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1. �®áâ ®¢ª  § ¤ ç¨

�§ãç¥¨î ¤¨ää¥à¥æ¨ «ìëå ¨£à ¯à¨ ¨â¥£à «ìëå ®£à ¨ç¥¨ïå ¯®á¢ïé¥® ¬®£® à ¡®â
( ¯à., [1]{[9]). �á®¢®¯®« £ îé¨¥ à¥§ã«ìâ âë ¯®«ãç¥ë ¢ ¨áá«¥¤®¢ ¨ïå [1]{[4]. �á®¡ë© ¨-
â¥à¥á ¯à¥¤áâ ¢«ïîâ ¨£àë ¬¥¦¤ã  àï¤®¬ ¯à¥á«¥¤®¢ â¥«¥©, ¤¥©áâ¢ãîé¨x ª ª ®¤¨ ¨£à®ª, ¨
®¤¨¬ ã¡¥£ îé¨¬. � ¥¥ [5]{[8] ¡ë«¨ ¯®«ãç¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ¤«ï § ¢¥àè¥¨ï ¨£àë á
¨â¥£à «ìë¬¨ ®£à ¨ç¥¨ï¬¨ ¨ ¤«ï ¥¥ ¤¨áªà¥âo£®   «®£ . � ¤ ®© à ¡®â¥ à áá¬ âà¨¢ -
¥âáï «¨¥© ï ¤¨áªà¥â ï ¨£à  á® ¬®£¨¬¨ ãç áâ¨ª ¬¨. �®«ãç¥® ¤®áâ â®ç®¥ ãá«®¢¨¥ ¤«ï
¢®§¬®¦®áâ¨ § ¢¥àè¥¨ï ¯à¥á«¥¤®¢ ¨ï ¨§ ¢á¥å â®ç¥ª ¯à®áâà áâ¢ . �®ª § ®, çâ® ¢ á«ãç ¥
®¤®£® ¯à¥á«¥¤ãîé¥£® ¨£à®ª  íâ® ãá«®¢¨¥ ï¢«ï¥âáï ¨ ¥®¡å®¤¨¬ë¬.

�ãáâì ¤¨áªà¥â ï ¨£à  ®¯¨áë¢ ¥âáï à¥ªãàà¥âë¬¨ ãà ¢¥¨ï¬¨

zi(k + 1) = Cizi(k)� ui(k) + v(k); i = 1; : : : ;m; (1)

£¤¥ zi; ui; v 2 Rn, n � 1, k | ®¬¥à è £ , k = 1; 2; : : : , Ci | ¯®áâ®ï ï n � n-¬ âà¨æ ; ui
| ã¯à ¢«ïîé¨© ¯ à ¬¥âà ¯à¥á«¥¤®¢ ¨ï; v | ã¯à ¢«ïîé¨© ¯ à ¬¥âà ã¡¥£ ¨ï. � à ¬¥âà ui
¢ë¡¨à ¥âáï ¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ui = ui(�) = (ui(1); ui(2); : : : ; ui(k); : : : ) ¨§ § ¬ªãâ®£®
è à  Sp(�i) à ¤¨ãá  �i á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â ¯à®áâà áâ¢  lp:

kui(�)k =
� 1X

i=1

jui(k)jp
�1=p

� �i;

£¤¥ p, �i, i = 1; : : : ;m, | § ¤ ë¥ ¯®«®¦¨â¥«ìë¥ ç¨á« ,   ¯ à ¬¥âà v § ¤  ¢ ¢¨¤¥ ¯®á«¥¤®¢ -
â¥«ì®áâ¨ v = v(�) = (v(1); v(2); : : : ; v(k); : : : ) ¨§ è à  S(�) � lp. �£à  (1) áç¨â ¥âáï § ¢¥àè¥®©,
¥á«¨ zi(k) = 0 ¤«ï ¥ª®â®à®£® § ç¥¨ï (j; r) ¯ àë ¨¤¥ªá®¢ (i; k).

�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¨£à¥ (1) ¨§  ç «ì®£® ¯®«®¦¥¨ï z0=fz10; z20; :::; zm0g
¢®§¬®¦® § ¢¥àè¥¨¥ ¯à¥á«¥¤®¢ ¨ï §  N(z0) è £®¢, ¥á«¨ ¯® «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ v(�) 2
Sp(�) ¬®¦® ¯®áâà®¨âì â ª¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ u1(�) 2 Sp(�1), u2(�) 2 Sp(�2); : : : ; um(�) 2
Sp(�m), çâ® ¤«ï ¥ª®â®à®£® § ç¥¨ï j ¨¤¥ªá  i à¥è¥¨¥ zj = zj(�) = fzj(1); zj(2); : : : ; zj(k); : : : g
ãà ¢¥¨ï

zj(k + 1) = Cjzj(k)� uj(k) + v(k); zj(1) = zj0;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î zj(k) = 0; £¤¥ 1 � k � N(z0). �à¨ íâ®¬ ¤«ï  å®¦¤¥¨ï § ç¥¨©
u1(k); u2(k); : : : ; um(k) ¯ à ¬¥âà®¢ u1; u2; : : : ; um   k-®¬ è £¥, k � 1, à §à¥è ¥âáï ¨á¯®«ì§®¢ âì
z1(k); z2(k); : : : ; zm(k); v(1); v(2); : : : ; v(k).
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2. �á®¢ë¥ à¥§ã«ìâ âë

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

1) ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æ Ci; i = 1; : : : ;m, ¯® ¬®¤ã«î ¥ ¯à¥¢®áå®¤ïâ ¥¤¨¨æë ¨

p > 1;
2) ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æ Ci ¯® ¬®¤ã«î ¬¥ìè¥ ¥¤¨¨æë ¨ p � 1.

�®£¤  ¥á«¨ �p1+�
p
2+: : :+�

p
m > �p, â® ¢ ¨£à¥ (1) ¨§ «î¡®£®  ç «ì®£® ¯®«®¦¥¨ï z0 ¢®§¬®¦®

§ ¢¥àè¥¨¥ ¯à¥á«¥¤®¢ ¨ï §  ¥ª®â®à®¥ ª®¥ç®¥ ç¨á«® è £®¢ N(z0).

� áá¬®âà¨¬ ã¯à ¢«ï¥¬ë© ¤¨áªà¥âë© ¯à®æ¥áá, ®¯¨áë¢ ¥¬ë© ãà ¢¥¨¥¬

z(k + 1) = Cz(k)� w(k); (2)

£¤¥ z 2 Rn, k = 1; 2; : : : , C | ¯®áâ®ï ï ¤¥©áâ¢¨â¥«ì ï n�n-¬ âà¨æ , ã¯à ¢«ïîé¨© ¯ à ¬¥âà
w ¢ë¡¨à ¥âáï ¢ ¢¨¤¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ w = w(�) 2 Sp("0) � lp, "0 > 0.

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ¢ á¨áâ¥¬¥ (2) ¨§  ç «ì®£® ¯®«®¦¥¨ï z0 ¢®§¬®¦¥
¯¥à¥¢®¤ ä §®¢®© â®çª¨ z ¢  ç «® ª®®à¤¨ â §  N(z0) è £®¢, ¥á«¨ ¬®¦® ¯®áâà®¨âì â ªãî
¯®á«¥¤®¢ â¥«ì®áâì w(�) 2 Sp("0), çâ® à¥è¥¨¥ z = z(�) ãà ¢¥¨ï (2) á  ç «ìë¬ ãá«®¢¨¥¬
z(1) = z0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î z(k) = 0, £¤¥ 1 � k � N(z0).

�¥¬¬ . �ãáâì ¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

1) ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë C ¯® ¬®¤ã«î ¥ ¯à¥¢®áå®¤ïâ ¥¤¨¨æë ¨ p > 1;
2) ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë C ¯® ¬®¤ã«î ¬¥ìè¥ ¥¤¨¨æë ¨ p � 1.

�®£¤  ¢ á¨áâ¥¬¥ (2) ¨§ «î¡®£®  ç «ì®£® ¯®«®¦¥¨ï z0 ¢®§¬®¦¥ ¯¥à¥¢®¤ ä §®¢®© â®çª¨

z ¢  ç «® ª®®à¤¨ â §  ¥ª®â®à®¥ ç¨á«® è £®¢ N(z0).

�®ª § â¥«ìáâ¢® «¥¬¬ë. � ¯®¬®éìî ¥®á®¡¥®£® ¤¥©áâ¢¨â¥«ì®£® ¯à¥®¡à §®¢ ¨ï z = Sx
á¨áâ¥¬ã (2) ¬®¦® ¯à¨¢¥áâ¨ ª ¢¨¤ã

x(k + 1) = Jx(k)� w(k); w(k) = S�1w(k); (3)

£¤¥ J = diagfJ0; J1; : : : ; Jl1 ; B0; B1; : : : ; Bl2g (á¬. ¯à¨«®¦¥¨¥). �¨áâ¥¬  (3) ¥áâ¥áâ¢¥ë¬ ®¡à §®¬
à á¯ ¤ ¥âáï   á«¥¤ãîé¨¥ á¨áâ¥¬ë:

xi1(k + 1) = Jix
i
1(k)� wi

1(k); i = 0; 1; : : : ; l1; (4)

xj2(k + 1) = Bjx
j
2(k)� wj

2(k); j = 0; 1; : : : ; l2; (5)

£¤¥ xi1 ¨ wi
1 (á®®â¢¥âáâ¢¥® xj2 ¨ wj

2) | ¢¥ªâ®àë, á®áâ ¢«¥ë¥ ¨§ ª®®à¤¨ â ¢¥ªâ®à®¢ x ¨ w,
á®®â¢¥âáâ¢ãîé¨å ª«¥âª¥ �®à¤   Ji (á®®â¢¥âáâ¢¥® Bj).

�®ª ¦¥¬ ¢®§¬®¦®áâì ¯¥à¥¢®¤  ä §®¢®© â®çª¨ xi1 ¢  ç «® ª®®à¤¨ â.

1. �¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ª«¥âª¥ J0. �¨áâ¥¬  ãà ¢¥¨©

x01(k + 1) = J0x
0
1(k)� w0

1(k) (6)

à á¯ ¤ ¥âáï   áª «ïàë¥ ãà ¢¥¨ï ¢¨¤ 

y(k + 1) = �y(k)� w(k):

�âáî¤  ¨¬¥¥¬

y(k + 1) = �ky(1)� ��k�1w(1) + � � �+ �w(k � 1) + w(k)
�
: (7)

A. �«ãç ©, ª®£¤  j�j < 1. �á«¨ y(1) = 0, â®, ¯®« £ ï w(k) = 0, k = 1; 2; : : : , ¯®«ãç ¥¬ y(k) = 0,
k = 1; 2; : : : �ãáâì y(1) 6= 0. �®£¤  �ky(1)! 0 ¯à¨ k !1. �®¬¥à k0 ¨ ç¨á«® "0 > 0 ¢ë¡¥à¥¬ â ª,
çâ®¡ë

j�k0y(1)j � "0 = 0: (8)
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�®« £ ¥¬

w(k) =

(
"0 sgn(�k

0

y(1)); k = k0;
0; k 6= k0:

�®£¤  ¨§ (7) ¨ (8) ¢ëâ¥ª ¥â y(k0+1) = �k
0

y(1)�w(k0) = 0, ¨, á«¥¤®¢ â¥«ì®, y(k) = 0, k � k0+1.
�. �«ãç ©, ª®£¤  � = 1. C®£« á® (7) ¨¬¥¥¬

y(k + 1) = y(1)� (w(1) + � � �+ w(k � 1) + w(k)): (9)

�®« £ ¥¬

w(k) =

(
"0 sgn(y(1)); k = 1; 2; : : : ; k0;
0; k � k0 + 1;

£¤¥ ®¬¥à k0 ¨ ç¨á«® "0 > 0 ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«®áì à ¢¥áâ¢® jy(1)j = k0"0. �®£¤ 
á®£« á® (9)

y(k0 + 1) = y(1)� k0"0 sgn(y(1)) = 0:

B. �«ãç ©, ª®£¤  � = �1. C®£« á® (7) ¨¬¥¥¬
y(k + 1) = (�1)ky(1)� ((�1)k�1w(1) + � � � � w(k � 1) + w(k)):

� áá¬®âà¨¬ ¥ç¥âë¥ ®¬¥à  k, â. ¥. k = 2m+ 1, m = 0; 1; : : : �®£¤ 

y(2m+ 2) = �y(1)� (w(1) � w(2) + � � � � w(2m) + w(2m+ 1)): (10)

�®« £ ¥¬ w(2i + 1) = �"0 sgn(y(1)), i = 0; 1; : : : ;m0; w(2i) = "0 sgn(y(1)), i = 1; : : : ;m0, £¤¥ ®¬¥à
m0 ¨ ç¨á«® "0 ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«®áì à ¢¥áâ¢® jy(1)j = (2m0 + 1)"0. �®£¤  ¨§ (10)
á«¥¤ã¥â

y(k0 + 1) = y(2m0 + 2) = �y(1) + (2m0 + 1)"0 sgn(y(1)) = 0:

�ë¢®¤. �® ¢á¥å á«ãç ïå A, �, B §  áç¥â ¢ë¡®à  ®¬¥à  k0 ¬®¦® á¤¥« âì "0 ¬¥ìè¥ «î¡®£®
§ ¤ ®£® ¯®«®¦¨â¥«ì®£® ç¨á« . �à®¬¥ â®£®, y(k0 + 1) = 0, ¨ ¥á«¨ j�j < 1, â®

jw(k)j =
(
"0; k = k0;
0; k 6= k0;

¥á«¨ ¦¥ j�j = 1, â®

jw(k)j =
(
"0; 1 � k � k0;
0; k � k0 + 1;

¯à¨ íâ®¬ k0"0 = jy(1)j.
�¥¯¥àì ¯®á«¥¤®¢ â¥«ì® à áá¬®âà¨¬ ãà ¢¥¨ï á¨áâ¥¬ë (6). �®£« á® ¤®ª § ®¬ã ¢ëè¥

áãé¥áâ¢ãîâ ®¬¥à  k01; k
0
2 ; : : : ; k

0
l , ç¨á«  "

0
1; "

0
2; : : : ; "

0
l ¨ ã¯à ¢«¥¨ï w

0
1(�); : : : ; w0

l (�) â ª¨¥, çâ® ¤«ï
à¥è¥¨ï j-£® ãà ¢¥¨ï

y0j (k + 1) = �0jy
0
j (k)� w0

j (k); j = 1; : : : ; l;

á¨áâ¥¬ë (6) ¨¬¥¥¬ y0j (k
0
1 + � � � + k0j + 1) = 0. �à¨ íâ®¬ ¥á«¨ j�0j j < 1, â® ã¯à ¢«¥¨¥ w0

j (�),
®¡¥á¯¥ç¨¢ îé¥¥ íâ® à ¢¥áâ¢®, ¨¬¥¥â ¢¨¤

jw0
j (k)j =

(
"0j ; k = k01 + � � �+ k0j ;
0; k 6= k01 + : : :+ k0j ;

¥á«¨ ¦¥ j�0j j = 1, â®

jw0
j (k)j =

(
"0j ; k 2 [k01 + � � �+ k0j�1 + 1; k01 + � � �+ k0j ];
0; k =2 [k01 + � � �+ k0j�1 + 1; k01 + � � �+ k0j ];

¨ ¯à¨ íâ®¬ k0j "
0
j = jy0j (k01 + � � � + k0j�1 + 1)j. �ãáâì n0 = k01 + � � � + k0l . �®£¤  y

0
j (k) = 0, j = 1; : : : ; l,

¯à¨ k � n0 + 1. �«¥¤®¢ â¥«ì®, ¤«ï à¥è¥¨ï x01(�) ¨¬¥¥¬ x01(k) = 0 ¯à¨ k � n0 + 1.
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2. �¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ª«¥âª¥ Ji, 1 � i � l1. �¨áâ¥¬  (4) íª¢¨¢ «¥â  á¨áâ¥¬¥

8>>>><
>>>>:

y1(k + 1) = �y1(k) + y2(k)� w1(k);
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

yr�1(k + 1) = �yr�1(k) + yr(k)� wr�1(k);
yr(k + 1) = �yr(k)� wr(k); k =M + 1;M + 2; : : : ;

(11)

£¤¥M | ¥ª®â®à®¥  âãà «ì®¥ ç¨á«®. � áá¬®âà¨¬ á¨áâ¥¬ã (11),  ç¨ ï á ¯®á«¥¤¥£® ¥¥ ãà ¢-
¥¨ï. �®£« á® ¤®ª § ®¬ã ¢ ¯. 1 ¬®¦® ¢ë¡à âì ®¬¥à kr, ç¨á«® "r ¨ ã¯à ¢«¥¨¥ wr(�) â ª,
çâ®¡ë yr(M + kr + 1) = 0. �à¨ íâ®¬ ¥á«¨ j�j < 1, â®

jwr(k)j =
(
"r; k =M + kr;
0; k 6=M + kr;

¥á«¨ ¦¥ j�j = 1, â®

jwr(k)j =
(
"r; k 2 [M + 1;M + kr];
0; k =2 [M + 1;M + kr];

¨ ¯à¨ íâ®¬ kr"r = jyr(M + 1)j. �¥¯¥àì à áá¬®âà¨¬ ¯à¥¤¯®á«¥¤¥¥ ãà ¢¥¨¥ á¨áâ¥¬ë (11)

yr�1(k + 1) = �yr�1(k) + yr(k)� wr�1(k): (12)

�®« £ ¥¬ wr�1(k) = 0, k =M + 1; : : : ;M + kr. �«ï ãà ¢¥¨ï (12) yr(k) = 0 ¯à¨ k �M + kr + 1,
¨¬¥¥¬

yr�1(k + 1) = �yr�1(k)� wr�1(k); k �M + kr + 1;

£¤¥  ç «ìë¬ § ç¥¨¥¬ ¤«ï ¯¥à¥¬¥®£® yr�1(k) ¡ã¤¥â yr�1(M + kr + 1).
� «®£¨ç® à áá¬®âà¥¥¬ã ¢ëè¥ á«ãç î ç¨á«  kr�1, "r�1 ¨ ã¯à ¢«¥¨¥ wr�1(�) ¢ë¡¥à¥¬

â ª, çâ®¡ë yr�1(M + kr + kr�1+1) = 0. �à¨ k �M + kr + kr�1+1 ¯®« £ ¥¬ wr�1(k) = 0. � «ìè¥
à ááã¦¤¥¨ï ¯à®¢®¤ïâáï   «®£¨ç® á«ãç ï¬ r, r � 1.

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ãîâ  âãà «ìë¥ ç¨á«  kr; kr�1; : : : ; k1, ¯®«®¦¨â¥«ìë¥ ç¨á«  "r; : : : ; "1
¨ ã¯à ¢«¥¨ï wr(�); : : : ; w1(�) â ª¨¥, çâ® ¥á«¨ j�j < 1, â®

jwr(k)j =
(
"r; k =M + kr;
0; k 6=M + kr;

(13)

yr(k) = 0; k �M + kr + 1;

jwr�1(k)j =
(
"r�1; k =M + kr + kr�1;
0; k 6=M + kr + kr�1;

(14)

yr�1(k) = 0; k �M + kr + kr�1 + 1;

¨ â. ¤.,

jw1(k)j =
(
"1; k =M + kr + kr�1 + � � �+ k1;
0; k 6=M + kr + kr�1 + � � �+ k1;

(15)

y1(k) = 0; k �M + kr + kr�1 + : : :+ k1 + 1:
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�á«¨ ¦¥ j�j = 1, â®

jwr(k)j =
(
"r; k 2 [M + 1;M + kr];
0; k =2 [M + 1;M + kr];

(16)

kr"r = jyr(M + 1)j; yr(k) = 0; k �M + kr + 1;

jwr�1(k)j =
(
"r�1; k 2 [M + kr + 1;M + kr + kr�1];
0; k =2 [M + kr + 1;M + kr + kr�1];

(17)

kr�1"r�1 = jyr�1(M + kr + 1)j; yr�1(k) = 0; k �M + kr + kr�1 + 1;

¨ â. ¤.,

jw1(k)j =
(
"1; k 2 [M + kr + � � �+ k2 + 1;M + kr + kr�1 + � � �+ k1];
0; k =2 [M + kr + � � �+ k2 + 1;M + kr + kr�1 + � � �+ k1];

(18)

k1"1 = jy1(M + kr + � � �+ k2 + 1)j; y1(k) = 0; k �M + kr + kr�1 + � � � + k1 + 1:

�à¨ íâ®¬ §  áç¥â ¢ë¡®à  ®¬¥à  ki (i = r; r�1; : : : ; 1) ¬®¦® á¤¥« âì "i ¬¥ìè¥ «î¡®£® § ¤ ®£®
¯®«®¦¨â¥«ì®£® ç¨á« .

�¥¯¥àì ¯®á«¥¤®¢ â¥«ì® à áá¬®âà¨¬ á¨áâ¥¬ë (4) ¯à¨ i = 1; 2; : : : ; l1. �®£« á® ¤®ª § ®¬ã
¢ëè¥ ¤«ï i-© á¨áâ¥¬ë áãé¥áâ¢ãîâ ç¨á«  kiri ; k

i
ri�1

; : : : ; ki1, "
i
ri
; : : : ; "i1 ¨ ã¯à ¢«¥¨ï w

i
ri
(�); : : : ; wi

1(�)
â ª¨¥, çâ® ¥á«¨ j�ij < 1; â® ¢ë¯®«¥ë á®®â®è¥¨ï (13){(15); ¥á«¨ ¦¥ j�ij = 1; â® ¢ë¯®«¥ë
á®®â®è¥¨ï (16){(18) ¯à¨ M = ni�1, kr = kiri , "r = "iri , wr = wi

ri
, £¤¥ ni = ni�1 + ki�1ri�1

+ ki�1ri�1�1 +
ki�11 , i = 1; 2; : : : ; l1. �®£¤  xi1(k) = 0 ¯à¨ k � ni + 1, i = 1; 2; : : : ; l1.

�¥¯¥àì ¯®ª ¦¥¬ ¢®§¬®¦®áâì ¯¥à¥¢®¤  ä §®¢®© â®çª¨ xi2 ¢  ç «® ª®®à¤¨ â.

3. �¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ª«¥âª¥ B0. �¨áâ¥¬ 

x02(k + 1) = B0x
0
2(k)� w0

2(k); k =M + 1;M + 2; : : : (19)

à á¯ ¤ ¥âáï   á¨áâ¥¬ë, ¨¬¥îé¨¥ ¢ ª®®à¤¨ â®© ä®à¬¥ ¢¨¤

y11(k + 1) = �y11(k)� �y21(k)� w11(k);

y21(k + 1) = �y11(k) + �y21(k)� w21(k); k =M + 1;M + 2; : : :
(20)

�à¨ k = 1; 2; : : : ;M ¯®« £ ¥¬ w11(k) = w21(k) = 0. �§ íâ®© á¨áâ¥¬ë ¨¬¥¥¬

y211(k + 1) + y221(k + 1) = (�2 + �2)(y211(k) + y221(k))�
�2 [(�y11(k)� �y21(k))w11(k) + (�y11(k) + �y21(k))w21(k)] + w2

11(k) + w2
21(k): (21)

�¡®§ ç¨¬ R(k) =
p
y211(k) + y221(k). �á«¨ R(M + 1) = 0, â®, ¯®« £ ï w11(k) = w21(k) = 0,

k =M + 1;M + 2; : : : , ¯®«ãç ¥¬ y11(k) = y21(k) = 0, k =M + 1;M + 2; : : :
�ãáâì R(M + 1) 6= 0.
A. �«ãç ©, ª®£¤  �2 + �2 < 1: �®£¤ �p

�2 + �2
�k
R(M + 1)! 0

¯à¨ k !1. �®¬¥à e0 ¨ ç¨á«® �0 ¢ë¡¥à¥¬ â ª, çâ®¡ë ¢ë¯®«ï«®áì à ¢¥áâ¢®�p
�2 + �2

�e0
R(M + 1) = �0:

�®« £ ¥¬

w11(k) =

(
�y11(M + e0)� �y21(M + e0); k =M + e0;
0; k 6=M + e0;

w21(k) =

(
�y11(M + e0) + �y21(M + e0); k =M + e0;
0; k 6=M + e0:
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�®£¤  q
w2
11(M + e0) + w2

21(M + e0) =
p
�2 + �2R(M + e0) =

�p
�2 + �2

�e0
R(M + 1) = �0;

¨ á®£« á® (20) ¨¬¥¥¬

y11(M + e0 + 1) = y21(M + e0 + 1) = 0: (22)

�â¬¥â¨¬, çâ® §  áç¥â ¢ë¡®à  ®¬¥à  e0 ¬®¦® á¤¥« âì �0 ¬¥ìè¥ «î¡®£® § ¤ ®£® ¯®«®¦¨-
â¥«ì®£® ç¨á« .

�. �«ãç ©, ª®£¤  �2 + �2 = 1. �®« £ ¥¬

w11(k) =

(
a(k)(�y11(k)� �y21(k)); k 2 [M + 1;M + e0];
0; k =2 [M + 1;M + e0];

w21(k) =

(
a(k)(�y11(k) + �y21(k)); k 2 [M + 1;M + e0];
0; k =2 [M + 1;M + e0];

£¤¥ a(k) = �0

R(k)
, k =M + 1; : : : ;M + e0, ®¬¥à e0 ¨ ç¨á«® �0 ¢ë¡à ë ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬

e0�0 = R(M + 1). �®£¤  ¢ á¨«ã (20) ¨ (21) ¯®«ãç ¥¬

R(M + e0 + 1) = R(M + e0)(1� a(M + e0)) = R(M + e0)� �0 = R(M + 1)� e0�0 = 0:

�«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï (22).
�â¬¥â¨¬, çâ® ¢ ª ¦¤®¬ ¨§ á«ãç ¥¢ A, � §  áç¥â ¢ë¡®à  ®¬¥à  e0 ¬®¦® á¤¥« âì �0 ¬¥ìè¥

«î¡®£® § ¤ ®£® ¯®«®¦¨â¥«ì®£® ç¨á« . �à®¬¥ â®£®, á¯à ¢¥¤«¨¢® (22), ¨ ¥á«¨ �2 + �2 < 1, â®

q
w2
11(k) + w2

21(k) =

(
�0; k =M + e0;
0; k 6=M + e0;

¥á«¨ ¦¥ �2 + �2 = 1, â® q
w2
11(k) + w2

21(k) =

(
�0; k 2 [M + 1;M + e0];
0; k =2 [M + 1;M + e0];

¯à¨ íâ®¬ e0�0 = R(M + 1).
�¥¯¥àì ¯®á«¥¤®¢ â¥«ì® ¨ ¯®¯ à® à áá¬®âà¨¬ ãà ¢¥¨ï á¨áâ¥¬ë (19). �®£« á® ¤®ª § -

®¬ã ¢ëè¥ áãé¥áâ¢ãîâ ®¬¥à  e01; e
0
2; : : : ; e

0
s0
, ¯®«®¦¨â¥«ìë¥ ç¨á«  �01 ; �

0
2 ; : : : ; �

0
s0
¨ ã¯à ¢«¥¨ï

w11(�); w21(�); : : : ; w1;s0(�); w2;s0(�) â ª¨¥, çâ® ¤«ï à¥è¥¨ï j-© ¯ àë ãà ¢¥¨©

y1j(k + 1) = �jy1j(k)� �jy2j(k)� w1j(k);

y2j(k + 1) = �jy1j(k) + �jy2j(k)� w2j(k); j = 1; 2; : : : ; s0;

á¨áâ¥¬ë (19) ¨¬¥¥¬

y1j(N 0 + e01 + � � �+ e0j + 1) = 0; y2j(N 0 + e01 + � � �+ e0j + 1) = 0;

£¤¥ N 0 = nl1 . �à¨ íâ®¬ ¥á«¨ �2j + �2j < 1, â®

q
w2
1j(k) + w2

2j(k) =

(
�0j ; k = N 0 + e01 + � � � + e0j ;
0; k 6= N 0 + e01 + � � � + e0j ;

¥á«¨ ¦¥ �2j + �2j = 1, â®

q
w2
1j(k) + w2

2j(k) =

(
�0j ; k 2 [N 0 + e01 + � � �+ e0j�1 + 1; N 0 + e01 + � � �+ e0j ];
0; k =2 [N 0 + e01 + � � �+ e0j�1 + 1; N 0 + e01 + � � �+ e0j ];

¨ ¯à¨ íâ®¬ e0j�
0
j = Rj(N 0 + e01 + � � � + e0j + 1), j = 1; : : : ; s0.

�ãáâì N 1 = N 0 + e01 + � � � + e0s0 . �®£¤  x
0
2(k) = 0 ¯à¨ k � N 1 + 1.
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4. �¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ª«¥âª¥ Bj, 1 � j � l2. �à¨ ª ¦¤®¬ j, 1 � j � l2, á¨áâ¥¬  (5)
íª¢¨¢ «¥â  á¨áâ¥¬¥8>>>>>>>>>>>><

>>>>>>>>>>>>:

y11(k + 1) = �y11(k)� �y21(k) + y12(k)� w11(k);
y21(k + 1) = �y11(k) + �y21(k) + y22(k)� w21(k);
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

y1;s�1(k + 1) = �y1;s�1(k)� �y2;s�1(k) + y1s(k)� w1;s�1(k);
y2;s�1(k + 1) = �y1;s�1(k) + �y2;s�1(k) + y2s(k)� w2;s�1(k);
y1s(k + 1) = �y1s(k)� �y2s(k)� w1s(k);
y2s(k + 1) = �y1s(k) + �y2s(k)� w2s(k);

(23)

£¤¥ k =M+1;M+2; : : : ;M |  âãà «ì®¥ ç¨á«®. � áá¬®âà¨¬ á¨áâ¥¬ã (23),  ç¨ ï á ¯®á«¥¤¥©
¯ àë ¥¥ ãà ¢¥¨©. �®« £ ¥¬ w1j(k) = w2j(k) = 0, j = 1; : : : ; s, ¯à¨ k = 1; 2; : : : ;M . �¡®§ ç¨¬
Rs(k) =

p
y21s(k) + y22s(k). �á«¨ Rs(M + 1) = 0, â®, ¯®« £ ï w1s(k) = w2s(k) = 0, k = M + 1;M +

2; : : : , ¯®«ãç ¥¬ y1s(k) = y2s(k) = 0, k = 1; 2; : : : �ãáâì Rs(M + 1) 6= 0. �®£« á® ¤®ª § ®¬ã ¢
¯. 3 ¬®¦® ¢ë¡à âì ®¬¥à es, ç¨á«® �s ¨ ã¯à ¢«¥¨ï w1s(�); w2s(�) â ª, çâ®¡ë y1s(M + es+1) = 0,
y2s(M + es + 1) = 0. �à¨ íâ®¬ ¥á«¨ �2 + �2 < 1, â®

q
w2
1s(k) + w2

2s(k) =

(
�s; k =M + es;
0; k 6=M + es;

(24)

¥á«¨ ¦¥ �2 + �2 = 1, â®

q
w2
1s(k) + w2

2s(k) =

(
�s; k 2 [M + 1;M + es];
0; k =2 [M + 1;M + es];

(25)

¨ ¯à¨ íâ®¬ es�s = Rs(M + es + 1). �¥¯¥àì à áá¬®âà¨¬ ¯à¥¤¯®á«¥¤îî ¯ àã ãà ¢¥¨© á¨áâ¥¬ë
(23):

y1;s�1(k + 1) = �y1;s�1(k)� �y2;s�1(k) + y1s(k)� w1;s�1(k);

y2;s�1(k + 1) = �y1;s�1(k) + �y2;s�1(k) + y2s(k)� w2;s�1(k):
(26)

�®« £ ¥¬ w1;s�1(k) = 0, w2;s�1(k) = 0, k = M + 1; : : : ;M + es. � áá¬®âà¨¬ ãà ¢¥¨ï (26) ¯à¨
k �M + es + 1. �®£¤  á ãç¥â®¬ â®£®, çâ® y1s(k) = 0, y2s(k) = 0, k �M + es + 1, ¨¬¥¥¬

y1;s�1(k + 1) = �y1;s�1(k)� �y2;s�1(k) �w1;s�1(k);

y2;s�1(k + 1) = �y1;s�1(k) + �y2;s�1(k) �w2;s�1(k);

£¤¥  ç «ìë¬¨ § ç¥¨ï¬¨ ¤«ï y1;s�1(k) ¨ y2;s�1(k) ¡ã¤ãâ y1;s�1(M + es+1) ¨ y2;s�1(M + es+1).
� «®£¨ç® à áá¬®âà¥o¬ã ¢ëè¥ á«ãç î ç¨á«  er�1, �s�1 ¨ ã¯à ¢«¥¨ï w1;s�1(�) ¨ w2;s�1(�)

¢ë¡¥à¥¬ â ª, çâ®¡ë y1;s�1(M + es + es�1 + 1) = 0 ¨ y2;s�1(M + es + es�1 + 1) = 0. �à¨ k � M +
es + es�1 + 1 ¯®« £ ¥¬ w1;s�1(k) = 0, w2;s�1(k) = 0. � «ìè¥ à ááã¦¤¥¨ï ¯à®¢®¤ïâáï   «®£¨ç®
á«ãç ï¬ s, s� 1.

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ãîâ ç¨á«  es; es�1; : : : ; e1, �s; : : : ; �1 ¨ ã¯à ¢«¥¨ï w1s(�); w2s(�); : : : ,
w11(�); w21(�) â ª¨¥, çâ® ¯à¨ �2+�2 < 1 á¯à ¢¥¤«¨¢® (24) ¨ y1;s(M+es+1) = 0, y2;s(M+es+1) = 0,

q
w2
1;s�1(k) + w2

2;s�1(k) =

(
�s�1; k =M + es + es�1;
0; k 6=M + es + es�1;

(27)

y1;s�1(M + es + es�1 + 1) = 0; y2;s�1(M + es + es�1 + 1) = 0
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¨ â. ¤.,

q
w2
11(k) + w2

21(k) =

(
�1; k =M + es + es�1 + � � � + e1;
0; k 6=M + es + es�1 + � � � + e1;

(28)

y11(M + es + � � �+ e1 + 1) = 0; y21(M + es + � � � + e1 + 1) = 0:

�á«¨ ¦¥ �2+�2 = 1, â® ¢ë¯®«ï¥âáï (25) ¨ es�s = Rs(M+1), y1;s(M+es+1) = 0, y2;s(M+es) = 0,

q
w2
1;s�1(k) + w2

2;s�1(k) =

(
�s�1; k 2 [M + es + 1;M + es + es�1];
0; k =2 [M + es + 1;M + es + es�1];

(29)

es�1�s�1 = Rs�1(M + es + 1); y1;s�1(M + es + es�1 + 1) = 0; y2;s�1(M + es + es�1 + 1) = 0

¨ â.¤.,

q
w2
11(k) + w2

21(k) =

(
�1; k 2 [M + es + es�1 + � � � + e2 + 1;M + es + es�1 + � � �+ e1];
0; k =2 [M + es + es�1 + � � � + e2 + 1;M + es + es�1 + � � �+ e1];

(30)

e1�1 = R1(M + es + � � �+ e2 + 1); y11(M + es + � � � + e1 + 1) = 0; y21(M + es + � � �+ e1 + 1) = 0:

�à¨ íâ®¬ §  áç¥â ¢ë¡®à  ®¬¥à  ei (i = s; s�1; : : : ; 1) ¬®¦® á¤¥« âì �i ¬¥ìè¥ «î¡®£® § ¤ ®£®
¯®«®¦¨â¥«ì®£® ç¨á« .

�¥¯¥àì ¯®á«¥¤®¢ â¥«ì® à áá¬®âà¨¬ á¨áâ¥¬ë (5) ¯à¨ j = 1; 2; : : : ; l2. �®£« á® ¤®ª § ®¬ã
¢ëè¥ ¤«ï j-© á¨áâ¥¬ë áãé¥áâ¢ãîâ ç¨á«  ejsj ; e

j
sj�1; : : : ; e

j
1, �

j
sj
; : : : ; �j1 ¨ ã¯à ¢«¥¨ï w

j
1;sj (�); wj

2;sj (�),
: : : ; wj

11(�); wj
21(�) â ª¨¥, çâ® ¥á«¨ �2j +�2j < 1, â® ¢ë¯®«¥ë á®®â®è¥¨ï (24), (27), (28), ¥á«¨ ¦¥

�2j + �2j = 1, â® ¢ë¯®«¥ë á®®â®è¥¨ï (25), (29), (30) ¯à¨ M = N j , � = �j , � = �j , es = ejsj ,
�s = �jsj , w1s = wj

1;sj , w2s = wj
2;sj , £¤¥ N

j+1 = N j + ejsj + ejsj�1 + � � � + ej1, j = 1; 2; : : : ; l2. � ª¨¬
®¡à §®¬, x(k) = 0, k � N l2+1 + 1.

5. �®¯ãáâ¨¬®áâì ã¯à ¢«¥¨ï w(�).
A. �ãáâì ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë C ¯® ¬®¤ã«î ¬¥ìè¥ 1. �®£¤  ¯à¨ p � 1 ã¯à ¢«¥¨¥

w(�) ¬®¦® ¢ë¡à âì â ª, çâ®¡ë kw(�)k � "0, £¤¥ "0 | ¯®«®¦¨â¥«ì®¥ ç¨á«®, ª®â®à®¥ ¢ë¡¨à¥âáï
¨¦¥. �¥©áâ¢¨â¥«ì®,

kw(�)kp =
1X
j=1

jw(k)jp =
Nl2+1X
j=1

jw(k)jp =
X�

"ij
�p
+
X�

�ij
�p
;

â. ª. ¯®á«¥¤¨¥ áã¬¬ë á®áâ®ïâ ¨§ ª®¥ç®£® ç¨á«  á« £ ¥¬ëå. �®«®¦¨â¥«ìë¥ ç¨á«  "ij ¨ �ij
¬®£ãâ ¡ëâì ¢ë¡à ë áª®«ì ã£®¤® ¡«¨§ª¨¬¨ ª ã«î. �à¨ íâ®¬ ç¨á«® á« £ ¥¬ëå ¥ ¬¥ï¥âáï.
Cç¨â ¥¬, çâ® ®¨ ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«®áì ¥à ¢¥áâ¢® kw(�)k � "0.

�. �ãáâì ¨¬¥¥âáï á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë C, à ¢®¥ 1. �®£¤  ¯à¨ p > 1 ã¯à ¢«¥¨¥ w(�)
¬®¦® ¢ë¡à âì â ª, çâ®¡ë kw(�)k � "0. �¥©áâ¢¨â¥«ì®,

kw(�)kp =
1X
k=1

jw(k)jp =
Nl2+1X
k=1

jw(k)jp =
X�

"ij
�p
+
X

kij
�
"ij
�p
+
X�

�ij
�p
+
X

eij
�
�ij
�p
:

�®£« á® ¯¯. 2 ¨ 4 ç¨á«  kij"
i
j , e

i
j�

i
j ®£à ¨ç¥ë. �à¨ íâ®¬ ¯®«®¦¨â¥«ìë¥ ç¨á«  "ij ¨ �ij ¬®£ãâ

¡ëâì ¢ë¡à ë áª®«ì ã£®¤® ¡«¨§ª¨¬¨ ª ã«î. �§ ãá«®¢¨ï p > 1 ¨ ®£à ¨ç¥®áâ¨ ç¨á¥« kij"
i
j ,

eij�
i
j á«¥¤ã¥â, çâ® ¯®«®¦¨â¥«ìë¥ ç¨á«  "ij ¨ �ij ¬®£ãâ ¡ëâì ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«®áì

¥à ¢¥áâ¢® kw(�)k � "0.
�®áª®«ìªã S | ¥®á®¡¥ ï ¤¥©áâ¢¨â¥«ì ï ¬ âà¨æ , â® S0S | á¨¬¬¥âà¨ç¥áª ï ¯®«®¦¨-

â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ . �®£« á® ãâ¢¥à¦¤¥¨î 1 (á¬. ¯à¨«®¦¥¨¥) ¤«ï  ¨¡®«ìè¥£®
á®¡áâ¢¥®£® § ç¥¨ï � ¬ âà¨æë S0S ¢¥à® ¥à ¢¥áâ¢®

x0S0Sx � �jxj2; x 2 Rn:
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� ª ª ª w(k) = Sw(k), â®
jw(k)j2 = w0(k)S0Sw(k) � �jw(k)j2:

�®£¤  ¥á«¨ "0 < "0=
p
�, â®

kw(�)k =
� 1X

k=1

jw(k)jp
�1=p

�
p
�

� 1X
k=1

jw(k)jp
�1=p

<
p
�"0 < "0

¨ z
�
N l2+1 + 1

�
= Sx

�
N l2+1 + 1

�
= 0. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. �ãáâì ç¨á«  �1; : : : ; �m ¢ë¡à ë â ª, çâ®¡ë ¢ë¯®«ï«¨áì ãá«®-
¢¨ï

�p = �p1 + �p2 + � � � + �pm; 0 � �i < �i; i = 1; 2; : : : ;m:

�®áâà®¨¬ áâà â¥£¨¨ ¯à¥á«¥¤ãîé¨å. �®£« á® «¥¬¬¥ áãé¥áâ¢ã¥â ã¯à ¢«¥¨¥ w1(�), kw1(�)k �
�1 � �1, â ª®¥, çâ® ¤«ï à¥è¥¨ï ãà ¢¥¨ï

z1(k + 1) = C1z1(k)� w1(k)

¨¬¥¥¬ z1(k) = 0 ¯à¨ k � N1 + 1, £¤¥ N1 | ¥ª®â®à®¥ ç¨á«®. �®« £ ¥¬

u1(k) =

(
w1(k) + v(k); 1 � k �M1;
0; k �M1 + 1;

uj(k) = 0; 1 � k �M1; j 2 f1; : : : ;mg n f1g;
£¤¥ M1 | ®¬¥à, ¤«ï ª®â®à®£®

M1X
k=1

ju1(k)jp � �p1;
M1+1X
k=1

ju1(k)jp > �p1:

� ª®© ®¬¥à ¬®¦¥â ¥ áãé¥áâ¢®¢ âì. �¡®§ ç¨¬ K1 = minfM1; N1g. �¥¯¥àì ¯¥à¥©¤¥¬ ª à áá¬®-
âà¥¨î ãà ¢¥¨ï

z2(k + 1) = C2z2(k)� w2(k); k = K1 + 1;K1 + 2; : : :

� ç «ì®¥ á®áâ®ï¨¥ z2(K1 + 1) ¤«ï z2(k)  å®¤¨âáï ¨§ ãà ¢¥¨©

z2(k + 1) = C2z2(k) + v(k); k = 1; 2; : : : ;K1:

�ãáâì ®¯à¥¤¥«¥ë ®¬¥à  K1;K2; : : : ;Ki, 1 � i � m � 1. �®¬¥à Ki+1 ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬
®¡à §®¬. � áá¬®âà¨¬ ãà ¢¥¨¥

zi+1(k + 1) = Ci+1zi+1(k) + v(k); k = 1; 2; : : : ;Ki:

�âáî¤   ©¤¥¬ zi+1(Ki + 1). �§ï¢ íâã â®çªã §   ç «ì®¥ ¯®«®¦¥¨¥, à áá¬®âà¨¬ ãà ¢¥¨¥

zi+1(k + 1) = Ci+1zi+1(k) �wi+1(k); k = Ki + 1;Ki + 2; : : : (31)

�®£« á® «¥¬¬¥ áãé¥áâ¢ã¥â ã¯à ¢«¥¨¥ wi+1(�), kwi+1(�)k � �i+1 � �i+1, â ª®¥, çâ® ¤«ï à¥è¥¨ï
ãà ¢¥¨ï (31) ¨¬¥¥¬ zi+1(k) = 0 ¯à¨ k � Ni+1 + 1, £¤¥ Ni+1 | ¥ª®â®à®¥ ç¨á«®. �®« £ ¥¬

ui+1(k) =

(
wi+1(k) + v(k); Ki + 1 � k �Mi+1;
0; k �Mi+1 + 1;

uj(k) = 0; Ki + 1 � k �Mi+1; j 2 f1; : : : ;mg n fi+ 1g;
£¤¥ Mi+1 | ®¬¥à, ¤«ï ª®â®à®£®

Mi+1X
k=Ki+1

jui+1(k)jp � �pi+1;

Mi+1+1X
k=Ki+1

jui+1(k)jp > �pi+1:
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�¡®§ ç¨¬ Ki+1 = minfMi+1; Ni+1g,

vi+1(k) =

(
v(k); k 2 [Ki + 1;Ki+1];
0; k =2 [Ki + 1;Ki+1]; i = 0; 1; 2; : : : ;m� 1 (K0 = 0):

�á«¨
Mr+1X

k=Kr+1

jvr+1(k)jp � �pr+1;

â® ¤«ï ã¯à ¢«¥¨ï ur+1(�) ¨¬¥¥¬
kur+1(�)k = kwr+1(�) + vr+1(�)k � kwr+1(�)k + kvr+1(�)k � �r+1 � �r+1 + �r+1 = �r+1;

â. ¥. ã¯à ¢«¥¨¥ ur+1(�) ¤®¯ãáâ¨¬® ¨ (á®£« á® ¯®áâà®¥¨î wr+1(�)) ¤«ï à¥è¥¨ï ãà ¢¥¨ï (31)
¯à¨ i = r ¨¬¥¥¬ zr+1(Nr+1) = 0, â. ¥. ¬®¦® § ¢¥àè¨âì ¨£àã. � íâ®¬ á«ãç ¥ Nr+1 �Mr+1. �®íâ®¬ã
¤®áâ â®ç® ¯®ª § âì, çâ® ¯à¨ ¥ª®â®à®¬ i 2 f1; 2; : : : ;mg ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® Ni � Mi. �
¯à®â¨¢®¬ á«ãç ¥ Ki =Mi, i = 1; 2; : : : ;m, ¨

MiX
k=Mi�1+1

jvi(k)jp > �pi ; i = 1; : : : ;m (M0 = 0):

�®£¤ 

kv(�)k �
KmX
k=1

jv(k)jp =
mX
i=1

� KiX
k=Ki�1+1

jvi(k)jp
�
=

mX
i=1

� MiX
k=Mi�1+1

jvi(k)jp
�
>

mX
i=1

�pi = �p;

çâ® ¥¢®§¬®¦®. �

�ãáâì � | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®.

�¥®à¥¬  2. �á«¨ ¬ âà¨æ  C ¨¬¥¥â á®¡áâ¢¥®¥ ç¨á«® � ¯® ¬®¤ã«î ¡®«ìè¥ ¥¤¨¨æë ¨

p � 1, â® ¢ á¨áâ¥¬¥ (2) ¯à¨ kw(�)k � � ¨§ ¥ª®â®àëå  ç «ìëå ¯®«®¦¥¨© z(1) ¥¢®§¬®¦¥

¯¥à¥¢®¤ ä §®¢®© â®çª¨ z ¢  ç «® ª®®à¤¨ â.

�®ª § â¥«ìáâ¢®. � ¯®¬®éìî ¤¥©áâ¢¨â¥«ì®£® ¥®á®¡¥®£® ¯à¥®¡à §®¢ ¨ï z = Sx á¨áâ¥-
¬ã (2) ¯à¨¢¥¤¥¬ ª ¢¨¤ã (3). �®áâ â®ç® ¯®ª § âì ¥¢®§¬®¦®áâì ¯¥à¥¢®¤  ¢ á¨áâ¥¬¥ (3) ä §®¢®©
â®çª¨ z ¢  ç «® ª®®à¤¨ â ¨§ ¥ª®â®àëå  ç «ìëå ¯®«®¦¥¨© z(1) ¯à¨ kw(�)k � �0; £¤¥ �0 |
¯à®¨§¢®«ì®¥ ä¨ªá¨à®¢ ®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. � áá¬®âà¨¬ ¤¢  á«ãç ï.

�. �ãáâì � | ¢¥é¥áâ¢¥®¥ ç¨á«®, â®£¤  á¨áâ¥¬  (3) á®¤¥à¦¨â ãà ¢¥¨¥ ¢¨¤ 

y(k + 1) = �y(k)� !(k);

£¤¥ y ¨ !| ª®®à¤¨ âë ¢¥ªâ®à®¢ x ¨ w á®®â¢¥âáâ¢¥®. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç®
¯®ª § âì, çâ® ¬®¦® ¢ë¡à âì  ç «ì®¥ ¯®«®¦¥¨¥ y(1) â ª, çâ®¡ë y(k) 6= 0, k = 1; 2; : : : �á«¨
p > 1, â® ¨¬¥¥¬

jy(k + 1)j � j�ky(1)j � j�k�1!(1) + � � �+ �!(k � 1) + !(k)j �
� j�ky(1)j �

�
j�jq(k�1) + � � �+ j�jq + 1

�1=q
(j!(1)jp + � � �+ j!(k � 1)jp + j!(k)jp)1=p �

� j�ky(1)j � �0
�j�jqk � 1

�1=q
(j�jq � 1)�1=q ;

£¤¥ q = p=(p� 1). �¥¯¥àì ïá®, çâ® ¥á«¨

jy(1)j > �0 (j�jq � 1)�1=q ;

â® ¤«ï ¢á¥å k ¨¬¥¥¬ y(k + 1) > 0.
�á«¨ ¦¥ p = 1, â® ¨§ ¥à ¢¥áâ¢ 

j!(1)j + j!(2)j+ � � �+ j!(k)j + � � � � kw(�)k � �0
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¯®«ãç ¥¬ j!(k)j � �0, k = 1; 2; : : : �®£¤ 

jy(k + 1)j � j�ky(1)j � �j�k�1k!(1)j+ � � � + j�k!(k � 1)j+ j!(k)j� �
� j�ky(1)j � �0

�j�k�1j+ � � �+ j�j+ 1
�
= j�jk �jy(1)j � �0

�
1� j�j�k� =(j�j � 1)

�
:

�á«¨
jy(1)j > �0

�
1� j�j�k� =(j�j � 1);

â® ïá®, çâ® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® jy(k + 1)j > 0 ¤«ï ¢á¥å k.

�. �ãáâì � = �+ �i, � 6= 0, â®£¤  á¨áâ¥¬  (3) á®¤¥à¦¨â á¨áâ¥¬ã

y1(k + 1) = �y1(k)� �y2(k)� !1(k);

y2(k + 1) = �y1(k) + �y2(k)� !2(k):

�¡®§ ç¨¢

y(k) =
q
y21(k) + y22(k); !(k) =

q
!2
1(k) + !2

2(k);

¯®«ãç ¥¬

y(k + 1) =
h
(�y1(k)� �y2(k) � !1(k))

2 + (�y1(k) + �y2(k)� !2(k))
2
i1=2 �

�
h
(�y1(k)� �y2(k))

2 + (�y1(k) + �y2(k))
2
i1=2 � �!2

1(k) + !2
2(k)

�1=2 � j�jy(k) � !(k):

� «ìè¥ à ááã¦¤¥¨ï ¯à®¢®¤ïâáï   «®£¨ç® á«ãç î A.

�«¥¤áâ¢¨¥. �á«¨ ¢á¥ ¬ âà¨æë Ci, i = 1; : : : ;m, ¨¬¥îâ á®¡áâ¢¥ë¥ ç¨á«  � ¯® ¬®¤ã«î
¡®«ìè¥ ¥¤¨¨æë ¨ p � 1, â® ¢ á¨áâ¥¬¥ (1) ¨§ ¥ª®â®àëå  ç «ìëå ¯®«®¦¥¨© z0 ¥¢®§¬®¦®
§ ¢¥àè¥¨¥ ¯à¥á«¥¤®¢ ¨ï.

�à¨«®¦¥¨¥

�¤¥áì ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ ¨§¢¥áâë¥ ä ªâë ¢ ã¦®© ä®à¬¥.
�®à¤ ®¢  ä®à¬  ¬ âà¨æë.�§¢¥áâ®, çâ® ¬ âà¨æ  C ¯®¤®¡  ¥ª®â®à®© ¬ âà¨æ¥ J , ¥á«¨ áã-

é¥áâ¢ã¥â ¥®á®¡¥ ï ¤¥©áâ¢¨â¥«ì ï ¬ âà¨æ  S â ª ï, çâ® C = SJS�1, £¤¥ J = diagfJ0; J1; : : : ; Jk,
B0; B1; : : : ; Blg, J0; J1; : : : ; Jk á®®â¢¥âáâ¢ãîâ ¤¥©áâ¢¨â¥«ìë¬ á®¡áâ¢¥ë¬ ç¨á« ¬ ¬ âà¨æë C,  
B0; B1; : : : ; Bl | á®¡áâ¢¥ë¬ ç¨á« ¬, ¨¬¥îé¨¬ ¥ã«¥¢ãî ¬¨¬ãî ç áâì:

J0 =

0
BB@
�1 0 : : : 0
0 �2 : : : 0
� � � �
0 0 : : : �r

1
CCA ; Ji =

0
BB@
�i 1 0 : : : 0
0 �i 1 : : : 0
� � � � �
0 0 0 : : : �i

1
CCA ;

i = 1; : : : ; l, B0 = diagfT1; T2; : : : ; Tsg,

Bj =

0
BB@
Tj E2 O2 : : : O2

O2 Tj E2 : : : O2

� � � � �
O2 O2 O2 : : : Tj

1
CCA ; Tj =

�
�j ��j
�j �j

�

j = 1; : : : ; l1, E2 | ¥¤¨¨ç ï 2�2-¬ âà¨æ , O2 | ã«¥¢ ï 2�2-¬ âà¨æ , �j ¨ �j | ¢¥é¥áâ¢¥ë¥
¨ ¬¨¬ë¥ ç áâ¨ á®¡áâ¢¥ëå ç¨á¥« ¬ âà¨æë C.

�â¢¥à¦¤¥¨¥ ([10], á. 252). �á«¨ A | ¢¥é¥áâ¢¥ ï á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ ,   ��(A)
¨ �+(A) | ¥¥ ¬¨¨¬ «ì®¥ ¨ ¬ ªá¨¬ «ì®¥ á®¡áâ¢¥ë¥ ç¨á«  á®®â¢¥âáâ¢¥®, â® ¤«ï ¢á¥å

x 2 Rn ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

��(A)jxj2 � x0Ax � �+(A)jxj2:
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