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1. �ãáâì X | à¥ä«¥ªá¨¢­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, X� | ¥£® á®¯àï¦¥­­®¥, X ¨ X� áâà®£®
¢ë¯ãª«ë, hy; xi | §­ ç¥­¨¥ «¨­¥©­®£® äã­ªæ¨®­ «  y 2 X� ­  í«¥¬¥­â¥ x 2 X, 2X = fQ=Q
| ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® ¨§ Xg, U : X ! X� | ¤ã «ì­®¥ ®â®¡à ¦¥­¨¥ ¢ X á ­¥ª®â®à®©
¬ áèâ ¡­®© äã­ªæ¨¥© �(t) (á¬. [1], á. 315).

�¯à¥¤¥«¥­¨¥ 1 (á¬., ­ ¯à., [1], á. 316). �¯¥à â®à A : X ! 2X ­ §ë¢ ¥âáï  ªªà¥â¨¢­ë¬,
¥á«¨ ¤«ï «î¡ëå x1 2 D(A), x2 2 D(A) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

hU(x1 � x2); y1 � y2i � 0 8y1 2 Ax1; 8y2 2 Ax2:

�¯à¥¤¥«¥­¨¥ 2 (á¬., ­ ¯à., [2]). �ªªà¥â¨¢­ë© ®¯¥à â®à A : X ! 2X ­ §ë¢ ¥âáï ¬ ªá¨-
¬ «ì­ë¬  ªªà¥â¨¢­ë¬, ¥á«¨ ¥£® £à ä¨ª ­¥ ï¢«ï¥âáï ¯à ¢¨«ì­®© ç áâìî £à ä¨ª  ­¨ª ª®£®
¤àã£®£®  ªªà¥â¨¢­®£® ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ¨§ X ¢ X.

�¯à¥¤¥«¥­¨¥ 3. �¯¥à â®à A : X ! 2X ­ §ë¢ ¥âáï ¯á¥¢¤® ªªà¥â¨¢­ë¬, ¥á«¨

 ) ¬­®¦¥áâ¢® ¥£® §­ ç¥­¨© ¢ ª ¦¤®© â®çª¥ x 2 X ¥áâì ¢ë¯ãª«®¥ ¨ § ¬ª­ãâ®¥ ¢ X ¬­®¦¥-
áâ¢®;

¡) ¨§ ãá«®¢¨© xn * x, limhU(xn � x); yni � 0, yn 2 Axn á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® í«¥¬¥­â 
z 2 X ­ ©¤¥âáï í«¥¬¥­â y(z) 2 Ax â ª®©, çâ® limhU(xn � z); yni � hU(x� z); yi:

�¯à¥¤¥«¥­¨¥ 4. �ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ A : X ! 2X ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬
â¨¯  (A), ¥á«¨

1) ¬­®¦¥áâ¢® Ax ­¥¯ãáâ®, ®£à ­¨ç¥­®, ¢ë¯ãª«® ¨ § ¬ª­ãâ® ¯à¨ «î¡®¬ x 2 X;
2) ¨§ ãá«®¢¨© xn * x, yn * y, yn 2 Axn,

limhUxn; yni � hUx; yi (1)

á«¥¤ã¥â, çâ® y 2 Ax.

�¯à¥¤¥«¥­¨¥ 5. �á«¨ ¢ ®¯à¥¤¥«¥­¨¨ 4 ­¥à ¢¥­áâ¢® (1) § ¬¥­¨âì ­ 

limhU(xn � x); yni � 0; (2)

â® ®¯¥à â®à A ¡ã¤¥¬ ­ §ë¢ âì ®¯¥à â®à®¬ â¨¯  (A0).

�á«¨ X = H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, �(t) � t, â.e. U = E | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à,
â® ª« áá  ªªà¥â¨¢­ëå á®¢¯ ¤ ¥â á ª« áá®¬ ¬®­®â®­­ëå ®â®¡à ¦¥­¨© (á¬., ­ ¯à., [1], á. 22), ª« áá
¯á¥¢¤® ªªà¥â¨¢­ëå | á ª« áá®¬ ¯á¥¢¤®¬®­®â®­­ëå (á¬. [3], á. 96), ª« áá ®¯¥à â®à®¢ â¨¯  (A) ¨
(A0) | á ®¯¥à â®à®¬ â¨¯  (M) ([3], á. 15; [4], á. 184).

�¯à¥¤¥«¥­¨¥ 6. �¯¥à â®à A : X ! 2X ­ §ë¢ ¥âáï ª®íàæ¨â¨¢­ë¬, ¥á«¨ 8y 2 Ax ¨¬¥¥¬
hUx; yi=kxk ! +1 ¯à¨ kxk ! 1.
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2. �¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ãà ¢­¥­¨© á  ªªà¥â¨¢­ë¬¨ ®¯¥à â®à ¬¨ ¬®¦­® ­ ©â¨,
­ ¯à¨¬¥à, ¢ [1], [5]. � §à¥è¨¬®áâì ãà ¢­¥­¨© á m- ªªà¥â¨¢­ë¬¨ ®â®¡à ¦¥­¨ï¬¨ ¯à¨ ª®¬¯ ªâ-
­ëå ¢®§¬ãé¥­¨ïå ¨áá«¥¤®¢ « áì ¬­®£®ç¨á«¥­­ë¬¨  ¢â®à ¬¨ (á¬., ­ ¯à., [6] ¨ ¡¨¡«¨®£à ä¨î ª
­¥©). �¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¯®«ãç¥­¨¥ ¤®áâ â®ç­ëå ãá«®¢¨© à §à¥è¨¬®áâ¨  ªªà¥â¨¢-
­ëå ãà ¢­¥­¨© á ¢®§¬ãé¥­¨ï¬¨, ­¥ ã¤®¢«¥â¢®àïîé¨¬¨ âà¥¡®¢ ­¨î ª®¬¯ ªâ­®áâ¨. �à¥¤¢ à¨-
â¥«ì­® ¯®«ãç¨¬ ­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  1. �á«¨ A : X ! 2X , B : X ! 2X | ¯á¥¢¤® ªªà¥â¨¢­ë¥ ®â®¡à ¦¥­¨ï, â® ®â®¡à -

¦¥­¨¥ A+B â ª¦¥ ¯á¥¢¤® ªªà¥â¨¢­®.

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï á«¥¤ã¥â ä ªâ¨ç¥áª¨ ¯®¢â®à¨âì à ááã¦¤¥­¨ï ([3],
á.97).

�â¬¥â¨¬, çâ® ª« ááë ®â®¡à ¦¥­¨© â¨¯  (A) ¨ (A0) ­¥ ï¢«ïîâáï § ¬ª­ãâë¬¨ ®â­®á¨â¥«ì­®
®¯¥à æ¨¨ á«®¦¥­¨ï (áà ¢­¨ á [3], á. 152).

�¥¬¬  2. �á«¨ ®¯¥à â®à A : X ! 2X ¥áâì ®¯¥à â®à â¨¯  (A), â® A+ �E, � > 0, â ª¦¥

ï¢«ï¥âáï ®¯¥à â®à®¬ â¨¯  (A).

�®ª § â¥«ìáâ¢®. �à¥¡®¢ ­¨¥ 1) ®¯à¥¤¥«¥­¨ï 4 ®ç¥¢¨¤­®. �ãáâì xn * x, yn * y, yn 2
(A + �E)xn, ¨ ¢¥à­® (1). �®ª ¦¥¬, çâ® y 2 (A + �E)x. �¥©áâ¢¨â¥«ì­®, â. ª. yn = un + �xn, £¤¥
un 2 Axn, â® yn * u+ �x, un * u   §­ ç¨â, y = u+ �x. � «¥¥, ¨§ (1) ¨¬¥¥¬

limhUxn; uni+ � limhUxn; xni � hUx; ui+ �hUx; xi: (3)

�¢®©áâ¢  ­®à¬ë ¨ ¤ã «ì­®£® ®â®¡à ¦¥­¨ï ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ ¤ îâ á®®â­®è¥­¨ï

hUx; xi = �(kxk)kxk � lim�(kxnk)kxnk � lim�(kxnk)kxxk = limhUxn; xni;

â. e. limhUxn; xni � hUx; xi. �¥¯¥àì ¨§ (3) á«¥¤ã¥â, çâ® limhUxn; uni � hUx; ui. � ª ª ª A ¥áâì
®¯¥à â®à â¨¯  (A), â® ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ®¡¥á¯¥ç¨¢ ¥â ¢ª«îç¥­¨¥: u 2 Ax,   §­ ç¨â, y =
u+ �x 2 (A+ �E)x.

�¥¬¬  3. �á«¨ A : X ! 2X | ®¯¥à â®à â¨¯  (A0) ¨ ¤ã «ì­®¥ ®â®¡à ¦¥­¨¥ U á« ¡® ­¥-

¯à¥àë¢­®, â® ®¯¥à â®à A+ �E ¯à¨ «î¡®¬ � > 0 ¯à¨­ ¤«¥¦¨â ª« ááã (A0).

�®ª § â¥«ìáâ¢®. �¤¥áì ¢¬¥áâ® ­¥à ¢¥­áâ¢  (3) ¨§ (2) ¨¬¥¥¬ (á¬. ®¡®§­ ç¥­¨ï ¤®ª § â¥«ì-
áâ¢  «¥¬¬ë 2):

limhU(xn � x) uni+ � lim�(kxn � xk)kxn � xk+ � limhU(xn � x); xi � 0:

� ª ª ª lim�(kxn � xk)kxn � xk � 0,   hU(xn � x); xi ! 0, â® limhU(xn � x); uni � 0. �¥¯¥àì
­¥âàã¤­® § ¢¥àè¨âì ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¯à¥¤¥«¥­¨¥ 7 ([7], á. 81). �®¢®àïâ, çâ® ®¯¥à â®à A : X ! 2X ®¡« ¤ ¥â (s)-á¢®©áâ¢®¬, ¥á«¨
¨§ xn * x 2 X, hU(xn � x); yn � yi ! 0, yn 2 Axn, y 2 Ax á«¥¤ã¥â, çâ® xn ! x.

�¥¬¬  4. �á«¨ ®¯¥à â®à A : X ! 2X ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬  ªªà¥â¨¢­ë¬, ®¡« ¤ ¥â

(s)-á¢®©áâ¢®¬, D(A) = X, ¤ã «ì­®¥ ®â®¡à ¦¥­¨¥ U ¢ X ­¥¯à¥àë¢­® ¨ á« ¡® ­¥¯à¥àë¢­®, â® A
| ¯á¥¢¤® ªªà¥â¨¢­®¥ ®â®¡à ¦¥­¨¥.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã D(A) = X, â® ¬­®¦¥áâ¢® Ax ­¥¯ãáâ® ¤«ï «î¡®£® x 2 X.
� ¬ª­ãâ®áâì ¨ ¢ë¯ãª«®áâì Ax á«¥¤ãîâ ¨§ ¬ ªá¨¬ «ì­®©  ªªà¥â¨¢­®áâ¨ ®¯¥à â®à  A. �ãáâì
xn * x, ¨

limhU(xn � x); yni � 0; yn 2 Axn: (4)

� ¯¨è¥¬ ãá«®¢¨¥  ªªà¥â¨¢­®áâ¨ A: hU(xn � x); yn � yi � 0, y 2 Ax, â.¥. hU(xn � x); yni �
hU(xn � x); yi. � ª ª ª U | á« ¡® ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥, â® ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢ 
­ å®¤¨¬, çâ® limhU(xn�x); yni � 0. �ç¨âë¢ ï á¢®©áâ¢® (4) ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxng, ¯®«ãç ¥¬:
limhU(xn � x); yni = 0,   §­ ç¨â, limhU(xn � x); yn � yi = 0. �®£¤  (s)-á¢®©áâ¢® ®¯¥à â®à 
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A ®¡¥á¯¥ç¨¢ ¥â á¨«ì­ãî áå®¤¨¬®áâì xn ! x. �®áª®«ìªã ®â®¡à ¦¥­¨¥ A «®ª «ì­® ®£à ­¨ç¥­®
¢ «î¡®© â®çª¥ x 2 X (á¬. [5], «¥¬¬  1), â® yn * �y 2 X (¤«ï ¯à®áâ®âë § ¯¨á¨ ®¡®§­ ç¥­¨ï
¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥ ¬¥­ï¥¬, ¤ «¥¥ ¬ë ¢á¥£¤  ¡ã¤¥¬ ¯®«ì§®¢ âìáï íâ¨¬ ã¯à®é¥­¨¥¬).
�¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ ­¥à ¢¥­áâ¢¥ hU(xn � z); yn � wi � 0, 8z 2 D(A), 8w 2 Az ¨¬¥¥¬ hU(x �
z); �y�wi � 0. �¢®©áâ¢® ¬ ªá¨¬ «ì­®©  ªªà¥â¨¢­®áâ¨ A £ à ­â¨àã¥â â¥¯¥àì ¢ª«îç¥­¨¥: �y 2 Ax.
�«¥¤®¢ â¥«ì­®, limhU(xn � z); yni = hU(x � z); �yi, �y 2 Ax, çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®
«¥¬¬ë.

�«¥¤áâ¢¨¥ 1. �á«¨ ®¯¥à â®à U ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 4, A : X ! 2X | ¬ ªá¨-
¬ «ì­ë©  ªªà¥â¨¢­ë© ®¯¥à â®à, ¨ hU(x1�x2); y1� y2i � 
R0

(kx1�x2k), £¤¥ kxik � R0, yi 2 Axi,
i = 1; 2, R0 > 0, 
R0

(t) (t > 0) | ­¥¯à¥àë¢­ ï ¢®§à áâ îé ï äã­ªæ¨ï, 
R0
(0) = 0, â®£¤  A |

¯á¥¢¤® ªªà¥â¨¢­®¥ ®â®¡à ¦¥­¨¥.

�«¥¤áâ¢¨¥ 2. � ãá«®¢¨ïå «¥¬¬ë 4 ¨ á«¥¤áâ¢¨ï 1 A ¥áâì ®â®¡à ¦¥­¨¥ â¨¯  (A0).

�«¥¤áâ¢¨¥ 3. �®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ ¯à®áâà ­áâ¢¥ á ­¥¯à¥àë¢­ë¬ ¨ á« ¡® ­¥¯à¥àë¢-
­ë¬ ¤ã «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ï¢«ï¥âáï ¯á¥¢¤® ªªà¥â¨¢­ë¬ ®â®¡à ¦¥­¨¥¬ â¨¯  (A0).

�ãáâì R(Ax�f) | ¢ë¯ãª« ï § ¬ª­ãâ ï ®¡®«®çª  á« ¡ëå ¯à¥¤¥«®¢ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¥©
¨§ fyn � fg, £¤¥ yn 2 Axn, xn ! x, xn 2 D(A), A | ¬ ªá¨¬ «ì­®¥  ªªà¥â¨¢­®¥ à áè¨à¥­¨¥
®¯¥à â®à  A.

�¥¬¬  5. �ãáâì A : X ! 2X |  ªªà¥â¨¢­ë©,   C : X ! X | ®£à ­¨ç¥­­ë© ®¤­®§­ ç­ë©

¯á¥¢¤® ªªà¥â¨¢­ë© ®¯¥à â®àë, D(A) = X, U | ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥. �®£¤  ¬­®¦¥áâ¢ 

R(Ax+ Cx� f) ¨ Ax+ Cx� f á®¢¯ ¤ îâ ¯à¨ «î¡ëå x 2 X ¨ f 2 X.

�®ª § â¥«ìáâ¢®. �ãáâì xn ! x, â®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì fyng (yn 2 Ax) ®£à ­¨ç¥­  ¢
á¨«ã «®ª «ì­®© ®£à ­¨ç¥­­®áâ¨ A, â.¥. yn * �y 2 X. �à®¬¥ â®£®, ¢ ¯à¥¤¯®«®¦¥­¨ïå «¥¬¬ë
¬®¦­® ã¡¥¤¨âìáï ¢ ¤¥¬¨­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  C (á¬. [1], á. 23; [4], á. 190). �­ ç¨â, Cxn * Cx
¨ �y+Cx�f 2 R(Ax+Cx�f). � «¥¥, ¨á¯®«ì§ãï ­¥¯à¥àë¢­®áâì U ¨ ¬ ªá¨¬ «ì­ãî  ªªà¥â¨¢­®áâì
A, ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® �y 2 Ax, â.¥. �y + Cx � f 2 Ax + Cx � f . �¥¯¥àì ­¥âàã¤­® ¢¨¤¥âì,
çâ® R(Ax + Cx � f) � Ax + Cx � f . �¡à â­®¥ ¢ª«îç¥­¨¥ ¤®ª §ë¢ ¥âáï ¯à ªâ¨ç¥áª¨ â¥¬¨ ¦¥
à ááã¦¤¥­¨ï¬¨, çâ® ¨ ¢ «¥¬¬¥ 4 ¨§ [5].

�¥¬¬  6. �ãáâì C : X ! 2X | «®ª «ì­® ®£à ­¨ç¥­­ë© ®¯¥à â®à â¨¯  (A) ¨«¨ (A0), U
| ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥, â®£¤  Cx+ �x � g = R(Cx+ �x � g) ¯à¨ «î¡ëå � > 0, g 2 X ¨

x 2 X.

�®ª § â¥«ìáâ¢®. � ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 5, ãáâ ­®¢¨¬ «¨èì ¢ª«îç¥­¨¥R(Cx+�x�
g) � Cx+�x�g. �ãáâì xn ! x, â®£¤  yn * �y, yn 2 Cxn, yn+�xn�g * �y+�x�g 2 R(Cx+�x�g).
�ç¥¢¨¤­®, çâ® limhUxn; yni = hUx; �yi, limhU(xn�x); yni = 0. �®íâ®¬ã ¨§ ®¯à¥¤¥«¥­¨© 3 ¨ 4 ¨¬¥¥¬:
�y 2 Cx. �­ ç¨â, �y + �x � g 2 Cx + �x � g, çâ® ¨ ®¡¥á¯¥ç¨¢ ¥â á¯à ¢¥¤«¨¢®áâì ¤®ª §ë¢ ¥¬®£®
ãâ¢¥à¦¤¥­¨ï.

� «¥¥ à¥è¥­¨ï ¢á¥å ãà ¢­¥­¨© ¯®­¨¬ ¥¬ ¢ á¬ëá«¥ á«¥¤ãîé¥£® ®¯à¥¤¥«¥­¨ï (á¬. [8], [5]).

�¯à¥¤¥«¥­¨¥ 8. �«¥¬¥­â x0 2 X ­ §ë¢ ¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Ax = f; (5)

¥á«¨ 0 2 R(Ax0 � f).

�¥®à¥¬  1. �ãáâì X ¨ X� | à ¢­®¬¥à­® ¢ë¯ãª«ë¥ ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ¤ã «ì­®¥ ®â®-

¡à ¦¥­¨¥ U : X ! X� á« ¡® ­¥¯à¥àë¢­®, A : X ! 2X |  ªªà¥â¨¢­ë© ®¯¥à â®à, D(A) = X,

C : X ! X | ®£à ­¨ç¥­­®¥ ®¤­®§­ ç­®¥ ¯á¥¢¤® ªªà¥â¨¢­®¥ ®â®¡à ¦¥­¨¥, áãé¥áâ¢ã¥â ç¨á«®

r > 0 â ª®¥, çâ®

hUx; y +Cx� fi � 0 8y 2 Ax; kxk = r; f 2 X: (6)
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�®£¤  ãà ¢­¥­¨¥

Ax+ Cx = f (7)

¨¬¥¥â ¢ X ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì Pn : X ! Xn | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï ­  ª®­¥ç­®¬¥à­®¥ ¯®¤-
¯à®áâà ­áâ¢® Xn ¯à®áâà ­áâ¢  X (â.¥. ­¥ â¥àïï ®¡é­®áâ¨, áç¨â ¥¬ X á¥¯ à ¡¥«ì­ë¬). �«ï ¯à®-
áâ®âë à ááã¦¤¥­¨© ¯à¥¤¯®« £ ¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fXng, n > 0, ¯à¥¤¥«ì­® ¯«®â­  ¢ X.
�§ «¥¬¬ë 3 à ¡®âë [5] á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï xn 2 Xn ãà ¢­¥­¨ï Pn(Ax+Cx�f) = 0,
¯à¨ç¥¬ kxnk � r. �­ ç¨â, ­ ©¤¥âáï í«¥¬¥­â yn 2 Axn â ª®©, çâ® Pn(yn+Cxn�f) = 0 (á¬. «¥¬¬ã
5).

� ª ª ª C | ®£à ­¨ç¥­­ë© ®¯¥à â®à, â® Cxn * �g 2 X. �£à ­¨ç¥­­®áâì fyng ¤®ª §ë¢ ¥âáï
â¥¬ ¦¥ ¯à¨¥¬®¬, çâ® ¨ ¢ â¥®à¥¬¥ 1 ¨§ [5]. �«¥¤®¢ â¥«ì­®, yn * �y 2 X. �à®¬¥ â®£®, xn * �x 2 X.
� ¯¨è¥¬ ãá«®¢¨¥  ªªà¥â¨¢­®áâ¨ ®¯¥à â®à  A: hU(xn � u); yn � vi � 0, v 2 Au, u 2 X ¨«¨

hU(xn � u); Cxni � hU(xn � u); Cxn + yn � vi = hU(xn � u)� U(xn � Pnu);

Cxn + yn � vi+ hU(xn � Pnu); Pn(Cxn + yn � f)i+ hU(xn � Pnu); f � vi: (8)

�®áª®«ìªã ®¯¥à â®à U à ¢­®¬¥à­® ­¥¯à¥àë¢¥­ ­  «î¡®¬ ®£à ­¨ç¥­­®¬ ¬­®¦¥áâ¢¥ ¯à®áâà ­áâ¢ 
X, â® U(xn�u)�U(xn�Pnu)! 0. �¥¯¥àì, ¨á¯®«ì§ãï «¥¬¬ã 22.4 ¨§ [1] ¨ á« ¡ãî ­¥¯à¥àë¢­®áâì
U , ¨§ (8) ¯à¨ n!1 ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

limhU(xn � u); Cxni � hU(�x� u); f � vi; v 2 Au: (9)

�âáî¤  ¯à¨ u = �x ¯®«ãç ¥¬ limhU(xn � �x); Cxni � 0. �®£¤  ¯á¥¢¤® ªªà¥â¨¢­®áâì C ¤ ¥â ­¥à -
¢¥­áâ¢® limhU(xn � u); Cxni � hU(�x � u); C�xi 8u 2 X. �¥¯¥àì á ãç¥â®¬ (9) § ¯¨è¥¬ æ¥¯®çªã
­¥à ¢¥­áâ¢

hU(�x� u); f � vi � limhU(xn � u); Cxni � limhU(xn � u); Cxni � hU(�x� u); C�xi; (10)

â. ¥. hU(�x� u); f �C�x� vi � 0 ¯à¨ ¢á¥å u 2 X, v 2 Au. � ªá¨¬ «ì­ ï  ªªà¥â¨¢­®áâì ®¯¥à â®à 
A ¨ ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® £ à ­â¨àãîâ ¢ª«îç¥­¨¥ f �C�x 2 A�x. �­ ç¨â, f 2 A�x+C�x, ¨ «¥¬¬ 
5 ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤ ® à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (7).

�«¥¤áâ¢¨¥ 4. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬, ¥á«¨ âà¥¡®¢ ­¨¥ (6) § ¬¥-
­¨âì ª®íàæ¨â¨¢­®áâìî ®¯¥à â®à  A+ C.

�«¥¤áâ¢¨¥ 5. �ãáâì ¯à®áâà ­áâ¢  X ¨ X�, ®¯¥à â®à U ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1,
C : X ! X | ®£à ­¨ç¥­­ë© ®¤­®§­ ç­ë© ¯á¥¢¤® ªªà¥â¨¢­ë© ª®íàæ¨â¨¢­ë© ®¯¥à â®à, â®£¤ 
R(C) = X.

�«¥¤áâ¢¨¥ 6. �ãáâì ¢ ãá«®¢¨ïå á«¥¤áâ¢¨ï 5 âà¥¡®¢ ­¨¥ ª®íàæ¨â¨¢­®áâ¨ C § ¬¥­¥­® á¢®©-
áâ¢®¬: hUx;Cx� fi � 0 ¯à¨ kxk � r > 0 ¤«ï ­¥ª®â®à®£® f 2 X. �®£¤  ãà ¢­¥­¨¥

Cx+ �x = g (11)

à §à¥è¨¬® ¯à¨ «î¡ëå g 2 X ¨ � � 0.

�¥©áâ¢¨â¥«ì­®, ®¯¥à â®à E ¬ ªá¨¬ «ì­ë©  ªªà¥â¨¢­ë© ¨ hUx;Cx+�xi � kxk[�kxk�kfk]+
hUx;Cx � fi. �âáî¤  ¨¬¥¥¬ ª®íàæ¨â¨¢­®áâì ®â®¡à ¦¥­¨ï C + �E, ¨ â¥®à¥¬  1 £ à ­â¨àã¥â
â¥¯¥àì áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï (11) ¯à¨ «î¡®¬ g 2 X.

� ¬¥ç ­¨¥ 1. �â¢¥à¦¤¥­¨ï á«¥¤áâ¢¨© 5 ¨ 6 ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨, ¥á«¨ ®¯¥à â®à C áç¨-
â âì ®£à ­¨ç¥­­ë¬ (¢®§¬®¦­®, ¬­®£®§­ ç­ë¬) â¨¯  (A) ¨«¨ (A0) (áà. á [4], á. 184). � ¤¨¬ ¯®ïá­¥-
­¨ï ª ¤®ª § â¥«ìáâ¢ã à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (11) ¢ ¤ ­­ëå ãá«®¢¨ïå. �ãáâì xn 2 Xn(kxnk � r)
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¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï Pn(Cx+ �x� g = 0), â.¥. Pn(yn + �xn � g) = 0, yn 2 Cxn (á¬. «¥¬¬ã 6),
xn * �x. �®£¤  hUxn; yn + �xn � gi = 0 ¨«¨

hUxn; y
ni = hUxn; gi � �hUxn; xni: (12)

� ª ¨ ¢ ([4], á. 183), ¤®ª §ë¢ ¥âáï, çâ® yn+�xn * g, â. ¥. yn * g���x. �« ¡ ï ¯®«ã­¥¯à¥àë¢­®áâì
á­¨§ã ­®à¬ë ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ ¯®§¢®«ï¥â ¨§ (12) ¯®«ãç¨âì á®®â­®è¥­¨ï

limhUxn; yni = hU �x; gi � � limhUxn; xni � hU �x; g � ��xi: (13)

�ãáâì C | ®¯¥à â®à â¨¯  (A), â®£¤  ¨§ (13) ¯®«ãç ¥¬ ¤®ª §ë¢ ¥¬®¥ ¢ª«îç¥­¨¥: g � ��x 2 C�x.
�«ï ®â®¡à ¦¥­¨ï C â¨¯  (A0) íâ® ¦¥ ¢ª«îç¥­¨¥ ¢ë¢®¤¨âáï ¨§ ®ç¥¢¨¤­®£® ­¥à ¢¥­áâ¢ 

hU(xn � �x); yni � hU(xn � Pn�x); g � �Pn�xi+ hU(xn � �x)� U(xn � Pn�x); yni:

� ¬¥ç ­¨¥ 2. �á¨«¥­­® ­¥¯à¥àë¢­ë© ®¯¥à â®à C : X ! X ¢ ¯à®áâà ­áâ¢¥ á® á« ¡® ­¥¯à¥-
àë¢­ë¬ ¤ã «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ï¢«ï¥âáï, ®ç¥¢¨¤­®, ¯á¥¢¤® ªªà¥â¨¢­ë¬. �®íâ®¬ã â¥®à¥¬  1
¤ ¥â ¤®áâ â®ç­ë¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (5) á ®¯¥à â®à®¬ A, ¯à¥¤áâ ¢¨¬ë¬ ¢ ¢¨-
¤¥ áã¬¬ë  ªªà¥â¨¢­®£® ¨ ãá¨«¥­­® ­¥¯à¥àë¢­®£® ®â®¡à ¦¥­¨©. �«¥¤ãï â¥à¬¨­®«®£¨¨ â¥®à¨¨
¬®­®â®­­ëå ®¯¥à â®à®¢ (á¬., ­ ¯à., [1], á. 267), â ª¨¥ ®¯¥à â®àë ¬®¦­® ­ §¢ âì ¯®«ã ªªà¥â¨¢-
­ë¬¨.

� ¬¥ç ­¨¥ 3. � ãá«®¢¨ïå â¥®à¥¬ë 1 § ¬¥­¨¬ (6) ­  ­¥à ¢¥­áâ¢® hUx; y + Cxi � bkxk ¯à¨
kxk � r. �®£¤  ¯à¨ f 2 X ¨¬¥¥¬ hUx; y + Cx � fi � bkxk � kfk kxk = kxk[b � kfk], â.¥. ¯à¨
f 2 B(0; b) = fx : kxk � bg á¯à ¢¥¤«¨¢® (6). �­ ç¨â, B(0; b) � R(A+ C) (áà. á [6]).

�¥®à¥¬  2. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ®¯¥à â®à C ï¢«ï¥âáï ®¤­®§­ ç­ë¬ ®£à ­¨ç¥­­ë¬

®â®¡à ¦¥­¨¥¬ â¨¯  (A0), ¨ äã­ªæ¨®­ « 'u(x; v) = hU(x � u); vi á« ¡® ­¥¯à¥àë¢¥­ á­¨§ã ¯à¨

«î¡®¬ ä¨ªá¨à®¢ ­­®¬ u 2 X. �®£¤  ãà ¢­¥­¨¥ (7) ¨¬¥¥â ¢ X ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¯á¥¢¤® ªªà¥â¨¢­®áâì ®¯¥à â®à  C. �ãáâì xn * x ¨ ¢¥à­® (2). �§
®£à ­¨ç¥­­®áâ¨ C ¨¬¥¥¬ Cxn * g. � ª ª ª C | ®¯¥à â®à â¨¯  (A0), â® g = Cx, â. ¥. Cxn * Cx.
�« ¡ ï ¯®«ã­¥¯à¥àë¢­®áâì á­¨§ã äã­ªæ¨®­ «  'u ¤ ¥â ­¥à ¢¥­áâ¢® limhU(xn � z); Cxni �
hU(x� z); Cxi. �®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.

�¥®à¥¬  3. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ®¯¥à â®à A ¨¬¥¥â á« ¡® § ¬ª­ãâë© £à ä¨ª,

  C ¥áâì ®£à ­¨ç¥­­ë©, ¢®§¬®¦­®, ¬­®£®§­ ç­ë© ®¯¥à â®à â¨¯  (A0). �®£¤  ãà ¢­¥­¨¥ (7)
à §à¥è¨¬®.

�®ª § â¥«ìáâ¢®. �­ ç «¥ ã¡¥¤¨¬áï ¢ â®¦¤¥áâ¢¥­­®áâ¨ ¬­®¦¥áâ¢ R(Ax + Cx � f) ¨ Ax +
Cx � f ¤«ï «î¡ëå x ¨ f ¨§ X. �ãáâì vn ! x, un 2 Avn, wn 2 Cvn. �®á«¥¤®¢ â¥«ì­®áâ¨ fung
¨ fwng ®£à ­¨ç¥­ë, ¯®íâ®¬ã un * u, wn * w, u 2 Ax. �®áª®«ìªã limhU(vn � x); wni = 0, â®
w 2 Cx. �­ ç¨â, u+w� f 2 Ax+Cx� f . �¥¯¥àì ¤®ª § â¥«ìáâ¢® § ¢¥àè ¥âáï, ª ª ¨ ¢ «¥¬¬¥ 5.

�ãáâì zn 2 Cxn, xn 2 Xn, yn 2 Axn, Pn(yn + zn � f) = 0. �®£¤  xn * �x, yn * �y, zn * �g. �
­ è¨å ¯à¥¤¯®«®¦¥­¨ïå �y 2 A�x. � ª ª ªC|®â®¡à ¦¥­¨¥ â¨¯  (A0), â® ¨á¯®«ì§ãï (9), ãáâ ­®¢¨¬
¢ª«îç¥­¨¥: �g 2 C�x. �® f = �g + �y (á¬. [4], á. 183), â.¥. f 2 A�x+ C�x ¨«¨ 0 2 R(A�x+ C�x� f).

� ¬¥ç ­¨¥ 4. � ¯à®áâà ­áâ¢ å lp (p > 1) ¤ã «ì­®¥ ®â®¡à ¦¥­¨¥ U á ¬ áèâ ¡­®© äã­ªæ¨¥©
�(t) = tp�1 ã¤®¢«¥â¢®àï¥â ¢á¥¬ âà¥¡®¢ ­¨ï¬ â¥®à¥¬ 1{3 (á¬. [1], á. 330{331). �«ï áà ¢­¥­¨ï á à¥-
§ã«ìâ â ¬¨ [6] ãª ¦¥¬ á«¥¤ãîé¥¥. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ®¯¥à â®à �E ï¢«ï¥âáï ®¯¥à â®à®¬
â¨¯  (A) ¨ (A0). �¤­ ª®, ®ç¥¢¨¤­®, ®­ ­¥ ï¢«ï¥âáï ª®¬¯ ªâ­ë¬. � â® ¦¥ ¢à¥¬ï ®â®¡à ¦¥­¨¥
A : l2 ! l2 : Ax = f2 � kxk; 0; 0; : : : g (á¬. [3], á. 152) ª®¬¯ ªâ­®. �® ¯®áâà®¨¢ ¯®á«¥¤®¢ â¥«ì­®áâì
fxng, xn = fxn

1
; xn

2
; : : : g, xin = 0 ¯à¨ i 6= n ¨ xin = 1 ¯à¨ i = n, «¥£ª® ãáâ ­®¢¨âì, çâ® A ­¥

ï¢«ï¥âáï ®¯¥à â®à®¬ â¨¯  (A) ¨«¨ (A0). �ª ¦¥¬ â ª¦¥, çâ® ¨§¢¥áâ­ë¥ ãâ¢¥à¦¤¥­¨ï ¨§ [3], [4] ®
à §à¥è¨¬®áâ¨ ãà ¢­¥­¨© á ¯á¥¢¤®¬®­®â®­­ë¬¨ ®¯¥à â®à ¬¨ ¨ ®¯¥à â®à ¬¨ â¨¯  (M) á«¥¤ãîâ
¨§ â¥®à¥¬ 1{3.
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3. � áá¬®âà¨¬ ãà ¢­¥­¨¥ (5), ¨¬¥îé¥¥ ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® à¥è¥­¨© N , á  ªªà¥â¨¢­ë¬ ®¯¥-
à â®à®¬ A. �ãáâì ¯à®áâà ­áâ¢  X ¨ X�, ®â®¡à ¦¥­¨¥ U ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1, Ah

¨ f � | ¯à¨¡«¨¦¥­¨ï A ¨ f á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ Ah ï¢«ï¥âáï áã¬¬®© ¯à®¨§¢®«ì­®£®  ªªà¥-
â¨¢­®£® ®â®¡à ¦¥­¨ï Bh ¨ ®£à ­¨ç¥­­®£® ®¤­®§­ ç­®£® ¯á¥¢¤® ªªâ¥à¨¢­®£® ®â®¡à ¦¥­¨ï Ch,
r(Ax;A

h
x) � g(kxk)h, £¤¥ r(Ax;A

h
x) | å ãá¤®àä®¢® à ááâ®ï­¨¥ ¢ X ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ Ax ¨

A
h
x, A

h
= B

h
+ C, h � 0, g(t) (t � 0) | ­¥¯à¥àë¢­ ï ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï, kf � f �k � �,

� � 0. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® D(A) = D(Ah) = X, (� + h)=� ! 0 ¯à¨ � ! 0, â.¥. ¬®¦­®
¯à¨­ïâì, çâ® h=� � k, k > 0. �®áâà®¨¬ ¢®§à áâ îéãî ­¥¯à¥àë¢­ãî äã­ªæ¨î a(t), a(0) > 0,
a(t)t� kg(t)! +1 ¯à¨ t!1, ¨ ®¯¥à â®à Ea : X ! X, Eax = a(kxk)x.

�¥¬¬  7. �¯¥à â®à Ea ¯á¥¢¤® ªªà¥â¨¢¥­.

�®ª § â¥«ìáâ¢®. �ãáâì xn * x ¨

limhU(xn � x); Eaxni � 0: (14)

�®ª ¦¥¬, çâ®

limhU(xn � z); Eaxni � hU(x� z); Eaxi 8z 2 X: (15)

� ª ª ª a(t) > 0, â® ¨§ (14) ¨¬¥¥¬ ­¥à ¢¥­áâ¢® limhU(xn � x); xni � 0. �âáî¤  á ãç¥â®¬ á« ¡®©
¯®«ã­¥¯à¥àë¢­®áâ¨ á­¨§ã ­®à¬ë ¢X ¨ á¢®©áâ¢  ¢®§à áâ ­¨ï a(t) ãáâ ­ ¢«¨¢ ¥¬ á¯à ¢¥¤«¨¢®áâì
(15).

� áá¬®âà¨¬ ¢ X ãà ¢­¥­¨¥

Ahx+ �Eax = f �; � > 0: (16)

� ­ è¨å ¯à¥¤¯®«®¦¥­¨ïå ¬®¦¥¬ § ¯¨á âì æ¥¯®çªã á®®â­®è¥­¨©

hUx; yh + �Eaxi = hUx; y � y0i+ hUx; y0i+ hUx; yh � yi+ �hUx; Eaxi �

� �(kxk)[�a(kxk)kxk � ky0k � hg(kxk)]; y0 2 A(0); y 2 Ax 8yh 2 A
h
x:

�à ¢¨«® ¯®áâà®¥­¨ï äã­ªæ¨¨ a(t) ®¡ãá« ¢«¨¢ ¥â ª®íàæ¨â¨¢­®áâì ®¯¥à â®à  A
h
+�Ea,   «¥¬¬ë

7, 1 ¨ â¥®à¥¬  1 £ à ­â¨àãîâ à §à¥è¨¬®áâì ãà ¢­¥­¨ï (16), å®âï ¨ ­¥ ®¤­®§­ ç­ãî. �ãáâì x
�
| ­¥ª®â®à®¥ à¥è¥­¨¥ (16), 
 = f�; hg.

�¥®à¥¬  4. � ãá«®¢¨ïå ¤ ­­®£® ¯ã­ªâ  ¯®á«¥¤®¢ â¥«ì­®áâì fx
�g á¨«ì­® áå®¤¨âáï ¯à¨

�! 0 ª à¥è¥­¨î �x ãà ¢­¥­¨ï (5), ®¤­®§­ ç­® ®¯à¥¤¥«ï¥¬®¬ã ­¥à ¢¥­áâ¢®¬

hU(�x� x); �xi � 0 8x 2 N; �x 2 N: (17)

�®ª § â¥«ìáâ¢®. �§ (5) ¨ (16) ¨¬¥¥¬

hU(x
� � x); y � y
�i+ hU(x
� � x); y
� � z
�i+ �a(kx
�k)�(kx


� � xk)kx
� � xk =

hU(x
� � x); f � f �i � �a(kx
�k)hU(x


� � x); xi; (18)

£¤¥ y 2 Ax, x 2 N , y
� 2 Ax
�, z


� 2 A

h
x
�, z



� + �a(kx
�k)kx



�k = f �. �  ®á­®¢¥ à ¢¥­áâ¢  (18)

­¥âàã¤­® ¤®ª § âì (á¬. [9], [5]), çâ® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¨§ fx
�g, á¨«ì­® áå®¤ï-
é ïáï ¯à¨ � ! 0 ª ­¥ª®â®à®¬ã à¥è¥­¨î �x ãà ¢­¥­¨ï (5). � «¥¥, ¨§ (18) ¯à¨ «î¡®¬ x 2 N
¨¬¥¥¬

hU(x
� � x); Eax
�i � [�=� + h=�g(kx
�k)]�(kx


� � xk);
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®âªã¤  ¯®á«¥ ¯¥à¥å®¤  ª ¯à¥¤¥«ã ¯à¨ � ! 0 ¯®«ãç¨¬ (17). �®ª ¦¥¬, çâ® í«¥¬¥­â �x 2 N ,
ã¤®¢«¥â¢®àïîé¨© (17), ¥¤¨­áâ¢¥­­ë©. �¥©áâ¢¨â¥«ì­®, ¯ãáâì

hU(�x1 � x); �x1i � 0 8x 2 N; �x1 2 N ;

hU(�x2 � x); �x2i � 0 8x 2 N; �x2 2 N:

�®« £ ï ¢ ¯¥à¢®¬ ­¥à ¢¥­áâ¢¥ x = �x2,   ¢® ¢â®à®¬ x = �x1 ¨ áª« ¤ë¢ ï ¯®«ãç¥­­ë¥ ­¥à ¢¥­áâ¢ ,
¨¬¥¥¬ �(k�x1 � �x1k)k�x1 � �x2k � 0, â.¥. �x1 = �x2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë § ª®­ç¥­®.

�¥®à¥¬  4 ®¡®¡é ¥â à¥§ã«ìâ âë ® áå®¤¨¬®áâ¨ ®¯¥à â®à­®£® ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ ¨§ à ¡®â
[9], [5].

�á¯®«ì§ãï «¥¬¬ë 2, 3, á«¥¤áâ¢¨ï 5, 6, § ¬¥ç ­¨ï 1, 2 ¨ â¥®à¥¬ë 2, 3, ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë
4 ¬®¦­® ¯®«ãç¨âì ¨ ¯à¨ ¨­ëå ãá«®¢¨ïå ­  ¢®§¬ãé¥­­ë© ®¯¥à â®à Ah.
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