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� [1] ¤®ª § ­  áå®¤¨¬®áâì ¨â¥à æ¨®­­®£® ¬¥â®¤  à¥è¥­¨ï ­¥«¨­¥©­®© á¨áâ¥¬ë ãà ¢­¥­¨©
� à¬ ­ , ­  ª ¦¤®¬ è £¥ ª®â®à®£® à¥è îâáï «¨èì «¨­¥©­ë¥ ãà ¢­¥­¨ï. �áâ¥áâ¢¥­­®¥ áâà¥-
¬«¥­¨¥ | á¢¥áâ¨ à¥è¥­¨¥ íâ¨å § ¤ ç ª à¥è¥­¨î § ¤ ç ¢â®à®£® ¯®àï¤ª  á ¨á¯®«ì§®¢ ­¨¥¬ á¬¥-
è ­­®© ¢ à¨ æ¨®­­®© ä®à¬ã«¨à®¢ª¨, ª®â®à ï ¯®§¢®«ï¥â íâ® á¤¥« âì ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬.
� ([2], á. 372) ¯®¤®¡­ë© ¯®¤å®¤ ¨á¯®«ì§®¢ ­ ¤«ï ¯« áâ¨­ë, § é¥¬«¥­­®© ¯® ¢á¥¬ã ª®­âãàã. �
á«ãç ¥ á¢®¡®¤­®£® ®¯¨à ­¨ï ¯« áâ¨­ë ­  ¯®«¨£®­ «ì­ë© ª®­âãà á®®â¢¥âáâ¢ãîé ï ¨â¥à æ¨®­-
­ ï ¯à®æ¥¤ãà  á®áâ®¨â ¢á¥£® ¨§ ¤¢ãå è £®¢, ­  ª ¦¤®¬ ¨§ ª®â®àëå à¥è ¥âáï § ¤ ç  ¢â®à®£®
¯®àï¤ª . �â  ¯à®æ¥¤ãà  ¨§¢¥áâ­  ª ª ¬¥â®¤ ¬¥¬¡à ­­®©  ­ «®£¨¨ [3].

�¤­ ª® ¯à¨ ¯®¯ëâª¥ ¯à¨¬¥­¨âì ¬¥â®¤ ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï à áç¥â  á¢®¡®¤­® ®¯¥àâëå
¯« áâ¨­ á ªà¨¢®«¨­¥©­ë¬ ª®­âãà®¬ ¢®§­¨ª ¥â â ª ­ §ë¢ ¥¬ë© ¯ à ¤®ªá �.�.� ¯®­¤¦ï­  ([4],
á. 226): ­¥¢®§¬®¦­®áâì ¯®«ãç¨âì à¥è¥­¨¥ ¤«ï ¯« áâ¨­ª¨ á ªà¨¢®«¨­¥©­ë¬ ª®­âãà®¬ ª ª ¯à¥¤¥«
à¥è¥­¨© ¤«ï ¯« áâ¨­®ª á ¯®«¨£®­ «ì­ë¬¨ ª®­âãà ¬¨,  ¯¯à®ªá¨¬¨àãîé¨¬¨ ªà¨¢®«¨­¥©­ë©
ª®­âãà.

� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï ­®¢ ï ¨â¥à æ¨®­­ ï ¯à®æ¥¤ãà , ®á­®¢ ­­ ï ­  á¬¥è ­­®©
¢ à¨ æ¨®­­®© ä®à¬ã«¨à®¢ª¥ ¤«ï á¢®¡®¤­®© ®¯¥àâ®© ¯« áâ¨­ë, ª®£¤  ¥¥ ª®­âãà áç¨â ¥âáï ¢
®¡é¥¬ á«ãç ¥ ªà¨¢®«¨­¥©­ë¬. �â® ®¡áâ®ïâ¥«ìáâ¢® ¯®à®¦¤ ¥â áãé¥áâ¢¥­­®¥ ®â«¨ç¨¥ ¬¥â®¤ 
¬¥¬¡à ­­®©  ­ «®£¨¨ ®â ¨â¥à æ¨®­­®© ¯à®æ¥¤ãàë, à áá¬ âà¨¢ ¥¬®© ­¨¦¥.

1. �®áâ ­®¢ª  § ¤ ç¨. �¯à¥¤¥«¥­¨¥ ¯à®áâà ­áâ¢. � áá¬®âà¨¬ ¯« áâ¨­ã, § ­¨¬ îéãî
¢ ¯« ­¥ ®£à ­¨ç¥­­ãî ¢ë¯ãª«ãî ®¡« áâì 
 2 R2, á¢®¡®¤­® ®¯¥àâãî ¯® ªãá®ç­®-£« ¤ª®© £à ­¨-
æ¥ �. � ¯àï¦¥­­®-¤¥ä®à¬¨à®¢ ­­®¥ á®áâ®ï­¨¥ ¯« áâ¨­ë ®¯¨áë¢ ¥âáï ãà ¢­¥­¨¥¬

�2w = q; q = Q=D; (1.1)

á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

wj� = 0; �w � (1� �)�
@w

@n

���
�
= 0; (1.2)

£¤¥ w | ¯à®£¨¡ ¯« áâ¨­ª¨, Q | ¨­â¥­á¨¢­®áâì ¯®¯¥à¥ç­®© ­ £àã§ª¨, D = Eh3=12(1 � �2) |
æ¨«¨­¤à¨ç¥áª ï ¦¥áâª®áâì, � { ª®íää¨æ¨¥­â �ã áá®­ , E | ¬®¤ã«ì ã¯àã£®áâ¨, h | â®«é¨­ 
¯« áâ¨­ë ¨ � | ªà¨¢¨§­  £à ­¨æë �.

�¯à¥¤¥«¨¬ ¬­®¦¥áâ¢®

E = fv 2 �1(
)
�� vj� = 0g; (1.3)

£¤¥ �1(
) | ¬­®¦¥áâ¢® äã­ªæ¨©, ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  
 2 R2. � ¬ëª ­¨¥ ¬­®-
¦¥áâ¢  (1.3) ¢ ­®à¬¥ H2(
) ï¢«ï¥âáï ¯®¤¯à®áâà ­áâ¢®¬ ¢ H2(
). �¡®§­ ç¨¬ ¥£® ç¥à¥§ V (
).
�ç¥¢¨¤­®, V (
) = H2(
) \H1

0 (
).
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�§¢¥áâ­® [5], çâ® à¥è¥­¨¥ § ¤ ç¨ (1.1), (1.2) íª¢¨¢ «¥­â­® ¬¨­¨¬¨§ æ¨¨ ­  V (
) äã­ªæ¨®-
­ « 

J(v) =
1
2

Z


j�vj2d
�

Z


dv d
�

1� �

2

Z
�
�

����@v@n
����
2

ds: (1.4)

2. �¬¥è ­­ ï ¢ à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª  § ¤ ç¨. �ã¤¥¬ áç¨â âì, çâ® ¢¬¥áâ® äã­ª-
æ¨®­ «  (1.4) ¬¨­¨¬¨§¨àã¥âáï äã­ªæ¨®­ «

�(v;  ; �) =
1
2

Z


j j2d
�

Z


qv d
�

1� �

2

Z
�
�j�j2ds (2.1)

­  â ª¨å âà®©ª å (v;  ; �) 2 V (
) � L2(
) � L2(�), í«¥¬¥­âë ª®â®àëå á¢ï§ ­ë à ¢¥­áâ¢ ¬¨
��v =  , @v

@n

��
�
= �.

�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢® äã­ªæ¨©

P (
) = f(v;  ; �) 2 H1
0 (
)� L2(
)� L2(�) j 8� 2 H1(
); �[(v;  ; �); �] = 0g; (2.2)

£¤¥ ¡¨«¨­¥©­ ï ä®à¬  �[�; �] § ¤ ¥âáï ¢ëà ¦¥­¨¥¬

�[(v;  ; �); �] =
Z



rvr�d
�

Z



 �d
�

Z
�

��ds:

�¥®à¥¬  1. �ãáâì ®¡« áâì 
 ¢ë¯ãª«  ¨ ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯® �¨¯è¨æã £à ­¨æã �, â®£¤ 
1) ®â®¡à ¦¥­¨¥ (v;  ; �) 2 P (
) ! j j20;


1 ï¢«ï¥âáï ­®à¬®© ­  ¯à®áâà ­áâ¢¥ P (
), íª¢¨-
¢ «¥­â­®© ¥áâ¥áâ¢¥­­®© ­®à¬¥ ¯à®¨§¢¥¤¥­¨ï (v;  ; �) 2 P (
) ! (jvj21;
 + j j20;
 + j�j20;�)

1=2 ¨

¯à¥¢à é îé¥© P (
) ¢ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®;
2) ¥á«¨ (v;  ; �) 2 P (
), â®

(v;  ; �) 2 V (
)� L2(
)� L2(�); ��v =  ;
@v

@n

���
�
= �; (2.3)

¥á«¨ ¢ë¯®«­¥­® (2:3), â® (v;  ; �) 2 P (
).

�®ª § â¥«ìáâ¢® ­ ç­¥¬ á® ¢â®à®£® ãâ¢¥à¦¤¥­¨ï. � ª ª ª 
 ¨¬¥¥â ­¥¯à¥àë¢­ãî £à ­¨æã,
â® á¯à ¢¥¤«¨¢  ä®à¬ã«  �à¨­ Z




rvr�d
 = �

Z



�v� d
+
Z
�

@v

@n
�ds 8v 2 H2(
); 8� 2 H1(
): (2.4)

�ãáâì (v;  ; �) 2 P (
). �®£¤  v 2 H1
0 (
),  2 L2(
), � 2 L2(�) ¨ �[(v;  ; �); �] = 0 8� 2 H1(
).

�§ ¯®á«¥¤­¥£® ãá«®¢¨ï, ¢ ç áâ­®áâ¨, ¤«ï «î¡®£® � 2 H1
0 (
) ¨¬¥¥¬Z




rvr�d
 =
Z



 �d
: (2.5)

�§ (2.5) á«¥¤ã¥â, çâ® v ¯®ï¢«ï¥âáï ª ª à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  �� ¯à¨ vj� = 0.
� ª ª ª ®¡« áâì 
 ¢ë¯ãª« , â® v 2 H2(
) ([2], á. 373),   á«¥¤®¢ â¥«ì­®, v 2 H2(
) \ H1

0 (
).
�á¯®«ì§ãï (2.4) ¤«ï � 2 H1

0 (
), ¯®«ãç¨¬ ��v =  . � ¨á¯®«ì§ãï âã ¦¥ ä®à¬ã«ã �à¨­  ¤«ï
� 2 H1(
), ­ ©¤¥¬ @v

@n

��
�
= �.

�ãáâì ¢¥à­® (2.3). �®ª ¦¥¬, çâ® (v;  ; �) 2 P (
). � ª ª ª v 2 V (
) � H2(
) ¨ ��v =  ,
@v
@n

��
�
= �, â® ­¥¯®áà¥¤áâ¢¥­­® ¨§ (2.4) ¯®«ãç ¥¬Z



rvr�d
 =

Z


 �d
 +

Z
�
��ds 8� 2 H1(
);

â. ¥. �[(v;  ; �); �] = 0 8� 2 H1(
). �à®¬¥ â®£®, v 2 V (
) � H1
0 (
).

1�¤¥áì ¨ ¤ «¥¥ jvjm;
 =
� P
jkj=m

R



j@kvj2d

�1=2

,   kvkm;
 =
� P
jkj�m

R



j@kvj2d

�1=2

.
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�®ª ¦¥¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥. �¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® P (
) á­ ¡¦¥­® ­®à¬®© ¯à®¨§¢¥-
¤¥­¨ï. �á«¨ (v;  ; �) 2 P (
), â®, ª ª ¡ë«® ¯®ª § ­® ¢ëè¥, v 2 H2(
) \ H1

0 (
). �§ ãá«®¢¨ï
�[(v;  ; �); �] = 0 ¯à¨ � = v á«¥¤ã¥â

jvj21;
 � C1j j0;
jvj0;
: (2.6)

�¢¥¤¥¬ ¯®¤¯à®áâà ­áâ¢® M � H1(
) â ª®¥, çâ® ¬®¦­® § ¯¨á âì ¯àï¬ãî áã¬¬ã H1(
) =
H1
0 (
)�M . �à®¬¥ â®£®, ¢¢¥¤¥¬ ®¯¥à â®à B : H1(
)! L2(�), ®¯à¥¤¥«ï¥¬ë© á«¥¤ãîé¨¬ ®¡à §®¬:

� = B 2 L2(�) ¤«ï  2 L2(
) ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ïZ
�

��ds =
Z



rvr�d
�

Z



 �d
 8� 2M (2.7)

¯à¨ ãá«®¢¨¨, çâ® v 2 H1
0 (
) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨îZ



rvr�d
 =

Z


 �d
 8� 2 H1

0 (
):

�¥£ª® ¯à®¢¥à¨âì, çâ® B = �B�v = @v
@n

��
�
¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë, â. ¥. B ï¢«ï¥âáï ®¯¥à â®à®¬

¢­¥è­¥© ­®à¬ «ì­®© ¯à®¨§¢®¤­®© ¤«ï v 2 H2(
) \H1
0 (
).

�â®â ®¯¥à â®à ®£à ­¨ç¥­, â. ª. v 2 H2(
) \ H1
0 (
). �¡®§­ ç¨¬ ¥£® ­®à¬ã ç¥à¥§ kBk. �®£¤ 

kBk = sup
v2H2(
)\H1

0
(
)



 @v
@n




0;�

j�vj0;

, £¤¥ k � k0;� | ­®à¬ ,  áá®æ¨¨àã¥¬ ï á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(�; �)L2(�) =
Z
�

�� ds:

� ª¨¬ ®¡à §®¬, k�k0;� � kBk j j0;
 ¤«ï  2 L2(
). �âáî¤  á ãç¥â®¬ (2.6) ¯®«ãç ¥¬

(kvk1;
 + k k0;
 + k�k0;�) � C2k k0;
: �

�â®â à¥§ã«ìâ â ¯®§¢®«ï¥â ¯¥à¥©â¨ ®â ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  (1.4) ­  ¯à®áâà ­áâ¢¥ V (
)
ª ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «  (2.1) ­  ¯à®áâà ­áâ¢¥ P (
).

�¥®à¥¬  2. �ãáâì w 2 V (
) | à¥è¥­¨¥ § ¤ ç¨ (1:4), â®£¤ 

�
�
w;��w;

@w

@n

�
! inf

(v; ;�)2P (
)
�(v;  ; �): (2.8)

�à¨ íâ®¬ âà®©ª 
�
w;��w; @w

@n

�
2 P (
) ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ ¬¨­¨¬¨§ -

æ¨¨ (2:8).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® á¨¬¬¥âà¨ç­ ï ¡¨«¨­¥©­ ï ä®à¬ 

a[(v;  ; �); (u; '; �)] =
Z


 'd
� (1� �)

Z
�
�d� ds; (v;  ; �); (u; '; �) 2 P (
)

­¥¯à¥àë¢­  ¨ í««¨¯â¨ç­  ­  P (
).
�®£« á­® â¥®à¥¬¥ 1, ¥á«¨ (v;  ; �); (u; '; �) 2 P (
), â® ��v =  , @v

@n

��
�
= � ¨ ��u = ',

@u
@n

��
�
= �. �®£¤  ¨¬¥¥¬

a[(v;  ; �); (u; '; �)] =
Z



�v�u d
� (1� �)
Z
�

@v

@n

@u

@n
ds: (2.9)

�à¨ u = v, ' =  ¨ � = � ¨§ (2.9) ¯®«ãç ¥¬ ([2], á. 38)

a[(v;  ; �); (v;  ; �)] =
Z



��
@2v

@x2

�2

+ 2�
@2v

@x2
@2v

@y2
+
�
@2v

@y2

�2

+ 2(1� �)
�
@2v

@x@y

��
d
 � �j j20;
:

�â¨¬ P -í««¨¯â¨ç­®áâì ¤®ª § ­ . �¥¯à¥àë¢­®áâì ¡¨«¨­¥©­®© ä®à¬ë ®ç¥¢¨¤­ .
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�§ â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® § ¤ ç  ¬¨­¨¬¨§ æ¨¨

�(v�;  �; ��) = inf
(u;';�)2P (
)

�(u; '; �) (2.10)

¨¬¥¥â à¥è¥­¨¥ ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­®¥. �áâ ­®¢¨¬ á¢ï§ì ¬¥¦¤ã à¥è¥­¨ï¬¨ § ¤ ç (2.10) ¨ (1.1),
(1.2). �á«¨ (v�;  �; ��) 2 P (
) | à¥è¥­¨¥ § ¤ ç¨ (2.10), â® ¤®«¦­ë ¢ë¯®«­ïâìáï á«¥¤ãîé¨¥
ãá«®¢¨ï: Z




 �'d
�

Z



uq d
� (1� �)
Z
�

���� ds = 0 8(u; '; �) 2 P (
): (2.11)

� ª ª ª (v�;  �; ��) 2 P (
), â® ��v� =  �, @v�

@n

��
�
= �� ¨ v� 2 V (
). � ãç¥â®¬ íâ®£® ¨§ (2.11)

¯®«ãç ¥¬ Z



�v��u d
� (1� �)
Z
�

�
@v�

@n

@u

@n
ds =

Z
�

uq ds:

� ª¨¬ ®¡à §®¬, v� á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ w § ¤ ç¨ (1.1), (1.2) ¨  � = ��w, �� = @w
@n

��
�
.

� ¬¥ç ­¨¥. � ª ª ª ®¡« áâì ¢ë¯ãª«  ¨ ¥¥ £à ­¨æ  à¥£ã«ïà­ , â® ¯à¨ q 2 H�1(
) à¥è¥­¨¥
w § ¤ ç¨ (1.1), (1.2) ¯à¨­ ¤«¥¦¨â H3(
) \H1

0 (
), ¨ �w 2 H1(
).

3. �¥è¥­¨¥ § ¤ ç¨ (2:10). �®ª ¦¥¬, çâ® à¥è¥­¨¥ § ¤ ç¨ ¬®¦¥â ¡ëâì á¢¥¤¥­® ª à¥è¥­¨î
¯®á«¥¤®¢ â¥«ì­®áâ¨ § ¤ ç �¨à¨å«¥ ¤«ï ®¯¥à â®à  ��.

�«ï ¤ «ì­¥©è¥£® ¨§«®¦¥­¨ï ã¤®¡­® ¢¢¥áâ¨ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ A : L2(
) ! H1
0 (
) á«¥-

¤ãîé¨¬ ®¡à §®¬: ¥á«¨ § ¤ ­  äã­ªæ¨ï  2 L2(
), â® äã­ªæ¨ï v = A 2 H1
0 (
) | ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ ãà ¢­¥­¨ï

v 2 H1
0 (
)

Z



rvr�d
 =
Z



 �d
 8� 2 H1
0 (
):

� ãç¥â®¬ íâ®£® ¯à®áâà ­áâ¢® P (
), ®¯à¥¤¥«¥­­®¥ ¢ (2.2), ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

P (
) = f(v;  ; �) 2 H1
0 (
)� L2(
)� L2(�) j v = A ; � = B g:

� ¤ ç  (2.10) â¥¯¥àì íª¢¨¢ «¥­â­  á«¥¤ãîé¥© § ¤ ç¥ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï:

min
 2L2(
)

�
1
2

Z



j j2d
�

Z



qv d
�
1� �

2

Z
�

�j�j2ds

�
; (3.1)

£¤¥ á®áâ®ï­¨ï v ¨ � á¢ï§ ­ë á ã¯à ¢«¥­¨¥¬  2 L2(
) ¯®áà¥¤áâ¢®¬ ãà ¢­¥­¨© á®áâ®ï­¨ï

v 2 H1
0 (
); v = A ; � 2 L2(�); � = B : (3.2)

� ª á«¥¤ã¥â ¨§ § ¬¥ç ­¨ï, å®âï ®¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥  ¨é¥âáï ­  L2(
), ­  á ¬®¬ ¤¥«¥ ¥£®
à¥£ã«ïà­®áâì ¢ëè¥ ¯à¨ q 2 H�1(
),  2 H1(
). � íâ®¬ á«ãç ¥ ®¯à¥¤¥«¥­ á«¥¤  j� = �, � 2M .

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âìZ


r �r�d
 =

Z


q� d
 8� 2 H1

0 (
);

 � � � 2 H1
0 (
):

�á«¨ v� = A � ¨ �� = B �, â® ¨§ (3.1) á«¥¤ã¥â

min
 2L2(
)

�(v;  ; �) = min
�2M

D(�); (3.3)

£¤¥

D(�) = �
1
2

Z



j �j
2d
�

Z
�

��� ds�
1� �

2

Z
�

�j��j
2ds 8� 2M:

�á­®¢­ ï ¨¤¥ï ¯à¥¤« £ ¥¬®£® ¢ ¤ ­­®© áâ âì¥ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  á®áâ®¨â ¢ ¯à¨¬¥­¥­¨¨
£à ¤¨¥­â­®£® ¬¥â®¤  ª § ¤ ç¥ ¬¨­¨¬¨§ æ¨¨ (3.3).
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�ãáâì, ª ª ®¡ëç­®, M 0 | ¤¢®©áâ¢¥­­®¥ ¯à®áâà ­áâ¢® ¤«ï ¯à®áâà ­áâ¢  M ,   h�; �i | ®â­®-
è¥­¨¥ ¤¢®©áâ¢¥­­®áâ¨ ¬¥¦¤ã ¯à®áâà ­áâ¢ ¬¨ M ¨ M 0. �¡®§­ ç¨¬ ç¥à¥§ D0 2M 0 ¯à®¨§¢®¤­ãî
äã­ªæ¨®­ «  D(�). �¢¥¤¥¬ ®â®¡à ¦¥­¨¥ S : M ! H1(
) á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï � 2 M
�
'� = S(�) | ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï ¨§ H1(
), ã¤®¢«¥â¢®àïîé ï á®®â­®è¥­¨î

Z


r

�
'�r�d
 = 0 8� 2 H1

0 (
); (3.4)

�
'� � � 2 H1

0 (
):

�¥®à¥¬  3. �«ï «î¡®£® � 2M äã­ªæ¨®­ « D(�) ¤¨ää¥à¥­æ¨àã¥¬, ¨ ¥£® ¯à®¨§¢®¤­ ï ®¯à¥-

¤¥«ï¥âáï á®®â­®è¥­¨¥¬

hD0(�); �i =
Z



�
'�

�
'�d
 8� 2M;

£¤¥
�
'� = S(�),

�
'� = S(��) ¨

�� = �+ (1� �)���; �� 2M: (3.5)

�®ª § â¥«ìáâ¢®. �¨ää¥à¥­æ¨àãï (3.3), ¯®«ãç¨¬

hD0(�); �i = �

Z


 �

�
'�d
�

Z
�
���d
�

Z
�
(�+ (1� �)���)

�

��ds; (3.6)

£¤¥
�
'� = S(�),

�

�� = B
�
'�. �§ (3.6) á ãç¥â®¬ (2.7) ¯®«ãç ¥¬

hD0(�); �i = �

Z


rv�r

�
'�d
�

Z
�
(�+ (1� �)���)

�

��ds: (3.7)

�¥à¢®¥ á« £ ¥¬®¥ ¢ (3.7) à ¢­® ­ã«î ¢ á¨«ã (3.4). �¢¥¤¥¬ äã­ªæ¨î
�
'� = S(��), £¤¥ �� ®¯à¥¤¥«ï-

¥âáï ¯® (3.5), ¨ ®¡®§­ ç¨¬
�
u� = A

�
'�. �®£¤  ¨§ (3.7) á«¥¤ã¥â

hD0(�); �i =
Z



�
'�

�
'�d
�

Z



r
�
'�r

�
u�d
:

�¤­ ª® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ íâ®¬ à ¢¥­áâ¢¥ à ¢­® ­ã«î ¢ á¨«ã (3.4).

�à ¤¨¥­â­ë© ¬¥â®¤ ¤«ï § ¤ ç¨ (3.3) á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ f�ng
1
n=0

äã­ªæ¨© �n 2M ¯® ¨â¥à æ¨®­­®© áå¥¬¥

(�n+1 � �n; �)M = ��nhD
0(�n); �i 8� 2M; (3.8)

£¤¥ (�; �)M | ¯à®¨§¢®«ì­®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ M , � | ¯®«®¦¨â¥«ì­ë©
¯ à ¬¥âà, �0 | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ M .

� ª¨¬ ®¡à §®¬, ®¤­  ¨â¥à æ¨ï (3.8) à ¢­®á¨«ì­  ¯®á«¥¤®¢ â¥«ì­®¬ã à¥è¥­¨î á«¥¤ãîé¨å
§ ¤ ç:

 ) ¤«ï § ¤ ­­®© äã­ªæ¨¨ �n 2 M ­ ©â¨ (¥¤¨­áâ¢¥­­ãî) äã­ªæ¨î  n 2 H1(
), ã¤®¢«¥â¢®-
àïîéãî á®®â­®è¥­¨ï¬

 n � �n 2 H1
0 (
); (3.9)Z



r nr�d
 =

Z


q� d
 8� 2 H1

0 (
); (3.10)

¡) ­ ©â¨ äã­ªæ¨î vn 2 H1
0 (
), ã¤®¢«¥â¢®àïîéãî á®®â­®è¥­¨î
Z



rvnr�d
 =
Z



 n�d
 8� 2 H1
0 (
); (3.11)

61



¢) ­ ©â¨ äã­ªæ¨î �n 2 L2(�), ã¤®¢«¥â¢®àïîéãî á®®â­®è¥­¨îZ
�
�n�ds =

Z


rvnr�d
�

Z


 n�d
 8� 2M ; (3.12)

£) ­ ©â¨ äã­ªæ¨î �n+1 2M , ã¤®¢«¥â¢®àïîéãî á®®â­®è¥­¨î

(�n+1 � �n; �)M = ��

Z



�
'n�

�
'�d
 8� 2M; (3.13)

£¤¥
�
'n� = S�n� , �

n
� = �n � (1� �)�B n ¨

�
'� = S�. �

�®ª ¦¥¬, çâ® ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¯ à ¬¥âà  � > 0 ¨â¥à æ¨®­­ë© ¯à®æ¥áá (3.9){
(3.13) ï¢«ï¥âáï áå®¤ïé¨¬áï ¤«ï «î¡®£® ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï. �­ ç «  ®¯à¥¤¥«¨¬ ®â®¡à -
¦¥­¨¥ C : H1(
) ! M á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï ¢áïª®© äã­ªæ¨¨  2 H1(
) äã­ªæ¨ï C 2 M
| ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï á®®â­®è¥­¨î

(C ; �)M =
Z


 
�
'�d
 8� 2M: (3.14)

�®«®¦¨¬

kCk = sup
 2H1(
)

jC j�
j j0;


;

£¤¥ j � jM | ­®à¬ ,  áá®æ¨¨àã¥¬ ï á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; �)M . �á­®, çâ® íâ  ­®à¬ 
áãé¥áâ¢ã¥â, â. ª. ®â®¡à ¦¥­¨¥ � 2M !

�
'� 2 H

1(
) ®£à ­¨ç¥­®.

�¥®à¥¬  4. �á«¨ ¯ à ¬¥âà � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

0 < � <
2�

kCk2(1� (1� �)j�jL1(
)kSk kBk)2
; (3.15)

â® ¨â¥à æ¨®­­ë© ¯à®æ¥áá (3:9){(3:13) ï¢«ï¥âáï áå®¤ïé¨¬áï ¢ â®¬ á¬ëá«¥, çâ®

lim
n!1

 n =  ¢ L2(
);

lim
n!1

vn = v ¢ H1
0 (
);

lim
n!1

�n = � ¢ L2(�):

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® lim
n!1

 n = 0 ¢ L2(
) ¢ ç áâ­®¬ á«ãç ¥, ª®£¤ 

q = 0. �á«¨ ¨á¯®«ì§®¢ âì ®¯à¥¤¥«¥­¨¥ (3.14) ®â®¡à ¦¥­¨ï C, â® à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥
(3.13) ¤ ¥â

�n+1 = �n � �C
�
'n� ;

£¤¥
�
'n� = S�n� , �

n
� = �n + (1� �)�B n. �âáî¤  ¯®«ãç ¥¬

j�n+1j2M = j�nj2M � 2�(C
�
'n� ; �

n)M + �2jC
�
'n� j

2
M : (3.16)

�æ¥­¨¬

(C
�
'n� ; �

n)M =
Z



�
'n� 

nd
 = �

Z
�
(�n + (1� �)�B n)B nds =

=
Z



j nj2d
� (1� �)
Z
�

�jB nj2ds � vj nj20;
:

�æ¥­¨¬ ¤ «¥¥

j
�
'n� j0;
 = jS(�n + (1� �)�B n)j0;
 � j nj0;
 + (1� �)kSk j�jL1(
)kBk j 

nj0;
 �

� (1 + (1� �)j�jL1(
)kSk kBk)j 
nj0;
:
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� ãç¥â®¬ íâ¨å ­¥à ¢¥­áâ¢ ¨§ (3.16) ¯®«ãç ¥¬

j�n+1j2M � j�nj2M � ��[2� � kCk2(1 + (1� �)j�jL1(
)kSk kBk)
2�]j nj20;
:

�âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â lim
n!1

j nj20;
 = 0, ¥á«¨ � ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ (3.15). �à®¬¥

â®£®, ¨¬¥¥¬ lim
n!1

vn = lim
n!1

A n = 0 ¢ H1
0 (
) ¨ lim

n!1
�n = lim

n!1
B n = 0 ¢ L2(�).

�å®¤¨¬®áâì à áá¬ âà¨¢ ¥¬®£® ¬¥â®¤  £ à ­â¨àã¥âáï, â ª¨¬ ®¡à §®¬, ¤«ï ¢áïª®£® ¢ë¡®à 
¯®¤¯à®áâà ­áâ¢  M , ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î H1(
) = H1

0 (
)�M ¨ ¢áïª®£® ¢ë¡®à  áª «ïà-
­®£® ¯à®¨§¢¥¤¥­¨ï (�; �)M ­  ¯à®áâà ­áâ¢¥ M . �¤­ ª® ®â ¨å ¢ë¡®à  § ¢¨á¨â ª ª ¢¥«¨ç¨­  �, â ª
¨ ®¡ê¥¬ ¢ëç¨á«¥­¨© ­  ª ¦¤®© ¨â¥à æ¨¨.

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ­¥áª®«ìª® § ¬¥ç ­¨© ®â­®á¨â¥«ì­® ¯à ªâ¨ç¥áª®£® ¢ëç¨á«¥­¨ï
�n+1 2M .

�á«¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ M ®¯à¥¤¥«¨âì ¯® ä®à¬ã«¥

(�; �)M =
Z



S� � S�d
;

â® ¢ ª ç¥áâ¢¥ �n+1 ¬®¦¥â ¡ëâì ¢§ïâ  «î¡ ï äã­ªæ¨ï ¨§ M , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

�n+1j� = (�n � ��n�)j�: (3.17)

� ¢¥­áâ¢® (3.17) á«¥¤ã¥â ¯®­¨¬ âì ¢ á¬ëá«¥ à ¢¥­áâ¢  á«¥¤®¢ ­  £à ­¨æ¥. �¥©áâ¢¨â¥«ì­®,
¥á«¨ ¢ë¯®«­¥­® (3.17), â®

(�n+1 � �n; �)M = ��

Z


S�nS�d
 = ��

Z



�
'n�

�
'�d
;

â. ¥. ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 3.
� ª ç¥áâ¢¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¬®£ãâ ¡ëâì ¢ë¡à ­ë â ª¦¥ (�; �)M =

R



r�r�d
 ¨«¨

(�; �)M =
R



��d
. �¤­ ª® ¢ íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® ¢ëç¨á«¨âì ­  ª ¦¤®¬ è £¥ £à ¤¨¥­â

hD0(�); �i, çâ® á¢ï§ ­® á ¤®¯®«­¨â¥«ì­ë¬¨ ¢ëç¨á«¨â¥«ì­ë¬¨ § âà â ¬¨.
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