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�¢¥¤¥­¨¥

�¥á¬®âàï ­  ­¥¬ «®¥ ç¨á«® ¯ã¡«¨ª æ¨©, ¯®á¢ïé¥­­ëå ¨§ãç¥­¨î ãª § ­­ëå ãà ¢­¥­¨©, ¤ ­-
­ ï â¥¬ â¨ª  ®áâ ¥âáï  ªâã «ì­®© ¨ ¯à¥¤áâ ¢«ï¥â ¨§¢¥áâ­ë© ¨­â¥à¥á. �ãé¥áâ¢¥­­®¥ à §¢¨â¨¥
íâ  â¥®à¨ï ¯®«ãç¨«  ¢ á¥à¨¨ à ¡®â [1]{[3], £¤¥ ¨§«®¦¥­ë ®á­®¢ë â¥®à¨¨ «¨­¥©­ëå ¨­â¥£à «ì­ëå
ãà ¢­¥­¨© I ¨ III à®¤ , áª «ïà­ë¥ à¥è¥­¨ï ¨éãâáï ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å á ¢¥á ¬¨ á¯¥æ¨-
 «ì­®£® ¢¨¤ . � ¯®á«¥¤­¨¥ £®¤ë ¨áá«¥¤®¢ «¨áì ãà ¢­¥­¨ï á ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨,
®¡« ¤ îé¨¬¨ ª®­¥ç­®© £« ¤ª®áâìî. �à¨ íâ®¬ ãà ¢­¥­¨ï à áá¬ âà¨¢ «¨áì ª ª ¢ ª®­¥ç­®¬¥à-
­ëå, â ª ¨ ¢ ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å [4]{[9].

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  I à®¤  á
®á®¡¥­­®áâìî ¨ ¤®áâ â®ç­® £« ¤ª¨¬ ï¤à®¬ ¢ ¯à®áâà ­áâ¢¥ áã¬¬¨àã¥¬ëå ­  [0; �] äã­ªæ¨© á®
§­ ç¥­¨ï¬¨ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ E.

1. �®áâ ­®¢ª  § ¤ ç¨. �®à¬ã«¨à®¢ª  ®á­®¢­®£® à¥§ã«ìâ â 

� ¢¥é¥áâ¢¥­­®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ E § ä¨ªá¨àã¥¬ ­®à¬ã k�kE . �â  ­®à¬  ¨­¤ãæ¨àã¥â
¢ ¯à®áâà ­áâ¢¥ L(E) ¢á¥å «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ­  E ®¯¥à â®à­ãî ­®à¬ã

kAkL(E) = sup
kxkE=1

kAxkE :

� ¯à®áâà ­áâ¢¥ C([0; �]; E) ­¥¯à¥àë¢­ëå ¢ ­®à¬¥ E ­  [0; �] äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ E,
­®à¬ , ª ª ®¡ëç­®, ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã«¥

k kC([0;�];E) = max
0�x��

k (x)kE :

� ª®­¥æ, ¢ ¯à®áâà ­áâ¢¥ C, á®áâ®ïé¥¬ ¨§ ¢á¥å ­¥¯à¥àë¢­ëå ¢ ­®à¬¥ L(E) ­  âà¥ã£®«ì­¨ª¥
0 � t � x � � äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ L(E), ¢¢®¤¨âáï ­®à¬ 

 jQj 



C
= max

0�t�x��
kQ(x; t)kL(E):

� áá¬ âà¨¢ ¥âáï ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà  I à®¤  ¢¨¤ Z x

0

K(x; t)u(t)dt = 0 (0 � x � �) (1)

¢ L1([0; �]; E), £¤¥ K(x; t) | § ¤ ­­ ï äã­ªæ¨ï á® §­ ç¥­¨ï¬¨ ¢ L(E), ¨¬¥îé ï ­¥¯à¥àë¢­ë¥
ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª N+m+1 (N ,m| ­ âãà «ì­ë¥ ç¨á« ) ¢ª«îç¨â¥«ì­®, ¯à¨ç¥¬
¢á¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª  m � 1 à ¢­ë ­ã«î ¢ â®çª¥ (0; 0),   ç áâ­ë¥ ¯à®¨§¢®¤­ë¥
m-£® ¯®àï¤ª  ­¥ ¢á¥ à ¢­ë ­ã«î ¢ â®çª¥ (0; 0), u(x) | ¨áª®¬ ï áã¬¬¨àã¥¬ ï äã­ªæ¨ï ­  [0; �]
á® §­ ç¥­¨ï¬¨ ¢ E.
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�à¥¤áâ ¢¨¬ K(x; t) ¯® ä®à¬ã«¥ �¥©«®à 

K(x; t) =
�+�=N+mX
�+�=m

K��x�t� +
X

�+�=N+m+1

fK��(x; t)x�t�; (2)

£¤¥

K�� =
@K�+�(0; 0)
@x�@t�

1
�!

1
�!

(�+ � = m; : : : ; �+ � = N +m):

�¢¥¤¥¬ ®¯¥à â®à­ë© ¯ãç®ª

Q� =
X

�+�=m
�>0

K���

Z 1

0
s�+��1ds+Am; (3)

£¤¥ Am =
P

�+�=m
K��.

� ¯®¬­¨¬, çâ® ¥á«¨ ¢¥ªâ®à e ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¤«ï ®¯¥à â®à­®£® ¯ãçª  B(�), ®â¢¥ç -
îé¨¬ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã �0, â® ¢¥ªâ®àë e1; e2; : : : ; eq , ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥ ãà ¢-
­¥­¨© 8>>>><>>>>:

B(�0)e1 +B0(�0)e = 0;

B(�0)e2 +B0(�0)e1 + 1
2!
B00(�0)e = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

B(�0)eq +B0(�0)eq�1 + � � �+ 1
q!
B(q)(�0)e = 0;

®¡à §ãîâ æ¥¯®çªã ¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ ª á®¡áâ¢¥­­®¬ã ¢¥ªâ®àã e.

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï :

1) ¯ãç®ª (3) ¨¬¥¥â å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® � = � + i� (� > 0),   ç¨á«  (� + k) + i�

(k = 1; 2; : : : ; N) ­¥ ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ¤«ï ­¥£®;
2) å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã � + i� á®®â¢¥âáâ¢ã¥â á®¡áâ¢¥­­ë© ¢¥ªâ®à e = e1 + ie2 ¨

æ¥¯®çª  ¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ ek = ek1 + iek2 (k = 1; 2; : : : ; q);
3) ®¯¥à â®à Am = lim

x!0

K(x;x)
xm

¨¬¥¥â ®£à ­¨ç¥­­ë© ®¡à â­ë©;

4) ­ âãà «ì­®¥ ç¨á«® N â ª®¥, çâ®

2


 jK 0

x(x; t)x
1�mj




C
max
0�x��





�K(x; x)
xm

��1




L(E)

Z 1

0

s�+Nds < 1: (4)

�®£¤  ¤«ï ãà ¢­¥­¨ï (1) áãé¥áâ¢ã¥â (q + 1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à¥è¥­¨© ¢¨¤ 

ul(x) = x��1

� lX
r=0

� NX
i=0

arli x
i sin(� lnx) +

NX
i=0

brli x
i cos(� lnx)

�
lnr x+

+
lX

r=0

(arlN+1(x)x
N+1 sin(� lnx) + brlN+1(x)x

N+1 cos(� lnx)) lnr x
�
; (5)

£¤¥ arli ¨ brli (l = 0; : : : ; q, i = 0; : : : ; N , r = 0; : : : ; l) | ¨áª®¬ë¥ ª®íää¨æ¨¥­âë ¢ E, äã­ªæ¨¨

arlN+1(x), b
rl
N+1(x) ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ ­  [0; �] á® §­ ç¥­¨ï¬¨ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ E.

� ¬¥â¨¬, çâ®
1R
0

s�+Nds ! 0 ¯à¨ N ! 1. �«¥¤®¢ â¥«ì­®, ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ N ­¥à -

¢¥­áâ¢® (4) ¢ë¯®«­ï¥âáï.
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2. �®áâà®¥­¨¥ à¥è¥­¨©

�à ¢­¥­¨¥ (1) ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ á¢®¤¨âáï ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î �®«ìâ¥àà  II à®¤ 

K(x; x)u(x) = �

Z x

0

K 0
x(x; t)u(t)dt;

ª®â®à®¥, ¨á¯®«ì§ãï (2), ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥�N+mX
k=m

Akx
k +AN+m+1(x)xN+m+1

�
u(x) = �

Z x

0

� N+mX
�+�=m
�>0

K���x��1t� +

+
X

�+�=m+N

R��(x; t)x�t�
�
u(t)dt; (6)

£¤¥

Ak =
X

�+�=k

K��; AN+m+1(x) =
X

�+�=N+m+1

fK��(x; x);

X
�+�=m+N

R��(x; t)x�t� =
� X
�+�=N+m+1

fK��(x; t)x�t�
�0
x

:

�®¤áâ ¢«ïï (5) ¢ (6), ¢ «¥¢®© ç áâ¨ ¯®«ãç ¥¬�N+mX
k=m

Akx
k+��1 +AN+m+1(x)x

N+m+�

�� lX
r=0

� NX
i=0

arli x
i sin(� lnx) +

+
NX
i=0

brli x
i cos(� lnx)

�
lnr x+

lX
r=0

(arlN+1(x)x
N+1 sin(� lnx) + brlN+1(x)x

N+1 cos(� lnx)) lnr x
�
: (7)

� ¯®«ãç¥­­®© ¯à ¢®© ç áâ¨

�

Z x

0

� N+mX
�+�=m
�>0

K���x��1t� +
X

�+�=m+N

R��(x; t)x�t�
�
t��1

� lX
r=0

� NX
i=0

arli t
i sin(� ln t) +

+
NX
i=0

brli t
i cos(� ln t)

�
lnr t+

lX
r=0

(arlN+1(t)t
N+1 sin(� ln t) + brlN+1(t)t

N+1 cos(� ln t)) lnr(t)
�
dt (8)

¤¥« ¥¬ § ¬¥­ã t = xs. �®£¤  (8) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

�

Z 1

0

� N+mX
�+�=m
�>0

K���x�+��1s� +
X

�+�=m+N

R��(x; xs)x�+�s�
�
x�s��1 �

�

� lX
r=0

�� NX
i=0

arli (xs)
i cos(� ln s)�

NX
i=0

brli (xs)
i sin(� ln s)

�
sin(� lnx) +

+
� NX

i=0

arli (xs)
i sin(� ln s) +

NX
i=0

brli (xs)
i cos(� ln s)

�
cos(� lnx)

�
�

�

� rX
k=0

Ck
r ln

k x lnr�k s
�
+

lX
r=0

[(arlN+1(xs)(xs)
N+1 cos(� ln s)�

� brlN+1(xs)(xs)
N+1 sin(� ln s)) sin(� lnx) + (arlN+1(xs)(xs)

N+1 sin(� ln s) +

+ brlN+1(xs)(xs)
N+1 cos(� ln s)) cos(� lnx)]

� rX
k=0

Ck
r ln

k x lnr�k s
��

ds: (9)
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�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xm+��1 lnl x sin(� lnx), xm+��1 lnl x cos(� lnx) ¢ (7) ¨ (9), ¯®-
«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

Ama
ll
0 = �

X
�+�=m
�>0

K���

Z 1

0
s�+��1(all0 cos(� ln s)� bll0 sin(� ln s))ds;

Amb
ll
0 = �

X
�+�=m
�>0

K���

Z 1

0

s�+��1(all0 sin(� ln s) + bll0 cos(� ln s))ds:
(10)

�®ª ¦¥¬, çâ® ¨§ á®®â­®è¥­¨© (10) á«¥¤ã¥â à ¢¥­áâ¢® ¢ ª®¬¯«¥ªá¨ä¨ª æ¨¨ ¡ ­ å®¢  ¯à®-
áâà ­áâ¢  E

Q�+i�(a
ll
0 + ibll0 ) = 0;

ª®â®à®¥ ®§­ ç ¥â, çâ® ¢¥ªâ®à all0 + ibll0 ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¤«ï ®¯¥à â®à­®£® ¯ãçª 
Q�, ®â¢¥ç îé¨¬ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã � + i�. �¬¥­­®,

Q�+i� =
X

�+�=m
�>0

K���

Z 1

0

s�+�+i��1ds+Am =
X

�+�=m
�>0

K���

Z 1

0

s�+��1 �

� [cos(� ln s) + i sin(� ln s)]ds+Am:

�®«ì§ãïáì à ¢¥­áâ¢ ¬¨ (10), ¢ëç¨á«¨¬

Am(a
ll
0 + ibll0 ) = �

X
�+�=m
�>0

K���

Z 1

0
s�+��1[(all0 cos(� ln s)� bll0 sin(� ln s)) +

+i(all0 sin(� ln s) + bll0 cos(� ln s))]ds;

Q�+i�(all0 + ibll0 ) =
X

�+�=m
�>0

K���

Z 1

0

s�+��1[cos(� ln s) + i sin(� ln s)](all0 +

+ibll0 )ds+Am(all0 + ibll0 ) =
X

�+�=m
�>0

K���

Z 1

0

s�+��1[(all0 cos(� ln s)�

�bll0 sin(� ln s)) + i(all0 sin(� ln s) + bll0 cos(� ln s))]ds+Am(all0 + ibll0 ) = 0:

�¥âàã¤­® § ¬¥â¨âì, çâ® ¥á«¨ all0 + ibll0 ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ®¯¥à â®à­®£® ¯ãçª  (3),
®â¢¥ç îé¨¬ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã � + i�, â® all0 = all0 , b

ll
0 = bll0 ¡ã¤¥â à¥è¥­¨¥¬ á¨áâ¥¬ë

ãà ¢­¥­¨© (10). �â® ®§­ ç ¥â, çâ® all0 = e1, bll0 = e2 ï¢«ï¥âáï à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë.
�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xm+�+
�1 sin(� lnx) lnl x ¨ xm+�+
�1 cos(� lnx) lnl x ¢ (7) ¨

(9), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï all
 ¨ bll
 (
 = 1; 2; : : : ; N)

X
k+i=m+


Aka
ll
i = �

X
�+�+i=m+


�>0

K���

Z 1

0

[s�+�+i�1(alli cos(� ln s)� blli sin(� ln s))]ds;

X
k+i=m+


Akb
ll
i = �

X
�+�+i=m+


�>0

K���

Z 1

0

[s�+�+i�1(alli sin(� ln s) + blli cos(� ln s))]ds;

ª®â®àãî ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

Ama
ll

 +

X
�+�=m
�>0

K���

Z 1

0

[s�+�+
�1(all
 cos(� ln s)� bll
 sin(� ln s))]ds =
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= �
X

k+i=m+

k>m

Aka
ll
i �

X
�+�+i=m+


�+�>m
�>0

K���

Z 1

0
[s�+�+i�1(alli cos(� ln s)� blli sin(� ln s))]ds;

(11)

Amb
ll

 +

X
�+�=m
�>0

K���

Z 1

0

[s�+�+
�1(all
 sin(� ln s) + bll
 cos(� ln s))]ds =

= �
X

k+i=m+

k>m

Akb
ll
i �

X
�+�+i=m+


�+�>m
�>0

K���

Z 1

0

[s�+�+i�1(alli sin(� ln s) + blli cos(� ln s))]ds:

�¨áâ¥¬  ãà ¢­¥­¨© (11) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. � ¯à¥¤¯®«®¦¥­¨¨ ¯à®â¨¢­®£® á¨áâ¥¬ 
ãà ¢­¥­¨© �

Am +
X

�+�=m
�>0

K���

Z 1

0
s�+�+
�1 cos(� ln s)ds

�
f1 �

� X
�+�=m
�>0

K����

�

Z 1

0

s�+�+
�1 sin(� ln s)ds
�
f2 = 0; (12)� X

�+�=m
�>0

K���

Z 1

0

s�+�+
�1 sin(� ln s)ds
�
f1 +

�
Am +

X
�+�=m
�>0

K����

�

Z 1

0

s�+�+
�1 cos(� ln s)ds
�
f2 = 0;

¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥­¨¥ (f1; f2)T .
�§ ãà ¢­¥­¨© (12) á«¥¤ã¥â

Q(�+
)+i�[f1 + if2] =
X

�+�=m
�>0

K���

Z 1

0
s�+�+
�1[cos(� ln s) + i sin(� ln s)]�

� (f1 + if2)ds+Am(f1 + if2) =
X

�+�=m
�>0

K���

Z 1

0

s�+�+
�1[(cos(� ln s)f1 �

� sin(� ln s)f2) + i(sin(� ln s)f1 + cos(� ln s)f2)]ds+Amf1 + iAmf2 = 0:

�«¥¤®¢ â¥«ì­®, ¢¥ªâ®à f1+ if2 ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬ ¤«ï ®¯¥à â®à­®£® ¯ãçª  Q�,
®â¢¥ç îé¨¬ å à ªâ¥à¨áâ¨ç¥áª®¬ã ç¨á«ã (� + 
) + i�, çâ® ¯à®â¨¢®à¥ç¨â ¯¥à¢®¬ã ãá«®¢¨î â¥®-
à¥¬ë. � ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥­âë all
 , b

ll

 (
 = 1; : : : ; N) ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï.

�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xm+��1 lnl�1
x sin(� lnx), xm+��1 lnl�1

x cos(� lnx) ¢ (7) ¨ (9),
¯®«ãç ¥¬ á®®â­®è¥­¨ï

Ama
l�1;l
0 = �

X
�+�=m
�>0

K���

Z 1

0

s�+��1

� lX
r=l�1

(arl0 cos(� ln s)� brl0 sin(� ln s))C
l�1
r lnr�l+1 s

�
ds;

(13)

Amb
l�1;l
0 = �

X
�+�=m
�>0

K���

Z 1

0
s�+��1

� lX
r=l�1

(arl0 sin(� ln s) + brl0 cos(� ln s))C
l�1
r lnr�l+1

s

�
ds:

�¨áâ¥¬  ãà ¢­¥­¨© (13) íª¢¨¢ «¥­â­  ãà ¢­¥­¨î ¢ ª®¬¯«¥ªá¨ä¨ª æ¨¨ ¡ ­ å®¢  ¯à®áâà ­-
áâ¢  E

Q�+i�(a
l�1;l
0 + ib

l�1;l
0 ) + lQ0�+i�e = 0: (14)
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�«¥¤®¢ â¥«ì­®, al�1;l
0 + ib

l�1;l
0 = le1 ¡ã¤¥â à¥è¥­¨¥¬ ãà ¢­¥­¨ï (14),   al�1;l

0 = le11, b
l�1;l
0 = le12

| à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨© (13).
�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xm+��1 lnl�d x sin(� lnx),

xm+��1 lnl�d x cos(� lnx) (d = 2; 3; : : : ; l), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

Ama
l�d;l
0 = �

X
�+�=m
�>0

K���

Z 1

0

s�+��1[(al�d;l0 cos(� ln s)� b
l�d;l
0 sin(� ln s)) +

+ (al�d+1;l
0 cos(� ln s)� b

l�d+1;l
0 sin(� ln s))(l � d+ 1) ln s+ (al�d+2;l

0 cos(� ln s)�

� b
l�d+2;l
0 sin(� ln s))(l � d+ 1)(l � d+ 2)

1
2!
ln2 s+ � � � + (all0 cos(� ln s)�

� bll0 sin(� ln s))(l � d+ 1)(l � d+ 2)� � � � � l
1
d!
lnd s]ds; (15)

Amb
l�d;l
0 = �

X
�+�=m
�>0

K���

Z 1

0
s�+��1

�
(al�d;l0 sin(� ln s) + b

l�d;l
0 cos(� ln s)) +

+ (al�d+1;l
0 sin(� ln s) + b

l�d+1;l
0 cos(� ln s))(l � d+ 1) ln s+

+ (al�d+2;l
0 sin(� ln s) + b

l�d+2;l
0 cos(� ln s))(l � d+ 1)(l � d+ 2)

1
2!
ln2 s+ � � �+

+ (all0 sin(� ln s) + bll0 cos(� ln s))(l � d+ 1)(l � d+ 2)� � � � � l
1
d!
lnd s

�
ds:

�®£¤ 

Q�+i�(a
l�d;l
0 + ib

l�d;l
0 ) + (l � d+ 1)Q0�+i�(a

l�d+1;l
0 + ib

l�d+1;l
0 ) +

+ (l � d+ 1)(l � d+ 2)
1
2!
Q00�+i�(a

l�d+2;l
0 + ib

l�d+2;l
0 ) + � � � +

+ (l � d+ 1)(l � d+ 2)� � � � � l
1
d!
Q

(d)
�+i�(a

ll
0 + ibll0 ) = 0: (16)

�¥âàã¤­® ¯® ¨­¤ãªæ¨¨ ¤®ª § âì, çâ® à¥è¥­¨¥¬ ãà ¢­¥­¨ï (16) ¡ã¤¥â all0 + ibll0 = e, al�1;l
0 +

+ibl�1;l
0 = le1, al�2;l + ib

l�2;l
0 = l(l � 1)e2; : : : , a

l�d+1;l
0 + ib

l�d+1;l
0 = l(l � 1) � � � � � (l � d + 2)ed�1,

a
l�d;l
0 + ib

l�d;l
0 = l(l � 1)� � � � � (l � d+ 1)ed.

�«¥¤®¢ â¥«ì­®, al�d;l0 = l!
(l�d)!

ed1, b
l�d;l
0 = l!

(l�d)!
ed2 (d = 2; 3; : : : ; l) ¡ã¤¥â à¥è¥­¨¥¬ á¨áâ¥¬ë

ãà ¢­¥­¨© (15).
�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ xm+�+
�1 sin(� lnx) lnl�d x, xm+�+
�1 cos(� lnx) lnl�d x

(d = 1; 2; : : : ; l, 
 = 1; 2; : : : ; N), ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©

Ama
l�d;l

 = �

Z 1

0

� X
�+�=m
�>0

K���

�
s�+�+
�1

� lX
r=l�d

[arl
 cos(� ln s)�

� brl
 sin(� ln s)]C
l�d
r lnr�l+d s

�
ds�

Z 1

0

� X
�+�+i=m+


�+�>m
�>0

K���

�
s�+�+i�1 �

�

� lX
r=l�d

[arli cos(� ln s)� brli sin(� ln s)]C
l�d
r lnr�l+d s

�
ds; (17)

Amb
l�d;l

 = �

Z 1

0

� X
�+�=m
�>0

K���

�
s�+�+
�1

� lX
r=l�d

[arl
 sin(� ln s) +
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+ brl
 cos(� ln s)]C
l�d
r lnr�l+d s

�
ds�

Z 1

0

� X
�+�+i=m+


�+�>m
�>0

K���

�
s�+�+i�1 �

�

� lX
r=l�d

[arli sin(� ln s) + brli cos(� ln s)]C
l�d
r lnr�l+d s

�
ds:

� á¨«ã ¯¥à¢®£® ãá«®¢¨ï â¥®à¥¬ë á¨áâ¥¬  ãà ¢­¥­¨© (17) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �â®
®§­ ç ¥â, çâ® ª®íää¨æ¨¥­âë al�d;l
 ¨ bl�d;l
 (d = 1; 2; : : : ; l, 
 = 1; 2; : : : ; N) ®¤­®§­ ç­® ®¯à¥¤¥«ï-
îâáï.

�«ï â®£® çâ®¡ë äã­ªæ¨ï (5) ¡ë«  à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6), äã­ªæ¨¨ arlN+1(x) ¨ b
rl
N+1(x) á®

§­ ç¥­¨ï¬¨ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ E ¤®«¦­ë ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

X
k+i�m+N+1

Akx
k+�+i�1

� lX
r=0

(arli sin(� lnx) + brli cos(� lnx)) ln
r
x

�
+

+AN+m+1(x)x
N+m+�

� lX
r=0

� NX
i=0

arli sin(� lnx) +
NX
i=0

brli cos(� lnx)
�
lnr x

�
+

+
�N+mX

k=m

Akx
k+��1 +AN+m+1(x)x

N+m+�

�� lX
r=0

(arlN+1(x)x
N+1 sin(� lnx) +

+ brlN+1(x)x
N+1 cos(� lnx)) lnr x

�
= �

Z 1

0

� X
�+�+i�m+N+1

�>0

K���x�+�+�+i�1

�
�

� s�+�+i�1

� lX
r=0

[(arli cos(� ln s)� brli sin(� ln s)) sin(� lnx) + (arli sin(� ln s) +

+ brli cos(� ln s)) cos(� lnx)
�� rX

k=0

Ck
r ln

k
x lnr�k s

�
ds�

Z 1

0

� X
�+�=m+N

R��(x; xs)x�+� �

� s�
�
s��1x�

� lX
r=0

�� NX
i=0

arli (xs)
i cos(� ln s)�

NX
i=0

brli (xs)
i sin(� ln s)

�
sin(� lnx) +

+
� NX

i=0

arli (xs)
i sin(� ln s) +

NX
i=0

brli (xs)
i cos(� ln s)

�
cos(� lnx)

�
�

�

� rX
k=0

Ck
r ln

k x lnr�k s
��
ds�

Z 1

0

K 0
x(x; xs)x

�s��1

� lX
r=0

[(arlN+1(xs)(xs)
N+1 �

� cos(� ln s)� brlN+1(xs)(xs)
N+1 sin(� ln s)) sin(� lnx) + (arlN+1(xs)(xs)

N+1 �

� sin(� ln s) + brlN+1(xs)(xs)
N+1 cos(� ln s)) cos(� lnx)]

� rX
k=0

Ck
r ln

k x lnr�k s
��
ds:

�à¨à ¢­¨¢ ï ¢ëà ¦¥­¨ï ¯à¨ xm+N+� sin(� lnx) lnl x ¨ xm+N+� cos(� lnx) lnl x, ¯®«ãç ¥¬ à -
¢¥­áâ¢ 

X
k+i�m+N+1

Akx
k+i�m�N�1alli +AN+m+1(x)

NX
i=0

alli x
i +

+
�m+NX

k=m

Akx
k�m +AN+m+1(x)xN+1

�
allN+1(x) =
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= �

Z 1

0

� X
�+�+i�m+N+1

�>0

K���x�+�+i�m�N�1

�
s�+�+i�1[alli cos(� ln s)�

� blli sin(� ln s)]ds�
Z 1

0

� X
�+�=m+N

R��(x; xs)x�+��m�N
�
s�+��1 �

� [
NX
i=0

alli (xs)
i cos(� ln s)�

NX
i=0

blli (xs)
i sin(� ln s)]ds�

Z 1

0

K 0
x(x; xs)x

1�ms�+N �

� [allN+1(xs) cos(� ln s)� bllN+1(xs) sin(� ln s)]ds;

X
k+i�m+N+1

Akx
k+i�m�N�1blli +AN+m+1(x)

NX
i=0

blli x
i +

+
�N+mX

k=m

Akx
k�m +AN+m+1(x)xN+1

�
bllN+1(x) =

= �

Z 1

0

� X
�+�+i�m+N+1

�>0

K���x�+�+i�m�N�1

�
s�+�+i�1[alli sin(� ln s) +

+ blli cos(� ln s)]ds�
Z 1

0

� X
�+�=m+N

R��(x; xs)x�+��m�N
�
s�+��1 �

�

� NX
i=0

alli (xs)
i sin(� ln s) +

NX
i=0

blli (xs)
i cos(� ln s)

�
ds�

Z 1

0
K 0

x(x; xs)x
1�ms�+N �

� [allN+1(xs) sin(� ln s) + bllN+1(xs) cos(� ln s)]ds: (18)

�à¨à ¢­¨¢ ï ¢ëà ¦¥­¨ï ¯à¨ xm+N+� sin(� lnx) ln
 x ¨ xm+N+� cos(� lnx) ln
 x, ¯®«ãç ¥¬ á¨-
áâ¥¬ã ãà ¢­¥­¨©

X
k+i�m+N+1

Akx
k+i�m�N�1a


l
i +AN+m+1(x)

NX
i=0

a

l
i x

i +
�N+mX

k=m

Akx
k�m +

+AN+m+1(x)xN+1

�
a
lN+1(x) = �

Z 1

0

� X
�+�+i�m+N+1

�>0

K���x�+�+i�m�N�1

�
�

� s�+�+i�1

� lX
r=


(arli cos(� ln s)� brli sin(� ln s))C


r ln

r�

s

�
ds�

�

Z 1

0

� X
�+�=m+N

R��(x; xs)x�+��m�N
�
s�+��1

� lX
r=


� NX
i=0

(arli cos(� ln s)�

�
NX
i=0

brli (xs)
i sin(� ln s))

�
C

r ln

r�

s

�
ds�

Z 1

0
K 0

x(x; xs)x
1�ms�+N �

�

� lX
r=


(arlN+1(xs) cos(� ln s)� brlN+1(xs) sin(� ln s))C


r ln

r�

s

�
ds;

X
k+i�m+N+1

Akx
k+i�m�N�1b
li +AN+m+1(x)

NX
i=0

b
li x
i +

�N+mX
k=m

Akx
k�m +
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+AN+m+1(x)x
N+1

�
b

l
N+1(x) = �

Z 1

0

� X
�+�+i�m+N+1

�>0

K���x�+�+i�m�N�1

�
�

� s�+�+i�1

� lX
r=


(arli sin(� ln s) + brli cos(� ln s))C


r ln

r�

s

�
ds�

�

Z 1

0

� X
�+�=m+N

R��(x; xs)x�+��m�N
�
s�+��1

� lX
r=


� NX
i=0

arli (xs)
i sin(� ln s) +

+
NX
i=0

brli (xs)
i cos(� ln s)

�
C

r ln

r�

s

�
ds�

Z 1

0

K 0
x(x; xs)x

1�ms�+N �

�

� lX
r=


(arlN+1(xs) sin(� ln s) + brlN+1(xs) cos(� ln s))C


r ln

r�
 s

�
ds: (19)

�®®â­®è¥­¨ï (18) ¨ (19) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

K(x; x)
xm

a

l
N+1(x) =

Z 1

0

[K 0
x(x; xs)x

1�m]s�+N [�a
lN+1(xs) cos(� ln s) +

+ b
lN+1(xs) sin(� ln s)]ds+ f
1 (x); (20)

K(x; x)
xm

b
lN+1(x) =
Z 1

0

[K 0
x(x; xs)x

1�m]s�+N [�a
lN+1(xs) sin(� ln s)�

� b

l
N+1(xs) cos(� ln s)]ds+ f



2 (x);

£¤¥ f
1 (x) ¨ f


2 (x) | ¨§¢¥áâ­ë¥ ­¥¯à¥àë¢­ë¥ ­  [0; �] äã­ªæ¨¨ á® §­ ç¥­¨ï¬¨ ¢ ¡ ­ å®¢®¬ ¯à®-

áâà ­áâ¢¥ E, ª®â®àë¥ ®¯à¥¤¥«ïîâáï ¨§ (18) ¨ (19) (
 = l; l � 1; : : : ; 0).
�¯¥à â®à-äã­ªæ¨ï K(x;x)

xm
­¥¯à¥àë¢­  ¯® ­®à¬¥ ¢ ­ã«¥ ¨ ¨¬¥¥â ®£à ­¨ç¥­­ë© ®¡à â­ë©, â®-

£¤  ¯à¨ 0 � x � � ¤®áâ â®ç­® ¬ «®¬ áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ë© ®¡à â­ë© ®¯¥à â®à
�
K(x;x)
xm

��1
,

ª®â®àë© ­¥¯à¥àë¢¥­ ¯® ­®à¬¥ ­  [0; �].
�«¥¤®¢ â¥«ì­®, á¨áâ¥¬  ãà ¢­¥­¨© (20) ¯à¨ x 2 [0; �] ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­  ¢ ¢¨¤¥

a

l
N+1(x) =

�
K(x; x)
xm

��1 Z 1

0
[K 0

x(x; xs)x
1�m]s�+N [�a
lN+1(xs) cos(� ln s) +

+ b

l
N+1(xs) sin(� ln s)]ds+

�
K(x; x)
xm

��1

f


1 (x); (21)

b
lN+1(x) =
�
K(x; x)
xm

��1 Z 1

0

[K 0
x(x; xs)x

1�m]s�+N [�a
lN+1(xs) sin(� ln s)�

� b

l
N+1(xs) cos(� ln s)]ds+

�
K(x; x)
xm

��1

f


2 (x):

� áá¬®âà¨¬ ¡ ­ å®¢® ¯à®áâà ­áâ¢® E �E = fz : z = (u; v)T , u 2 E, v 2 E; kzkE�E = kukE +
kvkEg. �¡®§­ ç¨¬ ç¥à¥§ C([0; �]; E � E) ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  [0; �] ¢ ­®à¬¥ ¡ ­ å®¢ 
¯à®áâà ­áâ¢  E �E äã­ªæ¨© á ­®à¬®© kz(x)kC([0;�];E�E) = max

0�x��
kz(x)kE�E .

�ãáâì

z
(x) = (z
1 (x); z


2 (x))

T = (a
lN+1(x); b

l
N+1(x))

T 2 C([0; �]; E �E);

f
(x) =
��
K(x; x)
xm

��1

f


1 (x);

�
K(x; x)
xm

��1

f


2 (x)

�T
2 C([0; �]; E �E):
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�®£¤  á¨áâ¥¬ã ãà ¢­¥­¨© (21) ¬®¦­® ¯¥à¥¯¨á âì ¢ ®¯¥à â®à­®© ä®à¬¥

z
(x) = (Bz
)(x) + f
(x); (22)

£¤¥ ®¯¥à â®à B ¤¥©áâ¢ã¥â ­  ­¥¯à¥àë¢­ãî ­  [0; �] ¢ ­®à¬¥ ¡ ­ å®¢  ¯à®áâà ­áâ¢  E�E äã­ª-
æ¨î z
(x) á® §­ ç¥­¨ï¬¨ ¢ E �E ¯® ä®à¬ã«¥

(Bz
)(x) =
Z 1

0
s�+NK(x; s)z
(xs)ds;

£¤¥

K(x; s) =

 
�
�
K(x;x)

xm

��1K0

x
(x;xs)

xm�1 cos(� ln s)
�
K(x;x)

xm

��1K0

x
(x;xs)

xm�1 sin(� ln s)
�
�
K(x;x)
xm

��1K0

x
(x;xs)

xm�1
sin(� ln s) �

�
K(x;x)
xm

��1K0

x
(x;xs)

xm�1
cos(� ln s)

!
:

�æ¥­¨¬ ­®à¬ã ®¯¥à â®à  B ¢ ¯à®áâà ­áâ¢¥ C([0; �]; E �E)

k(Bz
)(x)kC([0;�];E�E) = max
0�x��





 Z 1

0
s�+NK(x; s)z
(xs)ds






E�E

�

� max
0�x��

Z 1

0

ks�+NK(x; s)z
(xs)kE�Eds = max
0�x��

Z 1

0

s�+N �

�

�



� �K(x; x)
xm

��1

K 0
x(x; xs)x

1�m cos(� ln s)z
1 (xs) +

+
�
K(x; x)
xm

��1

K 0
x(x; xs)x

1�m sin(� ln s)z
2 (xs)





E

+

+




� �K(x; x)

xm

��1

K 0
x(x; xs)x

1�m sin(� ln s)z
1 (xs)�

�

�
K(x; x)
xm

��1

K 0
x(x; xs)x

1�m cos(� ln s)z
2 (xs)





E

�
ds �

� max
0�x��

Z 1

0
s�+N

�



�K(x; x)
xm

��1

K 0
x(x; xs)x

1�m cos(� ln s)z
1 (xs)





E

+

+




�K(x; x)

xm

��1

K 0
x(x; xs)x

1�m sin(� ln s)z
2 (xs)





E

+

+




�K(x; x)

xm

��1

K 0
x(x; xs)x

1�m sin(� ln s)z
1 (xs)





E

+

+




�K(x; x)

xm

��1

K 0
x(x; xs)x

1�m cos(� ln s)z
2 (xs)





E

�
ds �

� max
0�x��





�K(x; x)
xm

��1




L(E)

� max
0�x��

Z 1

0

2s�+NkK 0
x(x; xs)x

1�mkL(E) �

� (kz
1 (xs)kE + kz
2 (xs)kE)ds � max
0�x��





�K(x; x)
xm

��1




L(E)

�

� 2


 jK 0

x(x; t)x
1�mj




C

Z 1

0

s�+Ndskz
(x)kC([0;�];E�E):

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã ­¥à ¢¥­áâ¢  (4)

kBkC([0;�];E�E)!C([0;�];E�E) � 2


 jK 0

x(x; t)x
1�mj




C
� max

0�x��





�K(x; x)
xm

��1




L(E)

�

Z 1

0

s�+Nds < 1:
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�â® ®§­ ç ¥â, çâ® ¯®íâ ¯­® ª ¦¤®¥ ãà ¢­¥­¨¥ ¢ (22) ¯à¨ 
 = l; : : : ; 0 ®¤­®§­ ç­® à §à¥è¨¬®
¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©. �

�«ï ãà ¢­¥­¨ï (6) ¬®¦­® ¯®áâà®¨âì ¥é¥ ®¤­® á¥¬¥©áâ¢® à¥è¥­¨© fvl(x)g
q
l=0 ¢¨¤  (5), ¥á«¨

¢¬¥áâ® á®¡áâ¢¥­­®£® ¢¥ªâ®à  e = e1+ie2 ¨ æ¥¯®çª¨ ¯à¨á®¥¤¨­¥­­ëå ª ­¥¬ã ¢¥ªâ®à®¢ ek = ek1+ie
k
2

¢§ïâì á®¡áâ¢¥­­ë© ¢¥ªâ®à ie = �e2 + ie1 ¨ æ¥¯®çªã ¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ iek = �ek2 + iek1
®¯¥à â®à­®£® ¯ãçª  (3). �¥âàã¤­® ¤®ª § âì, çâ® à¥è¥­¨ï ful(x)g

q
l=0 ¨ fvl(x)g

q
l=0 ¡ã¤ãâ «¨­¥©­®

­¥§ ¢¨á¨¬ë ¢ á®¢®ªã¯­®áâ¨.

� ¬¥ç ­¨¥. �á«¨ ®¯¥à â®à­ë© ¯ãç®ª (3) ¨¬¥¥â å à ªâ¥à¨áâ¨ç¥áª®¥ ç¨á«® � = � > 0, ª®â®-
à®¬ã á®®â¢¥âáâ¢ã¥â á®¡áâ¢¥­­ë© ¢¥ªâ®à e ¨ æ¥¯®çª  ¯à¨á®¥¤¨­¥­­ëå ¢¥ªâ®à®¢ fekg

q
k=1, â® ¤«ï

ãà ¢­¥­¨ï (1) áãé¥áâ¢ã¥â (q + 1)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à¥è¥­¨© ¢¨¤ 

ul(x) = x��1
lX

r=0

� NX
i=0

arli x
i + arlN+1(x)x

N+1

�
lnr x; l = 0; : : : ; q:

�¨â¥à âãà 
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