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�  ï áâ âìï ¯®á¢ïé¥  ¯®áâà®¥¨î £¥®¬¥âà¨ç¥áª®© â¥®à¨¨ ¯à¥®¡à §®¢ ¨© �®ã« {�®¯ä 
¤«ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¢â®à®£® ¯®àï¤ª . �â¨ ¯à¥®¡à -
§®¢ ¨ï ¯à¥¤áâ ¢«ïîâ á®¡®© ®á®¡ë© ¢¨¤ ¯à¥®¡à §®¢ ¨© �íª«ã¤  ¨ ¥¯®áà¥¤áâ¢¥ë¬ ®¡à -
§®¬ á¢ï§ ë á ¯®ïâ¨¥¬ ® ¯®â¥æ¨ « å. �à¥®¡à §®¢ ¨ï �®ã« {�®¯ä , ª ª ¨ ¯à¥®¡à §®¢ ¨ï
�íª«ã¤ , ï¢«ïîâáï ®¤®© ¨§ ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å áâàãªâãà, ¯®à®¦¤ ¥¬ëå ¤¨ä-
ä¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨. � ¤ ®© à ¡®â¥ â¥®à¨ï ¯à¥®¡à §®¢ ¨© �®ã« {�®¯ä  ¯à¥¤áâ -
¢«¥  ª ª á¯¥æ¨ «ì ï £« ¢  â¥®à¨¨ á¢ï§®áâ¥©.

� áâ âì¥ ¢ë¯¨á ë ¢ ï¢®¬ ¢¨¤¥ ãà ¢¥¨ï, § ¤ îé¨¥ ¯à¥®¡à §®¢ ¨ï �®ã« {�®¯ä . � ©-
¤¥ë ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï â ª¨å ¯à¥®¡à §®¢ ¨©. �ë¢¥¤¥ë ãá«®¢¨ï áãé¥áâ¢®-
¢ ¨ï ¯à¥®¡à §®¢ ¨© �®ã« {�®¯ä  (¨ á®®â¢¥âáâ¢¥® ¯®â¥æ¨ «®¢) ¤«ï ¥ª®â®àëå ¢¨¤®¢ ¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨©.

1. �¢¥¤¥¨¥

1.1. �®ïâ¨¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤  ¢ âà ªâ®¢ª¥ �¨ ª¨{�¨{�íª«ã¤  ¨ ¢ âà ªâ®¢ª¥
�¨à ¨{�®¡¨á® .

�¯¥à¢ë¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤  ¢®§¨ª«¨ ª ª ¯à¥®¡à §®¢ ¨ï ¯®¢¥àå®áâ¥© ¯®áâ®ï®©
®âà¨æ â¥«ì®© ªà¨¢¨§ë ¢ 3-¬¥à®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ R3. � 1879 £. ¢ à ¡®â å �.�¨ ª¨
[1] ¨ �.�¨ [2] ¡ë«® à áá¬®âà¥® á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¤¢ã¬ï ¯®¢¥àå®áâï¬¨ S ¨ S0 ¢ R3, § ¤ ®¥
á¨áâ¥¬®© ãà ¢¥¨©
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¨, á«¥¤®¢ â¥«ì®, ¯®¢¥àå®áâì S0 â ª¦¥ ï¢«ï¥âáï ¯®¢¥àå®áâìî ¯®áâ®ï®© ®âà¨æ â¥«ì®© ªà¨-
¢¨§ë � 1

a2
. �¨áâ¥¬ã (1) ¬®¦® à áá¬ âà¨¢ âì ª ª á¨áâ¥¬ã, ®¯à¥¤¥«ïîéãî á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã

¤¢ã¬ï ¯®¢¥àå®áâï¬¨ á ®¤®© ¨ â®© ¦¥ ¯®áâ®ï®© ®âà¨æ â¥«ì®© ªà¨¢¨§®© � 1
a2
. �¤®¢à¥-

¬¥® á¨áâ¥¬  (1) ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥ ª ¦¤®£® ¨§ à¥è¥¨© ãà ¢¥¨ï �®¦ {�¬¯¥à  ¢
¤àã£®¥ à¥è¥¨¥ â®£® ¦¥ ãà ¢¥¨ï. �®®â¢¥âáâ¢¨¥, § ¤ ®¥ á¨áâ¥¬®© (1), ¯®«ãç¨«®  §¢ ¨¥
¯à¥®¡à §®¢ ¨¥ �¨ ª¨{�¨ [3], [4].

� 1880 £. �. �íª«ã¤ [5] ®¡ àã¦¨«, çâ® ¯à¥®¡à §®¢ ¨¥ �¨ ª¨{�¨ ¬®¦® à áá¬ âà¨¢ âì
ª ª ç áâë© á«ãç © ¯à¥®¡à §®¢ ¨© ¡®«¥¥ ®¡é¥£® â¨¯ , § ¤ ëå á¨áâ¥¬®© ¢¨¤ 

F�(x
1; x2; z; z1; z2; x

10 ; x2
0

; y; y10 ; y20) = 0 (� = 1; 2; 3; 4): (3)

�à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® á¨áâ¥¬ã (3) ¬®¦® à §à¥è¨âì ®â®á¨â¥«ì® x1, x2, y10 , y20 ¨ ¯®-
«ãç¨âì, ¢ ç áâ®áâ¨, ãà ¢¥¨ï

y10 = �10(x1
0

; x2
0

; y; z; z1; z2);

y20 = �20(x1
0

; x2
0

; y; z; z1; z2):
(4)

�à¥¤¯®« £ ¥âáï â ª¦¥, çâ® á¨áâ¥¬  (4) ¨â¥£à¨àã¥¬  ®â®á¨â¥«ì® y ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
ª®£¤  äãªæ¨ï z(x1; x2) ï¢«ï¥âáï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

U(x1; x2; z; z1; z2; z11; z12; z22) = 0: (5)

� íâ®¬ á«ãç ¥ ¬®¦® à áá¬ âà¨¢ âì á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã à¥è¥¨ï¬¨ z(x1; x2) ãà ¢¥¨ï (5) ¨
à¥è¥¨ï¬¨ á¨áâ¥¬ë (4) (¯à¨ ãá«®¢¨¨ z = z(x1; x2)). �á«¨ ¯à¨ íâ®¬ «î¡®¥ à¥è¥¨¥ á¨áâ¥¬ë (4)
ï¢«ï¥âáï ª â®¬ã ¦¥ à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

V (x1
0

; x2
0

; y; y10 ; y20 ; y1010 ; y1020 ; y2020) = 0; (5bis)

â® á®®â¢¥âáâ¢¨¥, ®¯à¥¤¥«¥®¥ á¨áâ¥¬®© (4),  §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤  (â®ç¥¥ ¯à¥-
®¡à §®¢ ¨¥¬ �¨ ª¨{�¨{�íª«ã¤ ) ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) ¢ ¤¨ää¥à¥æ¨ «ì®¥
ãà ¢¥¨¥ (5bis).

� ¬¥â¨¬, çâ® �. �íª«ã¤ âà ªâ®¢ « íâ¨ ¯à¥®¡à §®¢ ¨ï ª ª á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ¯ à®© ¯®-
¢¥àå®áâ¥© S ¨ S0 ¢ R3. �. � à¡ã [6] ¡ë« ¯¥à¢ë¬, ªâ® ®¡à â¨« ¢¨¬ ¨¥   â®, çâ® ¯à¥®¡à §®¢ ¨ï
�íª«ã¤  ¬®¦® à áá¬ âà¨¢ âì ª ª á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï¬¨ ¯ àë
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (¨«¨ ®¤®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï), ¯à¨¢¥¤ï ¢ ª ç¥áâ¢¥
¯à¨¬¥à   ¢â®¯à¥®¡à §®¢ ¨¥ �íª«ã¤  ¤«ï ãà ¢¥¨ï á¨ãá-�®à¤® 

z12 = sin z: (6)

� ª®© ¯®¤å®¤ ª ¯à¥®¡à §®¢ ¨ï¬ �íª«ã¤  ¯®«ãç¨« ¤ «ì¥©è¥¥ à §¢¨â¨¥ ¢ [7] ¨ [8]. �®¤à®¡ ï
¡¨¡«¨®£à ä¨ï á®¤¥à¦¨âáï ¢ [4].

� 1977 £. �.�¨à ¨ ¨ �.�®¡¨á® [9] ¯à¥¤«®¦¨«¨ ¨ãî âà ªâ®¢ªã ¯®ïâ¨ï ¯à¥®¡à §®¢ ¨ï
�íª«ã¤ , ¢ á®®â¢¥âáâ¢¨¨ á ª®â®à®© ¯à¥®¡à §®¢ ¨¥ �íª«ã¤  ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ¡®«¥¥
®¡é¥£® ¯®ïâ¨ï ®â®¡à ¦¥¨ï �íª«ã¤ .

�â®¡à ¦¥¨¥ �íª«ã¤  ¤«ï § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤-
ë¬¨ �.�¨à ¨ ¨ �.�®¡¨á® ®¯à¥¤¥«¨«¨ ª ª ®â®¡à ¦¥¨¥

Jk(M;N1)�N2
 �! J1(M;N2);

ã¤®¢«¥â¢®àïîé¥¥ ¥ª®â®àë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ ([10] ¨«¨ [4]). �¤¥áì Jk(M;N) | ¬®-
£®®¡à §¨¥ k-áâàã© ®â®¡à ¦¥¨© ¨§ M ¢ N ; M | ¬®£®®¡à §¨¥ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå x1, x2;
N1 | ®¤®¬¥à®¥ ¬®£®®¡à §¨¥ á «®ª «ì®© ª®®à¤¨ â®© z (áâ à ï § ¢¨á¨¬ ï ¯¥à¥¬¥ ï); N2

| ®¤®¬¥à®¥ ¬®£®®¡à §¨¥ á «®ª «ì®© ª®®à¤¨ â®© y (®¢ ï § ¢¨á¨¬ ï ¯¥à¥¬¥ ï).
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� «®ª «ìëå ª®®à¤¨ â å ®â®¡à ¦¥¨¥ �íª«ã¤   ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï 2-£®
¯®àï¤ª  (5) § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

y1 = y1(x
i; z; zj ; : : : ; zj1:::jk ; y);

y2 = y2(x
i; z; zj ; : : : ; zj1:::jk ; y);

(7)

£¤¥ i; j = 1; 2. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® á¨áâ¥¬  (7) ¨â¥£à¨àã¥¬  ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ª®£¤  äãªæ¨ï z(x1; x2) ï¢«ï¥âáï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5). � ¤ «ì-
¥©è¥¬ ¬ë ¡ã¤¥¬  §ë¢ âì á¨áâ¥¬ã (7), ®¯à¥¤¥«ïîéãî ®â®¡à ¦¥¨¥ �íª«ã¤ , á¨áâ¥¬®© �í-
ª«ã¤ .

� 2001 £. ¬ë ¯à¥¤«®¦¨«¨ ®¢ãî ¨â¥à¯à¥â æ¨î ¯®ïâ¨ï ®â®¡à ¦¥¨ï �íª«ã¤  [11], [12].
� ¤ ¨¥ ®â®¡à ¦¥¨ï �íª«ã¤  âà ªâã¥âáï ª ª § ¤ ¨¥ á¯¥æ¨ «ì®© á¢ï§®áâ¨, ®¯à¥¤¥«ïîé¥©
¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (á¬. ¯. 6). �à¨
â ª®¬ ¯®¤å®¤¥ ¯®ïâ¨¥ ®â®¡à ¦¥¨ï �íª«ã¤  áâ ®¢¨âáï ¡®«¥¥ ¤¥â¥à¬¨¨à®¢ ë¬,   á¨áâ¥¬ 
�íª«ã¤  ¢á¥£¤  ¡ã¤¥â ¨â¥£à¨àã¥¬®© ¢ á«ãç ¥, ª®£¤  z(x1; x2) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï
(5) (¨ â®«ìª® ¢ íâ®¬ á«ãç ¥). �à¨ íâ®¬ ¢ëïáï¥âáï, çâ® á¨áâ¥¬  �íª«ã¤  ¥ ¯à®¨§¢®«ì ,
® ¨¬¥¥â ¢¥áì¬  á¯¥æ¨ «ìë© ¢¨¤. �®ï¢«ï¥âáï ¢®§¬®¦®áâì ¯®á«¥¤®¢ â¥«ì®£®, á¨áâ¥¬ â¨ç¥-
áª®£® ¨§ãç¥¨ï ãá«®¢¨© áãé¥áâ¢®¢ ¨ï ®â®¡à ¦¥¨© �íª«ã¤ . �â¬¥â¨¬, çâ® ¢ ¤ ®© à ¡®â¥
à áá¬ âà¨¢ îâáï ¯à¥®¡à §®¢ ¨ï �íª«ã¤  ª ª á¯¥æ¨ «ì ï £« ¢  â¥®à¨¨ á¢ï§®áâ¥© (á â®çª¨
§à¥¨ï ¯à ªâ¨ç¥áª®© â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯à¥®¡à §®¢ ¨ï �íª«ã¤  | íâ®
«¨èì á¯¥æ¨ä¨ç¥áª¨© ¯à¨¥¬ ®âëáª ¨ï à¥è¥¨© ¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©).
�®§¬®¦®áâì â ª®£® ¯®¤å®¤  ï¢«ï¥âáï á  è¥© â®çª¨ §à¥¨ï  ¨¡®«¥¥ ¯à¨¢«¥ª â¥«ìë¬ ®¡áâ®-
ïâ¥«ìáâ¢®¬, â. ª. à áè¨àï¥â ®¡« áâì ¯à¨¬¥¥¨ï â¥®à¨¨ á¢ï§®áâ¥©.

1.2. �®ïâ¨¥ ®â®¡à ¦¥¨ï �®ã« {�®¯ä  (CH-®â®¡à ¦¥¨ï). �®¤¥à¦ ¨¥ à ¡®âë.

� ¤ ®© à ¡®â¥ ¨§ãç îâáï ®â®¡à ¦¥¨ï �íª«ã¤  á¯¥æ¨ «ì®£® ¢¨¤ , ¤«ï ª®â®àëå á¨áâ¥¬ã
�íª«ã¤  (7) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y1 = y1(x
i; z; zj ; : : : ; zj1:::jk);

y2 = y2(xi; z; zj ; : : : ; zj1:::jk);

ª®â®àë¥  §®¢¥¬ ®â®¡à ¦¥¨ï¬¨ �®ã« {�®¯ä , â. ª. ¯¥à¢ë© ¯à¨¬¥à ¯®¤®¡®£® ®â®¡à ¦¥¨ï
¡ë« ¯®áâà®¥ �®ã«®¬ ¨ �®¯ä®¬ (¯à¨¬¥à 4.1). � ¤ ¨¥ ¯à¥®¡à §®¢ ¨© �®ã« {�®¯ä  à ¢®á¨«ì-
® § ¤ ¨î ¯®â¥æ¨ «®¢ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®â¥æ¨ «ë, â ª¨¬ ®¡à §®¬, ¯®«ãç îâ
£¥®¬¥âà¨ç¥áªãî ¨â¥à¯à¥â æ¨î á â®çª¨ §à¥¨ï â¥®à¨¨ á¢ï§®áâ¥©. �¥®¬¥âà¨ç¥áª ï â¥®à¨ï ®â®-
¡à ¦¥¨© �®ã« {�®¯ä , å®âï ®¨ ¨ ï¢«ïîâáï ç áâë¬ á«ãç ¥¬ ®â®¡à ¦¥¨© �íª«ã¤ , ¨¬¥¥â
á¢®î á¯¥æ¨ä¨ªã. �  ¢¥áì¬  ¨â¥à¥á , á®¤¥à¦ â¥«ì  ¨ ®âî¤ì ¥ í«¥¬¥â à .

�¯¨è¥¬ ªà âª® áâàãªâãàã áâ âì¨. �à¥¤¢ à¨â¥«ì® § ¬¥â¨¬, çâ® ¨§ãç ï ¤¨ää¥à¥æ¨ «ìë¥
ãà ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ 2-£® ¯®àï¤ª  ®¡é¥£® ¢¨¤  (5), à áá¬ âà¨¢ ¥¬ ¯¥à¥¬¥ë¥
x1, x2, z ª ª  ¤ ¯â¨à®¢ ë¥ «®ª «ìë¥ ª®®à¤¨ âë (2+1)-¬¥à®£® à áá«®¥¨ïH á 2-¬¥à®© ¡ -
§®© (¯à¨ íâ®¬ x1, x2 ï¢«ïîâáï «®ª «ìë¬¨ ª®®à¤¨ â ¬¨   ¡ §¥). �®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ¨ï
«®ª «ìëå ª®®à¤¨ â ¨¬¥îâ ¢¨¤

exi =  i(x1; x2) (i = 1; 2); ez =  2+1(x1; x2; z):

�¡®§ ç¨¬ ç¥à¥§ xi, z, pj  ¤ ¯â¨à®¢ ë¥ «®ª «ìë¥ ª®®à¤¨ âë ¢ à áá«®¥¨¨ 1-áâàã©
J1H. �®ª «ìë¥ ª®®à¤¨ âë ¢ à áá«®¥¨¨ £®«®®¬ëå 2-áâàã© J2H ®¡®§ ç¨¬ xi, z, pj , pkl
(pkl = plk). �«ï «î¡®£® á¥ç¥¨ï � � H, § ¤ ®£® ãà ¢¥¨¥¬ z = z(x1; x2), ¬®¦® à á-
á¬ âà¨¢ âì ¯®¤ïâë¥ á¥ç¥¨ï (¯®¤ïâ¨ï) �r � JrH, § ¤ ë¥ ãà ¢¥¨ï¬¨ z = z(x1; x2);
pj1:::jk = zj1:::jk (k = 1; : : : ; r). �¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (5) ¬®¦® § ¯¨á âì ¢ ¡®«¥¥ ®¡-
é¥¬ ¢¨¤¥ U(x1; x2; z; p1; p2; p11; p12; p22) = 0. �  ¯®¤ïâ¨¨ �2 � J2H ¯à®¨§¢®«ì®£® á¥ç¥¨ï íâ®
ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤ (5). �¥è¥¨ï z = z(x1; x2) ãà ¢¥¨ï (5) | íâ® á¥ç¥¨ï � � H,  
¯®¤ïâ¨ïå ª®â®àëå ãà ¢¥¨¥ (5) ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥®.

� ¯. 2 ¤ ®© à ¡®âë à áá¬ âà¨¢ îâáï £« ¢ë¥ à áá«®¥¨ï kr�H, kR�H ¨ k<�H (ä ªâ®à-
¬®£®®¡à §¨ï ¬®£®®¡à §¨ï à¥¯¥à®¢ ¯®àï¤ª  k) ¯à¨ k = 1 ¨ k = 2. �®£®®¡à §¨¥ k�áâàã© JkH
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ï¢«ï¥âáï ®¡é¥© ¡ §®© ¤«ï ª ¦¤®£® ¨§ íâ¨å à áá«®¥¨© (¯à¨ ä¨ªá¨à®¢ ®¬ k). �âàãªâãà®©
£àã¯¯®© ¤«ï kr�H ï¢«ï¥âáï 1-¬¥à ï £àã¯¯  G1, ¤«ï kR�H | £àã¯¯  SL(2), ¤«ï k<�H | £àã¯¯ 
GL(2).

� ¯. 3 à áá¬ âà¨¢ îâáï á¯¥æ¨ «ìë¥ á¢ï§®áâ¨ [13] ¢ kr�H. � «¥¥  àï¤ã á £« ¢ë¬¨ à á-
á«®¥¨ï¬¨ kr�H, kR�H, k<�H à áá¬ âà¨¢ îâáï  áá®æ¨¨à®¢ ë¥ á ¨¬¨ à áá«®¥¨ï. �«¥¤ãï
[14], ¨á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï. �« ¢®¥ à áá«®¥¨¥ á ¡ §®© B ¨ áâàãªâãà®© £àã¯¯®©
G ®¡®§ ç¨¬ P (B;G). �áá®æ¨¨à®¢ ®¥ á ¨¬ à áá«®¥¨¥ á â¨¯®¢ë¬ á«®¥¬ = (=| ¯à®áâà áâ¢®
¯à¥¤áâ ¢«¥¨ï áâàãªâãà®© £àã¯¯ë G) ®¡®§ ç¨¬ =(P (B;G)). �«ï  á ¯à¥¤áâ ¢«ïîâ ¨â¥à¥á
 áá®æ¨¨à®¢ ë¥ à áá«®¥¨ï á ®¤®¬¥àë¬ â¨¯®¢ë¬ á«®¥¬.

� ¯. 4 à áá¬ âà¨¢ îâáï á¢ï§®áâ¨ ¢ =(kr�H) (dim= = 1), ¯®à®¦¤¥ë¥ á¯¥æ¨ «ìë¬¨ á¢ï§-
®áâï¬¨ ¢ kr�H, ®¯à¥¤¥«ïîé¨¬¨ ¯à¥¤áâ ¢«¥¨ï ã«¥¢®© ªà¨¢¨§ë ¤«ï § ¤ ®£® ¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï (5), ª®â®àë¥  §®¢¥¬ á¢ï§®áâï¬¨ �®ã« {�®¯ä  ª« áá  k. �à ¢¥¨¥ �ä ä-
ä 

CH e�
�
= 0; (8)

£¤¥ CH e�
�
| ä®à¬  á¢ï§®áâ¨, á®®â¢¥âáâ¢ãîé ï á¢ï§®áâ¨ �®ã« {�®¯ä , à áá¬ âà¨¢ ¥¬ ï  ¤

á¥ç¥¨¥¬ � � H, ¢¯®«¥ ¨â¥£à¨àã¥¬® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  á¥ç¥¨¥ � � H ï¢«ï¥âáï
à¥è¥¨¥¬ ãà ¢¥¨ï (5). �â® ãà ¢¥¨¥ �ä ää  § ¤ ¥â ®â®¡à ¦¥¨¥, ¯à¨ ª®â®à®¬ «î¡®¥ à¥-
è¥¨¥ � � H ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) ¯¥à¥å®¤¨â ¢ á¥ç¥¨¥ �

�
� =(kr�H) (dim= = 1),

ï¢«ïîé¥¥áï à¥è¥¨¥¬ ãà ¢¥¨ï �ä ää  (8) ¯à¨ § ¤ ®¬ � � H:

H � � ! �
�
� =(kr�H) (dim= = 1): (9)

�â®¡à ¦¥¨¥ (9)  §®¢¥¬ CH-®â®¡à ¦¥¨¥¬ ª« áá  k, á®®â¢¥âáâ¢ãîé¨¬ ¤¨ää¥à¥æ¨ «ì®¬ã
ãà ¢¥¨î (5),   ãà ¢¥¨¥ (8) | ãà ¢¥¨¥¬ �ä ää , § ¤ îé¨¬ CH-®â®¡à ¦¥¨¥. �ãé¥áâ¢®-
¢ ¨¥ CH-®â®¡à ¦¥¨© íª¢¨¢ «¥â® áãé¥áâ¢®¢ ¨î ¯®â¥æ¨ «®¢ (§ ¬¥ç ¨¥ 4.1). �®ª § ®
(â¥®à¥¬  3), çâ® ¤«ï áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© (¨, á«¥¤®¢ â¥«ì®, ¯®â¥æ¨ «®¢) ¤¨ää¥-
à¥æ¨ «ì®£® ãà ¢¥¨ï (5) ¥®¡å®¤¨¬®, çâ®¡ë ãà ¢¥¨¥ (5) ¡ë«® «¨¡® ª¢ §¨«¨¥©ë¬ ãà ¢-
¥¨¥¬, «¨¡® ãà ¢¥¨¥¬ â¨¯  �®¦ {�¬¯¥à 

z11z22 � (z12)
2 + Pz11 +Qz12 +Rz22 + S = 0; (10)

£¤¥ P , Q, R, S § ¢¨áïâ ®â x1, x2, z, z1, z2.
� ¯. 5 ¢ë¢¥¤¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© (¨, á«¥¤®¢ â¥«ì®, ¯®â¥æ¨ «®¢)

ª« áá®¢ 1 ¨ 2 ¤«ï ¥ª®â®àëå â¨¯®¢ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© 2-£® ¯®àï¤ª . � ©¤¥ë, ¢
ç áâ®áâ¨, ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© ª« áá  1 ¤«ï
ãà ¢¥¨© ¢¨¤  z11+z22+f(x1; x2; z; z1; z2) = 0 ¨ ãà ¢¥¨© ¢¨¤  z22�f(x1; x2; z; z1; z2)=0. �®ª § -
® áãé¥áâ¢®¢ ¨¥ CH-®â®¡à ¦¥¨© ª« áá  2 ¤«ï ãà ¢¥¨© ¢¨¤  z11z22� (z12)2+ g(z)f(z1; z2)=0.

� ¯. 6 ¯®ïâ¨¥ á¢ï§®áâ¨ �®ã« {�®¯ä  ¨ ¯®ïâ¨¥ CH-®â®¡à ¦¥¨ï à áá¬ âà¨¢ îâáï ª ª
ç áâë¥ á«ãç ¨ ¯®ïâ¨© á¢ï§®áâ¨ �íª«ã¤  ¨ ®â®¡à ¦¥¨ï �íª«ã¤ .

� ¤ ®© à ¡®â¥ á¨áâ¥¬ â¨ç¥áª¨ ¨á¯®«ì§ã¥âáï ¨¢ à¨ âë©   «¨â¨ç¥áª¨© ¬¥â®¤ �.� à-
â  {�.�.� ¯â¥¢  (á¬. [14] ¨«¨ à ¡®âë á ¬®£® �.�.� ¯â¥¢  [15]{[19]). �á¥ à áá¬®âà¥¨ï ®áïâ
«®ª «ìë© å à ªâ¥à.

2. �« ¢ë¥ à áá«®¥¨ï kr�H, kR�H, k<�H (k = 1; 2)

� áá¬®âà¨¬ £« ¢ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë !1, !2, !2+1 à áá«®¥®£® ¬®£®®¡à §¨ï H.
�¨ ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

d!i = !j ^ !ij ; d!2+1 = !j ^ !2+1j + !2+1 ^ !2+12+1:

� ¯à®æ¥áá¥ ¯à ¢¨«ì®£® ¯à®¤®«¦¥¨ï (á¬. ®¡ íâ®© ¯à®æ¥¤ãà¥ ¢ [17]) ¢®§¨ª ¥â ¯®á«¥¤®¢ â¥«ì-
®áâì áâàãªâãàëå ä®à¬ à áá«®¥¨© à¥¯¥à®¢ ¯®àï¤ª®¢ 1; 2; : : : (à áá«®¥¨© R1H;R2H; : : : ). �à¨
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íâ®¬ ä®à¬ë

!i; !2+1; !2+1j ; !ij ; !
2+1
2+1 (11)

¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã áâàãªâãàëå ä®à¬ à áá«®¥¨ï R1H. �  á«¥¤ãîé¥¬ íâ ¯¥ ¯à®¤®«-
¦¥¨ï ¢®§¨ª îâ ä®à¬ë

!2+1jk ; !ijk; !
i
j;2+1; !

2+1
2+1;2+1: (12)

�®à¬ë (11) ¨ (12) ¢ á®¢®ªã¯®áâ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã áâàãªâãàëå ä®à¬ à áá«®¥¨ï
R1H. � ¬¥â¨¬, çâ® ä®à¬ë !i, !2+1, !2+1j ®¤®¢à¥¬¥® ï¢«ïîâáï £« ¢ë¬¨ ä®à¬ ¬¨ ¢ ¬®£®-
®¡à §¨¨ 1-áâàã© J1H,   ä®à¬ë !i, !2+1, !2+1j , !2+1kl | £« ¢ë¬¨ ä®à¬ ¬¨ ¢ ¬®£®®¡à §¨¨ 2-áâàã©
J2H. �®¦® ¢ë¤¥«¨âì âà¨ ä ªâ®à-¬®£®®¡à §¨ï ¬®£®®¡à §¨ï R1H:

� ¬®£®®¡à §¨¥ 1r�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , #, £¤¥ # = !11 + !22;
� ¬®£®®¡à §¨¥ 1R�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , !, !21, !

1
2, £¤¥ ! = !11 � !22;

� ¬®£®®¡à §¨¥ 1<�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , !ij .

�®¦® ¢ë¤¥«¨âì â ª¦¥ âà¨ ä ªâ®à-¬®£®®¡à §¨ï ¬®£®®¡à §¨ï R2H:

� ¬®£®®¡à §¨¥ 2r�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , !2+1kl , #;
� ¬®£®®¡à §¨¥ 2R�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , !2+1kl , !, !21, !

1
2;

� ¬®£®®¡à §¨¥ 2<�H á® áâàãªâãàë¬¨ ä®à¬ ¬¨ !i, !2+1, !2+1j , !2+1kl , !ij .

� ¦¤®¥ ¨§ ¬®£®®¡à §¨©

kr�H; kR�H; k<�H (k = 1; 2) (13)

¨¬¥¥â áâàãªâãàã £« ¢®£® à áá«®¥¨ï. �®£®®¡à §¨¥ 1-áâàã© J1H ï¢«ï¥âáï ®¡é¥© ¡ §®© à á-
á«®¥¨© 1r�H, 1R�H, 1<�H,   ¬®£®®¡à §¨¥ 2-áâàã© J2H | ®¡é¥© ¡ §®© à áá«®¥¨© 2r�H, 2R�H,
2<�H. �âàãªâãàë¬¨ £àã¯¯ ¬¨ à áá«®¥¨© (13) (ª ª ¯à¨ k = 1, â ª ¨ ¯à¨ k = 2) ï¢«ïîâáï
£àã¯¯ë G1, SL(2), GL(2) á®®â¢¥âáâ¢¥®. �®¢®ªã¯®áâì á«®¥¢ëå ä®à¬ ¢ kr�H á®áâ®¨â ¨§ ®¤®©
ä®à¬ë #; ä®à¬ë !, !21, !

1
2 | á«®¥¢ë¥ ä®à¬ë ¢ kR�H; ä®à¬ë !ij | á«®¥¢ë¥ ä®à¬ë ¢ k<�H

(ª ª ¯à¨ k = 1, â ª ¨ ¯à¨ k = 2). �à¨ ä¨ªá æ¨¨ â®çª¨ ¡ §ë á«®¥¢ë¥ ä®à¬ë ¯à¥¢à é îâáï ¢
¨¢ à¨ âë¥ áâàãªâãàë¥ ä®à¬ë á®®â¢¥âáâ¢ãîé¥© £àã¯¯ë.

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì á¢ï§®áâ¨ ¢ à áá«®¥¨ïå (13), ®¯à¥¤¥«ïîé¨¥ ¯à¥¤áâ -
¢«¥¨ï ã«¥¢®© ªà¨¢¨§ë ¤«ï § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï 2-£® ¯®àï¤ª  (5), â. ¥. á¢ï§-
®áâ¨, ã ª®â®àëå ä®à¬ë ªà¨¢¨§ë ®¡à é îâáï ¢ ã«ì   à¥è¥¨ïå ãà ¢¥¨ï (5) (¨ â®«ìª®  
à¥è¥¨ïå).

3. �¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ kr�H (k = 1; 2)

� £« ¢ëå à áá«®¥¨ïå kr�H (k = 1; 2) ¬®¦® § ¤ ¢ âì á¯¥æ¨ «ìë¥ á¢ï§®áâ¨, â. ¥. á¢ï§-
®áâ¨, ã ª®â®àëå ¢á¥ ª®íää¨æ¨¥âë á¢ï§®áâ¨, ªà®¬¥ ª®íää¨æ¨¥â®¢ ¯à¨ !1, !2, à ¢ë ã«î
(ª« áá á¯¥æ¨ «ìëå á¢ï§®áâ¥© ¢ë¤¥«ï¥âáï ¨¢ à¨ âë¬ ®¡à §®¬ [13]). �á«¨ á¢ï§®áâì á¯¥-
æ¨ «ì ï, â® ª ª ¢ á«ãç ¥ k = 1, â ª ¨ ¢ á«ãç ¥ k = 2, á®¢®ªã¯®áâì ä®à¬ á¢ï§®áâ¨ á®áâ®¨â
¨§ ®¤®© ä®à¬ë e#, ª®â®à ï ¨¬¥¥â ¢¨¤ e# = # + h1!

1 + h2!
2. �®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨

(ª®íää¨æ¨¥âë á¢ï§®áâ¨) h1 ¨ h2 § ¢¨áïâ ®â xi, z, pj , ¥á«¨ k = 1, ¨ ®â xi, z, pj , pkl, ¥á«¨ k = 2.
�¨ ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

dh1 � 1
2
h1#� 1

2
h1! � h2!

2
1 � !111 � !212 = 0;

dh2 � 1
2
h2#+

1
2
h2! � h1!

1
2 � !112 � !212 = 0:

(14)

�¤¥áì à ¢¥áâ¢® ã«î ¨¬¥¥â ¬¥áâ® ¯® ¬®¤ã«î £« ¢ëå ä®à¬.
�®à¬  á¢ï§®áâ¨ e# ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î

de# = 
;
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£¤¥ 
 = R!1 ^ !2 + � � � | ä®à¬  ªà¨¢¨§ë (§¤¥áì ¬®£®â®ç¨¥¬ ®¡®§ ç¥  áã¬¬  á« £ ¥¬ëå,
á®¤¥à¦ é ï ¯à®¨§¢¥¤¥¨ï £« ¢ëå ä®à¬, ®â«¨çë¥ ®â !1 ^ !2).

�ë¡¥à¥¬ ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬ ª®â ªâë¥ ä®à¬ë

!i = dxi; !2+1 = dz � pidx
i; !2+1j = dpj � pjkdx

k; !2+1jk = dpjk � pjkldx
l:

� íâ®¬ á«ãç ¥ !ij = 0 (¨, á«¥¤®¢ â¥«ì®, # = 0) ¨ ä®à¬  á¢ï§®áâ¨ e# ¨¬¥¥â ¢¨¤
e# = h1!

1 + h2!
2: (15)

�á«¨ ¯à¨ íâ®¬ k = 1, â®

R =
@h2

@p1
p11 +

�
@h2

@p2
� @h1

@p1

�
p12 � @h1

@p2
p22 +

@h2

@z
p1 � @h1

@z
p2 +

@h2

@x1
� @h1

@x2
(16)

( ¯®¬¨¬, çâ® ¢ íâ®¬ á«ãç ¥ ª®íää¨æ¨¥âë á¢ï§®áâ¨ § ¢¨áïâ ®â xi, z, pj). �á«¨ k = 2, â®

R =
@h2

@p11
p111 +

�
@h2

@p12
� @h1

@p11

�
p112 +

�
@h2

@p22
� @h1

@p12

�
p122 � @h1

@p22
p222 +

+
@h2

@p1
p11 +

�
@h2

@p2
� @h1

@p1

�
p12 � @h1

@p2
p22 +

@h2

@z
p1 � @h1

@z
p2 +

@h2

@x1
� @h1

@x2
(17)

( ¯®¬¨¬, çâ® ¢ íâ®¬ á«ãç ¥ ª®íää¨æ¨¥âë á¢ï§®áâ¨ § ¢¨áïâ ®â xi, z, pj, pkl).
� ¬¥â¨¬, çâ® ¯®áª®«ìªã £« ¢ë¥ ä®à¬ë ª®â ªâë¥, â® ¯®¤ïâ¨ï �3 � J3H á¥ç¥¨© � � H

(¨ â®«ìª® ®¨) ï¢«ïîâáï ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï¬¨ ãà ¢¥¨© �ä ää 

!2+1 = 0; !2+1j = 0; !2+1jk = 0:

�«¥¤®¢ â¥«ì®,   ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï � � H áâàãªâãà®¥ ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

d e#
�
= R

�
x1 ^ dx2;

£¤¥ R
�
| ª®íää¨æ¨¥â R, à áá¬ âà¨¢ ¥¬ë©   ¯®¤ïâ¨¨ á¥ç¥¨ï � � H. �à ¢¥¨¥

R
�
= 0 (18)

ï¢«ï¥âáï ¯à¨ k = 1 ª¢ §¨«¨¥©ë¬ ãà ¢¥¨¥¬ 2-£® ¯®àï¤ª . �à¨ k = 2 ãà ¢¥¨¥ (18) ï¢«ï¥â-
áï, ¢®®¡é¥ £®¢®àï, ãà ¢¥¨¥¬ 3-£® ¯®àï¤ª , ® ¢ ¥ª®â®àëå ®á®¡ëå á«ãç ïå (á¬. ¤ «¥¥ «¥¬¬ã)
¬®¦¥â â®¦¥ ®ª § âìáï ãà ¢¥¨¥¬ 2-£® ¯®àï¤ª .

�á«¨ «¥¢ ï ç áâì ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï 2-£® ¯®àï¤ª  (5) ®â«¨ç ¥âáï ®â R
�
¬®¦¨-

â¥«¥¬, â® à áá¬ âà¨¢ ¥¬ ï á¯¥æ¨ «ì ï á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë
¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5).

� áá¬®âà¨¬ âà¨ ¯à¨¬¥à  á¢ï§®áâ¥© ¢ 1r�H, ®¯à¥¤¥«ïîé¨å ¯à¥¤áâ ¢«¥¨ï ã«¥¢®© ªà¨¢¨§-
ë ¤«ï ãà ¢¥¨ï �îà£¥àá , ®¡®¡é¥®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ ¨ ãà ¢¥¨ï � ¯« á 
á®®â¢¥âáâ¢¥®. � «®£¨çë¥ ¯à¨¬¥àë á¢ï§®áâ¥© ¢ 2r�H ¡ã¤ãâ ¯à¨¢¥¤¥ë ¢ ª®æ¥ ¯. 3.

�à¨¬¥à 3.1. � áá¬®âà¨¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢ 1r�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

h1 = p2 � z2

2
; h2 = z:

�â  á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï �îà£¥àá 

z1 + zz2 � z22 = 0: (19)

�¥©áâ¢¨â¥«ì®,   «î¡®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨

e#
�
=
�
z2 � z2

2

�
dx1 + zdx2
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ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î

d e#
�
= (z1 + zz2 � z22)dx1 ^ dx2:

�à¨¬¥à 3.2. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 1r�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

h1 = p2; h2 = ln z

®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ®¡®¡é¥®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨

z1 � zz22 = 0: (20)

�¥©áâ¢¨â¥«ì®,   «î¡®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨ e#
�
= z2dx

1 + ln z dx2 ã¤®¢«¥â¢®àï¥â
áâàãªâãà®¬ã ãà ¢¥¨î

d e#
�
=
1
2
(z1 � zz22)dx1 ^ dx2:

�à¨¬¥à 3.3. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 1r�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

h1 = p2; h2 = �z1
®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï � ¯« á 

z11 + z22 = 0: (21)

�  «î¡®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨ e#
�
= z2dx

1 � z1dx
2 ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã

ãà ¢¥¨î d e#
�
= �(z11 + z22)dx1 ^ dx2.

�¥¬¬ . �á«¨ á¯¥æ¨ «ì ï á¢ï§®áâì ¢ 2r�H ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë

¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ 2-£® ¯®àï¤ª , â® ª®íää¨æ¨¥âë
á¢ï§®áâ¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤ :

h1 = 'p11 +  p12 + �1;

h2 = 'p12 +  p22 + �2;
(22)

£¤¥ ',  , �1, �2 | ¥ª®â®àë¥ äãªæ¨¨ ¯¥à¥¬¥ëå x1, x2, z, p1, p2.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ (á¬. (17)), çâ® ãà ¢¥¨¥ (18) ï¢«ï¥âáï ãà ¢¥¨¥¬ 2-£® ¯®àï¤ª 
¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ª®íää¨æ¨¥âë á¢ï§®áâ¨ h1 ¨ h2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

@h1

@p22
= 0; (23)

@h2

@p11
= 0; (24)

@h1

@p11
=

@h2

@p12
; (25)

@h1

@p12
=

@h2

@p22
: (26)

�§ (23) á«¥¤ã¥â, çâ® h1 ¥ § ¢¨á¨â ®â p22. �ç¥¢¨¤®, @h1
@p11

â ª¦¥ ¥ § ¢¨á¨â ®â p22.
�§ (24) á«¥¤ã¥â, çâ® h2 ¥ § ¢¨á¨â ®â p11. �ç¥¢¨¤®, @h2

@p12
â ª¦¥ ¥ § ¢¨á¨â ®â p11.

� ª¨¬ ®¡à §®¬, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (25), ¨¬¥¥¬

@h1

@p11
=

@h2

@p12
= '; (27)

£¤¥ ' ¥ § ¢¨á¨â ¨ ®â p11, ¨ ®â p22. �§ (27) á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ®

h1 = p11'+  1; (28)
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£¤¥  1 (â ª ¦¥, ª ª ¨ ') ¥ § ¢¨á¨â ¨ ®â p11, ¨ ®â p22. �«¥¤®¢ â¥«ì®,

@h1

@p12
= p11

@'

@p12
+
@ 1

@p12
: (29)

� ª ã¦¥ ¡ë«® ®â¬¥ç¥® ¢ëè¥, h2 ¨, á«¥¤®¢ â¥«ì®, @h2
@p22

, ¥ § ¢¨á¨â ®â p11. �â® ¢ á¨«ã (26) ¨
(29) ®§ ç ¥â

@'

@p12
= 0:

�¨¤¨¬, çâ®

' = '(x1; x2; z; p1; p2): (30)

�«¥¤®¢ â¥«ì®,

h1 = p11'(x1; x2; z; p1; p2) +  1(x1; x2; z; p1; p2; p12): (31)

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ (30),   â ª¦¥ â®, çâ® @h2
@p12

= ' (á¬. (27)) ¨ h2 ¥ § ¢¨á¨â ®â p11, ¬®¦®
§ ª«îç¨âì

h2 = p12'(x
1; x2; z; p1; p2) +  2(x

1; x2; z; p1; p2; p22): (32)

�®£« á® (31) ¨ (32) § ¬¥â¨¬, çâ® à ¢¥áâ¢® (26) ¬®¦¥â ¨¬¥âì ¬¥áâ® â®«ìª® ¢ â®¬ á«ãç ¥,
ª®£¤ 

@ 1(x1; x2; z; p1; p2; p12)
@p12

=
@ 2(x1; x2; z; p1; p2; p22)

@p22
:

�®á«¥¤¥¥ ®§ ç ¥â, çâ®

 1 = p12 + �1;

 2 = p22 + �2;
(33)

£¤¥  , �1, �2 | ¥ª®â®àë¥ äãªæ¨¨ ¯¥à¥¬¥ëå x1, x2, z, p1, p2.
�â¢¥à¦¤¥¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ (31), (32) ¨ (33).

�«¥¤áâ¢¨¥. �à¨ k = 2 ª®íää¨æ¨¥â R
�
¢ á¨«ã (17) ¨ (22) ¨¬¥¥â ¢¨¤

R
�
=
�
@ 

@z1
� @'

@z2

��
z11z22 � (z12)

2
�
+
�
�@'
@z
z2 � @'

@x2
+
@�2

@z1

�
z11 +

+
�
@'

@z
z1 � @ 

@z
z2 +

@'

@x1
� @ 

@x2
+
@�2

@z2
� @�1

@z1

�
z12 +

+
�
@ 

@z
z1 +

@ 

@x1
� @�1

@z2

�
z22 +

@�2

@z
z1 � @�1

@z
z2 +

@�2

@x1
� @�1

@x2
: (34)

�¢¨¤ã (16) ¨ (34) ®ç¥¢¨¤ 

�¥®à¥¬  1. �á«¨ ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ 2-£® ¯®àï¤ª 
(5) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢ 1r�H, ®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§-
ë, â® ãà ¢¥¨¥ (5) ª¢ §¨«¨¥©®¥.

�á«¨ ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢ 2r�H,
®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, ¨ ¯à¨ íâ®¬ ª®íää¨æ¨¥âë ' ¨  (á¬. (22))
ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ @'

@p2
= @ 

@p1
, â® ãà ¢¥¨¥ (5) ¨ ¢ íâ®¬ á«ãç ¥ ª¢ §¨«¨¥©®¥.

�á«¨ ¦¥ @'

@p2
6= @ 

@p1
, â® ãà ¢¥¨¥ (5) ï¢«ï¥âáï ãà ¢¥¨¥¬ â¨¯  �®¦ {�¬¯¥à  (10).
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�à¨¢¥¤¥¬ ¤¢  ¯à¨¬¥à  á¯¥æ¨ «ìëå á¢ï§®áâ¥©, § ¤ ëå ¢ 2r�H, ®¤  ¨§ ª®â®àëå ®¯à¥-
¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ª« áá¨ç¥áª®£® ãà ¢¥¨ï �®¦ {�¬¯¥à  (2),  
¤àã£ ï ¤«ï ãà ¢¥¨ï

z11z22 � (z12)2 � (z1z2)
4

3 = 0; (35)

¨£à îé¥£® ¢ ¦ãî à®«ì ¢ £ §®¢®© ¤¨ ¬¨ª¥ [20].

�à¨¬¥à 3.4. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 2r�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

h1 =
a2

2
p11 ln

�
(p1)

2 + (p2)
2 + 1

�
+ z; h2 =

a2

2
p12 ln

�
(p1)

2 + (p2)
2 + 1

�
®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ª« áá¨ç¥áª®£® ãà ¢¥¨ï �®¦ {�¬¯¥à  (2).
�¥©áâ¢¨â¥«ì®,   ª ¦¤®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨

e#
�
=
�
a2

2
z11 ln

�
(z1)

2 + (z2)
2 + 1

�
+ z

�
dx1 +

a2

2
z12 ln

�
(z1)

2 + (z2)
2 + 1

�
dx2

ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î

d e#
�
= �a2 z2

(z1)2 + (z2)2 + 1

�
z11z22 � (z12)

2 +
(z1)2 + (z2)2 + 1

a2

�
dx1 ^ dx2:

�à¨¬¥à 3.5. � áá¬®âà¨¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢ 2r�H, ¤«ï ª®â®à®©

h1 = �3
2
(p1)

�
4

3 (p2)
2

3 p11 + z; h2 = �3
2
(p1)

�
4

3 (p2)
2

3 p12:

�â  á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (35). �¥©áâ¢¨â¥«ì®,
  ª ¦¤®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨

e#
�
=
�
�3
2
(z1)�

4

3 (z2)
2

3 z11 + z

�
dx1 � 3

2
(z1)�

4

3 (z2)
2

3 z12dx
2

ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î

d e#
�
=
z11z22 � (z12)2 � (z1z2)

4

3

(z1)
4

3 (z2)
1

3

dx1 ^ dx2:

4. �¢ï§®áâ¨ �®ã« {�®¯ä , CH-®â®¡à ¦¥¨ï ¨ ¯®â¥æ¨ «ë. �¥®¡å®¤¨¬ë¥
ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨©

� àï¤ã á® á¢ï§®áâï¬¨ ¢ £« ¢ëå à áá«®¥¨ïå 1r�H ¨ 2r�H ¬®¦® à áá¬ âà¨¢ âì ¯®à®¦¤¥-
ë¥ ¨¬¨ á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ëå à áá«®¥¨ïå. �«ï  á ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ á¢ï§®áâ¨
¢  áá®æ¨¨à®¢ ëå à áá«®¥¨ïå á ®¤®¬¥àë¬ â¨¯®¢ë¬ á«®¥¬ =(kr�H) (dim= = 1) ¯à¨ k = 1 ¨
k = 2.

�§¢¥áâ® ( ¯à., [14]), çâ® ¤«ï á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ =(P (B;G)) (dim= =
1), ¯®à®¦¤¥®© á¢ï§®áâìî ¢ £« ¢®¬ à áá«®¥¨¨ P (B;G), ä®à¬  á¢ï§®áâ¨ ¨¬¥¥â ¢¨¤

e� = dY � �A(Y )e!A:
�¤¥áì e!A | ä®à¬ë á¢ï§®áâ¨ ¢ P (B;G) (A;B; : : : = 1; : : : ;dimG), ª®íää¨æ¨¥âë �A(Y ) ã¤®¢«¥-
â¢®àïîâ â®¦¤¥áâ¢ ¬ �¨

d�B�C � d�C�B = �AC
A
BCdY;

£¤¥ CA
BC | áâàãªâãàë¥ ª®áâ âë £àã¯¯ë �¨ G.

�®à¬  e� ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î
de� = e� ^ �

�d�A
dY

e!A�� �A

A; (36)

£¤¥ 
A | ä®à¬ë ªà¨¢¨§ë, á®®â¢¥âáâ¢ãîé¨¥ á¢ï§®áâ¨, § ¤ ®© ¢ P (B;G).
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�«ï á¢ï§®áâ¨ ¢ =(kr�H) (dim= = 1), ¯®à®¦¤¥®© á¢ï§®áâìî, § ¤ ®© ¢ kr�H (k = 1; 2),
ä®à¬  á¢ï§®áâ¨ e� ¨¬¥¥â ¢¨¤

e� = dY � �(Y )e# (�(Y ) 6= 0);

£¤¥ �(Y ) | ¥ª®â®à ï äãªæ¨ï ®â Y . �¤¥áì e# | ä®à¬  á¢ï§®áâ¨, á®®â¢¥âáâ¢ãîé ï á¢ï§®áâ¨,
§ ¤ ®© ¢ kr�H.

� ¬¥ç ¨¥ 4.1. �®à¬ã e� ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ e� = �(Y )(dy � e#), £¤¥ y | ¥ª®â®à ï ¯¥à-
¢®®¡à § ï äãªæ¨¨ 1

�(Y )
.

�¢ï§®áâì ¢ =(kr�H) (dim= = 1) ãá«®¢¨¬áï  §ë¢ âì á¢ï§®áâìî �®ã« {�®¯ä  (¨«¨ CH-
á¢ï§®áâìî) ª« áá  k ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5), ¥á«¨ ®  ¯®à®¦¤¥  á¯¥æ¨ «ì®©
á¢ï§®áâìî ¢ kr�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (5).

�ãáâì CHe�| ä®à¬  á¢ï§®áâ¨, á®®â¢¥âáâ¢ãîé ï CH-á¢ï§®áâ¨ ª« áá  k ¤«ï § ¤ ®£® ¤¨ä-
ä¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5). �â¬¥â¨¬, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (36), çâ® ¢ á«ãç ¥, ª®£¤  á¥ç¥-
¨¥ � � H ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (5) (¨ â®«ìª® ¢ íâ®¬ á«ãç ¥) ãà ¢¥¨¥ �ä ää  (8)
¢¯®«¥ ¨â¥£à¨àã¥¬®. �® ®¯à¥¤¥«ï¥â ®â®¡à ¦¥¨¥ (9), ª®â®à®¥  §®¢¥¬ ®â®¡à ¦¥¨¥¬ �®ã« {
�®¯ä  (¨«¨ CH-®â®¡à ¦¥¨¥¬) ª« áá  k ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5). �à ¢¥¨¥
�ä ää  (8) ¡ã¤¥¬  §ë¢ âì ãà ¢¥¨¥¬ �ä ää , § ¤ îé¨¬ CH-®â®¡à ¦¥¨¥.

� ¬¥â¨¬, çâ® ¢ á«ãç ¥, ª®£¤  £« ¢ë¥ ä®à¬ë ª®â ªâë¥, ãà ¢¥¨¥ �ä ää  (8) ¢ á¨«ã
§ ¬¥ç ¨ï 4.1 ¨¬¥¥â ¢¨¤

dy � h1
�
dx1 � h2

�
dx2 = 0

¨, á«¥¤®¢ â¥«ì®, íª¢¨¢ «¥â® á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ (ª®-
â®àãî  §®¢¥¬ á¨áâ¥¬®© �®ã« {�®¯ä )

y1 = h1
�
; y2 = h2

�
: (37)

�¤¥áì h1
�
¨ h2

�
| ª®íää¨æ¨¥âë á¢ï§®áâ¨, à áá¬ âà¨¢ ¥¬ë¥   á¥ç¥¨¨ � � H.

�á«¨ «î¡®¥ à¥è¥¨¥ á¨áâ¥¬ë (37) (¯à¨ § ¤ ®¬ z = z(x1; x2)) ï¢«ï¥âáï ¢ â® ¦¥ ¢à¥¬ï à¥è¥-
¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5bis), â® CH-®â®¡à ¦¥¨¥  §ë¢ ¥âáï CH-¯à¥®¡à §®¢ ¨¥¬
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) ¢ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (5bis).

�ç¥¢¨¤®, ¢ á¨«ã (22) ¨ (37), á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �á«¨ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ 2-£® ¯®àï¤ª  ¤®-
¯ãáª ¥â CH-®â®¡à ¦¥¨¥ ª« áá  2, â® á¨áâ¥¬  �®ã« {�®¯ä  ¨¬¥¥â ¢¨¤

y1 = '(xi; z; zj)z11 +  (xi; z; zj)z12 + �1(xi; z; zj);

y2 = '(xi; z; zj)z12 +  (xi; z; zj)z22 + �2(x
i; z; zj):

(38)

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ï¢«ï¥âáï

�¥®à¥¬  3. �á«¨ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ 2-£® ¯®àï¤ª  ¤®-
¯ãáª ¥â CH-®â®¡à ¦¥¨¥ ª« áá  2, â® ®® ï¢«ï¥âáï «¨¡® ãà ¢¥¨¥¬ â¨¯  �®¦ {�¬¯¥à 

(10), ¥á«¨ @'

@p2
6= @ 

@p1
, «¨¡® ª¢ §¨«¨¥©ë¬ ãà ¢¥¨¥¬, ¥á«¨ @'

@p2
= @ 

@p1

�
.

�à¨¬¥à 4.1. � áá¬®âà¨¬ CH-®â®¡à ¦¥¨¥ ª« áá  1, ¤«ï ª®â®à®£® á¨áâ¥¬  �®ã« {�®¯ä 
¨¬¥¥â ¢¨¤

y1 = z2 � z2

2
; y2 = z: (39)

�®®â¢¥âáâ¢ãîé ï CH-á¢ï§®áâì ¯®à®¦¤¥  á¢ï§®áâìî ¢ £« ¢®¬ à áá«®¥¨¨ 1r�H, ®¯à¥¤¥«ï-
îé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï �îà£¥àá  (19) (á¬. ¯à¨¬¥à 3.1).
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�§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (39) á«¥¤ã¥â z2 = y22. �®¤áâ ¢¨¢ z = y2 ¨ z2 = y22 ¢ ¯¥à¢®¥
ãà ¢¥¨¥ á¨áâ¥¬ë (39), ¯®«ãç¨¬ ãà ¢¥¨¥

y1 = y22 � 1
2
(y2)

2: (19bis)

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬®¥ CH-®â®¡à ¦¥¨¥ ï¢«ï¥âáï CH-¯à¥®¡à §®¢ ¨¥¬ ãà ¢¥¨ï
�îà£¥àá  (19) ¢ ãà ¢¥¨¥ (19bis).

� ¬¥â¨¬, çâ® ¯à¨ § ¬¥¥ y = �2 lnY ãà ¢¥¨¥ (19bis) ¯à¥¢à é ¥âáï ¢ ãà ¢¥¨¥ â¥¯«®¯à®-
¢®¤®áâ¨

Y1 = Y22

� ¯à¥®¡à §®¢ ¨¨, ®¯à¥¤¥«¥®¬ á¨áâ¥¬®© (39), ¨¬¥¥âáï ã¯®¬¨ ¨¥ ¢ [21] á® ááë«ª®©  
à ¡®âë [22] ¨ [23]. �â®, ¯®-¢¨¤¨¬®¬ã, á ¬ë© ¯¥à¢ë© ¯®«ãç¨¢è¨© ¨§¢¥áâ®áâì ¯à¨¬¥à ¯®¤®¡ëå
¯à¥®¡à §®¢ ¨©.

�à¨¬¥à 4.2. � áá¬®âà¨¬ CH-¯à¥®¡à §®¢ ¨¥ ª« áá  1, ¤«ï ª®â®à®£® á¨áâ¥¬  �®ã« {�®¯ä 
¨¬¥¥â ¢¨¤

y1 = z2; y2 = ln z: (40)

�®®â¢¥âáâ¢ãîé ï CH-á¢ï§®áâì ¯®à®¦¤¥  á¢ï§®áâìî ¢ 1r�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥
ã«¥¢®© ªà¨¢¨§ë ¤«ï ®¡®¡é¥®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ (20) (á¬. ¯à¨¬¥à 3.2).

�¤¥áì z = ey2 ¨, á«¥¤®¢ â¥«ì®, z2 = ey2y22. �®¤áâ ¢¨¢ íâ® ¢ëà ¦¥¨¥ ¢ ¯¥à¢®¥ ãà ¢¥¨¥
á¨áâ¥¬ë (40), ¯®«ãç¨¬ ãà ¢¥¨¥

y1 = ey2y22; (20bis)

¢ ª®â®à®¥ ¯¥à¥å®¤¨â ãà ¢¥¨¥ (20) ¯à¨ à áá¬ âà¨¢ ¥¬®¬ ¯à¥®¡à §®¢ ¨¨.

�à¨¬¥à 4.3. �®®â®è¥¨ï �®è¨{�¨¬  

y1 = z2; y2 = �z1 (41)

¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã �®ã« {�®¯ä . �®®â¢¥âáâ¢ãîé ï CH-á¢ï§®áâì ª« áá  1 ¯®à®¦¤¥-
  á¢ï§®áâìî ¢ 1r�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï � ¯« á 
(21) (á¬. ¯à¨¬¥à 3.3).

�î¡®¥ à¥è¥¨¥ á¨áâ¥¬ë (41) (¯à¨ § ¤ ®¬ § à ¥¥ z = z(x1; x2)) ï¢«ï¥âáï ®¤®¢à¥¬¥®
à¥è¥¨¥¬ ãà ¢¥¨ï � ¯« á  ®â®á¨â¥«ì® y:

y11 + y22 = 0: (21bis)

�«¥¤®¢ â¥«ì®, á®®â®è¥¨ï �®è¨{�¨¬   ®¯¨áë¢ îâ  ¢â®¯à¥®¡à §®¢ ¨¥ �®ã« {�®¯ä  ãà ¢-
¥¨ï � ¯« á .

� ¬¥â¨¬, çâ® á¨áâ¥¬ã (41) ¬®¦® à áá¬ âà¨¢ âì ¨ ª ª á¨áâ¥¬ã, ®¯à¥¤¥«ïîéãî CH-¯à¥®¡-
à §®¢ ¨¥ ãà ¢¥¨ï (21bis) ¢ ãà ¢¥¨¥ (21).

�à¨¬¥à 4.4. �¢ï§®áâì ¢ 2r�H ¨§ ¯à¨¬¥à  3.4 ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë
¤«ï ª« áá¨ç¥áª®£® ãà ¢¥¨ï �®¦ {�¬¯¥à  (2). �  ¯®à®¦¤ ¥â CH-á¢ï§®áâì ª« áá  2. �¨-
áâ¥¬  �®ã« {�®¯ä , ®¯à¥¤¥«ïîé ï á®®â¢¥âáâ¢ãîé¥¥ CH-®â®¡à ¦¥¨¥ ¤«ï ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï (2), ¨¬¥¥â ¢¨¤

y1 =
a2

2
z11 ln

�
(z1)

2 + (z2)
2 + 1

�
+ z;

y2 =
a2

2
z12 ln

�
(z1)

2 + (z2)
2 + 1

�
:

(42)
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�à¨¬¥à 4.5. �¢ï§®áâì ¢ 2r�H ¨§ ¯à¨¬¥à  3.5 ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§-
ë ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (35). �  ¯®à®¦¤ ¥â CH-á¢ï§®áâì ª« áá  2. �¨áâ¥¬ 
�®ã« {�®¯ä , ®¯à¥¤¥«ïîé ï á®®â¢¥âáâ¢ãîé¥¥ CH-®â®¡à ¦¥¨¥ ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢-
¥¨ï (35), ¨¬¥¥â ¢¨¤

y1 = �3
2
(z1)

�
4

3 (z2)
2

3 z11 + z;

y2 = �3
2
(z1)

�
4

3 (z2)
2

3 z12:

(43)

� ¬¥ç ¨¥ 4.2. � ¤ ¨¥ CH-á¢ï§®áâ¨ ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) à ¢®á¨«ì®
§ ¤ ¨î ¯®â¥æ¨ « .

� á¯à ¢¥¤«¨¢®áâ¨ íâ®£® ãâ¢¥à¦¤¥¨ï ¬®¦® ã¡¥¤¨âìáï á«¥¤ãîé¨¬ ®¡à §®¬. �¡ëç® ( ¯à.,
[21]) ¯®â¥æ¨ «ë á¢ï§ë¢ îâ á § ª® ¬¨ á®åà ¥¨ï, â. ¥. á ¯à¥¤áâ ¢«¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï (5) ¢ ¢¨¤¥

@F1

@x1
+
@F2

@x2
= 0;

£¤¥ F1, F2 | äãªæ¨¨ ®â x1, x2, z, z1, z2. �à¨ íâ®¬ ¯®â¥æ¨ «ì®© äãªæ¨¥©  §ë¢ îâ äãªæ¨î
w â ªãî, çâ®

dw = F2dx
1 � F1dx

2 (44)

  à¥è¥¨ïå ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) (¨ â®«ìª®   à¥è¥¨ïå). �ç¥¢¨¤®, ãà ¢¥¨¥
�ä ää  (44), ®¯à¥¤¥«ïîé¥¥ ¯®â¥æ¨ «ìãî äãªæ¨î, ¨ ãà ¢¥¨¥ �ä ää  (8), § ¤ îé¥¥
CH-®â®¡à ¦¥¨¥, ¨¬¥îâ à §«¨ç¨¥ «¨èì ¢ ®¡®§ ç¥¨ïå.

5. �á«®¢¨ï áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© ¤«ï ¥ª®â®àëå â¨¯®¢
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª 

5.1. �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© ª« áá  1 ¤«ï ãà ¢-
¥¨© ¢¨¤  z22 � f(x1; x2; z; z1; z2) = 0.

�¥®à¥¬  4. �¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

z22 � f(x1; x2; z; z1; z2) = 0 (45)

¤®¯ãáª ¥â CH-®â®¡à ¦¥¨ï (¨, á«¥¤®¢ â¥«ì®, ¯®â¥æ¨ «ë) ª« áá  1 ¢ â®¬ ¨ â®«ìª® â®¬
á«ãç ¥, ª®£¤  ®® ¨¬¥¥â ¢¨¤

z22 � 1
z1�z2z2 +	z2

fz1(�z � z2�zz2 � �x2z2)� z2	z +�x1 �	x2g = 0; (46)

£¤¥ � = �(x1; x2; z; z2), 	 = 	(x1; x2; z; z2) (z1�z2z2 +	z2 6= 0).
�¨áâ¥¬  �®ã« {�®¯ä  ¤«ï ãà ¢¥¨ï (46) ¨¬¥¥â ¢¨¤

y1 = z1�z2(x
1; x2; z; z2) + 	(x1; x2; z; z2);

y2 = �(x1; x2; z; z2):
(47)

�®ª § â¥«ìáâ¢®. CH-á¢ï§®áâì ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (45) ¯®à®¦¤ ¥âáï á¯¥-
æ¨ «ì®© á¢ï§®áâìî ¢ 1r�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë. �á«¨ â ª ï á¢ï§-
®áâì áãé¥áâ¢ã¥â, â® ª®íää¨æ¨¥â R (á¬. (16)) ¨ «¥¢ ï ç áâì ãà ¢¥¨ï

p22 � f(x1; x2; z; p1; p2) = 0 (45�)

®â«¨ç îâáï ¤àã£ ®â ¤àã£  ¬®¦¨â¥«¥¬. �«¥¤®¢ â¥«ì®, ¤®«¦ë ¨¬¥âì ¬¥áâ® à ¢¥áâ¢ 

@h2

@p1
= 0;

@h1

@p1
=
@h2

@p2
;
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¨§ ª®â®àëå á«¥¤ã¥â h2 = �(x1; x2; z; p2), @h1
@p1

= �p2(x
1; x2; z; p2), £¤¥ �(x1; x2; z; p2) | ¥ª®â®à ï

äãªæ¨ï. �â® ®§ ç ¥â, çâ® áãé¥áâ¢ã¥â ¥é¥ ®¤  äãªæ¨ï 	(x1; x2; z; p2) â ª ï, çâ®

h1 = p1�p2(x
1; x2; z; p2) + 	(x1; x2; z; p2);

h2 = �(x1; x2; z; p2);
(48)

¨, á«¥¤®¢ â¥«ì®, á®®â®è¥¨ï (47) ¨¬¥îâ ¬¥áâ®.
�®¤áâ ¢¨¢ (48) ¢ (16), ¯®«ãç¨¬

�R
p1�p2p2 +	p2

= p22 � 1
p1�p2p2 +	p2

fp1(�z � p2�zp2 � �x2p2)� p2	z +�x1 �	x2g:

�¥¯¥àì ®ç¥¢¨¤®, ãà ¢¥¨¥ (45), ¤®¯ãáª îé¥¥ CH-®â®¡à ¦¥¨ï ª« áá  1, ¤®«¦® ¨¬¥âì ¢¨¤
(46).

� ¬¥ç ¨¥ 5.1. �à ¢¥¨¥ �îà£¥àá  (19) | íâ® ãà ¢¥¨¥ (46), £¤¥ � = z, 	 = z2� z2

2
. �à¨

â ª®¬ ¢ë¡®à¥ � ¨ 	 á¨áâ¥¬  (47) ¯à¥¢à é ¥âáï ¢ á¨áâ¥¬ã (40) (¯à¨¬¥à 4.2).

5.2. �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï CH-®â®¡à ¦¥¨© ª« áá  1 ¤«ï ãà ¢-
¥¨© ¢¨¤  z11 + z22 + f(x1; x2; z; z1; z2) = 0.

�¥®à¥¬  5. �¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

z11 + z22 + f(x1; x2; z; z1; z2) = 0 (49)

¤®¯ãáª ¥â CH-®â®¡à ¦¥¨ï (¨, á«¥¤®¢ â¥«ì®, ¯®â¥æ¨ «ë) ª« áá  1 ¢ â®¬ ¨ â®«ìª® â®¬

á«ãç ¥, ª®£¤  ®® ¨¬¥¥â ¢¨¤

z11 + z22 +
1

�z1z2
fz1(�zz2 + 2	z) + z2(�zz1 +

1	z) + �x1z2 +�x2z1 +
2	x1 +

1	x2g = 0; (50)

£¤¥ � = �(x1; x2; z; z1; z2) (�z1z2 6= 0), 1	 = 1	(x1; x2; z; z1), 2	 = 2	(x1; x2; z; z2) | äãªæ¨¨, ¤«ï

ª®â®àëå

�z1z1 +�z2z2 +
1	z1 +

2	z2 = 0: (51)

�¨áâ¥¬  �®ã« {�®¯ä  ¤«ï ãà ¢¥¨ï (50) ¨¬¥¥â ¢¨¤

y1 = ��z1(x1; x2; z; z1; z2)� 1	(x1; x2; z; z1);

y2 = �z2(x
1; x2; z; z1; z2) +

2	(x1; x2; z; z2):
(52)

�®ª § â¥«ìáâ¢®. CH-á¢ï§®áâì ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (49) ¯®à®¦¤ ¥âáï á¯¥-
æ¨ «ì®© á¢ï§®áâìî ¢ 1r�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë. �á«¨ â ª ï á¢ï§-
®áâì áãé¥áâ¢ã¥â, â® ª®íää¨æ¨¥â R (á¬. (16)) ¨ «¥¢ ï ç áâì ãà ¢¥¨ï

p11 + p22 + f(x1; x2; z; p1; p2) = 0 (49�)

®â«¨ç îâáï ¤àã£ ®â ¤àã£  ¬®¦¨â¥«¥¬. �®¦® à áá¬ âà¨¢ âì íâ®â ¬®¦¨â¥«ì ª ª á¬¥è ãî
¯à®¨§¢®¤ãî �p1p2 ¥ª®â®à®© äãªæ¨¨ �(x

1; x2; z; p1; p2). � ª¨¬ ®¡à §®¬,

R = �p1p2(p11 + p22 + f): (53)

�§ (53) ¢ á¨«ã (16) á«¥¤ã¥â

@h2

@p1
= �@h1

@p2
= �p1p2 ; (54)

@h2

@p2
� @h1

@p1
= 0: (55)
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�®®â®è¥¨ï (54) ¬®¦® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

@

@p2
(h1 +�p1) = 0;

@

@p1
(h2 � �p2) = 0:

�â® ®§ ç ¥â, çâ® h1 = ��p1 � 1	, h2 = �p2 +
2	, £¤¥ 1	 = 1	(x1; x2; z; z1), 2	 = 2	(x1; x2; z; z2)

| ¥ª®â®àë¥ äãªæ¨¨.
� ª¨¬ ®¡à §®¬,

h1 = ��p1 � 1	; h2 = �p2 +
2	 (56)

¨, á«¥¤®¢ â¥«ì®, ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï (52).
�®¤áâ ¢¨¢ (56) ¢ (16), ¯®«ãç¨¬

R

�p1p2
= p11 + p22 +

1
�p1p2

fp1(�zp2 + 2	z) + p2(�zp1 +
1	z) + �x1p2 +�x2p1 +

2	x1 + 1	x2g:

�«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (49) ¤®«¦® ¨¬¥âì ¢¨¤ (50).
� ¬¥â¨¬ â ª¦¥, çâ®, ¯®¤áâ ¢¨¢ (56) ¢ (55), ¯®«ãç¨¬ á®®â®è¥¨¥ �p1p1+�p2p2+

1	p1+
2	p2 = 0,

ª®â®à®¥   á¥ç¥¨ïå � � H ¯à¥¢à é ¥âáï ¢ (51).

� ¬¥ç ¨¥ 5.2. �à ¢¥¨¥ � ¯« á  (21) | íâ® ãà ¢¥¨¥ ¢¨¤  (50), ¢ ª®â®à®¬ � = z1z2,
1	 = 2	 = 0. � íâ®¬ á«ãç ¥ á¨áâ¥¬  (52) ¯à¥¢à é ¥âáï ¢ á¨áâ¥¬ã (41) (¯à¨¬¥à 4.3).

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 5 ï¢«ï¥âáï

�¥®à¥¬  6. �¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¢¨¤ 

z11 + z22 = f(z) (57)

¤®¯ãáª ¥â CH-®â®¡à ¦¥¨ï (á«¥¤®¢ â¥«ì®, ¤®¯ãáª ¥â ¯®â¥æ¨ «ë) ª« áá  1, ¤«ï ª®â®àëå
á¨áâ¥¬  �®ã« {�®¯ä  ¨¬¥¥â ¢¨¤

y1 = �z1z2;
y2 =

1
2
(z1)

2 �
Z
f(z)dz � 1

2
(z2)

2:
(58)

�®ª § â¥«ìáâ¢®. �¥âàã¤® ¯à®¢¥à¨âì, çâ® ãá«®¢¨ï â¥®à¥¬ë 5 ¡ã¤ãâ ¢ë¯®«¥ë, ¥á«¨ ¢§ïâì

� =
1
2
(z1)

2z2 � z2

Z
f(z)dz � 1

2
(z2)

2; 1	 = 0; 2	 = z2 � 1
2
(z2)

2:

� íâ®¬ á«ãç ¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (50) ¨¬¥¥â ¢¨¤ (57) ¨ á¨áâ¥¬  (52) ¨¬¥¥â ¢¨¤
(58).

5.3. �ãé¥áâ¢®¢ ¨¥ CH-®â®¡à ¦¥¨© ª« áá  2 ¤«ï ãà ¢¥¨© ¢¨¤ 

z11z22 � (z12)
2 + g(z)f(z1; z2) = 0 (f(z1; z2) 6= 0):

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

z11z22 � (z12)
2 + g(z)f(z1; z2) = 0 (f(z1; z2) 6= 0) (59)

¤®¯ãáª ¥â CH-®â®¡à ¦¥¨ï (á«¥¤®¢ â¥«ì®, ¤®¯ãáª ¥â ¯®â¥æ¨ «ë) ª« áá  2, ¤«ï ª®â®àëå
á¨áâ¥¬  �®ã« {�®¯ä  ¨¬¥¥â ¢¨¤

y1 = �(z1; z2)z11 +G(z);

y2 = �(z1; z2)z12;
(60)

£¤¥ �(z1; z2) | äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î @�
@z2

= z2
f(z1;z2)

,   G(z) | ¯¥à¢®®¡à § ï äãª-

æ¨¨ g(z).
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢ 2r�H á ª®íää¨æ¨¥â ¬¨

h1 = �(p1; p2)p11 +G(z); h2 = �(p1; p2)p12:

�  «î¡®¬ á¥ç¥¨¨ � � H ä®à¬  á¢ï§®áâ¨

d e#
�
= (�(z1; z2)z11 +G(z))dx1 +�(z1; z2)z12dx2

ã¤®¢«¥â¢®àï¥â áâàãªâãà®¬ã ãà ¢¥¨î

d e#
�
= � z2

f(z1; z2)
(z11z22 � (z12)

2 + g(z)f(z1; z2))dx
1 ^ dx2:

�â  á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
(59). �«¥¤®¢ â¥«ì®, ¤«ï ãà ¢¥¨ï (59) áãé¥áâ¢ã¥â CH-®â®¡à ¦¥¨¥. �à¨ íâ®¬ á¨áâ¥¬  �®ã« {
�®¯ä  ¨¬¥¥â ¢¨¤ (60).

� ¬¥ç ¨¥ 5.3. �« áá¨ç¥áª®¥ ãà ¢¥¨¥ �®¦ {�¬¯¥à  (2) ï¢«ï¥âáï ãà ¢¥¨¥¬ ¢¨¤ 
(59), ¢ ª®â®à®¬

f(z1; z2) =
(z1)2 + (z2)2 + 1

a2
; g(z) = 1:

�ãªæ¨¨ �(z1; z2) ¨ G(z) ¬®¦® ¢ë¡à âì á«¥¤ãîé¨¬ ®¡à §®¬:

�(z1; z2) =
a2

2
ln
�
(z1)2 + (z2)2 + 1

�
; G(z) = z:

�¨áâ¥¬  �®ã« {�®¯ä  (60) ¯à¥¢à é ¥âáï ¢ íâ®¬ á«ãç ¥ ¢ á¨áâ¥¬ã (42) (¯à¨¬¥à 4.4).
�à ¢¥¨¥ (35) â ª¦¥ ï¢«ï¥âáï ãà ¢¥¨¥¬ ¢¨¤  (59). � íâ®¬ á«ãç ¥

f(z1; z2) = �(z1z2) 43 ; g(z) = 1:

�®¦® ¢ë¡à âì

�(z1; z2) = �3
2
(z1)

�
4

3 (z2)
2

3 ; G(z) = z:

�¨áâ¥¬  �®ã« {�®¯ä  (60) ¯à¥¢à é ¥âáï ¯à¨ íâ®¬ ¢ á¨áâ¥¬ã (43) (¯à¨¬¥à 4.5).

6. �¢ï§®áâ¨ �®ã« {�®¯ä  ª ª ç áâë© á«ãç © á¢ï§®áâ¥© �íª«ã¤ 

6.1. �¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ kR�H (k = 1; 2). � àï¤ã á® á¯¥æ¨ «ìë¬¨ á¢ï§®áâï¬¨ ¢ kr�H
(á¬. ¯. 3) ¬®¦® à áá¬ âà¨¢ âì á¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ kR�H ¨ ¢ k<�H, £¤¥ k = 1 ¨«¨ k = 2.
�«ï á¯¥æ¨ «ìëå á¢ï§®áâ¥© ¢ kR�H ä®à¬ë á¢ï§®áâ¨ ¨¬¥îâ ¢¨¤

e! = ! + 1!
1 + 2!

2; e!21 = !21 + 211!
1 + 212!

2 ; e!12 = !12 + 121!
1 + 122!

2:

�®íää¨æ¨¥âë á¢ï§®áâ¨

1; 211; 121; 2; 212; 122 (61)

64



¢ á«ãç ¥ k = 1 § ¢¨áïâ ®â xi, z, pj,   ¢ á«ãç ¥ k = 2 ®â xi, z, pj , pkl. �¨ ã¤®¢«¥â¢®àïîâ
¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

d1 � 1
2
1#� 1

2
1! � (2 + 2121)!

2
1 + 2211!

1
2 � !111 + !212 = 0;

d2 � 1
2
2#+

1
2
2! � 2122!

2
1 � (1 � 2212)!

1
2 � !112 + !222 = 0;

d211 �
1
2
211#�

3
2
211! + (1 � 212)!

2
1 � !211 = 0;

d212 �
1
2
212#�

1
2
212! + 2!

2
1 � 211!

1
2 � !212 = 0;

d121 �
1
2
121#+

1
2
121! � 122!

2
1 � 1!

1
2 � !121 = 0;

d122 �
1
2
122#+

3
2
122! � (2 + 121)!

1
2 � !122 = 0:

(62)

�¤¥áì à ¢¥áâ¢® ã«î ¨¬¥¥â ¬¥áâ® ¯® ¬®¤ã«î £« ¢ëå ä®à¬.

� ¬¥ç ¨¥ 6.1. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ kR�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨ (61) ¯®à®-
¦¤ ¥â á¯¥æ¨ «ìãî á¢ï§®áâì ¢ kr�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

h1 = 1 + 2212; h2 = �2 + 2112: (63)

�¥©áâ¢¨â¥«ì®, ¥âàã¤® ¯à®¢¥à¨âì, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥-
â¢®àïîâ ª®íää¨æ¨¥âë h1 ¨ h2, ¢ëç¨á«¥ë¥ ¯® ä®à¬ã« ¬ (63), ¨¬¥îâ ¢¨¤ (14).

�®à¬ë á¢ï§®áâ¨ e!, e!21, e!12 ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

de! = 2e!21 ^ e!12 +
; de!21 = e! ^ e!21 +
2
1; de!12 = e!12 ^ e! +
1

2; (64)

£¤¥ 
 = R12!
1 ^ !2 + � � � , 
2

1 = R2
112!

1 ^ !2 + � � � , 
1
2 = R1

212!
1 ^ !2 + � � � | ä®à¬ë ªà¨¢¨§ë

(§¤¥áì ¬®£®â®ç¨¥¬ ®¡®§ ç¥ë áã¬¬ë á« £ ¥¬ëå, á®¤¥à¦ é¨å ¯à®¨§¢¥¤¥¨ï £« ¢ëå ä®à¬,
®â«¨çë¥ ®â !1 ^ !2).

�á«¨ ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬ ¢ë¡à ë ª®â ªâë¥ ä®à¬ë, â® e! = 1dx
1 + 2dx

2, e!21 =
211dx

1+212dx
2, e!12 = 121dx

1+122dx
2 ¨   ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï � � H áâàãªâãàë¥ ãà ¢¥¨ï

(64) ¯à¨¨¬ îâ ¢¨¤

d e!
�
= 2 e!21

�

^ e!12
�

+R
�
dx1 ^ dx2;

d e!21
�

= e!
�
^ e!21

�

+R2
112
�

dx1 ^ dx2;
d e!12

�

= e!12
�

^ e!
�
+R1

212
�

dx1 ^ dx2:
(65)

�ç¥¢¨¤®, ¢ á«ãç ¥, ª®£¤  ª ¦¤®¥ ¨§ ãà ¢¥¨©

R12
�

= 0; R2
112
�

= 0; R1
212
�

= 0 (66)

®â«¨ç ¥âáï ®â «¥¢®© ç áâ¨ § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5) ¬®¦¨â¥«¥¬, â® à á-
á¬ âà¨¢ ¥¬ ï á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï (5).

�à¨¬¥à 6.1. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 1R�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

1 = cos
z

2
; 211 = �1

2
sin

z

2
� 1
4
p1; 121 = �1

2
sin

z

2
+
1
4
p1;

2 = cos
z

2
; 212 =

1
2
sin

z

2
+
1
4
p2; 122 =

1
2
sin

z

2
� 1
4
p2

®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï á¨ãá-�®à¤®  (6).
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�¥©áâ¢¨â¥«ì®, ¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ®

R12
�

= 0; R2
112
�

=
1
2
(z12 � sin z); R1

212
�

= �1
2
(z12 � sin z)

  ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï � � H.

�à¨¬¥à 6.2. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 1R�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

1 =
1
2
p1; 211 = 0; 121 =

1p
2
e
z

2 ;

2 = �1
2
p2; 212 =

1p
2
e
z

2 ; 122 = 0

®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï �¨ã¢¨««ï

z12 = ez: (67)

�¥©áâ¢¨â¥«ì®, ¥âàã¤® ¯à®¢¥à¨âì, çâ®

R12
�

= �(z12 � ez); R2
112
�

= 0; R1
212
�

= 0

  ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï � � H.

�à¨¬¥à 6.3. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ 2R�H á ª®íää¨æ¨¥â ¬¨ á¢ï§®áâ¨

1 = 2p2p11 � 1; 211 = �p2p11; 121 = p2p11 � 1;

2 = 2p2p12 � 1; 212 = �p2p12; 122 = p2p12 � 1

®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï

z11z22 � (z12)2 + z2z11 � z2z12 = 0: (68)

� á ¬®¬ ¤¥«¥, ¥âàã¤® ¯à®¢¥à¨âì

R12
�

= �2(z11z22 � (z12)
2 + z2z11 � z2z12);

R2
112
�

= z11z22 � (z12)2 + z2z11 � z2z12;

R1
212
�

= �(z11z22 � (z12)2 + z2z11 � z2z12)

  ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï � � H.

6.2. �¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ k<�H (k = 1; 2). �®à¬ë á¢ï§®áâ¨ ¢ íâ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤ee!ij = !ij + �ijk!
k. �à¨ íâ®¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �ijk = �ikj .

�®íää¨æ¨¥âë á¢ï§®áâ¨ ¢ á«ãç ¥ k = 1 § ¢¨áïâ ®â xi, z, pj,   ¢ á«ãç ¥ k = 2 ®â xi, z, pj,
pkl. �¨ ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬

d�ijk + �mjk!
i
m � �imk!

m
j � �ijm!

m
k � !ijk = 0: (69)

�¤¥áì à ¢¥áâ¢® ã«î ¨¬¥¥â ¬¥áâ® ¯® ¬®¤ã«î £« ¢ëå ä®à¬.

� ¬¥ç ¨¥ 6.2. � ¤ ¨¥ á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢ k<�H à ¢®á¨«ì® § ¤ ¨î á¯¥æ¨ «ì®©
á¢ï§®áâ¨ ¢ kR�H.
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�¥©áâ¢¨â¥«ì®, á¯¥æ¨ «ì ï á¢ï§®áâì ¢ k<�H á ª®íää¨æ¨¥â ¬¨ �ijk ¯®à®¦¤ ¥â á¢ï§®áâì
¢ kR�H á ª®íää¨æ¨¥â ¬¨

1 = �111 � �212; 211 = �211; 121 = �112;

2 = �112 � �222; 212 = �212; 122 = �122:
(70)

�¥âàã¤® ¯à®¢¥à¨âì, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥-
âë (61), ¢ëç¨á«¥ë¥ ¯® ä®à¬ã« ¬ (70), ¨¬¥îâ ¢¨¤ (62).

�¥à® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥. �¯¥æ¨ «ì ï á¢ï§®áâì ¢ kR�H á ª®íää¨æ¨¥â ¬¨ (61) ¯®-
à®¦¤ ¥â á¯¥æ¨ «ìãî á¢ï§®áâì ¢ k<�H á ª®íää¨æ¨¥â ¬¨

�111 = 1 + 212; �112 = 121; �122 = 122;

�211 = 211; �212 = 212; �222 = 121 � 2:
(71)

�¥âàã¤® ¯à®¢¥à¨âì, çâ® ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥-
âë �ijk, ¢ëç¨á«¥ë¥ ¯® ä®à¬ã« ¬ (71), ¨¬¥îâ ¢¨¤ (69).

6.3. �¢ï§®áâ¨ �íª«ã¤  ¨ ®â®¡à ¦¥¨ï �íª«ã¤ . CH-®â®¡à ¦¥¨ï ª ª ç áâë© á«ãç ©
®â®¡à ¦¥¨© �íª«ã¤ .

�áá«¥¤ãï á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ëå à áá«®¥¨ïå =(kR�H) ¨ =(k<�H), ¬®¦® ¢ á¨«ã
§ ¬¥ç ¨ï 6.2 ®£à ¨ç¨âìáï ¨§ãç¥¨¥¬ á¢ï§®áâ¥© ¢ =(kR�H).

�®à¬  á¢ï§®áâ¨ ¢ =(kR�H) (dim= = 1) ¨¬¥¥â ¢¨¤

e� = dY � �(Y )e! � �21(Y )e!12 � �12(Y )e!21;
£¤¥ e!, e!21, e!12 | ä®à¬ë á¢ï§®áâ¨, § ¤ ®© ¢ kR�H. �®¦¤¥áâ¢  �¨, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ
ª®íää¨æ¨¥âë �(Y ), �21(Y ), �

1
2(Y ), ¨¬¥îâ ¢ ¤ ®¬ á«ãç ¥ ¢¨¤

�d�21 � �21d� = �21dY;

�d�12 � �12d� = ��12dY;
�21d�

1
2 � �12d�

2
1 = 2�dY:

(72)

�áá«¥¤ãï á¨áâ¥¬ã (72), ¬®¦® ãáâ ®¢¨âì [12]

�12 6= 0; �21�
1
2 + (�)2 = 0: (73)

� ¬¥ç ¨¥ 6.3. �®à¬ã á¢ï§®áâ¨ e� ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ =(kR�H) (dim= = 1)
¬®¦® ¢ á¨«ã (73) ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

e� = ��12(Y )fdy + e!21 � ye! � y2e!12g; (74)

£¤¥ y = � �(Y )

�1
2
(Y )

([12]).

� ¯®¬¨¬, çâ® kR�H = P (JkH;SL(2)). �ç¥¢¨¤®,  àï¤ã á® á¢ï§®áâï¬¨ ¢ à áá«®¥¨ïå
=(1R�H) (dim= = 1) ¨ =(2R�H) (dim= = 1) ¬®¦® à áá¬ âà¨¢ âì á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ -
ëå à áá«®¥¨ïå =(P (JkH;G)) (dim= = 1), £¤¥ G ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë SL(2). � ª¨¬¨
á¢ï§®áâï¬¨ ï¢«ïîâáï, ¢ ç áâ®áâ¨, CH-á¢ï§®áâ¨ (¢ íâ®¬ á«ãç ¥ áâàãªâãà ï £àã¯¯  | íâ®
®¤®¬¥à ï ¯®¤£àã¯¯  £àã¯¯ë SL(2)) ¨ á¢ï§®áâ¨ �íª«ã¤  ¤«ï í¢®«îæ¨®ëå ãà ¢¥¨©, ¨§-
ãç ¢è¨¥áï  ¬¨ ¢ [11].

�¢ï§®áâì ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ =(P (JkH;G)) (dim= = 1), £¤¥ G � SL(2),  §ë¢ -
¥¬ á¢ï§®áâìî �íª«ã¤  ª« áá  k ¤«ï § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (5), ¥á«¨ ® 
¯®à®¦¤¥  á¯¥æ¨ «ì®© á¢ï§®áâìî ¢ £« ¢®¬ à áá«®¥¨¨ P (JkH;G) (G � SL(2)), ®¯à¥¤¥«ïî-
é¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (5).

� á«ãç ¥, ª®£¤  G = SL(2), á¢ï§®áâì �íª«ã¤  ª« áá  k ¤«ï ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
(5) | íâ® á¢ï§®áâì ¢ =(kR�H) (dim= = 1), ¯®à®¦¤¥ ï á¯¥æ¨ «ì®© á¢ï§®áâìî ¢ kR�H,
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®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (5). �¡®§ ç¨¬ ç¥à¥§ B e� ä®à¬ã
¥¥ á¢ï§®áâ¨. �à ¢¥¨¥ �ä ää 

B e�
�
= 0 (75)

¢¯®«¥ ¨â¥£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � � H | à¥è¥¨¥ ãà ¢¥¨ï (5). �® ®¯à¥¤¥-
«ï¥â ®â®¡à ¦¥¨¥

H � � ! �
�
� =(kR�H) (dim= = 1); (76)

ª®â®à®¥  §ë¢ ¥¬ ®â®¡à ¦¥¨¥¬ �íª«ã¤  (®¡é¥£® ¢¨¤ ) ª« áá  k, á®®â¢¥âáâ¢ãîé¨¬ ¤¨ää¥-
à¥æ¨ «ì®¬ã ãà ¢¥¨î (5). �à ¢¥¨¥ (75)  §ë¢ ¥¬ ãà ¢¥¨¥¬ �ä ää , § ¤ îé¨¬ ®â®-
¡à ¦¥¨¥ �íª«ã¤ .

� á«ãç ¥, ª®£¤  £« ¢ë¥ ä®à¬ë ª®â ªâë¥, ãà ¢¥¨¥ �ä ää  (75) ¨¬¥¥â ¢¨¤

dy � (� 211
�

+y 1
�
+y2 121

�

)dx1 � (� 212
�

+y 2
�
+y2 122

�

)dx2 = 0 (75c)

¨, á«¥¤®¢ â¥«ì®, íª¢¨¢ «¥â® á¨áâ¥¬¥

y1 = � 211
�

+y 1
�
+y2 121

�

;

y2 = � 212
�

+y 2
�
+y2 122

�

;
(77)

ª®â®àãî  §ë¢ ¥¬ á¨áâ¥¬®© �íª«ã¤ .
�á«¨ «î¡®¥ à¥è¥¨¥ á¨áâ¥¬ë (77) (£¤¥ z = z(x1; x2) | § ¤ ®¥ § à ¥¥ à¥è¥¨¥ ¤¨ää¥-

à¥æ¨ «ì®£® ãà ¢¥¨ï (5)) ï¢«ï¥âáï ¢ â® ¦¥ ¢à¥¬ï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
(5bis), â® ®â®¡à ¦¥¨¥ (76)  §ë¢ ¥âáï ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤  (®¡é¥£® ¢¨¤ ) ¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï (5) ¢ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (5bis).

� ¬¥ç ¨¥ 6.4. �à®¨§¢¥¤ï § ¬¥ë y = tg y�

2
«¨¡® y = ey

��

, ¬®¦® ¯à¥¤áâ ¢¨âì ãà ¢¥¨¥
(75á) ¢ ¢¨¤¥

dy� � f121
�

� 211
�

+ 1
�
sin y� � (121

�

+ 211
�

) cos y�gdx1 � f122
�

� 212
�

+ 2
�
sin y� � (122

�

+ 212
�

) cos y�gdx2 = 0
(75�c)

«¨¡® ¢ ¢¨¤¥

dy�� � (� 211
�

e�y
��

+ 1
�
+ 121

�

ey
��

)dx1 � (� 212
�

e�y
��

+ 2
�
+ 122

�

ey
��

)dx2 = 0: (75��c)

�®®â¢¥âáâ¢¥® á¨áâ¥¬  �íª«ã¤  ¯à¨¬¥â «¨¡® ¢¨¤

y�1 = 121
�

� 211
�

+ 1
�
sin y� � (121

�

+ 211
�

) cos y�;

y�2 = 122
�

� 212
�

+ 2
�
sin y� � (122

�

+ 212
�

) cos y�
(77�)

«¨¡® ¢¨¤

y��1 = 1
�

+ 121
�

ey
�� � 211

�

e�y
��

;

y��2 = 2
�
+ 122

�

ey
�� � 212

�

e�y
��

:
(77��)

�à¨¬¥à 6.4. � áá¬®âà¨¬ ®â®¡à ¦¥¨¥ �íª«ã¤  ª« áá  1, ¤«ï ª®â®à®£® á¨áâ¥¬  �íª«ã¤ 
(§ ¯¨á  ï ¢ ¢¨¤¥ (77�)) ¨¬¥¥â ¢¨¤

y1 =
1
2
z1 + sin y cos

z

2
+ cos y sin

z

2
=
1
2
z1 + sin

�
y +

z

2

�
;

y2 = �1
2
z2 + siny cos

z

2
� cos y sin

z

2
= �1

2
z2 + sin

�
y � z

2

�
:

(78)
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�®®â¢¥âáâ¢ãîé ï á¢ï§®áâì �íª«ã¤  ¯®à®¦¤¥  á¢ï§®áâìî ¢ 1R�H, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ -
¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï á¨ãá-�®à¤®  (6) (¯à¨¬¥à 6.1).

� ¬¥â¨¬, çâ® íâ® ®â®¡à ¦¥¨¥ ï¢«ï¥âáï  ¢â®¯à¥®¡à §®¢ ¨¥¬ ãà ¢¥¨ï á¨ãá-�®à¤® .
�¥©áâ¢¨â¥«ì®, ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯¥à¢®¥ ¨§ ãà ¢¥¨© (78) ¯® x2,   ¢â®à®¥ ¯® x1. �®á«¥
á«®¦¥¨ï ¯®«ãç¨¬

(2y)12 = sin(2y):

�à¨¬¥à 6.5. �â®¡à ¦¥¨¥ �íª«ã¤  ª« áá  1, ¤«ï ª®â®à®£® á¨áâ¥¬  �íª«ã¤  (§ ¯¨á  ï
¢ ¢¨¤¥ (77��)), ¨¬¥¥â ¢¨¤

y1 =
1
2
z1 +

1p
2
e
z

2
+y;

y2 = �1
2
z2 � 1p

2
e
z

2
�y;

(79)

ï¢«ï¥âáï ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤  ãà ¢¥¨ï �¨ã¢¨««ï (67) ¢ ¢®«®¢®¥ ãà ¢¥¨¥

y12 = 0: (80)

�¥©áâ¢¨â¥«ì®, á®®â¢¥âáâ¢ãîé ï á¢ï§®áâì �íª«ã¤  ¯®à®¦¤¥  á¢ï§®áâìî ¢ 1R�H, ®¯à¥-
¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï �¨ã¢¨««ï (¯à¨¬¥à 6.2). � ¬¥â¨¬
â ª¦¥, çâ®

y12 =
1
2
z12 +

1p
2
e
z

2
+y

�
1
2
z2 + y2

�
;

y21 = �1
2
z21 � 1p

2
e
z

2
�y

�
1
2
z1 � y1

�
:

� à¥§ã«ìâ â¥ á«®¦¥¨ï (¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (79)) ¯®«ãç¨¬ (80).

�à¨¬¥à 6.6. � áá¬®âà¥ ï ¢ ¯à¨¬¥à¥ 6.3 á¯¥æ¨ «ì ï á¢ï§®áâì ¢ 2R�H ®¯à¥¤¥«ï¥â ¯à¥¤-
áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï â¨¯  �®¦ {�¬¯¥à  (68). �  ¯®à®¦¤ ¥â á¢ï§®áâì
�íª«ã¤  ª« áá  2 ¤«ï ãà ¢¥¨ï (68). �«ï á®®â¢¥âáâ¢ãîé¥£® ®â®¡à ¦¥¨ï �íª«ã¤  á¨áâ¥¬ 
�íª«ã¤  (§ ¯¨á  ï ¢ ä®à¬¥ (77)) ¨¬¥¥â ¢¨¤

y1 = z2z11 + (2z2z11 � 1)y + (z2z11 � 1)y2;

y2 = z2z12 + (2z2z12 � 1)y + (z2z12 � 1)y2:
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