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�¢¥¤¥­¨¥

� à ¡®â¥ à áá¬ âà¨¢ îâáï ª®­¥ç­®¬¥à­ë¥ ¯à®¥ªæ¨¨ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ëå ¬¥à ­  «®-
ª «ì­® ¢ë¯ãª«®¬ ¯à®áâà ­áâ¢¥. �à®¥ªæ¨¨ áâà®ïâáï ª ª á®¢¬¥áâ­ë¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï
ª®­¥ç­ëå ­ ¡®à®¢ «¨­¥©­ëå ¨§¬¥à¨¬ëå äã­ªæ¨®­ «®¢, ¢å®¤ïé¨å ¢ ®àâ®­®à¬¨à®¢ ­­ë© ¡ -
§¨á ¢®á¯à®¨§¢®¤ïé¥£® £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  £ ãáá®¢áª®© ¬¥àë, ¯®à®¦¤ îé¥© ¨áå®¤­ãî
áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ãî ¬¥àã. � «¥¥ ¤«ï ª ¦¤®© ¯à®¥ªæ¨¨ (ª®­¥ç­®£® ­ ¡®à  ¡ §¨á­ëå
äã­ªæ¨®­ «®¢) à áá¬ âà¨¢ ¥âáï á®®â¢¥âáâ¢ãîé¥¥ ãá«®¢­®¥ à á¯à¥¤¥«¥­¨e ­¥ª®â®à®£® ä¨ªá¨-
à®¢ ­­®£® ç¨á«  í«¥¬¥­â®¢ ­ ¡®à  ®â ®áâ «ì­ëå í«¥¬¥­â®¢ íâ®£® ¦¥ ­ ¡®à . �áâ ­ ¢«¨¢ ¥âáï
áå®¤¨¬®áâì ¯®çâ¨ ­ ¢¥à­®¥ â ª¨å à á¯à¥¤¥«¥­¨© ª £ ãáá®¢áª¨¬ ¯à¨ áâà¥¬«¥­¨¨ à §¬¥à­®áâ¨ ª
¡¥áª®­¥ç­®áâ¨. �à¨¢®¤¨âáï á¢ï§ì ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢ á «®£ à¨ä¬¨ç¥áª¨¬¨ ¯à®¨§¢®¤­ë¬¨
áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ëå ¬¥à.

�ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨ï¬¨ ¨ ä ªâ ¬¨ ¨§ â¥®à¨¨ ¬¥àë ¢ «®ª «ì­® ¢ë¯ãª«®¬ ¯à®-
áâà ­áâ¢¥, ¯à¨¢¥¤¥­­ë¬¨ ¢ [1]. �ãáâì X | «®ª «ì­® ¢ë¯ãª«®¥ ¯à®áâà ­áâ¢®, X� | ¯à®áâà ­-
áâ¢® «¨­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨®­ «®¢ ­  X, E(X) | ­ ¨¬¥­ìè ï �- «£¥¡à , ®â­®á¨â¥«ì­®
ª®â®à®© ¨§¬¥à¨¬ë ¢á¥ äã­ªæ¨®­ «ë ¨§ X�, B(X) | ¡®à¥«¥¢áª ï �- «£¥¡à  ¢ X, B(Rn) | ¡®-
à¥«¥¢áª ï �- «£¥¡à  ¢ Rn.

� áá¬®âà¨¬ 
 | à ¤®­®¢áªãî æ¥­âà¨à®¢ ­­ãî £ ãáá®¢áªãî ¬¥àã ­  X (¤ «¥¥ ¯®¤ íâ¨¬
¡ã¤¥¬ ¯®­¨¬ âì, çâ® ¬¥à  § ¤ ­  ­  ¯à®áâà ­áâ¢¥ fX; E(X)g) á ª®¢ à¨ æ¨®­­ë¬ ®¯¥à â®à®¬
R
 : X� 7! X. �¢¥¤¥¬ á¥¬¥©áâ¢® £ ãáá®¢áª¨å ¬¥à f
�g�>0 â ª®¥, çâ® 
�(A) = 
( 1

�
A), A 2 E(X).

�¯à¥¤¥«¥­¨¥ 1. �®á¯à®¨§¢®¤ïé¨¬ ¯à®áâà ­áâ¢®¬ X�

 ¬¥àë 
 ­ §ë¢ ¥âáï § ¬ëª ­¨¥ ¬­®-

¦¥áâ¢  X� ¯® ­®à¬¥ k � k
 ¯à®áâà ­áâ¢  L2(
). �à®áâà ­áâ¢® H(
) = fh 2 X : khkH(
) <1g, £¤¥
khkH(
) = supfl(h) : l 2 X�, R
(l)(l) � 1g, ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢®¬ � ¬¥à®­ {� àâ¨­  ¬¥àë

 ¨«¨ ¢®á¯à®¨§¢®¤ïé¨¬ ï¤à®¬.

�§¢¥áâ­® ([1], áá. 57, 97), çâ® X�

 ¨ H(
) | á¥¯ à ¡¥«ì­ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢  á®

áª «ïà­ë¬¨ ¯à®¨§¢¥¤¥­¨ï¬¨

hf1; f2i
 = R
(f1)(f2); hR
(f1); R
(f2)iH(
) = R
(f1)(f2);

  ª®¢ à¨ æ¨®­­ë© ®¯¥à â®à R
 ¯à®¤®«¦ ¥âáï ¤® ¨§®¬®àä¨§¬  X�

 7! H(
).

�ãáâì �| ­¥ª®â®à ï ¢¥à®ïâ­®áâ­ ï ¬¥à  ­  X. � ¯®¬­¨¬ ¨§¢¥áâ­®¥ ®¯à¥¤¥«¥­¨¥ «®£ à¨ä-
¬¨ç¥áª®© ¯à®¨§¢®¤­®© ¬¥àë.

�¯à¥¤¥«¥­¨¥ 2. �à®¨§¢®¤­®© ¬¥àë � ¯® ­ ¯à ¢«¥­¨î h 2 X ­ §ë¢ ¥âáï ¬¥à  dh�, ®¯à¥¤¥-
«ï¥¬ ï à ¢¥­áâ¢®¬

dh�(A) = lim
t!0

�(A+ th)� �(A)
t

; A 2 E(X):
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�á«¨ ¬¥à  � ¤¨ää¥à¥­æ¨àã¥¬  ¯® ­ ¯à ¢«¥­¨î h, â® ¬¥à  dh�  ¡á®«îâ­® ­¥¯à¥àë¢­  ®â­®-
á¨â¥«ì­® �, ¨ áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ï � ¤®­ {�¨ª®¤¨¬ 

��h(x) :=
d(dh�)
d�

(x); x 2 X;

ª®â®à ï ­ §ë¢ ¥âáï «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤­®© ¬¥àë � ¯® ­ ¯à ¢«¥­¨î h 2 X ([1], á. 183{
184).

�¯à¥¤¥«¥­¨¥ 3. �¥à®ïâ­®áâ­ ï à ¤®­®¢áª ï ¬¥à  � ­  X ­ §ë¢ ¥âáï H(
)-áä¥à¨ç¥áª¨
á¨¬¬¥âà¨ç­®©, ¥á«¨ ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨© äã­ªæ¨®­ «

 �(f) =
Z
X

eif(x)�(dx); x 2 X; f 2 X�;

§ ¯¨áë¢ ¥âáï ¢ ¢¨¤¥  �(f) = '(kfk
) 8f 2 X�, £¤¥ ' | ­¥ª®â®à ï äã­ªæ¨ï ­  R1.

�«¥¤ãîé ï â¥®à¥¬  ¡ë«  ¤®ª § ­  �¥­¡¥à£®¬.
�á«¨ � | H(
)-áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ ï ¬¥à  ­  X, â® áãé¥áâ¢ã¥â ([1], áá. 288, 289)

¢¥à®ïâ­®áâ­ ï ¬¥à  � ­  (0;1) â ª ï, çâ®

�(A) =
Z 1

0


�(A) �(d�); (1)

£¤¥ A 2 E(X).
�¯à¥¤¥«¥­¨¥ 4. �ã­ªæ¨ï f ­  X ­ §ë¢ ¥âáï «¨­¥©­ë¬ ¨§¬¥à¨¬ë¬ äã­ªæ¨®­ «®¬ ­ 

(X; 
), ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢® L ¯®«­®© 
-¬¥àë ¨ 
-¨§¬¥à¨¬ ï «¨­¥©­ ï
äã­ªæ¨ï f0 ­  L, çâ® f = f0 
-¯®çâ¨ ­ ¢¥à­®¥.

�â¬¥â¨¬ ([1], á. 79; [2], áá. 71, 80), çâ® X�

 , ¢®á¯à®¨§¢®¤ïé¥¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® £ ãá-

á®¢áª®© ¬¥àë 
, á®¢¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬ ¢á¥å «¨­¥©­ëå ¨§¬¥à¨¬ëå äã­ªæ¨®­ «®¢ ­  (X; 
).
� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì ffng1n=1 «¨­¥©­ëå ¨§¬¥à¨¬ëå äã­ªæ¨®­ «®¢ ­  X ª ª ¯®-

á«¥¤®¢ â¥«ì­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ (X; E(X); �) ¨ ¢¢¥¤¥¬ ¨å
á®¢¬¥áâ­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï

F �
f1;:::;fn

(x1; : : : ; xn) = �
�
x 2 X : f1(x) � x1; f2(x) � x2; : : : ; fn(x) � xn

	
:

�¢¥¤¥¬ ãá«®¢­ãî äã­ªæ¨î à á¯à¥¤¥«¥­¨ï F �
i1;:::;ikjj1;:::;jn�k(xi1 ; : : : ; xik j xj1 ; : : : ; xjn�k) � F �

nk

á¨áâ¥¬ë á«ãç ©­ëå ¢¥«¨ç¨­ fi1(x); : : : ; fik(x) ®â­®á¨â¥«ì­® á¨áâ¥¬ë á«ãç ©­ëå ¢¥«¨ç¨­ fj1(x),
: : : ; fjn�k(x), £¤¥ fi1; : : : ; ikg ¨ fj1; : : : ; jn�kg | ­¥¯¥à¥á¥ª îé¨¥áï ¨ ã¯®àï¤®ç¥­­ë¥ ¯® ¢®§à áâ -
­¨î ¬­®¦¥áâ¢  ¨­¤¥ªá®¢ â ª¨¥, çâ®

f1; : : : ; ng = fi1; : : : ; ikg
[
fj1; : : : ; jn�kg; 1 � k < n:

1. �®à¬ã«¨à®¢ª¨ ®á­®¢­ëå à¥§ã«ìâ â®¢

�  «®ª «ì­® ¢ë¯ãª«®¬ ¯à®áâà ­áâ¢¥ X ®¯à¥¤¥«¨¬ äã­ªæ¨®­ «

s21(x) = lim
k!1

1
k

kX
j=1

[fj(x)]
2; x 2 X; (2)

¨ ¬­®¦¥áâ¢® � � fx 2 X : 0 < s21(x) < 1g. �¢¥¤¥¬ �- «£¥¡àë, ¯®à®¦¤¥­­ë¥ á¨áâ¥¬ ¬¨
á«ãç ©­ëå ¢¥«¨ç¨­

Fm;1 = �ffm(x); fm+1(x); : : : g; F1 =
1\

m=1

Fm;1:
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� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ffng1n=1 | ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¯à®áâà ­áâ¢  X�

 . �§-

¢¥áâ­®, çâ® «¨­¥©­ë¥ ¨§¬¥à¨¬ë¥ äã­ªæ¨®­ «ë ffng1n=1 (¢ ç áâ­®áâ¨, ®­¨ ¬®£ãâ ¡ëâì ­¥¯à¥àë¢-
­ë¬¨ [1], á. 99) ª ª á«ãç ©­ë¥ ¢¥«¨ç¨­ë ­  ¢¥à®ïâ­®áâ­®¬ ¯à®áâà ­áâ¢¥ (X; E(X); 
) ­¥§ ¢¨á¨-
¬ë, ¨ ª ¦¤ë© fn ¨¬¥¥â (0; 1)-£ ãáá®¢áª®¥ à á¯à¥¤¥«¥­¨¥ ([1], á. 80). �ãáâì �| H(
)-áä¥à¨ç¥áª¨-
á¨¬¬¥âà¨ç­ ï ¬¥à , ®¯à¥¤¥«¥­­ ï ¢ (1), â ª ï, çâ® ¬¥à  �  ¡á®«îâ­® ­¥¯à¥àë¢­  ®â­®á¨â¥«ì­®
¬¥àë �¥¡¥£  ¨ ¨¬¥¥â ¯«®â­®áâì � 0(t).

Oá­®¢­ë¥ á¢®©áâ¢  äã­ªæ¨®­ «  (2) ãáâ ­ ¢«¨¢ ¥â

�¥®à¥¬  1. 10. � 2 F1, �f�g = 1, äã­ªæ¨®­ « s21(x) ï¢«ï¥âáï F1-¨§¬¥à¨¬ë¬ ¨

�fs21(x) � ug =
p
uR

0

�(d�).

20. �â­®á¨â¥«ì­® ¬¥àë � á¨áâ¥¬  á«ãç ©­ëå ¢¥«¨ç¨­
�
s21(x);

f1(x)
s1(x)

; : : : ;
fn(x)
s1(x)

; : : :

�

­¥§ ¢¨á¨¬  ¨

�

�
fn(x)
s1(x)

� u

�
= �(u):

30. �â­®á¨â¥«ì­® ¬¥àë � á«ãç ©­ë¥ ¢¥«¨ç¨­ë

fi1(x)
s1(x)

; : : : ;
fik(x)
s1(x)

­¥§ ¢¨á¨¬ë ¨ ­¥ § ¢¨áïâ ®â á¥¬¥©áâ¢  fj1(x); : : : ; fjn�k(x).

� ¬¥ç ­¨¥. �¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì � ¢ ¯. 10 ­¥ âà¥¡ã¥âáï.

� á«¥¤ãîé¥© â¥®à¥¬¥ ãáâ ­ ¢«¨¢ ¥âáï áå®¤¨¬®áâì ¯®çâ¨ ­ ¢¥à­®¥ (¯à¨ ä¨ªá¨à®¢ ­­®¬ k ¨
n!1) ãá«®¢­ëå à á¯à¥¤¥«¥­¨©F �

nk ª £ ãáá®¢áª¨¬. �«ï ¤®ª § â¥«ìáâ¢  íâ®£® ä ªâ  à áá¬ âà¨-
¢ ¥âáï ¯à¥¤áâ ¢«¥­¨¥�¥­¡¥à£  ãá«®¢­ëå à á¯à¥¤¥«¥­¨© ¢ ¢¨¤¥ ­¥¯à¥àë¢­®© á¬¥á¨ £ ãáá®¢áª¨å
¨ á ¯®¬®éìî ¬¥â®¤  � ¯« á  ­ å®¦¤¥­¨ï  á¨¬¯â®â¨ª¨ ¨­â¥£à «®¢ ¯®ª §ë¢ ¥âáï ¤¥«ìâ ®¡à §-
­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¥á®¢ëå äã­ªæ¨© ¢ â ª¨å ¯à¥¤áâ ¢«¥­¨ïå. � ª¨¬ ®¡à §®¬, ãª § ­­ ï
áå®¤¨¬®áâì ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ å®à®è® ¨§¢¥áâ­®£® ¢  ­ «¨§¥ \¯à¨­æ¨¯  «®ª «¨§ æ¨¨".

�¥®à¥¬  2. �«ï «î¡®£® x 2 �

lim
n!1

F �
nk =

kY
l=1

�
�

xil
s1(x)

�
;

£¤¥ �(�) | áâ ­¤ àâ­®¥ £ ãáá®¢áª®¥ à á¯à¥¤¥«¥­¨¥, xil = fil(x).

�â¬¥â¨¬, çâ® à¥§ã«ìâ âë â¥®à¥¬ 1 ¨ 2 ¤«ï ãáâ®©ç¨¢ëå ¬¥à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥
¡ë«¨ ¯®«ãç¥­ë ¢ [3], [4].

� á«¥¤ãîé¨å ¤¢ãå â¥®à¥¬ å à¥çì ¯®©¤¥â ® á¢®©áâ¢ å «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå áä¥à¨-
ç¥áª¨-á¨¬¬¥âà¨ç­ëå ¬¥à, ¢ëç¨á«¥­­ëå ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à®¢ R
(fi).

�¥®à¥¬  3. �á«¨
Z 1

0
t�1 �(dt) <1; (3)

â®

10. oâ­®á¨â¥«ì­® ¬¥àë � á¨áâ¥¬  á«ãç ©­ëå ¢¥«¨ç¨­ s21(x); �
�
R
 (f1)

(x)s1(x); :::; �
�
R
 (fn)

(x)s1(x)
­¥§ ¢¨á¨¬  ¨ �f��R
(fj )

(x)s1(x) � ug = �(u), j = 1; 2; : : : ;
20. oâ­®á¨â¥«ì­® ¬¥àë � á«ãç ©­ë¥ ¢¥«¨ç¨­ë ��R
 (fi1 )

(x)s1(x); : : : ; �
�
R
 (fik )

(x)s1(x) ­¥§ ¢¨-
á¨¬ë ¨ ­¥ § ¢¨áïâ ®â á¥¬¥©áâ¢  fj1(x); : : : ; fjn�k(x).
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�¥®à¥¬  4. �à¨ ¢ë¯®«­¥­¨¨ (3)
10. ¤«ï «î¡®£® x 2 �

lim
n!1

F �
nk =

kY
m=1

�(���R
(fim )(x)s1(x));

20. �-¯®çâ¨ ­ ¢¥à­®¥

lim
n!1

1
n

nX
j=1

[��R
 (fj)
(x)]2 =

1
s21(x)

:

� ¬¥ç ­¨¥. �¥®à¥¬ë 3 ¨ 4 ä ªâ¨ç¥áª¨ ï¢«ïîâáï ¯¥à¥ä®à¬ã«¨à®¢ª ¬¨ â¥®à¥¬ 1 ¨ 2 ¢ â¥à-
¬¨­ å «®£ à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ëå ¬¥à [5].

�à¨¢¥¤¥­­ë¥ ¢ëè¥ à¥§ã«ìâ âë ¤«ï ­¥ª®â®àëå ãáâ®©ç¨¢ëå ¬¥à ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥
â ª¦¥ à áá¬ âà¨¢ «¨áì ¢ [4], [6].

2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¥¬¬  1. � à ªâ¥à¨áâ¨ç¥áª¨© äã­ªæ¨®­ « ¬¥àë �, § ¤ ­­®© à ¢¥­áâ¢®¬ (1), ¨¬¥¥â ¢¨¤

 �(f) =
Z 1

0
exp

�
� �2

2
R
(f)(f)

�
�(d�); f 2 X�: (4)

�â®â ä ªâ «¥£ª® ¤®ª §ë¢ ¥âáï á ¯®¬®éìî  ¯¯ à â  æ¨«¨­¤à¨ç¥áª¨å ¬¥à.
�à¨¬¥à (áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­®© ¬¥àë). � áá¬®âà¨¬ H(
)-áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ãî

¬¥àã �, ¤«ï ª®â®à®© à á¯à¥¤¥«¥­¨¥ � (á¬. (1)) â ª®¥, çâ®

� 0(�) = g

�
�2

2
;
�

2
; 1
�
�; (5)

£¤¥ g( � ; a; 1) | ¯«®â­®áâì ªà ©­¥£® ãáâ®©ç¨¢®£® [7] à á¯à¥¤¥«¥­¨ï ­  R á ¯®ª § â¥«¥¬ �, â. ¥.

�(A) =
Z 1

0


�(A)g
�
�2

2
;
�

2
; 1
�
� d�; A 2 E(X):

�§¢¥áâ­® ([7], á. 201; [8], á. 504), çâ®

expf���g =
Z +1

0
expf��2zgg

�
z;
�

2
; 1
�
dz; � 2 (0; 2): (6)

�§ (4){(6), ¯®« £ ï �2=2 = z, �2 = R
(f)(f), ¯®«ãç¨¬  �(f) = expf�(R
(f)(f))
�
2 g. � á¨«ã

( �(f))n =  �(n
1

� f) ¬¥à  � ãáâ®©ç¨¢  á ¯®ª § â¥«¥¬ �.
� á«¥¤ãîé¥© «¥¬¬¥ ãáâ ­ ¢«¨¢ ¥âáï ¤¥«ìâ -®¡à §­®áâì ­¥ª®â®à®© ¢á¯®¬®£ â¥«ì­®© ¯®á«¥-

¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© á ¯®¬®éìî ¬¥â®¤  � ¯« á  ­ å®¦¤¥­¨ï  á¨¬¯â®â¨ª¨ ¨­â¥£à «®¢.
�¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fhm(�m; z)g1m=1 á«¥¤ãîé¨¬ ®¡à §®¬:

hm(�m; z) =
1
Im

exp
�
�mC

�
�m
z

+ ln z
��
f(z); (7)

£¤¥

Im =
Z 1

0

exp
�
�mC

�
�m
u

+ lnu
��
f(u) du;

C > 0, m = 1; 2; : : : , z � 0, f(u) | ­¥ª®â®à ï ¯«®â­®áâì ¢¥à®ïâ­®áâ¥© â ª ï, çâ® f(u) > 0, u > 0,
­¥¯à¥àë¢­  ¨ ®£à ­¨ç¥­  ­  [0;1),   f�mg | ­¥ª®â®à ï ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì â ª ï,
çâ® lim

m!1
�m = � > 0, � 6= e�1. �¢¥¤¥¬ â ª¦¥ á¨áâ¥¬ã ®âà¥§ª®¢

U(�m) =
�
u : ju� �mj � �mp

C
m�1=4

�
:
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�¥¬¬  2. �ã­ªæ¨®­ «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fhm(�m; z)g ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©-
áâ¢ ¬¨:

10.
1R
0

hm(�m; z)dz = 1;

20. hm(�m; z) > 0 ¯à¨ z > 0;
30. lim

m!1
R

U(�m)

hm(�m; z)dz = 1.

�«¥¤ãîé ï «¥¬¬  ãáâ ­ ¢«¨¢ ¥â ¢¨¤ ãá«®¢­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ª®­¥ç­®¬¥à­®© ¯à®-
¥ªæ¨¨ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­®© ¬¥àë, § ¤ ­­®© á®®â­®è¥­¨¥¬ (1) á ¬¥à®© �, ¨¬¥îé¥© ¯«®â-
­®áâì � 0(t), ¢ ¢¨¤¥ ­¥¯à¥àë¢­®© á¬¥á¨ £ ãáá®¢áª¨å.

�¥¬¬  3. �¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

F �
nk =

Z 1

0

kY
l=1

�
�
xilp
z

�
h�n�k

�
�2j;k;n(x)

n� k
; z
�
dz; (8)

£¤¥

h�n�k(t; z) =
exp[�n�k

2
( t
z
+ ln z)]� 0(

p
z) 1p

z
1R
0

exp[�n�k
2
( t
u
+ lnu)]� 0(

p
u) 1p

u
du
; (9)

�2j;k;n(x) =
n�kX
l=1

x2jl ; xjl = fjl(x): (10)

�â¬¥â¨¬, çâ® «¥¬¬ë 2, 3 (¤«ï ®¤­®¬¥à­ëå ãá«®¢­ëå à á¯à¥¤¥«¥­¨©) ¡ë«¨ ¤®ª § ­ë ¢ [3].
�«¥¤ãîé ï «¥¬¬  [9] ¤ ¥â ï¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤­®© áä¥à¨ç¥áª¨-

á¨¬¬¥âà¨ç­®© ¬¥àë.

�¥¬¬  4. �ãáâì áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­ ï ¬¥à  �, § ¤ ­­ ï á®®â­®è¥­¨¥¬ (1), â ª ï,
çâ® ¢ë¯®«­ï¥âáï (3). �®£¤  ¬¥à  � ¤¨ää¥à¥­æ¨àã¥¬  ¯® ¢á¥¬ ­ ¯à ¢«¥­¨ï¬ ¨§ H(
), ¢ ç áâ-
­®áâ¨, ¨§ R
(X�) � H(
), ¨ ¤«ï «î¡®£® f 2 X� áãé¥áâ¢ã¥â «®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤­ ï

��R
(f)
(x) = � f(x)

s21(x)
(11)

�-¯®çâ¨ ­ ¢¥à­®¥.

� ¬¥ç ­¨¥. �á«®¢¨¥ (3) ®§­ ç ¥â ¨­â¥£à¨àã¥¬®áâì «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤­®© ��R
(f)
(x)

¬¥àë �, § ¤ ­­®© á®®â­®è¥­¨¥¬ (1). �â¬¥â¨¬, çâ®  ­ «®£¨ç­®¥ ãá«®¢¨¥ ¢ [9] á®¤¥à¦¨â t ¢ áâ¥-
¯¥­¨ �1=2. �â® ®¡ãá«®¢«¥­® à §­¨æ¥© ¢ ®¡®§­ ç¥­¨ïå: ¢ [9] ¯ à ¬¥âà t ¨£à ¥â à®«ì ¤¨á¯¥àá¨¨
£ ãáá®¢áª®© á«ãç ©­®© ¢¥«¨ç¨­ë 
t �f�1n ,   ¢ ¨§ãç ¥¬®¬ á«ãç ¥ | à®«ì áà¥¤­¥£® ª¢ ¤à â¨ç­®£®
®âª«®­¥­¨ï (fn | í«¥¬¥­â ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  ¯à®áâà ­áâ¢  X�


 ).

3. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. 10. �â¬¥â¨¬, çâ®


�
�
x 2 X : f1(x) � x1; f2(x) � x2; : : : ; fn(x) � xn

	
=

nY
i=1

�
�
xi
�

�
: (12)

�¢¨¤ã (12) á«ãç ©­ë¥ ¢¥«¨ç¨­ë fn(x) ®â­®á¨â¥«ì­® ¬¥àë 
� ï¢«ïîâáï £ ãáá®¢áª¨¬¨ æ¥­âà¨à®-
¢ ­­ë¬¨ ­¥§ ¢¨á¨¬ë¬¨ á ¤¨á¯¥àá¨ï¬¨ �2. �«¥¤®¢ â¥«ì­®, c«ãç ©­ë¥ ¢¥«¨ç¨­ë [fn(x)]2 ¨¬¥îâ
áà¥¤­¨¥, à ¢­ë¥ �2. �­ ç¨â, ­  ®á­®¢¥ ãá¨«¥­­®£® § ª®­  ¡®«ìè¨å ç¨á¥« �.�.�®«¬®£®à®¢  ([10],
á. 418) ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ¤«ï «î¡®£® � > 0


�

�
lim
k!1

1
k

kX
j=1

[fj(x)]
2 = �2

�
= 1:
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�á¯®«ì§ãï ªà¨â¥à¨© äã­¤ ¬¥­â «ì­®áâ¨ ¯®çâ¨ ­ ¢¥à­®¥ ([10], á. 271), 8� > 0, " > 0 ¯®«ãç¨¬

lim
n!1 
�(A) = 0; (13)

£¤¥

A =
�
sup
k�0

���� 1
n+ k

n+kX
j=1

[fj(x)]
2 � 1

n

nX
j=1

[fj(x)]
2

���� > "

�
: (14)

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì ­®à¬¨à®¢ ­­ëå áã¬¬ 1
k

kP
j=1

[fj(x)]2, k = 1; 2; : : : , äã­¤ ¬¥­-

â «ì­  ¯®çâ¨ ­ ¢¥à­®¥ ¯® ¬¥à¥ 
�.
�®ª ¦¥¬ ¥¥ äã­¤ ¬¥­â «ì­®áâì ¯®çâ¨ ­ ¢¥à­®¥ ¯® ¬¥à¥ �. � ä¨ªá¨àã¥¬ n. �¥âàã¤­® ¯®ª -

§ âì, çâ® A 2 E(X), ¯à¥¤áâ ¢¨¢ A ¢ ¢¨¤¥ áç¥â­®© áã¬¬ë æ¨«¨­¤à¨ç¥áª¨å ¬­®¦¥áâ¢.
�¢¨¤ã (1)

�(A) =
Z 1

0


�(A) �(d�); (15)

£¤¥ A § ¤ ­® à ¢¥­áâ¢®¬ (14). �á­®, çâ® 0 � 
�(A) � 1 ¨
1R
0

�(d�) = 1, ¯®íâ®¬ã, ¨á¯®«ì§ãï (13) ¨

â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à « , ¨§ (15) ¯®«ãç ¥¬ lim
n!1�(A) = 0.

� ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì ­®à¬¨à®¢ ­­ëå áã¬¬ 1
k

kP
j=1

[fj(x)]2, k = 1; 2; : : : , äã­¤ ¬¥­-

â «ì­  ¯®çâ¨ ­ ¢¥à­®¥ ¯® ¬¥à¥ �. �«¥¤®¢ â¥«ì­® ([10], á. 275), áãé¥áâ¢ã¥â ¨§¬¥à¨¬ ï (®â­®á¨-
â¥«ì­® E(X)) á«ãç ©­ ï ¢¥«¨ç¨­  s21(x) ¨ ¬­®¦¥áâ¢® áå®¤¨¬®áâ¨ � 2 E(X) â ª¨¥, çâ® �f�g = 1
¨

lim
k!1

1
k

kX
j=1

[fj(x)]
2 = s21(x); x 2 �:

� áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë (k > m) s2m;k(x) = 1
k

kP
j=m+1

[fj(x)]2. �®ª -

¦¥¬, çâ® 8x 2 � ¨ 8m 2 N lim
k!1

s2m;k(x) = s21(x). �¥©áâ¢¨â¥«ì­®, § ä¨ªá¨àã¥¬ x ¨ m. �®£¤ 

¯à¨ k !1

s20;k(x)� s2m;k(x) =
1
k

mX
j=1

[fj(x)]2 ! 0; s21(x)� s20;k(x)! 0;

js21(x)� s2m;k(x)j � js21(x)� s20;k(x)j+ js20;k(x)� s2m;k(x)j ! 0:

�®íâ®¬ã 8m 2 N äã­ªæ¨®­ « s21(x) Fm;1-¨§¬¥à¨¬ ª ª ¯à¥¤¥« ¯®çâ¨ ­ ¢¥à­®¥ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ Fm;1-¨§¬¥à¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­,   � 2 Fm;1. �«¥¤®¢ â¥«ì­®, � 2 F1,   s21(x)
F1-¨§¬¥à¨¬.

�®ª § â¥«ìáâ¢® ¯¯. 20 ¨ 30 â¥®à¥¬ë  ­ «®£¨ç­® [3]. � ¨¬¥­­®, ¢ ¯. 30 ¨¬¥¥¬

�

�
f1(x) � u1; : : : ;

fi1(x)
s1(x)

� ui1 ; : : : ;
fik(x)
s1(x)

� uik ; : : : ; fn(x) � un

�
=

=
kY
l=1

�(uil)
Z 1

0

n�kY
l=1

�
�
ujl
t

�
� 0(t)dt: �
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � ä¨ªá¨àã¥¬ x 2 �, k 2 N . �®á¯®«ì§ã¥¬áï «¥¬¬®© 2 ¨
¯®«®¦¨¬1

m = n� k; C =
1
2
; �m =

�2j;k;m+k(x)

m
; � = s21(x):

�¤¥áì �2j;k;n(x) § ¤ ­® ä®à¬ã«®© (10), s21(x) | ä®à¬ã«®© (2). �®ª ¦¥¬, çâ® lim
m!1

�m = �. �¥©-

áâ¢¨â¥«ì­®, lim
m!1

�m = lim
n!1

�2j;k;n(x)

n�k . � «¥¥ ¯®ª ¦¥¬, çâ® lim
n!1

�2j;k;n(x)

n�k = s21(x). �¬¥¥¬

�����
2
j;k;n(x)

n� k
� s21(x)

���� �
�����

2
j;k;n(x)

n� k
� s20;n(x)

����+ js20;n(x)� s21(x)j:

� áá¬®âà¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨
�����

2
j;k;n(x)

n� k
� s20;n(x)

���� =
���� 1
n� k

n�kX
l=1

[fjl(x)]
2 � 1

n

nX
l=1

[fl(x)]2
���� =

=
����
�

1
n� k

� 1
n

� n�kX
l=1

[fjl(x)]
2 � 1

n

kX
l=1

[fil(x)]
2

���� �
���� k

n� k

1
n

n�kX
l=1

[fjl(x)]
2

����+
���� 1n

kX
l=1

[fil(x)]
2

���� �

�
���� k

n� k
s20;n(x)

����+
���� 1n

kX
l=1

[fil(x)]
2

����! 0; n!1;

â. ª. k ä¨ªá¨à®¢ ­®. �â®à®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î ¯® ®¯à¥¤¥«¥­¨î äã­ªæ¨®­ «  s21(x).
�®«®¦¨¬ â ª¦¥ ¢ (7) ¢ ª ç¥áâ¢¥ ¯«®â­®áâ¨ f(z) äã­ªæ¨î � 0(

p
z) 1p

z
. �®£¤  ¢ á¨«ã ä®à¬ã«ë

(9) ¬®¦­® ãâ¢¥à¦¤ âì, çâ®

h�n�k

�
�2j;k;n(x)

n� k
; z
�
= hm(�m; z):

� «¥¥ ¢ á¨«ã (8)

F �
nk =

Z 1

0

kY
l=1

�
�
xilp
z

�
h�n�k

�
�2j;k;n(x)

n� k
; z
�
dz =

=
Z
U(�m)

kY
l=1

�
�
xilp
z

�
hm(�m; z)dz +

Z
Uc(�m)

kY
l=1

�
�
xilp
z

�
hm(�m; z)dz:

� ª ª ª äã­ªæ¨ï �(�) ®£à ­¨ç¥­  ­  ¢á¥© ç¨á«®¢®© ®á¨, â® ¢ á¨«ã ¯¯. 10 ¨ 30 «¥¬¬ë 2 ¢â®à®¥
á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ m!1. �¢¨¤ã ­¥¯à¥àë¢­®áâ¨ ¨ ®£à ­¨ç¥­­®áâ¨ �(�),   â ª¦¥
¢ á¨«ã ¯. 20 «¥¬¬ë 2, ¨á¯®«ì§ãï â¥®à¥¬ã ® áà¥¤­¥¬, ¯®«ãç¨¬

Z
U(�m)

kY
l=1

�
�
xilp
z

�
hm(�m; z)dz =

kY
l=1

�
�
xilp
�m

�Z
U(�m)

hm(�m; z)dz;

£¤¥ �m 2 U(�m). � ª ª ª �m ! � = s21(x), m ! 1, �(�) ­¥¯à¥àë¢­ , â® ¢ á¨«ã ¯. 30 «¥¬¬ë 2
¯®«ãç¨¬

lim
n!1

F �
nk = lim

m!1

kY
l=1

�
�
xilp
�m

�Z
U(�m)

hm(�m; z)dz =
kY
l=1

�
�

xil
s1(x)

�
: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �â¢¥à¦¤¥­¨ï â¥®à¥¬ë ï¢«ïîâáï ¯à®áâë¬¨ á«¥¤áâ¢¨ï¬¨ ¯. 20

¨ 30 â¥®à¥¬ë 1 ¨ à ¢¥­áâ¢  (11). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �â¢¥à¦¤¥­¨ï â¥®à¥¬ë ï¢«ïîâáï ¯à®áâë¬¨ á«¥¤áâ¢¨ï¬¨ â¥-
®à¥¬ë 2 ¨ à ¢¥­áâ¢ (2) ¨ (11). �

1�«ï â®£® çâ®¡ë ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 2, ¨áª«îç ¥¬ á«ãç ©, ª®£¤  s
2
1(x) = e

�1. �â¬¥â¨¬, çâ®
�fs21(x) = e

�1g = 0.
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� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® ¯à¨¢¥¤¥­­ë¥ à¥§ã«ìâ âë á¢®¤ïâáï ª á«ãç î £¨«ì¡¥àâ®¢  ¯à®-
áâà ­áâ¢ , à áá¬®âà¥­­®£® ¢ [3] ¤«ï ãáâ®©ç¨¢ëå ¬¥à. � ¯®¬®éìî â¥®à¥¬ë 3.4.3 ¨§ [1] ®¡ ¨§®¬®à-
ä¨§¬¥ ¬®¦­® áà §ã ¯®«ãç¨âì à¥§ã«ìâ âë à ¡®âë ¤«ï ¡ §¨á®¢ ¯à®áâà ­áâ¢  X�


 , á®áâ®ïé¨å ¨§
äã­ªæ¨®­ «®¢, ®¡« ¤ îé¨å ­¥®¡å®¤¨¬ë¬¨ á¢®©áâ¢ ¬¨ à §¤¥«¥­¨ï â®ç¥ª ([1], á. 108{109).

�ëà ¦ î ¡« £®¤ à­®áâì �.�.� âáª¨å §  ¯®áâ ­®¢ªã § ¤ ç ¨ ¢­¨¬ ­¨¥ ª à ¡®â¥. �« £®¤ àî
à¥æ¥­§¥­â  §  æ¥­­ë¥ § ¬¥ça­¨ï.
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