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�¢¥¤¥¨¥

�¤¥áì ¨§ãç îâáï ãá«®¢¨ï ã¯à ¢«ï¥¬®áâ¨ ¢ ã«ì á¨áâ¥¬ë

_x = f0(x) + uf1(x); (x; u) 2 R
n � [�1; 1] (1)

¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ (â. ¥. ¢ á«ãç ¥, ª®£¤  á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨¦¥¨ï ¥ ï¢«ï¥âáï ¢¯®«¥
ã¯à ¢«ï¥¬®©). � à ¡®â¥ ¢¢¥¤¥® ¯®ïâ¨¥ ãáâ®©ç¨¢®© «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¨ ¯®ª § ®, çâ®
¥á«¨ á¨áâ¥¬  «¨¥©®£® ¯à¨¡«¨¦¥¨ï ¢¯®«¥ ã¯à ¢«ï¥¬ , â® á¨áâ¥¬  (1) ãáâ®©ç¨¢® ã¯à ¢«ï¥-
¬ ; ¥á«¨ ¦¥ á¢®©áâ¢® ¢¯®«¥ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë «¨¥©®£® ¯à¨¡«¨¦¥¨ï ®âáãâáâ¢ã¥â, â®
à¥ «¨§ã¥âáï ®¤¨ ¨§ âà¥å á«ãç ¥¢: 1) á¨áâ¥¬  (1) ãáâ®©ç¨¢® «®ª «ì® ã¯à ¢«ï¥¬ ; 2) á¨áâ¥¬  (1)
ã¯à ¢«ï¥¬ ; 3) á¨áâ¥¬  (1) ¥ã¯à ¢«ï¥¬ . �ë¤¥«¥ ª« áá á¨áâ¥¬ ¢¨¤  (1), ¤«ï ª®â®àëå ¨¬¥¥â
¬¥áâ® ãáâ®©ç¨¢ ï «®ª «ì ï ã¯à ¢«ï¥¬®áâì. �®ª § ®, çâ® N -ã¯à ¢«ï¥¬®áâì [1] á¨áâ¥¬ë

_x = f(x; u); x 2 R
n ; u 2 U � R

m (2)

¢«¥ç¥â ãáâ®©ç¨¢ãî ã¯à ¢«ï¥¬®áâì. � ª¨¬ ®¡à §®¬, á¢®©áâ¢® N -ã¯à ¢«ï¥¬®áâ¨ ï¢«ï¥âáï  ¨¡®-
«¥¥ á¨«ìë¬ ¨§ ¨§¢¥áâëå ª  áâ®ïé¥¬ã ¢à¥¬¥¨ á¢®©áâ¢ ã¯à ¢«ï¥¬®áâ¨,   ãáâ®©ç¨¢ ï ã¯à -
¢«ï¥¬®áâì § ¨¬ ¥â ¯à®¬¥¦ãâ®ç®¥ ¯®«®¦¥¨¥ ¬¥¦¤ã N -ã¯à ¢«ï¥¬®áâìî ¨ «®ª «ì®© ã¯à -
¢«ï¥¬®áâìî.

� ¤ ç ¬ ¨áá«¥¤®¢ ¨ï ãá«®¢¨© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ ¢¨¤  (2) ¯®á¢ïé¥ àï¤ à ¡®â [1]{[10],
¯à¨ç¥¬ ¢ [2], [7], [10] ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ã¯à ¢«ï¥¬®áâ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥. �®«-
ë© ®â¢¥â   ¢®¯à®á ®¡ ãáâ®©ç¨¢®© ã¯à ¢«ï¥¬®áâ¨ ¯®«ãç¥ «¨èì ¤«ï á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª .
�«ï ¯à®¨§¢®«ì®£® n > 2 ¯®«ë© ®â¢¥â ® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ®áâ ¥âáï ®âªàëâë¬. �
¥ª®â®àëå à ¡®â å ¯à®¢¥àª  ã¯à ¢«ï¥¬®áâ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥ ¯à¥¤¯®« £ ¥â  «¨ç¨¥ ¥ª®-
â®àëå ®¡ê¥ªâ®¢, áãé¥áâ¢®¢ ¨¥ ¨ ¯®áâà®¥¨¥ ª®â®àëå ¢¥áì¬  ¯à®¡«¥¬ â¨ç® [10]. �¤¥áì ¢®§¨-
ª ¥â á¨âã æ¨ï,   «®£¨ç ï ¯®áâà®¥¨î äãªæ¨© �ï¯ã®¢  ¢® ¢â®à®¬ ¬¥â®¤¥ �ï¯ã®¢ , çâ®
¥ ã¬ «ï¥â ¤®áâ®¨áâ¢ â ª¨å ãâ¢¥à¦¤¥¨©.

1. �¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï

� à ¡®â¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: Rn | ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® à §¬¥à®áâ¨
n á ®à¬®© jxj = p

x�x (� | ®¯¥à æ¨ï âà á¯®¨à®¢ ¨ï); R := R
1 ; R+ := [0;1); On

" (x0)
:= fx 2

R
n : jx�x0j < "g; On

"

:= On
" (0); intG| ¢ãâà¥®áâì, G| § ¬ëª ¨¥, @G | £à ¨æ  ¬®¦¥áâ¢ 

G � R
n ; Cn(Rk ;Rp) | ¯à®áâà áâ¢® n à § ¥¯à¥àë¢®-¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© ¨§ Rk ¢ Rp .

� áá¬®âà¨¬ á¨áâ¥¬ã (2) ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® U | ¥¯ãáâ®© ¢ë¯ãª«ë© ª®¬¯ ªâ ¢ Rn , 0 2
intU , f 2 C1(Rn � R

m ;Rn ), f(0; 0) = 0 ¨ ¬ âà¨æ 
�
@f(x;u)

@u

�
(0;0)

¥ã«¥¢ ï.

�á¥¢®§¬®¦ë¥ ¨§¬¥à¨¬ë¥ ¢¥ªâ®à-äãªæ¨¨ u : R �! U ¡ã¤¥¬  §ë¢ âì ¤®¯ãáâ¨¬ë¬¨ ã¯à -

¢«¥¨ï¬¨.

� ¡®â  ¯®¤¤¥à¦   �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (£à â 97{01{00413) ¨ ª®-
ªãàáë¬ æ¥âà®¬ �¤¬ãàâáª®£® £®áã¨¢¥àá¨â¥â  (£à â 97{04).
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�®çª  x0  §ë¢ ¥âáï � -ã¯à ¢«ï¥¬®©, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u :
[0; � ] �! U , çâ® à §à¥è¨¬  ªà ¥¢ ï § ¤ ç  _x = f(x; u(t)), x(0) = x0, x(�) = 0.

�®¦¥áâ¢® ¢á¥å � -ã¯à ¢«ï¥¬ëå â®ç¥ª  §ë¢ ¥âáï ¬®¦¥áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (2)
§  ¢à¥¬ï � ¨ ®¡®§ ç ¥âáï D� . �§¢¥áâ® ( ¯à., [11], £«. 1, x 2, á. 78), çâ® ¯à¨ ¢á¥å � > 0 ¬®¦¥áâ¢®
D� | ª®¬¯ ªâ ¢ Rn . �®¦¥áâ¢® D1 = [

�>0
D�  §ë¢ ¥âáï ¬®¦¥áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë

(2).
� ¯®¬¨¬, çâ® á¨áâ¥¬  (2)  §ë¢ ¥âáï «®ª «ì® ã¯à ¢«ï¥¬®© ( ¯à., [11], £«. 1, x 2, á. 77;

[12], £«. 1, x 7, á. 60), ¥á«¨ 0 2 intD� ¯à¨ ¥ª®â®à®¬ � > 0.

�¯à¥¤¥«¥¨¥ 1. �¨câ¥¬  (2)  §ë¢ ¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©, ¥á«¨ ¤«ï «î¡®£® " > 0
áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® ¤«ï ª ¦¤®£® x0 2 On

�  ©¤ãâáï ¢à¥¬ï � = �x0 > 0 ¨ â ª®¥ ¤®¯ãáâ¨¬®¥
ã¯à ¢«¥¨¥ ux0 : [0; � ] �! U , çâ® à¥è¥¨¥ x(t), t 2 [0; � ], á¨áâ¥¬ë (2) ¯à¨ ¤ ®¬ ã¯à ¢«¥¨¨
u = ux0(t) ¨  ç «ì®¬ ãá«®¢¨¨ x(0) = x0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬: x(�) = 0, jx(t)j < ", t 2 [0; � ].

� [1] ¢¢¥¤¥® ¯®ïâ¨¥ N -ã¯à ¢«ï¥¬®áâ¨, ª®â®à®¥ ®§ ç ¥â, çâ® 0 2 intD� ¯à¨ ¢á¥å � > 0.
�ãáâì L, M, N á®®â¢¥âáâ¢¥® ¬®¦¥áâ¢  «®ª «ì® ã¯à ¢«ï¥¬ëå, ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ëå

¨ N -ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¢¨¤  (2).

�¥¬¬  1. N �M � L.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® N � M. �¥©áâ¢¨â¥«ì®, ¥á«¨ á¨áâ¥¬  (2) N -ã¯à ¢«ï¥¬ ,
â® ¤«ï «î¡®£® " > 0  ©¤¥âáï â ª®¥ � > 0, çâ® D� � On

" . �ãáâì � = min
x2@D�

jxj. �®£¤  áãé¥áâ¢ã¥â
â ª®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (2), çâ® x(0) = x0, x(�) = 0, x(t) � D� � O n

" ¯à¨ ¢á¥å t 2 [0; � ],
â. ¥. á¨áâ¥¬  (2) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

�ª«îç¥¨¥M � L ®ç¥¢¨¤®.

�à¨¢®¤¨¬ë¥ ¨¦¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® ¬®¦¥áâ¢  N, M ¨ L ¥ á®¢¯ ¤ îâ.

�à¨¬¥à 1. � áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = u; _x2 =
1
2
(5x41 � 8x31 + 3x21) +

1
2
(5x41 � 8x31 + 3x21)u+ u; (3)

£¤¥ u 2 [�1; 1]. �¤¥áì (á¬. (1)) f0(x) = (0; 1
2
(5x41 � 8x31 + 3x21))

�; f1(x) = (1; 1
2
(5x41 � 8x31 + 3x21))

�;

b = f1(0) = (1; 1)�. �ç¥¢¨¤®, A =
�
@f0(x)

@x

�
x=0

| ã«¥¢ ï ¬ âà¨æ  ¨, á«¥¤®¢ â¥«ì®, rank(b;Ab) =

1, â. ¥. ª á¨áâ¥¬¥ (3) ¥ ¯à¨¬¥¨¬  â¥®à¥¬  ® «®ª «ì®© ã¯à ¢«ï¥¬®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨-
¦¥¨î. �¥¬ ¥ ¬¥¥¥, á¨áâ¥¬  (3) ï¢«ï¥âáï «®ª «ì® ã¯à ¢«ï¥¬®©. �¥©áâ¢¨â¥«ì®, ªà¨¢ë¥
x2 = x51 � 2x41 + x31 + x1 +C1 ï¢«ïîâáï âà ¥ªâ®à¨ï¬¨ à¥è¥¨© á¨áâ¥¬ë (3) ¯à¨ u = 1. �¢¨¦¥¨¥
¯® ¨¬ ®áãé¥áâ¢«ï¥âáï ¢ áâ®à®ã ¢®§à áâ ¨ï x1. �®®â¢¥âáâ¢¥® ¯àï¬ë¥ x2 = x1 + C2 áãâì
âà ¥ªâ®à¨¨ ¤®¯ãáâ¨¬ëå à¥è¥¨© á¨áâ¥¬ë (3) ¯à¨ u = �1 ¨ ¤¢¨¦¥¨¥ ¯® ¨¬ ®áãé¥áâ¢«ï¥âáï ¢
áâ®à®ã ã¡ë¢ ¨ï x1. �ãáâì +

:= fx2 = x51 � 2x41 + x31 + x1; x1 6 0g, � := fx2 = x1; x1 > 0g (á¬.
à¨á. 1). �¥£ª® ¢¨¤¥âì, çâ® ¨§ «î¡®© â®çª¨ � 2 R

2 ,  å®¤ïé¥©áï ¨¦¥ ªà¨¢®©  = + [ �, ¤¢¨-
£ ïáì ¯® ¯àï¬®© x2 = x1+C(�), ¨§®¡à ¦ îé ï â®çª  á¨áâ¥¬ë (3) §  ª®¥ç®¥ ¢à¥¬ï ¤®áâ¨£ ¥â
âà ¥ªâ®à¨¨ + ¨ ¤ «¥¥, ¤¢¨£ ïáì ¯® ¥©, §  ª®¥ç®¥ ¦¥ ¢à¥¬ï ¤®áâ¨£ ¥â ã«ï. � ª ®áãé¥áâ¢«ï-
¥âáï ¯¥à¥å®¤ ¢ ã«ì ¨§ â®ç¥ª,  å®¤ïé¨åáï ¢ëè¥ ªà¨¢®© , ¯®ïá¨¬ ¯® à¨áãªã 1,   ª®â®à®¬
¤¢¨¦¥¨¥ ¢ § èâà¨å®¢ ®© ®¡« áâ¨ ¯®ª § ® á¯à ¢  ¢ ¡®«¥¥ ªàã¯®¬ ¬ áèâ ¡¥. �§ ¯à®¨§¢®«ì-
®© â®çª¨ � 2 R

2 ,  å®¤ïé¥©áï ¢ëè¥ ªà¨¢®© , ¯® âà ¥ªâ®à¨¨ fx2 = x51 � 2x41 + x31 + x1 + C(�)g
§  ª®¥ç®¥ ¢à¥¬ï ¬®¦® ¤®áâ¨çì ¯®«®áë 0:6 6 x1 6 1, ¢ ª®â®à®© (á¬. à¨á. 1 á¯à ¢ ) ®áãé¥-
áâ¢«ï¥âáï á¯ãáª ¤® âà ¥ªâ®à¨¨ � ¨ ¤ «¥¥, ¤¢¨£ ïáì ¯® �, ¬®¦® ¤®áâ¨çì  ç «  ª®®à¤¨ â
§  ª®¥ç®¥ ¢à¥¬ï. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (3) «®ª «ì® ã¯à ¢«ï¥¬  (®â¬¥â¨¬, çâ® ¤«ï ®¯â¨-
¬ «ì®£® ¯® ¡ëáâà®¤¥©áâ¢¨î ¯¥à¥å®¤  ¨§ ¨§®¡à ¦¥®©   à¨á. 1 â®çª¨ � ¢ ã«ì ¯®âà¥¡®¢ «®áì
27 ¯¥à¥ª«îç¥¨© ã¯à ¢«¥¨ï).
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�¨á. 1

�®ª ¦¥¬, çâ® á¨áâ¥¬  (3) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©. �¥©áâ¢¨â¥«ì®, ¯à¨ " = 0:6
¨ª ªãî â®çªã x0 2 On

" ,  å®¤ïéãîáï ¢ëè¥ ªà¨¢®© , ¥«ì§ï ¯¥à¥¢¥áâ¨ ¢ ã«ì §  ª®¥ç®¥
¢à¥¬ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ On

" . �¥«® ¢ â®¬, çâ® ¢ On
" ¯®«¥ áª®à®áâ¥© á¨áâ¥¬ë

(3)  ¯à ¢«¥® ¢¢¥àå ®â®á¨â¥«ì® «î¡®© ®¯®à®© ¯àï¬®© ª ªà¨¢®© . �«¥¤®¢ â¥«ì®, ¨ª ª ï
¤®¯ãáâ¨¬ ï âà ¥ªâ®à¨ï ¢ On

" ¥ á¬®¦¥â ¯®¤®©â¨ \á¢¥àåã" ª âà ¥ªâ®à¨¨ ,   § ç¨â, ¨ ¯®¯ áâì ¢
 ç «® ª®®à¤¨ â, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ On

" , â. ¥. á¨áâ¥¬  (3) ¥ ï¢«ï¥âáï ãáâ®©ç¨¢®
ã¯à ¢«ï¥¬®©.

�®ª ¦¥¬, çâ® ¬®¦¥áâ¢  N ¨ M ¥ á®¢¯ ¤ îâ.

�à¨¬¥à 2. � áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = x2 + u(1� x2); _x2 = �x1 + ux1; (4)

£¤¥ u 2 [0; 1]. �¥âàã¤® § ¬¥â¨âì, çâ® ®ªàã¦®áâ¨ x21+x
2
2 = C2

1 ¨ ¯àï¬ë¥ x2 = C2 áãâì âà ¥ªâ®à¨¨
à¥è¥¨© á¨áâ¥¬ë (4) ¯à¨ u = 0 ¨ u = 1 á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ ¤¢¨¦¥¨¥ ¯® ®ªàã¦®áâï¬
®áãé¥áâ¢«ï¥âáï ¯® ç á®¢®© áâà¥«ª¥,   ¯® ¯àï¬ë¬ | ¢ áâ®à®ã ¢®§à áâ ¨ï x1 (á¬. à¨á. 2).

�®ª ¦¥¬, çâ® á¨áâ¥¬  (4) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ . �¥©áâ¢¨â¥«ì®, ¯ãáâì " | ¯à®¨§¢®«ì®¥
¯®«®¦¨â¥«ì®¥ ç¨á«®,   x0 | ¯à®¨§¢®«ì ï â®çª , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î jx0j < ". �¢¨£ ïáì
¯® ®ªàã¦®áâ¨ x21 + x22 = jx0j2, §  ¢à¥¬ï t1 < 2� ¬®¦® ¤®áâ¨çì ®âà¨æ â¥«ì®© ¯®«ã®á¨ Ox1,
¨ ¤ «¥¥, ¤¢¨£ ïáì ¯® âà ¥ªâ®à¨¨ +

:= fx2 = 0; x1 6 0g, §  ¢à¥¬ï t2 = jx0j ¤®áâ¨£ ¥¬  ç « 
ª®®à¤¨ â, ®áâ ¢ ïáì ¢á¥ ¢à¥¬ï ¢ ®ªà¥áâ®áâ¨ On

" . �¤ ª® ¯à¨ ¢á¥å � 6 �=4 ¬®¦¥áâ¢® D�

á®¤¥à¦¨â ã«ì   á¢®¥© £à ¨æ¥, â. ¥. á¨áâ¥¬  (4) ¥ ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©. �â¬¥â¨¬, çâ®
¯à¨¡«¨§¨âìáï ª ã«î ¬®¦® «¨èì á® áâ®à®ë âà¥âì¥£® ª¢ ¤à â . �â®¡ë ¤®áâ¨çì ã«ï ¨§
â®ç¥ª ¯®«®¦¨â¥«ì®© ¯®«ã®á¨ Ox1, ¥®¡å®¤¨¬® á ç «  ¤®áâ¨çì âà¥âì¥£® ª¢ ¤à â , § âà â¨¢
  íâ® ¢à¥¬ï � = �=4, á«¥¤®¢ â¥«ì®, ¯à¨ ¢á¥å � 6 �=4 ã«ì ¥ ¯à¨ ¤«¥¦¨â ¢ãâà¥®áâ¨ D� ,
â. ¥. á¨áâ¥¬  (4) ¥ ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©.
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�¨á. 2

�®®¡é¥ £®¢®àï, á¨áâ¥¬  (4) ¥ ï¢«ï¥âáï á¨áâ¥¬®© ¢¨¤  (2), â. ª. ã«ì  å®¤¨âáï   £à ¨æ¥
¬®¦¥áâ¢  ã¯à ¢«ï¥¬®áâ¨ U = [0; 1]. �®àà¥ªâë© ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¯à¨ ®âáãâáâ¢¨¨
N -ã¯à ¢«ï¥¬®áâ¨ ¬®¦¥â ¨¬¥âì ¬¥áâ® ãáâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì, «¥£ª® ¯®áâà®¨âì   ®á®¢¥
¯à¨¬¥à  2.

� áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = x2 + u21(1� x2); _x2 = �x1 + u21x1; _x3 = u2; (5)

£¤¥ ui 2 [�1; 1], i = 1; 2. � ª ª ª âà ¥ªâ®à¨¨ á¨áâ¥¬ë (4) áãâì ¯à®¥ªæ¨¨ âà ¥ªâ®à¨© á¨áâ¥¬ë (5),
â® á¨áâ¥¬  (5) ¥ ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©. �áâ®©ç¨¢ ï ã¯à ¢«ï¥¬®áâì á«¥¤ã¥â ¨§ â®£®, çâ® ¨§
«î¡®© â®çª¨ x0 = (x01; x02; x03)� ¯à¨ u2 = 0 ¬®¦® ¤®áâ¨çì â®çª¨ x03   ®á¨ ox3,   § â¥¬ ¯à¨
u2 = sign(�x03), u1 = 0 ¤®áâ¨çì ã«ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ On

jx0j
(à¥è¥¨¥ §¤¥áì

¯®¨¬ ¥âáï ¢ á¬ëá«¥ �.�.�¨«¨¯¯®¢ ).

2. �®áâ ®¢ª  § ¤ ç¨. �á®¢ë¥ ãâ¢¥à¦¤¥¨ï

� áá¬®âà¨¬ á¨áâ¥¬ã

_x = f0(x) + uf1(x); (x; u) 2 R
n � [�1; 1]: (6)

�à¥¤¯®« £ ¥âáï, çâ® fi 2 Cp(Rn ;Rn), i = 0; 1, f0(0) = 0, f1(0) = b 6= 0. � àï¤ã á á¨áâ¥¬®© (6)
à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî ¥© á¨áâ¥¬ã «¨¥©®£® ¯à¨¡«¨¦¥¨ï

_x = Ax+ bu; (7)

£¤¥ A =
�
@f0(x)

@x

�
x=0

. �§¢¥áâë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï ( ¯à., [11], £«. 1, x 3, á. 91; [12], £«. 1, x 7,
á. 61).

�¥¬¬  2. �à¥¤¯®«®¦¨¬, çâ® rank(b;Ab;A2b; : : : ; An�1b) = k 6 n, â®£¤  ¢¥ªâ®àë b, Ab,
A2b; : : : ; Ak�1b «¨¥©® ¥§ ¢¨á¨¬ë.

�¥¬¬  3. �ãáâì rank(b;Ab;A2b; : : : ; An�1b) = k 6 n ¨ Lk | «¨¥©®¥ ¯®¤¯à®áâà áâ¢® ¢

R
n , ¯®à®¦¤¥®¥ ¢¥ªâ®à ¬¨ b, Ab, A2b; : : : ; Ak�1b. �®£¤  ¬®¦¥áâ¢® ã¯à ¢«ï¥¬®áâ¨ D1 á¨-

áâ¥¬ë (7) á®¤¥à¦¨âáï ¢ Lk.

� ¬¥ç ¨¥ 1. � ãá«®¢¨ïå «¥¬¬ë 3 á¨áâ¥¬  (7) ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®© ¢ Lk ( ¯à., [11],
£«. 2, x 3, á. 108).

�¥¬¬  4. �ãáâì rank(b; Ab;A2b; : : : ; An�1b) = n � 1, â®£¤  ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â

£« ¤ª®¥ ¬®£®®¡à §¨¥ Mn�1, ª®â®à®¥ á®¤¥à¦¨âáï ¢ ¬®¦¥áâ¢¥ ã¯à ¢«ï¥¬®áâ¨ D� á¨áâ¥¬ë

(6).

71



�®ª § â¥«ìáâ¢®. � á¨«ã § ¬¥ç ¨ï ª «¥¬¬¥ 3 á¨áâ¥¬  (7) ï¢«ï¥âáï N -ã¯à ¢«ï¥¬®©  
¬®£®®¡à §¨¨ Ln�1, ¯®à®¦¤¥®¬ ¢¥ªâ®à ¬¨ b, Ab, A2b; : : : ; An�2b. �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£®
� > 0 áãé¥áâ¢ãîâ ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥¨ï ui(t), t 2 [0; � ], i = 1; n� 1, ª®â®àë¥ ¯¥à¥¢®¤ïâ
á¨áâ¥¬ã á ®¡à é¥ë¬ ¢à¥¬¥¥¬

_x = �Ax� bu (8)

¨§  ç «  ª®®à¤¨ â ¢ «¨¥©® ¥§ ¢¨á¨¬ë¥ â®çª¨ xi(�) = x(�; ui(�)), i = 1; n� 1. �¥§ ®£à ¨ç¥-
¨ï ®¡é®áâ¨ ¡ã¤¥¬ ¯®« £ âì, çâ®:  ) ui(t) 2 C1([0; � ]), i = 1; n� 1; ¡) ã¯à ¢«¥¨ï ui(t) ¢ë¡à ë
â ª, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ à¥è¥¨ï xi(t) = x(t; ui(�)) á¨áâ¥¬ë (8) áãé¥áâ¢ãîâ   ®âà¥§ª¥ [0; � ]
¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î xi(1) = "Ai�1b, i = 1; n� 1, £¤¥ " | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�¡®§ ç¨¬ u(t; �) =
n�1P
i=1

�iui(t), £¤¥ j�j 6 1.

�ãáâì x(t; �) | à¥è¥¨¥ á¨áâ¥¬ë á ®¡à é¥ë¬ ¢à¥¬¥¥¬ _x = �f0(x)�u(t; �)f1(x), ã¤®¢«¥â¢®-
àïîé¥¥  ç «ì®¬ã ãá«®¢¨î x(0; �) = 0. �®¦® ¯®« £ âì, çâ® ¯à¨ ¢á¥å � 2 On�1

1 ¤ ®¥ à¥è¥¨¥

áãé¥áâ¢ã¥â   ®âà¥§ª¥ [0; � ]. �¡®§ ç¨¬ Z(t) =
�
@x(t;�)
@�

�
�=0

. �¥£ª® ¢¨¤¥âì, çâ® n�(n�1)-¬ âà¨æ 
Z(t) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

_Z(t) = �AZ(t)� bu�(t);

£¤¥ bu�(t) | ¬ âà¨ç®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à-áâ®«¡æ  b   ¢¥ªâ®à-áâà®ªã u�(t) = (u1(t); u2(t);
: : : ; un�1(t))�. �âáî¤  á«¥¤ã¥â, çâ® áâ®«¡æë zi(t), i = 1; n� 1, ¬ âà¨æë Z(t) ã¤®¢«¥â¢®àïîâ ãà ¢-
¥¨ï¬

_zi(t) = �Azi(t)� bui(t); zi(0) = 0; i = 1; n� 1:

�® â®£¤  z1(�); z2(�); : : : ; zn�1(�) | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢¥ªâ®àë. �«¥¤®¢ â¥«ì®, ®â®¡à ¦¥-
¨¥ � �! x(�; �) ï¢«ï¥âáï ¥¯à¥àë¢®-¤¨ää¥à¥æ¨àã¥¬ë¬ ®â®¡à ¦¥¨¥¬ ®ªà¥áâ®áâ¨ On�1

1 ¢
R
n . � ¬¥â¨¬ â¥¯¥àì, çâ® ¯®áª®«ìªã rankZ(�) = rank

�
@x(�;�)

@�

�
�=0

= n � 1, â® áãé¥áâ¢ã¥â â ª ï

®ªà¥áâ®áâì On�1
� , çâ® rank

�
@x(�;�)

@�

�
= n � 1 ¤«ï ¢á¥å � 2 On�1

� . � íâ® ®§ ç ¥â, çâ® ¬®¦¥áâ¢®

Mn�1
�

:= fx = x(�; �); � 2 On�1
� g ¡ã¤¥â £« ¤ª¨¬ ¬®£®®¡à §¨¥¬, ¯à¨ç¥¬ Mn�1

� � D� .

�«¥¤áâ¢¨¥ 1. �ãáâì rank(b;Ab;A2b; : : : ; An�1b) = n� 1. �®£¤  ¤«ï «î¡®£® � > 0 áãé¥áâ¢ãîâ
®ªà¥áâ®áâì On

" ¨ â ª ï äãªæ¨ï '� 2 C1(Rn ;R), çâ® (@'� (x)=@x) 6= 0 ¤«ï ¢á¥å x 2 On
" ¨

Mn�1 := fx 2 On
" : '� (x) = 0g � D� .

�®ª § â¥«ìáâ¢®. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4 ¢¨¤®, çâ® ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã-
¥â ®ªà¥áâ®áâì On�1

� , ¤«ï ª®â®à®© ¬®£®®¡à §¨¥ Mn�1
�

:= fx = x(�; �); � 2 On�1
� g á®¤¥à¦¨â-

áï ¢ D� , ¯à¨ç¥¬ rank
�
@x(�;�)

@�

�
= n � 1 ¤«ï ¢á¥å � 2 On�1

� . �§¢¥áâ® ( ¯à., [13], £«. 7, x 7,
ãâ¢. 1, á. 505), çâ® ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ãîâ â ª ï ®ªà¥áâ®áâì On

" , ¨¤¥ªá k ¨ äãªæ¨ï
'k
� (x1; : : : ; xk�1; xk+1; : : : ; xn), çâ® M

n�1
�

:= fx 2 On
" : xk = 'k

� (x1; : : : ; xk�1; xk+1; : : : ; xn)g. �â® à ¢-
®á¨«ì® â®¬ã, çâ® Mn�1 := fx 2 On

" : '� (x) = 0g, £¤¥ '� (x) = xk � 'k
� (x1; : : : ; xk�1; xk+1; : : : ; xn).

� ¬¥â¨¬ â¥¯¥àì, çâ® (@'� (x)=@x) 6= 0 ¤«ï ¢á¥å x 2 On
" .

� ¬¥ç ¨¥ 2. �  á ¬®¬ ¤¥«¥ ¢ ãá«®¢¨ïå «¥¬¬ë 4 £« ¤ª®áâì ¬®£®®¡à §¨ï Mn�1
� ¡ã¤¥â

áâ¥¯¥¨ p. �â® á«¥¤ã¥â ¨§ â¥®à¥¬ë ® áâ¥¯¥¨ £« ¤ª®áâ¨ § ¢¨á¨¬®áâ¨ à¥è¥¨© ®â ¯ à ¬¥âà 
( ¯à., [14], £«. 3, x 21, á. 88).

�ãáâì rank(b;Ab;A2b; : : : ; An�1b) = n� 1. � áá¬®âà¨¬ ¯®áâà®¥®¥ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 4
¬®£®®¡à §¨¥ Mn�1

�

:= fx = x(�; �); � 2 On�1
� g � D� . �¥ªâ®àë pi(x0)

:=
�
@x(�;�)

@�i

�
�=�0

, i = 1; n� 1,

®ç¥¢¨¤®, ®¡à §ãîâ ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢  ª ¬®£®®¡à §¨îMn�1
� ¢ â®çª¥ x0 = x(�; �0).

�¢¥¤¥¬ äãªæ¨î s(x) = det(f0(x); p1(x); : : : ; pn�1(x)).

�¥¬¬  5. �á«¨ ¢ «î¡®© ®ªà¥áâ®áâ¨ On
"  ©¤ãâáï â ª¨¥ â®çª¨ x+ ¨ x�, ¯à¨ ¤«¥¦ é¨¥

Mn�1
� , çâ® s(x+)s(x�) < 0, â® á¨áâ¥¬  (6) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .
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�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ " > 0. �¥£ª® ¢¨¤¥âì, çâ® áãé¥áâ¢ã¥â â ª®¥ "1 > 0, çâ®
«î¡ ï â®çª  x0 2 On

"1
\Mn�1

� ¯®¤ ¤¥©áâ¢¨¥¬ ¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï ux0 = u(t; �x0) ¬®¦¥â ¡ëâì
¯¥à¥¢¥¤¥  ¢ ã«ì §  ª®¥ç®¥ ¢à¥¬ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ On

" . �â® á«¥¤ã¥â ¨§
â¥®à¥¬ë ® ¥¯à¥àë¢®© § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà  ( ¯à., [14], £«. 3, x 20, áâà. 86).

� «¥¥ ¯®áª®«ìªã Mn�1
�

:= fx = x(�; �); � 2 On�1
� g, â®, ¥  àãè ï ®¡é®áâ¨, ¬®¦® ¯®« £ âì,

çâ® ¬®£®®¡à §¨¥ Mn�1
� ¤¥«¨â ®ªà¥áâ®áâì On

� = On
"1
\On

�   ¤¢¥ ç áâ¨ O
+
� ¨ O�

� , ¨«¨ \¢¥àåîî"
¨ \¨¦îî" á®®â¢¥âáâ¢¥®. �®«®¦¨¬ ¤«ï ®¯à¥¤¥«¥®áâ¨, çâ® s(x+) > 0. �â® ®§ ç ¥â, çâ®
¢¥ªâ®à f0(x+)  ¯à ¢«¥ âà á¢¥àá «ì® ª ¬®£®®¡à §¨î Mn�1

� ¢ â®çª¥ x+. �ã¤¥¬ áç¨â âì, çâ®
®  ¯à ¢«¥ \¢¢¥àå" ®â®á¨â¥«ì® Mn�1

� . �®£¤  s(x�) < 0 ¨, á«¥¤®¢ â¥«ì®, ¢¥ªâ®à f0(x�)  -
¯à ¢«¥ \¢¨§" ®â®á¨â¥«ì® Mn�1

� . �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â â ª®¥ t0 > 0, çâ® x(t; x+) 2 O+
� ,

  x(t; x�) 2 O�
� ¤«ï ¢á¥å t 2 (0; t0), £¤¥ x(t; x0) | à¥è¥¨¥ á¨áâ¥¬ë _x = �f0(x), ã¤®¢«¥â¢®àïîé¥¥

 ç «ì®¬ã ãá«®¢¨î x(0; x0) = x0.
�¥£ª® ¢¨¤¥âì, çâ® «î¡ ï â®çª  x(s)+ = x(s; x+), x(s)� = x(s; x�), s 2 [0; t0], ¯®¤ ¤¥©áâ¢¨¥¬

¤®¯ãáâ¨¬®£® ã¯à ¢«¥¨ï ¬®¦¥â ¡ëâì ¯¥à¥¢¥¤¥  ¢ ã«ì §  ª®¥ç®¥ ¢à¥¬ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬
®ªà¥áâ®áâ¨ On

" .
� ¬¥â¨¬, çâ®  ©¤¥âáï â ª ï ®ªà¥áâ®áâì On

�1
, çâ® ¬®¦¥áâ¢® à¥è¥¨© x = x(t; �; x(s)+)

á¨áâ¥¬ë á ®¡à é¥ë¬ ¢à¥¬¥¥¬ _x = �f0(x)� u(t; �)f1(x), ã¤®¢«¥â¢®àïîé¨å  ç «ì®¬ã ãá«®-
¢¨î x(0; �) = x(s)+, æ¥«¨ª®¬ ¯®ªàë¢ ¥â ¬®¦¥áâ¢® On

�1
\ O+

� . � íâ® ®§ ç ¥â, çâ® «î¡ ï â®çª 
x0 2 On

�1
\ O+

� ¬®¦¥â ¡ëâì ¯¥à¥¢¥¤¥  ¢ â®çªã x(s)+ §  ª®¥ç®¥ ¢à¥¬ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬
®ªà¥áâ®áâ¨ On

" . � «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì On
�2
, çâ® «î¡ ï

â®çª  x0 2 On
�2
\ O�

� ¬®¦¥â ¡ëâì ¯¥à¥¢¥¤¥  ¢ â®çªã x(s)� §  ª®¥ç®¥ ¢à¥¬ï, ¥ ¯®ª¨¤ ï ¯à¨
íâ®¬ ®ªà¥áâ®áâ¨ On

" . �ãáâì On
�0
= On

�1
\ On

�2
. �®£¤  ¯®«ãç ¥¬, çâ® ¨§ «î¡®© â®çª¨ x0 2 On

�0
§ 

ª®¥ç®¥ ¢à¥¬ï ¬®¦® ¤®áâ¨çì â®çª¨ x(s)+ ¨«¨ x(s)�,   § â¥¬, ¤¢¨£ ïáì ¯® ¤®¯ãáâ¨¬ë¬ âà ¥ª-
â®à¨ï¬ á¨áâ¥¬ë (6), §  ª®¥ç®¥ ¦¥ ¢à¥¬ï ¤®áâ¨çì ã«ï, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ®ªà¥áâ®áâ¨ On

" .
� ç¨â, á¨áâ¥¬  (6) ãáâ®©ç¨¢® ã¯à ¢«ï¥¬ .

�¥®à¥¬  1. �à¥¤¯®«®¦¨¬, çâ® rank(b;Ab;A2b; : : : ; An�1b) = n � 1. �ãáâì ¤ «¥¥ � (�1) =
x(�; �1), �1 2 [�1; 1], £¤¥ x(t; �1) | à¥è¥¨¥ á¨áâ¥¬ë

_x = f0(x) + �1f1(x); x(0; �) = 0: (9)

�«ï â®£® çâ®¡ë á¨áâ¥¬  (6) ¡ë«  ãáâ®©ç¨¢® ã¯à ¢«ï¥¬®©, ¤®áâ â®ç®, çâ®¡ë äãªæ¨ï s(�1) =
s(�(�1)) ¬¥ï«  ¢ ã«¥ § ª.

�®ª § â¥«ìáâ¢®. � ª ª ª � (�1) 2 Mn�1
� , â® ¤«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® á®á« âìáï  

«¥¬¬ã 5.

�¥®à¥¬  2. �ãáâì áãé¥áâ¢ã¥â äãªæ¨ï ' 2 C1(Rn ;R), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î: ¢áïª®-
¬ã � > 0 ®â¢¥ç ¥â â ª®¥ " > 0, çâ® (@'(x)=@x) 6= 0 ¤«ï ¢á¥å x 2 On

" ¨ M
:= fx 2 On

" : '(x) =
0g � D� .

�á«¨ áãé¥áâ¢ãîâ �0 2 (0; �) ¨ â ª¨¥ à¥è¥¨ï x1(t) = x(t; u1(�)), x2(t) = x(t; u2(�)) á¨áâ¥¬ë
(6), çâ® '(x1(t))'(x2(t)) < 0 ¤«ï ¢á¥å t 2 (0; �0], â® á¨áâ¥¬  (6) N -ã¯à ¢«ï¥¬ .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ x(t; ui(�); x0) à¥è¥¨ï á¨áâ¥¬ë (6), á®®â¢¥âáâ¢ãîé¨¥
ã¯à ¢«¥¨î ui(t), t 2 [0; �0], ¨  ç «ì®¬ã ãá«®¢¨î x(t; ui(�); x0) = x0, i = 1; 2. �â¬¥â¨¬, çâ®
¬®¦¥áâ¢® M ï¢«ï¥âáï (n� 1)-¬¥àë¬ £« ¤ª¨¬ ¬®£®®¡à §¨¥¬, à §¤¥«ïîé¨¬ ®ªà¥áâ®áâì On

"

  ¤¢¥ ç áâ¨: O+
"

:= fx 2 On
" : '(x) > 0g ¨ O�

"

:= fx 2 On
" : '(x) < 0g. �®£¤  ¥à ¢¥áâ¢®

'(x1(t))'(x2(t)) < 0 ®§ ç ¥â, çâ® ®¤® ¨§ à¥è¥¨© xi(t), i = 1; 2, «¥¦¨â ¢ O+
" ,   ¤àã£®¥ á®-

®â¢¥âáâ¢¥® ¢ O�
" ¤«ï ¢á¥å t 2 (0; �0]. �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ x1(t) 2 O+

" ,   x2(t) 2 O�
" .

�®£¤  ¤«ï «î¡®£® t0 2 (0; �0) áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì On
� , çâ® x(t0; u1(�); x0) 2 O+

" ,  
x(t0; u2(�); x0) 2 O�

" ¤«ï ¢á¥å x0 2 On
� . � ª¨¬ ®¡à §®¬, '(x(0; u1(�); x0) < 0, '(x(t0; u1(�); x0) > 0

¤«ï ª ¦¤®£® x0 2 On
� \O�

" . �, ¯®áª®«ìªã äãªæ¨ï '(x(t; u1(�); x0) ¥¯à¥àë¢ , áãé¥áâ¢ã¥â â ª®¥
¢à¥¬ï tx0 2 (0; t0), çâ® '(x(tx0 ; u1(�); x0) = 0, â. ¥. x(tx0 ; u1(�); x0) 2 M � D� . � «®£¨ç®, ¤«ï
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ª ¦¤®© â®çª¨ x0 2 On
� \O+

" áãé¥áâ¢ã¥â â ª®¥ tx0 2 (0; t0), çâ® x(tx0 ; u2(�); x0) 2M � D� . �«¥¤®-
¢ â¥«ì®, ¨§ «î¡®© â®çª¨ x0 2 On

� §  ¢à¥¬ï t 6 t0 ¬®¦® ¯®¯ áâì   ¬®£®®¡à §¨¥ M � D� ¨
§ â¥¬ §  ¢à¥¬ï � ¢  ç «® ª®®à¤¨ â, ¥ ¯®ª¨¤ ï ¯à¨ íâ®¬ ¬®¦¥áâ¢  D�+t0 . � ¯®áª®«ìªã � ¨
t0 ¢ë¡à ë ¯à®¨§¢®«ì®,   D�+t0 | ª®¬¯ ªâ, â® á¨áâ¥¬  N -ã¯à ¢«ï¥¬ .

�®¢â®à¥¨¥¬ ®á®¢ëå ¬®¬¥â®¢ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 5 ¨ â¥®à¥¬ë 2 ®¡®á®¢ë¢ ¥âáï

�¥®à¥¬  3. �ãáâì äãªæ¨ï ' 2 C1(Rn ;R) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:  ) áãé¥áâ¢ã¥â â ª®¥

" > 0, çâ® (@'(x)=@x) 6= 0 ¤«ï ¢á¥å x 2 On
" ; ¡) áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® M

:= fx 2 On
" :

'(x) = 0g � D� .

�á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¬®¬¥âë ¢à¥¬¥¨ ti 2 (0; �) ¨ à¥è¥¨ï á¨áâ¥¬ë (6) xi(t) =
x(t; ui(�)), t 2 [0; �0], i = 1; 2, çâ® '(x1(t1))'(x(t2)) < 0, â® á¨áâ¥¬  (6) «®ª «ì® ã¯à ¢«ï¥¬ .
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