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�  áâ®ïé¥¬ã ¢à¥¬¥¨ § ¤ ç  ®¯â¨¬¨§ æ¨¨ ¯® ¯®àï¤ªã â®ç®áâ¨ ¯àï¬ëx ¨ ¯à®¥ªæ¨®ëx
¬¥â®¤®¢ [1], [2] à¥è¥  ¤«ï àï¤  ª« áá®¢ à¥£ã«ïàëx ¨ á¨£ã«ïàëx ¨â¥£à «ìëx ãà ¢¥¨©. �
¤ ®© à ¡®â¥ ãª §  ï § ¤ ç  à¥è ¥âáï ¤«ï ¤®áâ â®ç® è¨à®ª®£® ª« áá  á« ¡®á¨£ã«ïàëx
¨â¥£à «ìëx ãà ¢¥¨© �à¥¤£®«ì¬  ¨ �®«ìâ¥àà  ¢â®à®£® à®¤ .

� áá¬®âà¨¬ ª« áá E ®¤®§ ç® à §à¥è¨¬ëx ¨â¥£à «ìëx ãà ¢¥¨© ¢â®à®£® à®¤  á® á« -
¡®© ®á®¡¥®áâìî

Kx � x(t) +
Z �(t)

a

�(jt� sj)h(t; s)x(s) ds = y(t); �1 < a � t � b <1; (1)

£¤¥ �(t) = t ¨«¨ �(t) � b,   �(�) | ä¨ªá¨à®¢  ï äãªæ¨ï ¤«ï ¢á¥£® ª« áá  E . �â®á¨â¥«ì®
�(�) ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®  ¨¬¥¥â ¯à®¨§¢®«ìãî ¨â¥£à¨àã¥¬ãî ®á®¡¥®áâì «¨èì ¢ â®çª¥
� = 0.

�ãáâì ª« áá E = E1 § ¤ ¥âáï á®®â®è¥¨ï¬¨ 1

h 2 H!1(A1; [a; b]) ¯® ¯¥à¥¬¥®© t à ¢®¬¥à® ®â®á¨â¥«ì® s; (2)

y 2 H!2(A2; [a; b]); (3)

£¤¥ !1, !2 | § ¤ ë¥ ¬®¤ã«¨ ¥¯à¥àë¢®áâ¨,   A1; A2; : : : | ¥ª®â®àë¥  ¡á®«îâë¥ ¯®«®¦¨-
â¥«ìë¥ ¯®áâ®ïë¥.

1. �âàãªâãàë¥ á¢®©áâ¢  á« ¡®á¨£ã«ïà®£® ¨â¥£à «ì®£® ®¯¥à â®à . �¡®§ ç¨¬ ç¥à¥§
X� = fx�g ¬®¦¥áâ¢® à¥è¥¨© ãà ¢¥¨© (1) ¨§ ª« áá  E . �â¬¥â¨¬, çâ® ¢ ª« áá¥ X� ¢á¥ í«¥-
¬¥âë ®£à ¨ç¥ë ¯® ®à¬¥ ¯à®áâà áâ¢  C[a; b] ¥ª®â®à®© ¯®áâ®ï®© A3, § ¢¨áïé¥©, ¢®®¡é¥
£®¢®àï, ®â x à ªâ¥à¨áâ¨ª ª« áá  E .

�ãáâì Z ¥áâì ¬®¦¥áâ¢® äãªæ¨©

z(t) =
Z �(t)

a
�(jt� sj)h(t; s)x(s)ds; (4)

ª®£¤  h(t; s) ¯à®¡¥£ ¥â ª« áá, ®¯à¥¤¥«ï¥¬ë© á®®â®è¥¨¥¬ (2),   x(s) | ª« áá X�. �¢¥¤¥¬ äãª-
æ¨î

!3(�) =
� Z �

0
j�(�)j d�; 0 < � � �0;

Z �0

0
j�(�)j d�; �0 < � � b� a

�
;

£¤¥ �0 | ¡«¨¦ ©è ï ª ã«î â®çª  â ª ï, çâ® �(�) ¬®®â®  ¨ § ª®¯®áâ®ï  ¢ ¯à®¬¥¦ãâª¥
(0; �0]. �ç¥¢¨¤®, äãªæ¨ï !3(�), 0 < � � b� a, ï¢«ï¥âáï ¬®¤ã«¥¬ ¥¯à¥àë¢®áâ¨.

�¥¬¬  1. �ãáâì äãªæ¨ï �(�) ¬®®â®  ¢ ¯à®¬¥¦ãâª¥ (0; b�a]. �®£¤  ¢ ª« áá¥ Z áãé¥-

áâ¢ã¥â äãªæ¨ï z(t), ®¡« ¤ îé ï á¢®©áâ¢®¬

!(z; �) � A4 e!(�); e!(�) = !1(�) + !3(�); 0 < � � b� a; (5)

£¤¥ !(z; �) | ®¡ëçë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ z(�) 2 C[a; b], ¢ëç¨á«¥ë© ¢ â®çª¥ �.

1 �¤¥áì ç¥à¥§ H!(A; [a; b]) ®¡®§ ç¥ ®¡®¡é¥ë© ª« áá ��¥«ì¤¥à  (á¬.,  ¯à., [3], [4]).
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ äãªæ¨î �(�) ¬®¦® áç¨â âì ¬®-
®â®® ã¡ë¢ îé¥© ¨, á«¥¤®¢ â¥«ì®, �(0+) = +1.

�ãáâì á ç «  �(t) = t. �á«¨ �(�) � 0, 0 < � � b� a, â® ¤«ï

z0(t) =
Z t

a

�(t� s)h0(t; s)x0(s)ds;

£¤¥ 1

x0(s) � A5; h0(t; s) � h0(t) = A6 +A7 [!1(b� a)� !1(b� t)]; a � t � b;

¡ã¤¥¬ ¨¬¥âì

sup
a�t�b��

jz0(t+ �)� z0(t)j �
1
2

�
jz0(a+ �)� z0(a)j+ jz0(b)� z0(b� �)j

	
=

=
A5

2

��
A6 +A7 [!1(b� a)� !1(b� a� �)]

� Z �

0
�(�)d� +

�
A6 +A7 [!1(b� a)�

� !1(�)]
� Z b�a

b�a��
�(�)d� + !1(�)

Z b�a

0
�(�)d�

�
� A8

�Z �

0
�(�) d� + !1(�)

�
¨, á«¥¤®¢ â¥«ì®, !(z0; �) � A8

�
!1(�) + !3(�)

	
. �á«¨ ¦¥ äãªæ¨ï �(�) ¬¥ï¥â § ª ¢ (0; b � a),

â® �(�) � 0 ¢ ¯à®¬¥¦ãâª¥ (0; �0). �ç¨â ï x0(s) � A5 ¯à¨ a � s � a+ �0,

h0(t; s) =

(
A6 +A7 [!1(t0 � a)� !1(t0 � t)]; a � t � t0 � a+ �0;

A6 +A7!1(t0 � a); t0 � t � b;

¤«ï äãªæ¨¨ z0(t) ¯à¨ 0 < � � �0 ¯®«ãç¨¬

!(z0; �) �
1
2

�
jz0(a+ �)� z0(a)j + jz0(t0)� z0(t0 � �)j

	
�

�
A5

2

��
A6

Z �

0

�(�)d� +A7!1(�)
�Z �0

0

�(�)d�
�
� A9f!1(�) + !3(�)g: (6)

�à¨ �0 < � � b� a ¨¬¥¥¬

!(z0; �) � !(z0; �0) � A9

�
!1(�0) + !3(�0)

	
: (7)

�®, ®ç¥¢¨¤®, !1(�) = !1(��0=�0) �
�
�=�0 + 1

�
!1(�0), ®âªã¤  á«¥¤ã¥â

!1(�0) � �0 !1(�)
�
[�0 + (b� a)] = A10 !1(�); �0 < � � b� a:

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  á ãç¥â®¬ (6), (7) ¢ëâ¥ª ¥â ¥à ¢¥áâ¢®

!(z0; �) � A11

�
!1(�) + !3(�)

	
; 0 < � � b� a:

�¥à¥©¤¥¬ â¥¯¥àì ª á«ãç î �(t) � b. �ãáâì á ç «  �(�) ¥®âà¨æ â¥«ì  ¨ ¯ãáâì z1(t) |
äãªæ¨ï, ®¯à¥¤¥«ï¥¬ ï á®®â®è¥¨¥¬

z1(t) =
Z b

a

�(jt� sj)h(t; s)x1(s)ds; x1(s) � A5;

£¤¥

h(t; s) � h(t) =

(
A12; a � t � (a+ b)=2;

A12 +A13!1

�
t� (a+ b)=2

�
; (a+ b)=2 � t � b:

1�®áâ®ïë¥ A6, A7 ¢ë¡¨à îâáï ¨§ ãá«®¢¨ï ¯à¨ ¤«¥¦®áâ¨ äãªæ¨¨ h0(t; s) ª« ááã H!1(A1; [a; b]).
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�®£¤ , áç¨â ï � � (b� a)=2, ¨¬¥¥¬

!(z1; �) �
1
2

�
jz1(a+ �) � z1(a)j +

����z1�a+ b+ �

2

�
�

� z1

�
a+ b� �

2

������ =
A5

2

�
A12

� Z �

0

�(�)d� �
Z b�a

b�a��

�(�)d�
�
+

+A13!1(�=2)
� Z b�a��

2

0
�(�)d� +

Z b�a+�

2

0
�(�)d�

��
�

�
A5

2

�
A12

� Z �

0

�(�)d� �
Z b�a

b�a��

�(�)d�
�
+A13

!1(�)
2

Z b�a

0

�(�)d�
�
:

�® ¤«ï ¤®áâ â®ç® ¬ «ëx � > 0, � � " < (b� a)=2,

Z b�a

b�a��
�(�) d� � �(b� a� �)� � �(b� a� ")� �

�(b� a� ")
�(�)

Z �

0
�(�)d� �

�
�(b� a� ")

�(")

Z �

0

�(�)d� = A14

Z �

0

�(�)d�;

¯à¨ç¥¬ áãé¥áâ¢ã¥â " = "0 â ª®¥, çâ® ¯à¨ � � "0 ¯®áâ®ï ï A14 < 1 ¨, á«¥¤®¢ â¥«ì®,

!(z1; �) � A15

�Z �

0
�(�)d� + !1(�)

�
; 0 < � � "0:

�á«¨ ¦¥ "0 < � � b� a, â®

!(z1; �) � !(z1; "0) � A15

�Z "0

0
�(�)d� + !1("0)

�
:

�âáî¤  á ãç¥â®¬ ¥à ¢¥áâ¢

!1("0) �
"0

"0 + b� a
!1(�);

Z "0

0

�(�)d� �
"0

b� a

Z �

0

�(�)d�; "0 < � � b� a;

¯®«ãç ¥¬ ®æ¥ªã

!(z1; �) � A16

�Z �

0

�(�)d� + !1(�)
�
; 0 < � � b� a:

� ®¡é¥¬ á«ãç ¥, ª®£¤  äãªæ¨ï �(�) ¬¥ï¥â § ª ¢ ¯à®¬¥¦ãâª¥ (0; b � a), ¢¢¥¤¥¬ äãªæ¨î

z1(t) = h(t)
Z b

a

�(jt� sj)h1(s)x1(s)ds; x1(s) � A5;

£¤¥

h(t) =

(
A12 +A13!1(�0); a � t � b� �0;

A12 +A13!1(b� t); b� �0 � t � b;

h1(s) = 0 ¯à¨ a � s � b� �0; h1(s) = �1 ¯à¨ b� �0 � s � b:
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�à¨ 0 < � � �0 ¨¬¥¥¬

z1(b)� z1(b� �) = A5

�
A13!1(�)

� Z �0��

0
�(�)d� +

Z �

0
�(�)d�

�
+

+A12

� Z �

0
�(�)d� �

Z �0

�0��
�(�)d�

��
� A5A13!1(�)

Z �0

0
�(�)d�;

�z1(b� �0) + z1(b� �0 � �) = A5

�
A12 +A13!1(�0)

	� Z �

0

�(�)d� �

�

Z �0+�

�0

�(�)d�
�
� A5

�
A12 +A13!1(�0)

	 Z �

0

�(�)d�:

�®íâ®¬ã, ª ª ¨ ¢ëè¥, § ª«îç ¥¬, çâ® !(z1; �) � A17

�
!1(�) + !3(�)

	
, 0 < � � b� a.

�â¬¥â¨¬, çâ® ¢ «¥¬¬¥ 1   äãªæ¨î �(�)  «®¦¥® ãá«®¢¨¥ ¬®®â®®áâ¨. �¤ ª® ®â íâ®£®
¯à¥¤¯®«®¦¥¨ï ¬®¦® ¨§¡ ¢¨âìáï. � ¨¬¥®, á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �á«¨ �(�) ¨¬¥¥â ®á®¡¥®áâì «¨èì ¢ â®çª¥ � = 0, â® ¢ ª« áá¥ Z áãé¥áâ¢ã¥â

äãªæ¨ï z(t), ¤«ï ª®â®à®© ¢ë¯®«¥® ¥à ¢¥áâ¢® (5).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äãªæ¨î (4) ¢ ¯à®¬¥¦ãâª¥ [a; a+�0] ¨ ç¥à¥§ e!(z; �), 0 < � � �0,
®¡®§ ç¨¬ ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ z 2 C[a; a + �0]. �®£¤  á®£« á® «¥¬¬¥ 1 ¤«ï ¯à®¬¥¦ãâª 
[a; a+ �0] ¯à¨ �(t) = t ¢ ª« áá¥ Z áãé¥áâ¢ã¥â äãªæ¨ï z(t), ¤«ï ª®â®à®© ¢ë¯®«¥® ¥à ¢¥áâ¢®

e!(z; �) � A18e!(�); e!(�) = !1(�) + !3(�); 0 < � � �0: (8)

�á«¨ ¦¥ �(t) � b, â® ¯à¨ h(t; s) � 0, s 2 [a+ �0; b], äãªæ¨ï (4) ¨¬¥¥â ¢¨¤

z(t) =
Z a+�0

a
�(jt� sj)h(t; s)x(s)ds

¨, á«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ 1 ¢ ª« áá¥ Z áãé¥áâ¢ã¥â äãªæ¨ï z(t), ®¡« ¤ îé ï á¢®©áâ¢®¬ (8).
�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ®áâ ¥âáï § ¬¥â¨âì, çâ® !(z; �) � e!(z; �) ¯à¨ 0 < � � �0,
  ¯à¨ �0 < � � b� a «î¡®© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ ! ®¡« ¤ ¥â á¢®©áâ¢®¬

!(�) � !(�0) �
�0

b� a+ �0
!(�): �

�§ «¥¬¬ë 2 ¢ëâ¥ª ¥â

�¥¬¬  3. �« áá Z á®¢¯ ¤ ¥â á ª« áá®¬ H~!(A19; [a; b]), £¤¥ 1

e!(�) � !1(�) + !3(�); 0 < � � b� a;

A19 � A1A3 sup
a�t�b

�Z t�a

a

j�(�)jd� +
Z b�t

a

j�(�)jd�
�
:

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ª ¦¤ ï äãªæ¨ï (4) ¨§ ª« áá  Z ¢ ¯à®áâà -
áâ¢¥ C[a; b] ®¡« ¤ ¥â á¢®©áâ¢®¬ ( ¯à., [5], [6])

!(z; �) � A20

�Z �

0

j�(�)jd� + !1(�)
�
; 0 < � � b� a: (9)

1�¤¥áì ¨ ¤ «¥¥ á¨¬¢®« � ®§ ç ¥â á« ¡ãî íª¢¨¢ «¥â®áâì.
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�á«¨ â®çª  �0 ¥ á®¢¯ ¤ ¥â á ¯à ¢ë¬ ª®æ®¬ ¯à®¬¥¦ãâª  (0; b � a], â® áãé¥áâ¢ã¥â â®çª  �1 2
(0; �0) â ª ï, çâ®Z �0

0

j�(�)jd� =
Z b�a

0

j�(�)jd� �
Z b�a

�0

j�(�)jd� =
Z b�a

0

j�(�)jd� �

� j�(�1)j(b� a� �0) �
Z b�a

0
j�(�)jd� �

b� a� �0
�1

Z �1

0
j�(�)jd� �

�

Z b�a

0

j�(�)jd� �
b� a� �0

�1

Z �0

0

j�(�)jd�;

®âªã¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¤¢®©®£® ¥à ¢¥áâ¢ Z �0

0

j�(�)jd� �
Z �

0

j�(�)jd� � A21

Z �0

0

j�(�)jd�; �0 < � � b� a:

�®íâ®¬ã ¥à ¢¥áâ¢® (9) ¬®¦® ¯à®¤®«¦¨âì: !(z; �) � A22f!1(�)+!3(�)g. �âáî¤  á«¥¤ã¥â ¢ª«î-
ç¥¨¥ Z � H~![a; b] á e!(�) = A22

�
!1(�) + !3(�)

	
.

� ¤àã£®© áâ®à®ë, á®£« á® «¥¬¬¥ 2 ¢ ª« áá¥ Z áãé¥áâ¢ã¥â äãªæ¨ï z(t), ¤«ï ª®â®à®©
!(z; �) � A23e!(�), 0 < � � b� a.

2. � ª« áá¥ à¥è¥¨© X�. �®ª §  ï ¢ëè¥ «¥¬¬  3 ¯®§¢®«ï¥â ¨§ãç¨âì áâàãªâãàë¥ á¢®©áâ¢ 
ª« áá  X�. � ¨¬¥®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �« áá X� á®¢¯ ¤ ¥â á ª« áá®¬ H!�(A3; [a; b]), £¤¥ ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ !� § -
¤ ¥âáï á®®â®è¥¨¥¬

!�(�) � !1(�) + !2(�) + !3(�); 0 < � � b� a:

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¨§ à¥§ã«ìâ â®¢ ¯® á« ¡®á¨£ã«ïàë¬ ¨â¥-
£à «ìë¬ ãà ¢¥¨ï¬ (1) ( ¯à., [5], [6]) á«¥¤ã¥â, çâ® ¤«ï «î¡®© äãªæ¨¨ x 2 X� ¨¬¥¥â ¬¥áâ®
¥à ¢¥áâ¢®

!(x; �) � A24

�
!1(�) + !2(�) +

Z �

0

j�(�)jd�
�
� A25

�
!1(�) + !2(�) + !3(�)

	
� !(�):

�â® ®§ ç ¥â, çâ® ¬®¦¥áâ¢® X� á®¤¥à¦¨âáï ¢ ®¡®¡é¥®¬ ª« áá¥ ��¥«ì¤¥à  H!(A3; [a; b]). �
¤àã£®© áâ®à®ë, ¥á«¨ ¬®¤ã«¨ ¥¯à¥àë¢®áâ¨ á¢ï§ ë ¬¥¦¤ã á®¡®© á®®â®è¥¨¥¬ !2(�) �
A26

�
!1(�)+!3(�)

	
, 0 < � � b�a, â® à¥è¥¨¥ x(t) ãà ¢¥¨ï (1) ¯à¨ h(t; s) � 0 ¨ y(t) = A27!2(t�a)

®¡« ¤ ¥â á¢®©áâ¢®¬

!(x; �) = !(y; �) = A27!2(�) � A28!(�); 0 < � � b� a: (10)

�á«¨ ¦¥ !2(�) | ¢¥«¨ç¨  ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª  ¬ «®áâ¨ (¯à¨ � ! 0+), ç¥¬ !1(�) +!3(�), â®
¢¢¥¤¥¬ ¯®«®¦¨â¥«ìãî ¯à¨ a � t � (a+ b)=2 äãªæ¨î

x(t) = y(t)� z(t); z(t) =
Z �(t)

a
�(jt� sj)h(t; s)x(s)ds;

£¤¥ y 2 H!2(A2; [a; b]), h 2 H!1(A1; [a; b]) ¯® ¯¥à¥¬¥®© t, h(t; s) � 0 ¯à¨ (a + b)=2 � s � b.
�®áª®«ìªã z 2 Z, â® á ãç¥â®¬ «¥¬¬ë 2 ¬®¦® ¯® äãªæ¨¨ h(t; s) ¯®áâà®¨âì z(t) â ª, çâ®¡ë
¢ë¯®«ï«¨áì ¥à ¢¥áâ¢ 

!(x; �) � !(z; �) � !(y; �) � A29

�
!1(�) + !3(�)

	
� A30!(�); 0 < � � b� a:

�§ (10) ¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¢ëâ¥ª ¥â, çâ® ¢ ¬®¦¥áâ¢¥ X� áãé¥áâ¢ã¥â äãªæ¨ï x 2
H!�.
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�ã§¨¬ ¥áª®«ìª® ª« áá E . � ¨¬¥®, ®¡®§ ç¨¬ ç¥à¥§ E = E2 ª« áá ãà ¢¥¨© (1), ª®â®àë©
§ ¤ ¥âáï ¤®¯®«¨â¥«ìë¬ ãá«®¢¨¥¬ h 2 H!1(A1; [a; b]) ¯® ¯¥à¥¬¥®© s à ¢®¬¥à® ®â®á¨â¥«ì-
® t.

�ãáâì X� ¥áâì á®®â¢¥âáâ¢ãîé¥¥ ¬®¦¥áâ¢® à¥è¥¨© ãà ¢¥¨© (1) ¨§ ª« áá  E2. �®£¤  á¯à -
¢¥¤«¨¢ 

�¥®à¥¬  10. �« áá à¥è¥¨© X� á®¢¯ ¤ ¥â á ®¡®¡é¥ë¬ ª« áá®¬ ��¥«ì¤¥à , ®¯à¥¤¥«ï¥¬ë¬

¬®¤ã«¥¬ ¥¯à¥àë¢®áâ¨ !�, ®¡« ¤ îé¨¬ á¢®©áâ¢®¬ !�(�) � !1(�)+!2(�)+!3(�), 0 < � � b�a.

�â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢®¤¨âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥-
¬ë 1, ¯à¨ íâ®¬ ¤«ï ãª § ®£® ª« áá  E2 ãà ¢¥¨© (1) ¢ ¤®ª § â¥«ìáâ¢  «¥¬¬ 1 ¨ 2 ¥®¡x®¤¨¬®
¢¥áâ¨ ¥ª®â®àë¥ ãâ®ç¥¨ï.

3. � ¯®áâ ®¢ª¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨. � íâ®¬ ¯ãªâ¥ ¯à¨¢¥¤¥¬ ¯®áâ ®¢ªã § ¤ ç¨ ®¯â¨¬¨-
§ æ¨¨ ¯àï¬ëx ¨ ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ [1], [2] (á¬. â ª¦¥ [7]) ¯à¨¬¥¨â¥«ì® ª  è¥¬ã á«ãç î.

�ãáâì � | ¤ ®¥ ¡  x®¢® ¯à®áâà áâ¢®,   Xn � X | ¯à®¨§¢®«ì®¥ ª®¥ç®¬¥à®¥ ¯®¤¯à®-
áâà áâ¢® à §¬¥à®áâ¨ N 2 N. �¥à¥§ L(X) = L(X;X) ¡ã¤¥¬ ®¡®§ ç âì ¯à®áâà áâ¢® «¨¥©ëx
(â. ¥.  ¤¤¨â¨¢ëx ¨ ®¤®à®¤ëx) ®¯¥à â®à®¢, ®â®¡à ¦ îé¨x X ¢ á¥¡ï. �ç¥¢¨¤®, ¬®¦¥áâ¢®
äãªæ¨© h(t; s), ®¯à¥¤¥«¥®¥ á®®â®è¥¨¥¬ (2), § ¤ ¥â ª« áá ®¯¥à â®à®¢ K = fKg � L(�),  
á®®â®è¥¨¥ (3) | ª« áá ¯à ¢ëx ç áâ¥© Y� = fyg � X. �®íâ®¬ã ª« áá E ãà ¢¥¨© (1) ¡ã¤¥â
®¯à¥¤¥«ïâìáï ª« áá ¬¨ K ¨ Y�. �¢¥¤¥¬ ª« áá En = f¥ng ®¤®§ ç® à §à¥è¨¬ëx ®¯¥à â®àëx
ãà ¢¥¨©

Knxn = yn (xn; yn 2 �n;Kn 2 L(Xn)); (11)

¯®à®¦¤ ¥¬ëx ¯àï¬ë¬¨ ¬¥â®¤ ¬¨ à¥è¥¨ï ãà ¢¥¨ï (1) ¯à¨ ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¬ ¯®¤-
¯à®áâà áâ¢¥ �n á dim�n = N <1.

�¥è¥¨¥ x� 2 X ãà ¢¥¨ï (1) ¨§ ª« áá  E ¡ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì à¥è¥¨ï¬¨ x�n 2 Xn � X
ãà ¢¥¨© (11) ¨§ ª« áá  En. �à¨ íâ®¬ §  ®¯â¨¬ «ìãî ®æ¥ªã ¯®£à¥è®áâ¨ ª« áá  En ¯àï¬ëx
¬¥â®¤®¢ (11)   ª« áá¥ E ãà ¢¥¨© (1) ¯à¨¬¥¬ ¢¥«¨ç¨ã

VN(E) = inf
Xn

inf
en2En

sup
e2E

kx� � x�nkX ; (12)

£¤¥ ¢ãâà¥¨© inf ¡¥à¥âáï ¯® ¢á¥¬ ãà ¢¥¨ï¬ ¢¨¤  (11) ¯à¨ ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¬ ¯®¤-
¯à®áâà áâ¢¥ �n,   ¢¥è¨© inf | ¯® ¢á¥¢®§¬®¦ë¬ ¯®¤¯à®áâà áâ¢ ¬ Xn � X à §¬¥à®áâ¨ N .

�¯à¥¤¥«¥¨¥ 1. �ãáâì áãé¥áâ¢ã¥â ä¨ªá¨à®¢ ë© ¯àï¬®© ¬¥â®¤ (ãà ¢¥¨¥)

K�
nx

�
n = y�n (x�n; y

�
n 2 ��n � X; K�

n 2 L(X
�
n)) (11�)

c dim��n = N , ¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï ãá«®¢¨¥

supfkx� � x�nkX : e 2 Eg � VN(E); x�n = K�
n
�1y�n: (13)

�®£¤  ¬¥â®¤ (11�)  §ë¢ ¥âáï ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥¢®§¬®¦ëx ¯àï¬ëx ¬¥â®¤®¢
¢¨¤  (11)   ª« áá¥ E ãà ¢¥¨© (1).

� «¥¥, ®¡®§ ç¨¬ ç¥à¥§ Pn = P(X;Xn) � L(X;Xn) ¥ª®â®à®¥ ¬®¦¥áâ¢® «¨¥©ëx ¯à®¥ªæ¨-
®ëx (P 2

n = Pn) ®¯¥à â®à®¢ ¨§ X ¢ Xn ¨  àï¤ã á (11) ¨ (11�) à áá¬®âà¨¬ ãà ¢¥¨ï

Knxn � PnKxn = Pny (xn 2 �n; Pn 2 P(X;Xn)); (14)

K�
nx

�
n � P �

nKx�n = P �
ny (x�n 2 ��n; P

�
n 2 P(X;X

�
n)): (14�)

�â¬¥â¨¬, çâ® ãà ¢¥¨ï¬¨ (14), (14�) ®¯¨áë¢ îâáï è¨à®ª® ¯à¨¬¥ï¥¬ë¥   ¯à ªâ¨ª¥ ¯à®¥ª-
æ¨®ë¥ ¬¥â®¤ë, ª®â®àë¥ ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ ¯àï¬ëx ¬¥â®¤®¢ (11) ¨ (11�) á®®â¢¥â-
áâ¢¥®. �®íâ®¬ã, ¥á«¨ í«¥¬¥â x�n = (P �

nK)�1P �
ny ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (13), â® ¯à®¥ªæ¨®ë©

¬¥â®¤ (14�) ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥x ¯àï¬ëx ¬¥â®¤®¢ ¢¨¤  (11). �¤ ª®  
¯à ªâ¨ª¥ ¬®£¨¥ ¯à®¥ªæ¨®ë¥ ¬¥â®¤ë â ª®© \ª®ªãà¥æ¨¨" ¥ ¢ë¤¥à¦¨¢ îâ. � ª ¯®ª § ®
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¢ ([1], £«. II ¨ IV), â ª¨¬ \¥¯à¨ïâë¬" á¢®©áâ¢®¬ ®¡« ¤ îâ,  ¯à¨¬¥à, ¯®«¨®¬¨ «ìë¥ ¯à®-
¥ªæ¨®ë¥ ¬¥â®¤ë à¥è¥¨ï ¨â¥£à «ìëx ãà ¢¥¨© ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëx äãªæ¨©.
�®íâ®¬ã ¨¬¥¥â á¬ëá« á¯¥æ¨ «ì® ®à£ ¨§®¢ âì ®¯â¨¬¨§ æ¨î ª« áá  ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ ¢¨-
¤  (14).

� íâ®¬ á«ãç ¥ §  ®¯â¨¬ «ìãî ®æ¥ªã ¯®£à¥è®áâ¨ ª« áá  En ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ (14)
  ª« áá¥ E ãà ¢¥¨© (1) ¯à¨¨¬ ¥âáï ¢¥«¨ç¨ 

Un(E) = inf
Xn

inf
Pn2Pn

sup
e2E

kx� � x�nkX : (15)

�¯à¥¤¥«¥¨¥ 2. �á«¨ í«¥¬¥â x�n = (P �
nK)�1P �

ny ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

supfkx� � x�nkX : e 2 Eg � Un(E); (16)

â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (14�)  §ë¢ ¥âáï ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥x ¯à®¥ªæ¨®ëx
¬¥â®¤®¢ ¢¨¤  (14)   ª« áá¥ E ãà ¢¥¨© (1).

�à¨¢¥¤¥¬ §¤¥áì «¨èì ¤¢  à¥§ã«ìâ â , ª á îé¨xáï ®¯â¨¬ «ìëx ®æ¥®ª ¯®£à¥è®áâ¨ (12) ¨
(15) ( ¯à., [1], [2], [7]).

�¥¬¬  4. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

 ) X� | æ¥âà «ì®-á¨¬¬¥âà¨ç¥áª¨© ª®¬¯ ªâ ¢ ¯à®áâà áâ¢¥ X;
¡) kKkX!X � c0 < 1, kK�1kX!X � c1 < 1, £¤¥ c0 ¨ c1 | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥,

®¡é¨¥ ¤«ï ¢á¥£® ª« áá  E ;
¢) ãà ¢¥¨ï (1) ¨ (11�) â ª®¢ë, çâ®

sup
K2K

kK �K�
nkX�

n
!X = O(dn); sup

y2Y�
ky � y�nkX = O(dn);

£¤¥ dn = dn(X�; X) | ª®«¬®£®à®¢áª¨© ¯®¯¥à¥ç¨ª ª®¬¯ ªâ  X� ¢ X.

�®£¤  á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

Vn(E) � sup
e2E

kx� � x�nkX � dn; (17)

¨ ¯àï¬®© ¬¥â®¤ (11�) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1.

�¥¬¬  5. �ãáâì

K � E + T 2 L(X); Kn = E + PnT 2 L(Xn);

K�
n = E + P �

nT 2 L(X�
n); Pn 2 P(X;Xn); P

�
n 2 P(X;X

�
n):

�á«¨ sup
K2K

kE � K�
n
�1P �

nTkX!X
� 1 ¨ ®¯¥à â®à P �

n íªáâà¥¬ «¥ ¯® ¯®àï¤ªã ¤«ï ¯à®¥ªæ¨®-

®£® ¯®¯¥à¥ç¨ª  �n(X�;X), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (14�) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ á¬ëá«¥

®¯à¥¤¥«¥¨ï 2.

4. �¯â¨¬¨§ æ¨ï ¯àï¬ëx ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨© (1). �à¨¢¥¤¥ ï ¢ëè¥ «¥¬¬  4 ¯®§¢®-
«ï¥â áä®à¬ã«¨à®¢ âì ®¡é¨© à¥§ã«ìâ â ¯® ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã ¯àï¬ë¬ ¬¥â®¤ ¬ à¥è¥¨ï
ª« áá  E ãà ¢¥¨© (1).

�à¨¡«¨¦¥®¥ à¥è¥¨¥ x�n ãà ¢¥¨ï (1) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª ª â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï

K�
nx

�
n � x�n + P �

nTx
�
n = P �

ny (x�n 2 ��n; P �
n 2 L(X;X

�
n)); (18)

£¤¥ ®¯¥à â®à T § ¤ ¥âáï á®®â®è¥¨¥¬

(Tx)(t) � (T�hx)(t) =
Z �(t)

a

�(jt� sj)h(t; s)x(s)ds:
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�¥®à¥¬  2. �ãáâì X = C[a; b]. �®£¤  ®¯â¨¬ «ì ï ®æ¥ª  ¯®£à¥è®áâ¨ (12)   ª« áá¥ E
ãà ¢¥¨© (1) x à ªâ¥à¨§ã¥âáï ¯®àï¤ª®¢ë¬ á®®â®è¥¨¥¬

VN(E) � !1

�
b� a

N

�
+ !2

�
b� a

N

�
+
Z b�a

N

0

j�(�)jd�: (19)

�á«¨ X�
n | íªáâà¥¬ «ì®¥ ¯®¤¯à®áâà áâ¢® ¤«ï ¯®¯¥à¥ç¨ª  dN = dN(X�; X),   ®¯¥à â®àë

P �
n 2 L(X;X

�
n) á¨«ì® áx®¤ïâáï ª ¥¤¨¨ç®¬ã ®¯¥à â®àã ¢ ¯à®áâà áâ¢¥ X, â® ¯àï¬®© ¬¥â®¤

(18) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1.

�¥©áâ¢¨â¥«ì®, á®£« á® â¥®à¥¬¥ 1 X� = H!�(A3; [a; b]) ¨ ¯®íâ®¬ã ¨§ «¥¬¬ë 4 ¨ à¥§ã«ìâ â®¢
¯® ¯®¯¥à¥ç¨ª ¬ ª®¬¯ ªâ®¢ ( ¯à., [3], [4]) á«¥¤ã¥â, çâ® VN(E) � dN � !�

�
(b � a)=N

�
. �«ï

§ ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  á®®â®è¥¨ï (19) ®áâ ¥âáï «¨èì § ¬¥â¨âì, çâ® !3(�) �
R �
0 j�(�)jd� .

� ¤àã£®© áâ®à®ë, ãà ¢¥¨ï (18) ®¤®§ ç® à §à¥è¨¬ë ¯à¨ ¢á¥x  âãà «ìëx n,  ç¨ ï á
¥ª®â®à®£®. �â® á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ ¯® ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥ëx ¬¥â®¤®¢   «¨§  ( ¯à.,
[1], [2]) ¨ à¥§ã«ìâ â®¢ ¯® ¯àï¬ë¬ ¬¥â®¤ ¬ à¥è¥¨ï ¨â¥£à «ìëx ãà ¢¥¨© (1) ( ¯à., [5], [6]).
�à¨ íâ®¬ ¤«ï ¯®£à¥è®áâ¨ ¯à¨¡«¨¦¥ëx à¥è¥¨© ¨¬¥¥¬

kx� x�nkX = O

�
!(y; (b� a)=N) + !t(h; (b � a)=N) +

Z (b�a)=N

0
j�(�)jd�

�
:

�âáî¤ 
sup
e2E

kx� x�nkX � !�((b� a)=N) � VN(E);

¨, á«¥¤®¢ â¥«ì®, ¯àï¬®© ¬¥â®¤ (18) ®¯â¨¬ «¥ ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1. �

�â¬¥â¨¬, çâ® (18) ¯à¥¤áâ ¢«ï¥â á®¡®© ãà ¢¥¨¥ ¯à®¥ªæ¨®®£® ¬¥â®¤ , ¥á«¨ ®¯¥à â®àë P �
n 2

P(X;X�
n). �®íâ®¬ã ¨§ â¥®à¥¬ë 2 á ãç¥â®¬ á®®â®è¥¨ï UN(E) � VN(E) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïx â¥®à¥¬ë 2 ®¯¥à â®àë P �
n 2 P(X;Xn). �®£¤  ¯à®¥ªæ¨®ë©

¬¥â®¤ (18) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ á¬ëá«¥ «î¡®£® ¨§ ®¯à¥¤¥«¥¨© 1 ¨ 2.

� ¬¥ç ¨¥. �¡®§ ç¨¬ ç¥à¥§ L1(a; b) ¯à®áâà áâ¢® áãé¥áâ¢¥® ®£à ¨ç¥ëx ¢ ¯à®¬¥-
¦ãâª¥ (a; b) äãªæ¨©. �®£¤  à¥§ã«ìâ âë â¥®à¥¬ë 2 ¨ ¥¥ á«¥¤áâ¢¨ï á®xà ïâáï, ¥á«¨ ¯à¨ïâì
X = L1(a; b).

�¥®à¥¬  2 ¯®§¢®«ï¥â áâà®¨âì ª®ªà¥âë¥ ®¯â¨¬ «ìë¥ ¯àï¬ë¥ (¨ ¯à®¥ªæ¨®ë¥) ¬¥â®¤ë.
�¢¥¤¥¬ ¢ ¯à®¬¥¦ãâª¥ [a; b] á¥âªã ã§«®¢

�N : a = t1 < t2 < � � � < tN = b;

ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î \¯®çâ¨ à ¢®¬¥à®áâ¨"

max
2�k�N

(tk � tk�1)
�
min

2�k�N
(tk � tk�1) � A31:

�ãáâì X�
n � X ¥áâì ¯®¤¯à®áâà áâ¢® á¯« ©®¢ ã«¥¢®© ¨«¨ ¯¥à¢®© áâ¥¯¥¨ á ã§« ¬¨ ¨§ á¥â-

ª¨ �N .
�à¨¡«¨¦¥®¥ à¥è¥¨¥ x�n 2 X�

n ¡ã¤¥¬ ¨áª âì ª ª â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï

K�
nx

�
n � x�n + Tnx

�
n = P �

ny (x�n 2 ��n; P �
n 2 L(X;X

�
n)); (20)

£¤¥ ®¯¥à â®à Tn § ¤ ¥âáï ®¤®© ¨§ ä®à¬ã«

Tnxn = P �
nTxn; (21)

Tnxn = P �
nT

eP �
n�hxn; (22)

Tnxn = P �
nT�P

�
nhxn; (23)
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P �
n 2 L(X;X

�
n) ï¢«ï¥âáï ®¯¥à â®à®¬ ¬¥â®¤  ª®««®ª æ¨¨ ¨«¨ ¯®¤®¡« áâ¥©,   eP �

n ¨ P �
n | ®¯¥à -

â®àë á®®â¢¥âáâ¢¥® ¬¥â®¤  á¯« ©-¯®¤®¡« áâ¥© ¨ á¯« ©-ª®««®ª æ¨¨ ã«¥¢®© áâ¥¯¥¨ ( ¯à.,
[5], [8]).

�¥®à¥¬  3. �ãáâì X = L1(a; b); E = E1. �®£¤  ¬¥â®¤ (20), (21) ï¢«ï¥âáï ®¯â¨¬ «ìë¬ ¯®

¯®àï¤ªã   ª« áá¥ E ãà ¢¥¨© (1) áà¥¤¨ ¢á¥¢®§¬®¦ëx ¯àï¬ëx ¬¥â®¤®¢.

�á«¨ ¦¥ E = E2, â® ¬¥â®¤ë (20), (22) ¨ (20), (23) â ª¦¥ ®¯â¨¬ «ìë ¢ á¬ëá«¥ ®¯à¥¤¥«¥-

¨ï 1.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ®¯¥à â®àë P �
n , eP �

n ¨ P �
n áx®¤ïâáï á¨«ì® ª

®¯¥à â®àã ¢«®¦¥¨ï ¯à®áâà áâ¢  ¥¯à¥àë¢ëx äãªæ¨© ¢ L1(a; b). �®áª®«ìªã ®¡à §®¬ ®¯¥-
à â®à  T ï¢«ï¥âáï ¬®¦¥áâ¢® Z, â® ¥âàã¤® ¯®ª § âì, çâ® ®¯¥à â®àë K�

n áx®¤ïâáï á¨«ì® ª
®¯¥à â®àã K   ¯®¤¯à®áâà áâ¢¥ X�

n. �âáî¤  á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (20) ¯à¨ ¢á¥x n,  ç¨ ï á
¥ª®â®à®£®, ¡ã¤¥â ®¤®§ ç® à §à¥è¨¬ë¬, ¯à¨ç¥¬

kK �K�
nkX!X�

n
= O

�
!1(1=N) + !2(1=N) +

Z 1=N

0
j�(�)jd�

�
� !�(1=N) � dN(X

�; X) � dN :

�ç¨âë¢ ï íªáâà¥¬ «ì®áâì ¯®¤¯à®áâà áâ¢  X�
n ¤«ï ª®«¬®£®à®¢áª®£® ¯®¯¥à¥ç¨ª  dN , ¨§ «¥¬-

¬ë 4 ¯®«ãç¨¬ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë.

� ¬¥ç ¨¥ 1. �¥®à¥¬  3 á®¤¥à¦¨â ¢ á¥¡¥ ãâ¢¥à¦¤¥¨¥ ®¡ ®¯â¨¬ «ì®áâ¨ ¯® ¯®àï¤ªã
á¯« ©-¬¥â®¤®¢ ª®««®ª æ¨¨, ¯®¤®¡« áâ¥© ¨ ®¤®© áx¥¬ë ¬¥â®¤  ¬¥x ¨ç¥áª¨x ª¢ ¤à âãà ( ¯à.,
[5], [9]), ¯®áâà®¥ëx ¯® ã§« ¬ á¥âª¨ �N .

� ¬¥ç ¨¥ 2. �  ª« áá¥ E1 ¬¥â®¤ë (20), (22) ¨ (20), (23) ¢ ¯à¨æ¨¯¥ ¥ ¬®£ãâ ¡ëâì ®¯â¨-
¬ «ìë¬¨ ¯® ¯®àï¤ªã. �®«¥¥ â®£®,   íâ®¬ ¬®¦¥áâ¢¥ ãà ¢¥¨¥ (20) ¤«ï á®®â¢¥âáâ¢ãîé¨x
¬¥â®¤®¢ ¬®¦¥â ®ª § âìáï ¤ ¦¥ ¥à §à¥è¨¬ë¬.

5. �¯â¨¬¨§ æ¨ï ¯®«¨®¬¨ «ìëx ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨© (1). � ª ã¦¥
¡ë«® ®â¬¥ç¥® ¢ëè¥, ¯®«¨®¬¨ «ìë¥ ¯à®¥ªæ¨®ë¥ ¬¥â®¤ë, ¢®®¡é¥ £®¢®àï, ¥ ¢ë¤¥à¦¨¢ îâ
\ª®ªãà¥æ¨¨" áà¥¤¨ ¢á¥x ¯àï¬ëx ¬¥â®¤®¢. � á¢ï§¨ á íâ¨¬ § ©¬¥¬áï ¨áá«¥¤®¢ ¨¥¬ § ¤ ç¨
®¯â¨¬¨§ æ¨¨ ¯®«¨®¬¨ «ìëx ¯à®¥ªæ¨®ëx ¬¥â®¤®¢.

�ãáâì X�
n = H N�1 | ¯®¤¯à®áâà áâ¢®  «£¥¡à ¨ç¥áª¨x ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ N � 1.

�à¨¡«¨¦¥®¥ à¥è¥¨¥ x�n ãà ¢¥¨ï (1) ¡ã¤¥¬ ¨áª âì ª ª â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï

K�
nx

�
n � x�n + P �

nTx
�
n = P �

ny (x�n 2 ��n; P �
n 2 P(X;X

�
n)): (24)

�¥®à¥¬  4. �ãáâì X = C[a; b]. �®£¤  ®¯â¨¬ «ì ï ®æ¥ª  ¯®£à¥è®áâ¨ (15)   ª« áá¥

E = E1 ãà ¢¥¨© (1) x à ªâ¥à¨§ã¥âáï ¯®àï¤ª®¢ë¬ á®®â®è¥¨¥¬

UN(E) � lnN
�
!1

�
b� a

N

�
+ !2

�
b� a

N

�
+
Z b�a

N

0

j�(�)jd�
�
: (25)

�á«¨ ®¯¥à â®àë P �
n 2 P(X;X�

n) íªáâà¥¬ «ìë ¯® ¯®àï¤ªã ¤«ï ¯à®¥ªæ¨®®£® ¯®¯¥à¥ç¨-

ª  �N(X�; X), â® ¯à®¥ªæ¨®ë© ¬¥â®¤ (24) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 2; ¢
ç áâ®áâ¨, ¯®«¨®¬¨ «ìë¥ ¬¥â®¤ë ª®««®ª æ¨¨ ¨ ¯®¤®¡« áâ¥© ¯® ã§« ¬ �¥¡ëè¥¢  ¯¥à¢®£®

¨ ¢â®à®£® à®¤®¢,   â ª¦¥ ¯®«¨®¬¨ «ìë© ¬¥â®¤ ¯®¤®¡« áâ¥© ¯® íªáâà¥¬ «ìë¬ â®çª ¬

¬®£®ç«¥  �¥¡ëè¥¢  ¯¥à¢®£® à®¤  ®¯â¨¬ «ìë ¯® ¯®àï¤ªã   ª« áá¥ E áà¥¤¨ ¢á¥¢®§¬®¦ëx

¯®«¨®¬¨ «ìëx ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ (14) á ¯à®¥ªæ¨®ë¬ ®¯¥à â®à®¬ Pn.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ãà ¢¥¨¥ (24) ®¤®§ ç® à §à¥è¨¬® ¯à¨
¢á¥x n, x®âï ¡ë ¤®áâ â®ç® ¡®«ìè¨x. �âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®àë K�

n ®£à ¨ç¥ë   ¢á¥¬
ª« áá¥ E ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨. �®áª®«ìªã ®¯¥à â®à T ¯¥à¥¢®¤¨â ¥¯à¥àë¢ë¥ äãªæ¨¨ ¢
äãªæ¨¨ ¨§ ª« áá  Z, ¨¬¥¥¬

kE �K�
n
�1P �

nTkX!X � 1 + kK�
n
�1k kP �

nTk = O
�
1
�
:
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� ª¨¬ ®¡à §®¬, ¯à¥¤¯®«®¦¥¨ï «¥¬¬ë 5 ¢ë¯®«¥ë ¨ ¯®íâ®¬ã ¬¥â®¤ (24) ®¯â¨¬ «¥ ¢ á¬ëá«¥
®¯à¥¤¥«¥¨ï 2.

�®àï¤ª®¢ ï ®æ¥ª  (25) ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ ¯® ¯®¯¥à¥ç¨ª ¬ ( ¯à., [4]) ¨ à¥§ã«ìâ â®¢
¯® ®¯â¨¬¨§ æ¨¨ ¯®«¨®¬¨ «ìëx ¯à®¥ªæ¨®ëx ¬¥â®¤®¢ ¤«ï à¥£ã«ïàëx ¨â¥£à «ìëx ãà ¢-
¥¨© ( ¯à., [1], [2])

Un(E) � inf
Pn2Pn

sup
e2E

kx� x�nk � sup
x2H!�

kx� Snxk � lnN � dN(X�;X);

§¤¥áì ç¥à¥§ Sn ®¡®§ ç¥ ¯®«¨®¬¨ «ìë© ®¯¥à â®à �ãàì¥ ¯®àï¤ª  N .

� ¬¥ç ¨¥. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë 4 á®xà ¨âáï ¤«ï ª« áá  E = E2.
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