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������ ����������� ������������� �������

� ¦¤ ï ¬®­®â®­­® ã¡ë¢ îé ï ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâì fFng1n=0 § ¤ ¥â ª« áá FC ­¥¯à¥-
àë¢­ëå ­  (�1;+1) ¯¥à¨®¤  2� äã­ªæ¨© f , ­ ¨«ãçè¨¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯à¨¡«¨¦¥­¨ï
ª®â®àëå ã¤®¢«¥â¢®àïîâ ãá«®¢¨î En(f) � Fn (n = 0; 1; : : : ). �ã¤¥¬ £®¢®à¨âì, çâ® ¯®àï¤®ª ¢¥«¨-
ç¨­ë �n ¥áâì �n ¨ ¯¨á âì �n � �n, ¥á«¨ �n = O(�n) ¨ �n = O(�n).

�¥®à¥¬  1. �«ï ¯à®¨§¢®«ì­® § ¤ ­­®£® r (= 1; 2; : : : ) ¨ «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ Fn # 0
(n " 1) ¯® äã­ªæ¨ï¬ f 2 FC ¨¬¥¥¬

supEn(f
(r)) � nrFn +

1X
�=n+1

�r�1F�

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ ãª § ­­®£® àï¤ .

�®ª § â¥«ìáâ¢®. �ãáâì f 2 FC ¨ àï¤
P

�r�1E�(f) < +1 áå®¤¨âáï, â®£¤  (­ ¯à., [1], c. 488)
r-ï ¯à®¨§¢®¤­ ï f (r) ­¥¯à¥àë¢­ , ¯à¨ç¥¬

En(f
(r)) = O

�
nrEn(f) +

1X
�=n+1

�r�1E�(f)
�
: (1)

�âáî¤  ¯® äã­ªæ¨ï¬ f ª« áá  FC ¨¬¥¥¬ á ®ç¥¢¨¤­®áâìî

supEn(f
(r)) = O

�
nrFn +

1X
�=n+1

�r�1F�
�
: (2)

�¡à â­®¥ ª (2) O-á®®â­®è¥­¨¥ ¤®ª ¦¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. �® ¤ ­­®¬ã r (= 1; 2; : : : ) ¨
¯®á«¥¤®¢ â¥«ì­®áâ¨ Fn # 0, ¯®« £ ï �F��1 = F��1�F� (� = 1; 2; : : : ), à áá¬®âà¨¬ äã­ªæ¨î ¢¨¤ 

f(x) = fr;F (x) =
1X
�=1

�F��1 cos
�
�x+ r

�

2

�
: (3)

� ª ª ª ãª«®­¥­¨¥ äã­ªæ¨¨ (3) ®â ¥¥ ç áâ¨ç­®© áã¬¬ë Sn(f; x) ¥áâì

f(x)� Sn(f; x) =
1X

�=n+1

�F��1 cos
�
�x+ r

�

2

�
;

â® ¨§-§  ¯à¥¤¯®«®¦¥­¨ï F� # 0 ¡ã¤¥¬ ¨¬¥âì

En(f) �
1X

�=n+1

�F��1 = Fn (n = 0; 1; : : : ): (4)

� á¨«ã áå®¤¨¬®áâ¨ àï¤  (3) ª f 2 FC ­¥âàã¤­® ¢¨¤¥âì, çâ® r-ï ¯à®¨§¢®¤­ ï äã­ªæ¨¨ (3) ­¥¯à¥-
àë¢­ , ¯à¨ç¥¬

f (r)(x) = (�1)r
1X
�=1

�r�F��1 cos �x: (5)
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�®áª®«ìªã ª®íää¨æ¨¥­âë ¨§ (5) ­¥®âà¨æ â¥«ì­ë, â® ¯® â¥®à¥¬¥ �¥­ï [2] ¡ã¤¥¬ ¨¬¥âì

kf (r) � Sn(f
(r))kC = O(En(f

(r))):

�âáî¤  ¢¢¨¤ã (5)
1X

�=n+1

�r�F��1 = O(En(f
(r))): (6)

�® ¤«ï «¥¢®© ç áâ¨ ¢ (6) ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì­®
1X

�=n+1

�r�F��1 >
1X

�=n+1

�F��1

� nX
j=1

jr�1 +
�X

j=n+1

jr�1
�
= Fn

nX
j=1

jr�1 +
1X

�=n+1

�F��1
�X

j=n+1

jr�1 >

> r�1Fnn
r +

1X
j=n+1

jr�1Fj�1 � r�1
�
nrFn +

1X
j=n+1

jr�1Fj

�
:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á®¢¬¥áâ­® c (6),   â ª¦¥ á (4) ¤®ª §ë¢ ¥â, çâ®

nrFn +
1X

�=n+1

�r�1F� = O(supEn(f
(r))) (7)

¯® äã­ªæ¨ï¬ f 2 FC . �¥®à¥¬  1 ¢¢¨¤ã (2) ¨ (7) ¤®ª § ­ .
�¨¦¥ ç¥à¥§ ~f ®¡®§­ ç ¥âáï âà¨£®­®¬¥âà¨ç¥áª¨ á®¯àï¦¥­­ ï á f äã­ªæ¨ï.

�¥®à¥¬  2. �ãáâì § ¤ ­® r (= 1; 2; : : : ) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì Fn # 0 ¯à¨ n " 1, â®£¤  ¯®

äã­ªæ¨ï¬ f ª« áá  FC ¨¬¥¥¬

supEn( ~f (r)) � nrFn +
1X

�=n+1

�r�1F� (8)

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ àï¤  ¢ (8).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.
�¥à¥§ !k(f; �) (0 < � � �) ¡ã¤¥¬ ¤ «¥¥ ®¡®§­ ç âì k-© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f

(á¬., ­ ¯à., [1], c. 487).

�¥®à¥¬  3. �«ï ¯à®¨§¢®«ì­® § ¤ ­­ëå ­ âãà «ì­ëå r, k ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ Fn # 0
(n " 1) ¯® äã­ªæ¨ï¬ f 2 FC ¨¬¥¥¬

sup!k(f
(r); n�1) �

�
n�k

kX
�=1

�k+r�1F��1 +
1X

�=n+1

�r�1F�

�

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ ãª § ­­®£® §¤¥áì àï¤ .

�®ª § â¥«ìáâ¢®. �¢¨¤ã á®®â­®è¥­¨ï (á¬., ­ ¯à, [1], c. 490)

!k(f (r); n�1) = O

�
n�k

nX
�=1

�k+r�1E��1(f) +
1X

�=n+1

�r�1E�(f)
�

(9)

¯® äã­ªæ¨ï¬ f 2 FC ¨¬¥¥¬

sup!k(f
(r); n�1) = O

�
n�k

nX
�=1

�k+r�1F��1 +
1X

�=n+1

�r�1F�

�
: (10)

�§ (7) ¨ ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  �¦¥ªá®­  ¨¬¥¥¬

nrFn +
1X

�=n+1

�r�1F� = O(sup!k(f (r); n�1)): (11)
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�®á«¥ íâ®£® ­¥®¡å®¤¨¬® â ª¦¥ ¯®ª § âì, çâ® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (10) ¥áâì O ®â sup!k(f (r); n�1)
¯® ª« ááã FC . �«ï íâ®£® ¯® § ¤ ­­ë¬ k, r (= 1; 2; : : : ) ¨ ¯® ¤ ­­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ Fn # 0
(n " 1) à áá¬®âà¨¬ äã­ªæ¨î

f(x) = fr;F;k(x) =
1X
�=1

�F��1 cos
�
�x� (k + r)

�

2

�
; (12)

®ç¥¢¨¤­® «¥¦ éãî ¢ ª« áá¥ FC . �®£¤  ¨§-§  áå®¤¨¬®áâ¨ àï¤ 
1P
�=1

�r�1F� r-ï ¯à®¨§¢®¤­ ï äã­ª-

æ¨¨ (12) ­¥¯à¥àë¢­  ([1], c. 488), ¯à¨ç¥¬ «¥£ª® ¢¨¤¥âì, çâ®

f (r)(x) = (�1)r
1X
�=1

�r�F��1 cos
�
�x� k

�

2

�
: (13)

� ª çâ® ¯à¨ k ­¥ç¥â­®¬ (13) | íâ® á¨­ãá-àï¤,   ¯à¨ k ç¥â­®¬ | ª®á¨­ãá-àï¤. � â ª®¬ á«ãç ¥
¤«ï ®æ¥­ª¨ á­¨§ã k-£® ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ (13) ¯à¨¬¥­¨¬® ­¥à ¢¥­áâ¢® (23) «¥¬¬ë
3 à ¡®âë  ¢â®à  ([3], c. 72), ¯® ª®â®à®¬ã

n�k
nX

�=1

�k+r�F��1 = O(!k(f (r); n�1)): (14)

� ª ª ª �k+r �
�P

j=1
jk+r�1, â® áã¬¬  ¨§ «¥¢®© ç áâ¨ (14) ¯à¥¢®áå®¤¨â ¢¥«¨ç¨­ã

nX
�=1

�F��1
�X

j=1

jk+r�1 =
nX

j=1

jk+r�1
nX

�=j

�F��1 =
nX

j=1

jk+r�1(Fj�1 � Fn) >
nX

j=1

jk+r�1Fj�1 � Fnn
k+r:

�®íâ®¬ã ¤«ï äã­ªæ¨¨ (12) ¨¬¥¥¬ á­ ç «  ¯¥à¢®¥ O-á®®â­®è¥­¨¥

n�k
nX
j=1

jk+r�1Fj�1 = O(!k(f
(r); n�1)) + nrFn = O

�
sup
f2FC

!k(f
(r); n�1)

�
;

  ¢â®à®¥ O-á®®â­®è¥­¨¥ ¯®«ãç ¥âáï á ãç¥â®¬ (11).

�­ «®£¨ç­® ¯®«ãç ¥âáï

�¥®à¥¬  4. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ k, r ¨ ¯®á«¥¤®¢ â¥«ì­®áâì Fn # 0 (n " 1), â®£¤ 
¯® äã­ªæ¨ï¬ f ª« áá  FC ¨¬¥¥¬

sup!k( ~f (r); n�1) � n�k
nX

�=1

�k+r�1F��1 +
1X

�=n+1

�r�1F� (15)

¯à¨ ãá«®¢¨¨ áå®¤¨¬®áâ¨ àï¤  ¢ (15).

� «¥¥, ¨¬¥ï äã­ªæ¨î !(�) > 0 (0 < � � �) á ãá«®¢¨¥¬ lim!(�) = 0 ¯à¨ � ! +0, à áá¬®âà¨¬
ª« áá Hl(!), á®áâ®ïé¨© ¨§ â¥å ­¥¯à¥àë¢­ëå ­  (�1;+1) ¯¥à¨®¤  2� äã­ªæ¨© f , ã ª®â®àëå
!l(f; �) � !(�) (0 < � � �). �á¯à ¢«¥­­ãî ¬ ¦®à ­âã ¯®àï¤ª  l äã­ªæ¨¨ !(�) ®¡®§­ ç¨¬ ç¥à¥§
!��l (�) (á¬. [4]). �¬¥¥â ¬¥áâ®

�¥®à¥¬  5. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ l, r ¨ ¬ ¦®à ­â  !(�), ¯à¨ ª®â®àëå áå®¤¨âáï àï¤

1X
�=1

�r�1!��l (�
�1) < +1; (16)

â®£¤  ¯à¨ !��l (�) 6� 0 ­¥®¡å®¤¨¬® l > r, ¯à¨ç¥¬

supEn(f (r)) �
1X

�=n+1

�r�1!��l (�
�1); f 2 Hl(!); (17)
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ªà®¬¥ á«ãç ï 1, ª®£¤  ®¡  l, r ç¥â­ë¥.

�®ª § â¥«ìáâ¢®. �áª«îç¨¢ áà §ã âà¨¢¨ «ì­ë© á«ãç © !��l (�) � 0 ­  (0; �], á®£« á­® [4]
¡ã¤¥¬ ¨¬¥âì

0 < !��l (�) # 0 (� # +0); ��l!��l (�) # (� "): (18)

� ç áâ­®áâ¨, ¯®á«¥¤®¢ â¥«ì­®áâì �l!��l (�
�1) ¢®§à áâ ¥â ¯à¨ � ", ®âªã¤  ®ç¥¢¨¤­ë¬ ï¢«ï¥âáï

ä ªâ à áå®¤¨¬®áâ¨ àï¤  (16) ¯à¨ r � l. � ª ª ª á®£« á­® ([1], c. 488)

En(f (r)) = O

�
nrEn(f) +

1X
�=n+1

�r�1E�(f)
�
;

â® ¯® ®¡®¡é¥­­®¬ã ­¥à ¢¥­áâ¢ã �¦¥ªá®­  E�(f) = O(!l(f; ��1)) ¨¬¥¥¬

En(f
(r)) = O

�
nr!l(f; n

�1) +
1X

�=n+1

�r�1!l(f; �
�1)
�
:

� á¨«ã ®¡é¨å á¢®©áâ¢ ¬®¤ã«¥© ­¥¯à¥àë¢­®áâ¨ ([1], c. 487) ­¥âàã¤­® ¢ë¢¥áâ¨, çâ® ¯¥à¢®¥ á« £ ¥-
¬®¥ §¤¥áì ¥áâì O ®â ¢â®à®£®, â ª çâ® ®ª®­ç â¥«ì­®

En(f
(r)) = O

� 1X
�=n+1

�r�1!l(f; �
�1)
�

(19)

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ àï¤  ¢ (19). �ãáâì â¥¯¥àì f 2 Hl(!), â®£¤ , ¢ ç áâ­®áâ¨, !l(f; ��1) �
!(��1) (� = 1; 2; : : : ) ¨ á®£« á­® [4] ¢ë¯®«­¥­® â ª¦¥ á®®â­®è¥­¨¥ !l(f; ��1) = O(!��l (�

�1)).
�®íâ®¬ã ¢ á¨«ã (19)

supEn(f
(r)) = O

� 1X
�=n+1

�r�1!��l (�
�1)
�
; f 2 Hl(!): (20)

�®«ãç¨¬ â¥¯¥àì O-á®®â­®è¥­¨¥, ®¡à â­®¥ ª (20), ªà®¬¥ á«ãç ï, ª®£¤  l, r ®¡  ç¥â­ë¥. �ãáâì r
­¥ç¥â­®¥,   l ¯à®¨§¢®«ì­®¥ á ãá«®¢¨¥¬ l > r � 1. � áá¬®âà¨¬ äã­ªæ¨î f3 ¨§ à ¡®âë  ¢â®à  [3]
(á¬. â ¬ (38) ¯à¨ k = l ¨ '� = !��l (�

�1)), â. ¥.

f3(x) =
1X
�=1

a(l)� sin �x; a(l)� = '� �
�
1�

1
�

�l
'��1: (21)

� á¨«ã ¢®§à áâ ­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ �l'� ¢á¥ a(l)� � 0 ¨ !l(f3; n�1) = O(!��l (n
�1)) á®£« á­®

([3], áá. 75, 76). �âáî¤ , ª ª ¨§¢¥áâ­® ([1], c. 487), !l(f; �) = O(!��l (�)) (0 < � � �). �®íâ®¬ã ¯à¨
­¥ª®â®à®¬ c > 0 äã­ªæ¨ï cf3 2 Hl(!). �¬¥áâ¥ á â¥¬ r-ï ¯à®¨§¢®¤­ ï äã­ªæ¨¨ (21) ¯à¨ ­¥ç¥â­®¬
ç¨á«¥ r ¥áâì

f
(r)
3 (x) = �

1X
�=1

�ra(l)� cos �x: (22)

�­ ç¨â, á®£« á­® [2] ¤«ï ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ (22) ¢¢¨¤ã a(l)� � 0 ¨¬¥¥¬

kf
(r)
3 � Sn(f

(r)
3 )k = O(En(f

(r)
3 ));

1X
�=n+1

�ra(l)� = O(En(f
(r)
3 )): (23)

�®£« á­® ([3], á. 75, (40)) ª®íää¨æ¨¥­âë àï¤  (21) ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨¥

a(l)� = ��'��1 + l'��1=� +O('��1=�2):

1�â® ®£à ­¨ç¥­¨¥ á® á«®¢ \ªà®¬¥ á«ãç ï: : : ", ª ª ¨ ¢ â¥®à¥¬ å 6, 7, 8, ãáâà ­ï¥âáï «¥¬¬®© 1 [6].
�­ «®£¨ç­® ¬®¦­® ®¯ãáâ¨âì ¯®á«¥¤­îî áâà®ªã â¥®à¥¬ 9, 10.
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�®íâ®¬ã «¥¢ ï ç áâì (23) ¨¬¥¥â ¢¨¤

�
1X

�=n+1

�r�'��1 + l
1X

�=n+1

�r�1'��1 +O

� 1X
�=n+1

�r�2'��1

�
: (24)

�«ï âà¥âì¥£® á« £ ¥¬®£® §¤¥áì ®ç¥¢¨¤­ë¬ ï¢«ï¥âáï ­¥à ¢¥­áâ¢®
1X

�=n+1

�r�2'� �
1

n+ 1

1X
�=n+1

�r�1'��1 = o

� 1X
�=n+1

�r�1'��1

�
: (25)

� «¥¥, â. ª. �r � r
�P

j=1
jr�1, â® áã¬¬  ¨§ ¯¥à¢ëå á« £ ¥¬ëå ¢ (24) ¤®¯ãáª ¥â ®æ¥­ªã á¢¥àåã ¢¥«¨-

ç¨­®©

r
1X

�=n+1

�'��1

� nX
j=1

jr�1 +
�X

j=n+1

jr�1
�
=

= r

� nX
j=1

jr�1
�
'n + r

1X
�=n+1

�'��1
�X

j=n+1

jr�1 � rnr'n + r
1X

j=n+1

jr�1'j�1:

�®¥¤¨­ïï (23){(25), ¨¬¥¥¬ ¤«ï l > r � 1

(l + o(1)� r)
1X

�=n+1

�r�1'��1 � rnr'n = O(En(f
(r)
3 )):

�âáî¤  ¢¢¨¤ã cf3 2 Hl(!) ¯® äã­ªæ¨ï¬ f 2 Hl(!) ¯®«ãç ¥¬ á®®â­®è¥­¨¥
1X

�=n+1

�r�1'��1 = O(supEn(f
(r)) + nr'n); '� = !��l (�

�1): (26)

�áâ ¥âáï ¤®ª § âì, çâ®

nr'n = O(supEn(f
(r))); f 2 Hl(!): (27)

�® íâ® ïá­® ¨§ à áá¬®âà¥­¨ï äã­ªæ¨¨ f0(x) = 'n cos(n + 1)x, ¤«ï ª®â®à®© ®ç¥¢¨¤­® ¨¬¥¥¬
!l(f0;m�1) = O('m) ¨ En(f

(r)
0 ) = nr'n. �®¯®áâ ¢«ïï (26), (27), £¤¥ 'n = !��l (n

�1), ¨§ (20) ¯®«ãç¨¬
â¥®à¥¬ã 5 ¯à¨ r ­¥ç¥â­®¬.

�ãáâì â¥¯¥àì r ç¥â­®¥, â®£¤  ¯® ¯à¥¤¯®«®¦¥­¨î â¥®à¥¬ë 5 ¤ ­­®¥ l ¤®«¦­® ¡ëâì ­¥ç¥â­ë¬.
� íâ®¬ á«ãç ¥ ¯® § ¤ ­­®© ¬ ¦®à ­â¥ !(�) á !��l (�) 6� 0 à áá¬®âà¨¬ äã­ªæ¨î f0, ª®â®à ï
¯®«ãç ¥âáï ¨§ (3) ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¯à¨ r = 0 ¨ á § ¬¥­®© â ¬ F� ­  !��l (�

�1). � ª
ª ª l ­¥ç¥â­®¥, â® ¯® «¥¬¬¥ 2 ([3], á. 71) ¨¬¥¥¬ !l(f0; n�1) = O(!��l (n

�1)). � ¤àã£®© áâ®à®­ë,
¯à®¨§¢®¤­ ï f

(r)
0 ¢ á¨«ã ç¥â­®áâ¨ r ¡ã¤¥â cos-àï¤®¬, ¤«ï ª®â®à®£® ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ (6).

�­ ç¨â, ¯®áª®«ìªã F� = !��l (�
�1),

1X
�=n+1

�r�1!��l (�
�1) = O(En(f

(r)
0 ))

(á¬. â¥ªáâ, á®¯à®¢®¦¤ îé¨© (6) ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1). �¥®à¥¬  5 ¤®ª § ­ .
�â¯à ¢«ïïáì â¥¯¥àì ®â ­¥à ¢¥­áâ¢  (1.7) ¨§ ([1], c. 488) ¨ ¯à¨¢«¥ª ï á®®â¢¥âáâ¢ãîé¨¬ ®¡à -

§®¬ áà¥¤áâ¢ , ã¦¥ ¨á¯®«ì§®¢ ­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®æ¥­®ª á­¨§ã ¢ â¥®à¥¬¥ 5, ¯®«ãç¨¬ ¥¥
 ­ «®£ ¤«ï á®¯àï¦¥­­ëå äã­ªæ¨© ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¥®à¥¬  6. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ l > r ¨ ¬ ¦®à ­â  !(�) á !��l (�) 6� 0, â®£¤  ªà®¬¥
á«ãç ï ç¥â­®£® l ¯à¨ r ­¥ç¥â­®¬ ¨¬¥¥¬

supEn( ~f (r)) �
1X

�=n+1

�r�1!��l (�
�1); f 2 Hl(!);
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¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ ãª § ­­®£® §¤¥áì àï¤ .

�¥®à¥¬  7. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ k, l, r ¨ ¬ ¦®à ­â  !(�) á !��l (�) 6� 0, ¯à¨ç¥¬
k + r > l > r, â®£¤  ªà®¬¥ á«ãç ï, ª®£¤  r, l ®¡  ç¥â­ë¥, ¨¬¥¥¬

sup!k(f
(r); n�1) �

1X
�=n+1

�r�1!��l (�
�1); f 2 Hl(!); (28)

¯à¨ ãá«®¢¨¨ áå®¤¨¬®áâ¨ àï¤  ¢ (28).

�®ª § â¥«ìáâ¢®. �®¯®áâ ¢«ïï ­  íâ®â à § ®¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® �¦¥ªá®­  E�(f) =
O(!l(f; ��1)) á á®®â­®è¥­¨¥¬ (9), ¯®«ãç¨¬

!k(f (r); n�1) = O

�
n�k

nX
�=1

�k+r�1!l(f; ��1) +
1X

�=n+1

�r�1!l(f; ��1)
�
: (29)

�ãáâì f 2 Hl(!), â®£¤  !l(f; ��1) = O(!��l (�
�1)) [4], ¯®íâ®¬ã ¤«ï â ª¨å f ¨¬¥¥¬

!k(f (r); n�1) = O

�
n�k

nX
�=1

�k+r�1!��l (�
�1) +

1X
�=n+1

�r�1!��l (�
�1)
�
: (30)

� ª ª ª ¯® (18) ¯®á«¥¤®¢ â¥«ì­®áâì �l!��l (�
�1) ­¥ ã¡ë¢ ¥â ¯à¨ ¢®§à áâ ­¨¨ � " 1, â® ¤«ï ¯¥à¢®£®

á« £ ¥¬®£® ¢ (30) ¯à¨ k + r > l ¡ã¤¥¬ ¨¬¥âì ¯®á«¥¤®¢ â¥«ì­®

n�k
nX

�=1

�k+r�l�1�l!��l (�
�1) � n�knl!��l (n

�1)
nX

�=1

�k+r�l�1 = O(nr!��l (n
�1)):

�¥âàã¤­® ¯®ª § âì ¤ «¥¥, çâ® ¢¥«¨ç¨­  nr!��l (n
�1) ¥áâì O ®â ¢â®à®£® á« £ ¥¬®£® ¢ (30)1. �®íâ®¬ã

¯à¨ k + r > l

sup!k(f (r); n�1) = O

� 1X
�=n+1

�r�1!��l (�
�1)
�
; f 2 Hl(!); (31)

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ íâ®£® àï¤  ¨ ­¥§ ¢¨á¨¬® ®â ç¥â­®áâ¨ r, l.
�á«¨ ¦¥ ¨áª«îç¨âì á«ãç ©, ª®£¤  r, l ®¡  ç¥â­ë¥, â® ¯® â¥®à¥¬¥ 5 ¨ ¡« £®¤ àï ®¡®¡é¥­­®¬ã

­¥à ¢¥­áâ¢ã �¦¥ªá®­  ¨¬¥¥¬ ®¡à â­®¥ ª (31) á®®â­®è¥­¨¥.

�â¯à ¢«ïïáì ­  íâ®â à § ®â ­¥à ¢¥­áâ¢  (1.19) ¨§ ([1], c. 492), ¨¬¥¥¬

!k( ~f
(r); n�1) = O

�
n�k

nX
�=1

�k+r�1!l(f; �
�1) +

1X
�=n+1

�r�1!l(f; �
�1)
�
; (32)

£¤¥ l > r. � ª ¨ ¢ëè¥ (á¬. á­®áªã), ¯à¥®¡à §ã¥¬ (32) ¯à¨ k + r > l ª ¢¨¤ã

!k( ~f (r); n�1) = O

� 1X
�=n+1

�r�1!l(f; ��1)
�
: (33)

�âáî¤  ¨ ¯à¨ ¯®¬®é¨ ¯à¨¢¥¤¥­­®© ¢ëè¥ â¥®à¥¬ë 6 ¯®«ãç ¥âáï á«¥¤ãîé ï â¥®à¥¬  ¤«ï á®¯àï-
¦¥­­ëå äã­ªæ¨©.

�¥®à¥¬  8. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ k, l, r ¨ ¬ ¦®à ­â  !(�) á !��l (�) 6� 0, ¯à¨ç¥¬
k + r > l > r. �®£¤ , ªà®¬¥ á«ãç ï, ª®£¤  l ç¥â­®¥,   r ­¥ç¥â­®¥, ¨¬¥¥¬

sup!k( ~f (r); n�1) �
1X

�=n+1

�r�1!��l (�
�1); f 2 Hl(!);

¢ ¯à¥¤¯®«®¦¥­¨¨ áå®¤¨¬®áâ¨ ãª § ­­®£® §¤¥áì àï¤ .

1�­ «®£¨ç­® ãáâà ­ï¥âáï ¯¥à¢®¥ á« £ ¥¬®¥ ¨ ¢ (29) ¤«ï k + r > l.
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�á«®¢¨ï ­  k, l, r ¢ ­¨¦¥á«¥¤ãîé¨å â¥®à¥¬ å â ª®¢ë, çâ® ¤®ª § â¥«ìáâ¢  ­¥ ¯®âà¥¡ãîâ
¯à¨¢«¥ç¥­¨ï ­®¢ëå áà¥¤áâ¢, ªà®¬¥ ã¦¥ ¨á¯®«ì§®¢ ­­ëå ¢ëè¥. �®íâ®¬ã ã¬¥áâ­® ®£à ­¨ç¨âìáï
§¤¥áì ®¤­¨¬¨ «¨èì ä®à¬ã«¨à®¢ª ¬¨ â¥®à¥¬.

�¥®à¥¬  9. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ k, l, r ¨ ¬ ¦®à ­â  !(�), ¯à¨ç¥¬ k + r � l ¨
áå®¤¨âáï àï¤ ¢ (34), â®£¤ 

sup!k(f
(r); n�1) � n�k

nX
�=1

�k+r�1!��l (�
�1) +

1X
�=n+1

�r�1!��l (�
�1); f 2 Hl(!); (34)

¢ á«ãç ïå: (a) ®¡  ç¨á«  l, k ç¥â­ë¥ ¯à¨ r ­¥ç¥â­®¬; (b) l ­¥ç¥â­®¥,   k + r ç¥â­®¥.

�¥®à¥¬  10. �ãáâì § ¤ ­ë ­ âãà «ì­ë¥ k, l, r ¨ ¬ ¦®à ­â  !(�), ¯à¨ç¥¬ k + r < l ¨
áå®¤¨âáï àï¤ ¢ (35), â®£¤ 

sup!k( ~f
(r); n�1) � n�k

nX
�=1

�k+r�1!��l (�
�1) +

1X
�=n+1

�r�1!��l (�
�1); f 2 Hl(!); (35)

¢ á«ãç ïå: (a) ç¨á«  l, r, k ¢á¥ ç¥â­ë¥; (b) ®¡  ç¨á«  l, k + r ­¥ç¥â­ë¥.

� ¬¥ç ­¨¥. � ¤ ç  ® ¯®àï¤ª¥ à áá¬ âà¨¢ ¢è¨åáï §¤¥áì ¢¥«¨ç¨­ ¨¬¥¥â ®âç áâ¨ á¬ëá« ¨
¯à¨ r = 0. �®®â¢¥âáâ¢ãîé¨¥ á«ãç ¨ ¯®¤à®¡­® ¨§ãç «¨áì  ¢â®à®¬ ¢ à ¡®â¥ [5], £¤¥ ¨§« £ ¥âáï
â ª¦¥ ¨áâ®à¨ï ¤ ­­®£® ¢®¯à®á .
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