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� à ¡®â¥ [1] ¡ë«® ¯®«ãç¥­® á«¥¤ãîé¥¥ ãá¨«¥­¨¥ â¥®à¥¬ë �.�­£  ® à ¢­®¬¥à­®© ®£à ­¨ç¥­-
­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç áâ­ëå áã¬¬ àï¤®¢ �ãàì¥ äã­ªæ¨© ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨.

�¥®à¥¬  A. �ãáâì n1 = 1 < n2 < n3 < � � � | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âã-

à «ì­ëå ç¨á¥« â ª ï, çâ® ¤«ï ­¥ª®â®à®£® ç¨á«  A ¢ë¯®«­¥­® ãá«®¢¨¥
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; m = 1; 2; : : : (1)

�®£¤  ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ á àï¤®¬ �ãàì¥

a0
2
+

1X
k=1

(ak cos kx+ bk sinkx)

á¯à ¢¥¤«¨¢  ®æ¥­ª 

1X
j=1

����
nj+1�1X
k=nj

(ak cos kx+ bk sinkx)
���� � CAV (f); (2)

£¤¥ C |  ¡á®«îâ­ ï ¯®áâ®ï­­ ï,   V (f) | ¢ à¨ æ¨ï äã­ªæ¨¨ f ­  ¯¥à¨®¤¥.

� [1] ¯à¨¢¥¤¥­ë ­¥ª®â®àë¥ á«¥¤áâ¢¨ï ¨§ ®æ¥­ª¨ (2),   â ª¦¥  ­ «®£¨ç­ë¥ ¥© à¥§ã«ìâ âë.
�§¢¥áâ­® ([2], c. 24), çâ® ãá«®¢¨¥ (1) à ¢­®á¨«ì­® ¢®§¬®¦­®áâ¨ ¯à¥¤áâ ¢¨âì ¯®á«¥¤®¢ â¥«ì­®áâì
fnjg ¢ ¢¨¤¥ ®¡ê¥¤¨­¥­¨ï ª®­¥ç­®£® ç¨á«  « ªã­ à­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � ¤ ­­®© áâ âì¥
¢ëïá­ï¥âáï, ¢ ª ª®© ¬¥à¥ ãá«®¢¨¥ (1) ï¢«ï¥âáï áãé¥áâ¢¥­­ë¬ ¤«ï á¯à ¢¥¤«¨¢®áâ¨ â¥®à¥¬ë A.
�ã¤¥â ¯®ª § ­®, çâ® íâ® ãá«®¢¨¥ ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¢ â® ¦¥ ¢à¥¬ï ®­® ­¥ ¬®¦¥â ¡ëâì
§­ ç¨â¥«ì­® ®á« ¡«¥­®. �â¨ ãâ¢¥à¦¤¥­¨ï á®áâ ¢«ïîâ á®¤¥à¦ ­¨¥ â¥®à¥¬ 1 ¨ 2 á®®â¢¥âáâ¢¥­­®.

�¥®à¥¬  1. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fnjg á®áâ®¨â ¨§ ¢á¥å ­ âãà «ì­ëå ç¨á¥« k, ã¤®-
¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ 3p � k � 3p + 2p, p = 0; 1; 2; : : : �«ï íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥

¢ë¯®«­ï¥âáï ãá«®¢¨¥ ¢¨¤  (1), ­® ¢¬¥áâ¥ á â¥¬ ¤«ï «î¡®© äã­ªæ¨¨ f ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨

á¯à ¢¥¤«¨¢  ®æ¥­ª 

1X
j=1

����
nj+1�1X
k=nj

(ak cos kx+ bk sinkx)
���� � CV (f) (3)

á  ¡á®«îâ­®© ¯®áâ®ï­­®© C.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ¯¥à¢®£®  ¢â®à  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå

¨áá«¥¤®¢ ­¨© (¯à®¥ªâ 96-01-00378) ¨ ¢â®à®£®  ¢â®à  | �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®-

¢ ­¨© ¨ �®áã¤ àáâ¢¥­­ë¬ ä®­¤®¬ ¥áâ¥áâ¢¥­­ëå ­ ãª �¨â ï (¯à®¥ªâ 96-01-00036C).
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�®ª § â¥«ìáâ¢®. �«ï à áá¬ âà¨¢ ¥¬®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ãá«®¢¨¥ (1) ­¥ ¢ë¯®«­ï¥âáï,
â. ª.
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1
k
>
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3p + 2p
>

2p

2 � 3p
:

�®ª ¦¥¬ ®æ¥­ªã (3). �¡®§­ ç¨¢ Ak(x) := ak cos kx+ bk sinkx, ¯®«ãç¨¬

1X
j=1

����
nj+1�1X
k=nj

Ak(x)
���� =
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����
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Ak(x)
����
�
:

�á¯®«ì§ãï ¨§¢¥áâ­ãî ®æ¥­ªã ([2], c. 81) jAk(x)j � 1
k
V (f), ­ å®¤¨¬
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V (f) �

1X
p=0

2p

3p
V (f) = 3V (f): (4)

� ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì, á®áâ ¢«¥­­ ï ¨§ ç¨á¥« 3p, 3p + 2p, p = 0; 1; : : : , ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î (1), â® á®£« á­® â¥®à¥¬¥ A

1X
p=0

����
3p+1�1X
k=3p+2p

Ak(x)
���� � CV (f) (5)

á ­¥ª®â®à®© ¯®áâ®ï­­®© C. �§ (4) ¨ (5) ¢ëâ¥ª ¥â ®æ¥­ª  (3).

�®ª ¦¥¬, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fnjg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
j!1

nj+1
nj

= 1; (6)

â® ¤«ï ­¥¥ ®æ¥­ª  ¢¨¤  (2) ¬®¦¥â ­¥ ¨¬¥âì ¬¥áâ .
�ã¤¥¬ à áá¬ âà¨¢ âì äã­ªæ¨î ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨

� � x

2
=

1X
k=1

sinkx
k

; 0 < x < 2�:

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ �� := maxj��
�nj+1

nj
� 1

�
. � á¨«ã (6) lim

�!1
�� = 0.

�¥®à¥¬  2. �ãáâì ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fnjg ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (6). �®£¤  ¤«ï

x 2

�
�

n�+1
;
�

n�

�
(7)

á¯à ¢¥¤«¨¢  à ¢­®¬¥à­ ï ®â­®á¨â¥«ì­® ¢á¥å ¯ à ¬¥âà®¢ ®æ¥­ª 

F (x) :=
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����
nj+1�1X
k=nj

sinkx
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���� � 1
12
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1
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+O(1): (8)

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ §­ ç¥­¨¥ x, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (7), ¨ ¯®«®¦¨¬N� :=
[1=(6��)]. �æ¥­ªã (8) ¤®áâ â®ç­® ¤®ª § âì ¯à¨ ãá«®¢¨ïå N� > 1 ¨

x 2 (0; �=6]: (9)

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì íâ¨ ãá«®¢¨ï ¢ë¯®«­¥­­ë¬¨.
�á«¨ ­ âãà «ì­®¥ ç¨á«® m < N� , â® áãé¥áâ¢ãîâ j â ª¨¥, çâ®�

m+
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�
�; (10)
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¨ â ª¨¥, çâ® �
m+

2
3

�
� � njx �

�
m+

5
6

�
�: (11)

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¡ë ®æ¥­ª¨ (10) ­¥ ¢ë¯®«­ï«¨áì ­¨ ¤«ï ®¤­®£® ç¨á«  j, â® áãé¥áâ¢®¢ «®
¡ë j â ª®¥, çâ®

njx <

�
m+

1
6

�
�; nj+1x >

�
m+

1
3

�
�;

®âªã¤ 

(nj+1 � nj)x >
�

6
: (12)

�® ¨§ æ¥¯®çª¨ ­¥à ¢¥­áâ¢ �
m+

1
3

�
� < nj+1x �

nj+1
n�

�

á«¥¤ã¥â, çâ® j � �. �à®¬¥ â®£®, ¯® ¯à¥¤¯®«®¦¥­¨î njx <
�
m + 1

6

�
� < N��. �®íâ®¬ã (nj+1 �

nj)x = njx
�nj+1

nj
� 1
�
< N���� �

�
6
, çâ® ¯à®â¨¢®à¥ç¨â ®æ¥­ª¥ (12). �®ç­® â ª ¦¥ ®¡®á­®¢ë¢ ¥âáï

áãé¥áâ¢®¢ ­¨¥ j, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (11).
�«ï ª ¦¤®£® m = 1; 2; : : : ; N� � 1 ®¡®§­ ç¨¬ ç¥à¥§ Em ¬­®¦¥áâ¢® â¥å j, ¤«ï ª®â®àëå�

m+
1
6

�
� � njx < nj+1x �

�
m+

5
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�
�: (13)

�®£¤ 

F (x) �
N��1X
m=1

X
j2Em

����
nj+1�1X
k=nj

sinkx
k

����:
� á¨«ã (13) ¤«ï ¢á¥å k â ª¨å, çâ® nj � k � nj+1 � 1, §­ ª¨ sinkx ®¤¨­ ª®¢ë ¨ j sinkxj � 1=2.
�®íâ®¬ã

F (x) �
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X
j2Em
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X
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1
k
; (14)

£¤¥ ¤«ï ª ¦¤®£® m áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ â ª¨¬ k, çâ®�
m+

1
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�

x
� k �

�
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�
�

x
:

� ª ª ª ¤«ï «î¡ëå ¯®«®¦¨â¥«ì­ëå a ¨ b

X
a�k�b

1
k
�

Z b

a+1
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u
= log

b

a+ 1
;

â® ¨§ (14) á ãç¥â®¬ (9) á«¥¤ã¥â ®æ¥­ª 
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=
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N��1X
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m+ 1
2

=
1
12

logN� +O(1) =
1
12
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1
��

+O(1): �

�à®¨««îáâà¨àã¥¬ ®æ¥­ªã (8) ­  ¯à¨¬¥à¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨

nj := 2j
�

; j = 1; 2; : : : ; 0 < � < 1: (15)
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�«ï íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á«  nj ­¥ ï¢«ïîâáï æ¥«ë¬¨. �¥âàã¤­® ¢¨¤¥âì, çâ® íâ® ­¥-

áãé¥áâ¢¥­­®, ¥á«¨ ãá«®¢¨âìáï ¯®­¨¬ âì ¢ (8) á¨¬¢®«
bP

j=a
á ¯à®¨§¢®«ì­ë¬¨ ¯®«®¦¨â¥«ì­ë-

¬¨ a ¨ b ª ª áã¬¬ã ¯® ¢á¥¬ ­ âãà «ì­ë¬ j â ª¨¬, çâ® a � j � b. �«ï ¯®á«¥¤®¢ â¥«ì­®-
áâ¨ (15) nj+1

nj
� 1 = 2(j+1)

��j� � 1. � ª ª ª á à®áâ®¬ j à §­®áâì (j + 1)� � j� ã¡ë¢ ¥â, â®

�� = 2(�+1)
���� � 1. �®«ì§ãïáì ¤¢ ¦¤ë ä®à¬ã«®© ª®­¥ç­ëå ¯à¨à é¥­¨© � £à ­¦ , ­ å®¤¨¬

�� = 2�=(�+�)
1��

� 1 < 21=�
1��

� 1 < 2
�1��

. �­ ç¨â,

log
1
��

> (1� �) log � � log 2: (16)

�á«¨ x ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (7), â® �=x < 2(�+1)
�

� 2(2�)
�

, ®âªã¤ 

� �
1
2

�
log

�

x

�1=�
: (17)

�¡ê¥¤¨­¨¢ ®æ¥­ª¨ (16) ¨ (17), ¯®«ãç¨¬ log 1
��

> 1��
�

log log �
x
� 2 log 2.

� ª¨¬ ®¡à §®¬, ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (15) ¨¬¥¥¬

F (x) �
1� �

12�
log log

�

x
+O(1)

à ¢­®¬¥à­® ®â­®á¨â¥«ì­® � 2 (0; 1) ¨ x 2 (0; �=6].
� â¥®à¥¬¥ 2 äã­ªæ¨ï, ¤«ï ª®â®à®© ­¥ ¢ë¯®«­ï« áì ®æ¥­ª  (2), ¨¬¥«  â®çªã à §àë¢ .
� ¬¥â¨¬, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fnjg, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (6), áãé¥áâ¢ã-

¥â ­¥¯à¥àë¢­ ï äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨, ¤«ï ª®â®à®© ®æ¥­ª  (2) ­¥ ¨¬¥¥â ¬¥áâ .
�¥©áâ¢¨â¥«ì­®, ¤«ï ª ¦¤®© áå®¤ïé¥©áï ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâ¨ áãé¥áâ¢ã¥â ¬ ¦®à¨àã-

îé ï ¥¥ ¢ë¯ãª« ï áå®¤ïé ïáï ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâì ([2], c. 653).
�ãáâì ç¨á« N� ¨ �� â¥ ¦¥, çâ® ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2, ¨ f"kg| ¢ë¯ãª« ï áå®¤ïé ïáï

ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâì â ª ï, çâ® ¤«ï p = N�n�+1

"p �

 
log

1
��

!�1=2
:

�®«®¦¨¬ bk := "k=k ¨ g(x) :=
1P
k=1

bk sinkx. �®£¤  äã­ªæ¨ï g(x) ­¥¯à¥àë¢­  ¨ ¨¬¥¥â ®£à ­¨ç¥­-

­ãî ¢ à¨ æ¨î, â. ª. ¥¥ ¯à®¨§¢®¤­ ï áã¬¬¨àã¥¬  (¢ á¨«ã ¢ë¯ãª«®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f"kg).
�à®¢¥¤ï ¤«ï äã­ªæ¨¨

G(x) :=
1X
j=1

����
nj+1�1X
k=nj

bk sinkx
����

â¥ ¦¥ à ááã¦¤¥­¨ï, çâ® ¨ ¤«ï äã­ªæ¨¨ F (x) ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2, ¯®«ãç¨¬ ¤«ï x,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (7),  ­ «®£ ®æ¥­ª¨ (14)

G(x) �
1
2

N��1X
m=1

X
k

bk; (18)

£¤¥ áã¬¬  ¯® k ¨¬¥¥â â®â ¦¥ á¬ëá«, çâ® ¨ ¢ (14).
� ª ª ª ¤«ï ¢á¥å k, ãç áâ¢ãîé¨å ¢ ®æ¥­ª¥ (18), k � p = N�n�+1, â® ¨§ (18) ¢ëâ¥ª ¥â ®æ¥­ª 

G(x) �
1
2
"p

N��1X
m=1

X
k

1
k
�

1
12
"p log

1
��

+O(1) �
1
12

 
log

1
��

!1=2

+O(1);

¤®ª §ë¢ îé ï ­ è¥ ãâ¢¥à¦¤¥­¨¥.
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