨â¥«ì® eg(x) ¨¬¥¥¬ eg(x) 2 VM

¨ gm � eg � g(Rm). �«ãç © gm(x) > eg(x)   ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ì®© ¬¥àë ¯à¨¢®¤¨â ª ¯à®â¨-
¢®à¥ç¨î à ááã¦¤¥¨ï¬¨,   «®£¨çë¬¨ ¢ëè¥¨§«®¦¥ë¬. �®íâ®¬ã gm(x) = eg(x) ¯.¢.

�á«¨   ¬®¦¥áâ¢¥ ¯®«®¦¨â¥«ì®© ¬¥àë �1�2
2(gm(x)) = 1,   �1(gm(x)) > �1(g(Rm(x))), â®,

ã¬¥ìè ï ¯®¤å®¤ïé¨¬ ®¡à §®¬ § ç¥¨ï �1(gm(x)) ¨ ã¢¥«¨ç¨¢ ï § ç¥¨ï �2(gm(x)), ¬®¦®
¯®áâà®¨âì ¬ âà¨çãî äãªæ¨î g(x) á® á¢®©áâ¢ ¬¨ g(x) 2 VM , I1(g) < I1(gm), g(x) � g(Rm(x))
¯.¢. | íâ® ®¯ïâì ¢¥¤¥â ª ¯à®â¨¢®à¥ç¨î.

�§ ¯®á«¥¤¨å à ááã¦¤¥¨© á«¥¤ã¥â, çâ®   ¬®¦¥áâ¢¥ S2 = fx : x 2 S0; �1�2
2(gm(x)) > 1g

¯®çâ¨ ¢áî¤ã �1(gm(x)) = �1(g(Rm(x))), �2(gm(x)) = �2(g(Rm(x))). �  ¬®¦¥áâ¢¥ S1 = fx : x 2
S0; �1�2

2(gm(x)) = 1; �1(gm(x) 6= �2(gm(x))g ¯®çâ¨ ¢áî¤ã ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® �1(gm(x)) =
�1(g(Rm(x))).

�«¥¤áâ¢¨¥. �á«¨ gm(x) ï¢«ï¥âáï  ää¨®-¢ãâà¥¥© â®çª®© ¬®¦¥áâ¢  V, â®   ¬®¦¥-
áâ¢¥ RM ¤®áâ¨£ ¥âáï ¬¨¨¬ã¬ äãªæ¨® «  ¯®«®© í¥à£¨¨ ¬ï£ª®© ®¡®«®çª¨.
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