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� à ¡®â¥ ¤®ª §ë¢ ¥âáï áå®¤¨¬®áâì á«ãç ©­ëå «®¬ ­ëå ª ¢¨­¥à®¢áª®¬ã ¯à®æ¥ááã á ¨§¬¥­¥­-
­ë¬ ¢à¥¬¥­¥¬ ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå ®£à ­¨ç¥­­ëå äã­ªæ¨© ­  ¤¥©áâ¢¨â¥«ì­®© ¯®«ã-
¯àï¬®©. �«ãç ©­ë¥ «®¬ ­ë¥ ®¯à¥¤¥«¥­ë áã¬¬ ¬¨ ­¥§ ¢¨á¨¬ëå á«ãç ©­ëx ¢¥«¨ç¨­, ¯à¨ç¥¬ ¢
íâ¨å áã¬¬ å ®¤­¨ á«ãç ©­ë¥ ¢¥«¨ç¨­ë á«ãç ©­ë¬ ®¡à §®¬ § ¬¥é îâáï ¤àã£¨¬¨. � ¬¥é¥­¨ï
®¯à¥¤¥«ïîâáï ã¬­®¦¥­¨¥¬ ­  §­ ç¥­¨ï ¨­¤¨ª â®à®¢, ®¯à¥¤¥«¥­­ëå ­  ¤àã£®¬ ¢¥à®ïâ­®áâ­®¬
¯à®áâà ­áâ¢¥, í«¥¬¥­âë ª®â®à®£® à áá¬ âà¨¢ îâáï ª ª á«ãç ©­ë¥ ¯ à ¬¥âàë, ¨ áå®¤¨¬®áâì
á«ãç ©­ëå «®¬ ­ëå ¤®ª §ë¢ ¥âáï ¤«ï ¯®çâ¨ ¢á¥å (¯. ¢.) §­ ç¥­¨© íâ®£® á«ãç ©­®£® ¯ à ¬¥âà .
�¥§ã«ìâ âë ¤ ­­®© à ¡®âë ï¢«ïîâáï ®¡®¡é¥­¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å â¥®à¥¬ ¨§ à ¡®â [1] ¨ [2],
¯®«ãç¥­­ëå ¤«ï áã¬¬ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­. �¤¥áì à áá¬ âà¨¢ ¥âáï
¡®«¥¥ ®¡é ï áå¥¬  á¥à¨© à §­®à á¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
�¨­¤¥¡¥à£ .

� ¬¥â¨¬, çâ® ¡®«ìè®¥ ª®«¨ç¥áâ¢® áâ â¥© (á¬., ­ ¯à., [3]{[5]) ¯®á¢ïé¥­® ¨§ãç¥­¨î áå®¤¨¬®áâ¨
á«ãç ©­ëå «®¬ ­ëå, ¨ ¤ ­­ ï à ¡®â  ¯à¨­ ¤«¥¦¨â íâ®¬ã ­ ¯à ¢«¥­¨î.

�®«ãç¥­­ë¥ ¯à¥¤¥«ì­ë¥ â¥®à¥¬ë ¯à¨¬¥­ïîâáï ¢ ­¥ª®â®àëå ¬®¤¥«ïå áâ®å áâ¨ç¥áª®© ä¨-
­ ­á®¢®© ¬ â¥¬ â¨ª¨, ¢ ç áâ­®áâ¨, ¯à¨¢®¤¨âáï  ­ «®£ ä®à¬ã«ë �«íª {�®«ìæ  á¯à ¢¥¤«¨¢®©
æ¥­ë ¥¢à®¯¥©áª®£® ®¯æ¨®­  ¯®ªã¯ â¥«ï.

1. �à¥¤¥«ì­ë¥ â¥®à¥¬ë

�ãáâì f
1;A1;P1g | ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢®, E1 | ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®â­®á¨-
â¥«ì­® ¢¥à®ïâ­®áâ¨ P1 ¨ ¯ãáâì Aji(n) 2 A1 | ­¥§ ¢¨á¨¬ë¥ á®¡ëâ¨ï ¤«ï «î¡®£® n 2 N. �ã¤¥¬
¯à¥¤¯®« £ âì, çâ® ¢¥à®ïâ­®áâ¨ íâ¨å á®¡ëâ¨© ­¥ § ¢¨áïâ ®â ¨­¤¥ªá  i ¨ P1(Aji(n)) = ajn ¤«ï
«î¡®£® i 2 N. �¡®§­ ç¨¬ ç¥à¥§ Iji(n)(!1) ¨­¤¨ª â®àë á®¡ëâ¨© Aji(n), ç¥à¥§ [b] ¨ fbg | æ¥«ãî
¨ ¤à®¡­ãî ç áâ¨ ç¨á«  b á®®â¢¥âáâ¢¥­­®.

�ãáâì t 2 R+ . �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© á«¥¤ãîé¨¬ ®¡à §®¬: fn(t) = 1, ¥á«¨
[knt] = 0 ¨ fn(t) = E1 I[knt]i(n)I([knt]�1)i(n) : : : I1i(n) = a[knt]n : : : a1n; ¥á«¨ [knt] > 0.

�ãáâì á®¡ëâ¨ï Aij(n) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

(1) áãé¥áâ¢ã¥â äã­ªæ¨ï f(t) 2 Cb(R+ ) â ª ï, çâ® f(t) = lim
n!1

fn(t) ¤«ï «î¡®£® t 2 R+ , £¤¥

Cb(R+) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ®£à ­¨ç¥­­ëå äã­ªæ¨©, § ¤ ­­ëå ­  R+ .

�ãáâì f
;A;Pg | ¥é¥ ®¤­® ¢¥à®ïâ­®áâ­®¥ ¯à®áâà ­áâ¢®. �¥à¥§ E ¡ã¤¥¬ ®¡®§­ ç âì ¬ â¥-
¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®â­®á¨â¥«ì­® ¢¥à®ïâ­®áâ¨ P.

�ãáâì kn 2 N â ª¨¥, çâ® kn < kn+1 ¤«ï «î¡®£® n 2 N ¨ l 2 f1; 2g. �ãáâì Y
(l)
ni , 1 � i � kn,

| ¯®á«¥¤®¢ â¥«ì­®áâ¨ á¥à¨© ­¥§ ¢¨á¨¬ëå ¢ ª ¦¤®© á¥à¨¨ á«ãç ©­ëå ¢¥«¨ç¨­, ®¯à¥¤¥«¥­­ëå
­  (
; A;P), â ª¨¥, çâ® ¤«ï «î¡®£® n 2 N á¥¬¥©áâ¢  fY (1)

ni , 1 � i � kng ¨ fY
(2)
ni , 1 � i � kng

­¥§ ¢¨á¨¬ë. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï l 2 f1; 2g ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

(2) EY
(l)
ni = 0 ¤«ï «î¡ëå n; i 2 N;
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(3)
knP
i=1

E (Y (l)
ni )

2 ! v2l ¯à¨ n!1 ¤«ï ­¥ª®â®à®£® v2l 2 R+ ;

(4)
knP
i=1

E (Y (l)
ni )

2
I
fjY

(l)
ni
j>�g

! 0 ¯à¨ n!1 ¤«ï «î¡®£® � 2 R+ ;

(5)
1P
n=1

exp
�
� "

max
1�i�kn

E(Y
(l)
ni

)2

�
<1 ¤«ï «î¡®£® " > 0.

�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì áã¬¬

S
(n)
0 =

knX
i=1

Y
(1)
ni ;

S
(n)
1 =

knX
i=1

I1i(n)Y
(1)
ni +

knX
i=1

(1� I1i(n))Y
(2)
ni ;

: : : : : : : : :

S
(n)
k =

knX
i=1

I1i(n)I2i(n) � � � Iki(n)Y
(1)
ni +

knX
i=1

(1� I1i(n)I2i(n) � � � Iki(n))Y
(2)
ni :

(S)

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¯à®æ¥áá®¢

Xn(t) � Xn(t;!1) , S
(n)
[knt]

+ fkntg(S
(n)
[knt]+1 � S

(n)
[knt]

); n 2 N: (X)

�ãáâì W (t) ¨ W 0(t) | ­¥§ ¢¨á¨¬ë¥ ¢¨­¥à®¢áª¨¥ ¯à®æ¥ááë. �¡®§­ ç¨¬

Wfv1v2(t) =W (v21f(t)) +W 0(v22(1� f(t))); t 2 R+ :

�¥®à¥¬  1. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1){(5) ¨ Xn(!1) | ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå

¯à®æ¥áá®¢, ®¯à¥¤¥«¥­­ ï ä®à¬ã« ¬¨ (S) ¨ (X), â® Xn(!1)
d
�!Wfv1v2 ¯à¨ n!1 ¢ ¯à®áâà ­áâ¢¥

Cb(R+) ¤«ï ¯. ¢. !1 2 
1.

�¡®§­ ç¨¬

Zn(x) � Zn(x;!1)(Y ) =
1
kn

[knx]X
j=0

S
(n)
j ; x 2 [0; T ]; n 2 N; !1 2 
1: (Z)

�¥®à¥¬  2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1){(5) ¨ Zn(!1) | ¯®á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå

¯à®æ¥áá®¢, ®¯à¥¤¥«¥­­ ï ä®à¬ã«®© (Z), â® Zn(!1)
d
�!W 00 ¯à¨ n!1 ¢ ¯à®áâà ­áâ¢¥ C[0; T ] ¤«ï

¯. ¢. !1 2 
1, £¤¥ W
00 | æ¥­âà¨à®¢ ­­ë© £ ãáá®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá á äã­ªæ¨¥© ª®¢ à¨ æ¨¨

B(x1; x2) = v21

�
2
Z x1

0

tf(t)dt+ x1

Z x2

x1

f(t)dt
�
+ v22

�
x1x2 + 2

Z x1

0

tf(t)dt� (x1 + x2)
Z x1

0

f(t)dt
�
:

2. �à¨«®¦¥­¨ï ª ä¨­ ­á®¢®© ¬ â¥¬ â¨ª¥

� à ¡®â¥ [1] ¯à¥¤«®¦¥­ë âà¨ ¬®¤¥«¨ ä¨­ ­á®¢®£® àë­ª . � ­¨å ¤¥©áâ¢¨ï  £¥­â®¢ à áá¬ âà¨-
¢ îâáï ª ª ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë. � ¤ ­­®© à ¡®â¥ ¡ã¤¥¬ ¯à¥¤¯®« -
£ âì, çâ® ¤¥©áâ¢¨ï  £¥­â®¢ | à §­®à á¯à¥¤¥«¥­­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë. � áá¬®âà¨¬ ¬®¤¥«ì
àë­ª  á n  £¥­â ¬¨, £¤¥ n ¤®áâ â®ç­® ¢¥«¨ª®. �®¯ãáâ¨¬, çâ® â®à£¨ æ¥­­ë¬¨ ¡ã¬ £ ¬¨, ª®â®àë¥
¢ ¤ «ì­¥©è¥¬ ¤«ï ¯à®áâ®âë ¡ã¤¥¬ ­ §ë¢ âì  ªæ¨ï¬¨, ¬®£ãâ ®áãé¥áâ¢«ïâìáï â®«ìª® ¢ ¤¨áªà¥â-
­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ j 2 f0; 1; 2; : : : ;Mg. �à¥¤¯®« £ ¥¬, çâ® §  ¯¥à¨®¤ ¢à¥¬¥­¨ f0; 1; 2; : : : ;Mg
 £¥­â ¬®¦¥â â®«ìª® ®¤¨­ à § ãç áâ¢®¢ âì ¢ â®à£ å (ªã¯¨âì ¨«¨ ¯à®¤ âì  ªæ¨¨). �á«¨  £¥­â
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¯®ªã¯ ¥â  ªæ¨¨, â® ¨å æ¥­  ã¬­®¦ ¥âáï ­  ­¥ª®â®à®¥ ç¨á«®, ¡®«ìè¥¥ ¥¤¨­¨æë. �á«¨  £¥­â ¯à®-
¤ ¥â  ªæ¨¨, â® ¨å æ¥­  ã¬­®¦ ¥âáï ­  ç¨á«®, ¬¥­ìè¥¥ ¥¤¨­¨æë. �­ ç¨â, â®à£®¢ ï ¯®«¨â¨ª  i-£®
 £¥­â  ¯à¥¤¯®« £ ¥âáï ¡¨­®¬¨ «ì­®© á«ãç ©­®© ¢¥«¨ç¨­®©

�
(l)
i =

(
Uli á ¢¥à®ïâ­®áâìî pli;

Dli á ¢¥à®ïâ­®áâìî qli; 1 � i � n; l 2 f1; 2g:

�­¤¥ªá l ¢¢¥¤¥­ ¤«ï â®£®, çâ®¡ë ãª § âì, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â ¢­¥è­¨å ®¡áâ®ïâ¥«ìáâ¢ ¯®«¨â¨ª 
 £¥­â  ¬®¦¥â ¬¥­ïâìáï, â. ¥. ®­  ¬®¦¥â ¡ëâì á«ãç ©­®© ¢¥«¨ç¨­®© �(1)i ¨«¨ �

(2)
i .

�¢¥¤¥¬ ¯ à ¬¥âàë ali ¨ v2li > 0, ®¯à¥¤¥«¨¢ ¨å à ¢¥­áâ¢ ¬¨

v2li = (Uli �Dli)2pliqli;

aliv
2
li + 1 = Ulipli +Dliqli; 1 � i � n; l 2 f1; 2g:

(1)

�ãáâì ¤«ï l 2 f1; 2g ¢ë¯®«­¥­ë ãá«®¢¨ï

(10)
nP

i=1
v2li ! v2l ¯à¨ n!1 ¤«ï ­¥ª®â®à®£® v2l 2 R+ ;

(20)
nP

i=1
E(ln �(l)i �E ln �(l)i )2I

fjln �
(l)

i
�E ln �

(l)

i
j>�g

! 0 ¯à¨ n!1 ¤«ï «î¡®£® � 2 R+ ;

(30)
1P
n=1

exp
�
� "

max
1�i�n

v2
li

�
<1 ¤«ï «î¡®£® " > 0 .

� à ¬¥âà ali ¬®¦­® à áá¬ âà¨¢ âì, ª ª ®â­®á¨â¥«ì­ë© à¨áª, å à ªâ¥à¨§ãîé¨© à §­¨æã
¬¥¦¤ã \àë­®ç­®©" ¬¥à®© (pli; qli) ¨ \à¨áª-­¥©âà «ì­®©" ¬¥à®© (epli; eqli), £¤¥ ç¨á«  epli ¨ eqli ®¯à¥-
¤¥«¥­ë à ¢¥­áâ¢ ¬¨

U epli +Deqli = 1;

1� epli = eqli; 1 � i � n; l = 1; 2:

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®

(40)
nP

i=1
v2liali ! �l � rl ¯à¨ n!1, �l � rl 2 R+ , rl > 0,

£¤¥ �l | ®¦¨¤ ¥¬ ï áà¥¤­ïï ¯à¨¡ë«ì, rl | ¡ ­ª®¢áª¨© ¯à®æ¥­â.
� áá¬®âà¨¬ á«ãç ©, ª®£¤  ª®«¨ç¥áâ¢®  £¥­â®¢ ­  àë­ª¥ ®áâ ¥âáï ­¥¨§¬¥­­ë¬, ­®  £¥­â ¬®-

¦¥â ¯®¬¥­ïâì á¢®î â ªâ¨ªã. �®£¤  á«ãç ©­ ï ¢¥«¨ç¨­  �(1)i § ¬¥­ï¥âáï ­  �(2)i : �â ª, ¯à¥¤¯®« -
£ ¥¬, çâ® ¢ë¯®«­¥­® á«¥¤ãîé¥¥ ãá«®¢¨¥.

(50) �¥©áâ¢¨¥ «î¡®£®  £¥­â  ­¥ § ¢¨á¨â ®â ¤¥©áâ¢¨© ¤àã£¨å  £¥­â®¢. �«ãç ©­ ï ¢¥«¨ç¨­ 
�ik, ®¯¨áë¢ îé ï ¤¥©áâ¢¨¥ i-£®  £¥­â , ¢ k-© ¬®¬¥­â ¢à¥¬¥­¨ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬
®¡à §®¬:
(A) ¥á«¨ I

(n)
i1 (!1) = 1, I(n)i2 (!1) = 1; : : : ; I(n)ij (!1) = 1, â® �ik = �

(1)
i , k � j;

(B) ¥á«¨ I
(n)
i1 (!1) = 1, I(n)i2 (!1) = 1; : : : ; I(n)i(j�1)(!1) = 1, I(n)ij (!1) = 0, â® �ik = �

(2)
i , k � j.

�¥¬¥©áâ¢  á«ãç ©­ëå ¢¥«¨ç¨­ f�(1)i , 1 � i � ng ¨ f�(2)i , 1 � i � ng ­¥§ ¢¨á¨¬ë.

�®áâà®¨¬ á«ãç ©­ë© ¯à®æ¥áá, ®¯à¥¤¥«ïîé¨© æ¥­ã  ªæ¨© ¢ ¬®¬¥­â ¢à¥¬¥­¨ t 2 [0; T ]

Sn(t) = S0

� nY
i=1

[nt]Y
j=0

�ij

�1=n

;

£¤¥ S0 | æ¥­   ªæ¨¨ ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨.

�¥®à¥¬  3. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1) ¨ (10){(50), â® Sn(!1)
d
�! S ¯à¨ n!1 ¢ ¯à®áâà ­-

áâ¢¥ L1[0; T ] ¤«ï ¯. ¢. !1 2 
1, £¤¥

S(t) = S0 exp
� 2X

l=1

(�1)l+1

�
�l � rl �

v2l
2

�Z t

0

f(x)dx+W 00(t) +
�
�2 � r2 �

v22
2

�
t

�
;
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t 2 [0; T ] ¨ W 00 | £ ãáá®¢áª¨© á«ãç ©­ë© ¯à®æ¥áá á äã­ªæ¨¥© ª®¢ à¨ æ¨¨ B(t1; t2), t1; t2 2 [0; T ].

�¡®§­ ç¨¬ ç¥à¥§ eS(t) á«ãç ©­ë© ¯à®æ¥áá, ¯®áâà®¥­­ë© â®ç­® â ª ¦¥, ª ª ¨ Sn(t), ­® ¢ ª®-
â®à®¬ á«ãç ©­ë¥ ¢¥«¨ç¨­ë �ij ®¡« ¤ îâ á¢®©áâ¢®¬ E �ij = 1, 1 � i � n, 0 � j �M .

�¥®à¥¬  4. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (1) ¨ (10){(50), â® eSn(!1)
d
�! eS ¯à¨ n!1 ¢ ¯à®áâà ­-

áâ¢¥ L1[0; T ] ¤«ï ¯. ¢. !1 2 
1, £¤¥

eS(t) = S0 exp
�
v22 � v21

2

Z t

0

f(x)dx+W 00(t)�
v22
2
t

�
; t 2 [0; T ]:

� ¯®¬­¨¬, çâ® á¯à ¢¥¤«¨¢ ï æ¥­  CT ¥¢à®¯¥©áª®£® ®¯æ¨®­  ¯®ªã¯ â¥«ï á ¤ â®© ¨á¯®«­¥­¨ï
T ¨ æ¥­®© ¯®ªã¯ª¨ K ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© �«íª {�®«ìæ 

CT = Efe�rT ( eS(T )�K)+g;

£¤¥ á«ãç ©­ë© ¯à®æ¥áá eS(t), t 2 [0; T ], ï¢«ï¥âáï ¯à¥¤¥«ì­ë¬ ¯® à á¯à¥¤¥«¥­¨î ¤«ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ eSn ¯à¨ n!1.

�¥®à¥¬  5 (ä®à¬ã«  �«íª {�®«ìæ ). �à¥¤¯®«®¦¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï (1) ¨

(10){(50). �¡®§­ ç¨¬
w2(t) = E(W 0(t))2 = B(t; t); t 2 [0; T ]:

�®£¤  á¯à ¢¥¤«¨¢ ï æ¥­  ¥¢à®¯¥©áª®£® ®¯æ¨®­  à ¢­ 

CT = S0 exp
�
w2(T )
2

� rT +
v22 � v21

2

Z T

0
f(x)dx�

v22T

2

�
�(�+ w(T )) �K expf�rTg�(�);

£¤¥

� =
�
lnS0 � lnK �

v21 � v21
2

Z T

0
f(x)dx�

v22T

2

�.
w(T ):

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ 3{5 áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥âáï â¥®à¥¬  2.
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