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1. �¢¥¤¥­¨¥

� ­­ ï à ¡®â  ­ ¯¨á ­  ­  ®á­®¢¥ ¤®ª« ¤   ¢â®à®¢ ­  �¥¦¤ã­ à®¤­®© ª®­ä¥à¥­æ¨¨ \�«£¥-
¡à  ¨  ­ «¨§", ¯®á¢ïé¥­­®© 100-«¥â¨î á® ¤­ï à®¦¤¥­¨ï �.�.�¥¡®â à¥¢  (� § ­ì, ¨î­ì 1994 £.)
[1]. � à ¡®â¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï æ¥«®ç¨á«¥­­ë¥ £àã¯¯®¢ë¥ ª®«ìæ , ¨ ¤«ï ªà âª®áâ¨ ¡ã¤¥¬
­ §ë¢ âì ¨å ¥¤¨­¨æë (=®¡à â¨¬ë¥ í«¥¬¥­âë) ¥¤¨­¨æ ¬¨ á®®â¢¥âáâ¢ãîé¨å £àã¯¯. �®«­ ï ¨­-
ä®à¬ æ¨ï ® £àã¯¯ å ¥¤¨­¨æ æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª®¢ 5, 8, 10 ¨ 12 ¯à¨¢¥¤¥­  ¢ [2]. � ¤ ­­®©
à ¡®â¥ ®¯¨á ­ë £àã¯¯ë ¥¤¨­¨æ æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª®¢ 7 ¨ 9. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥âáï
®¯¨á ­¨¥ £àã¯¯ ¥¤¨­¨æ ¢á¥å æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  ­¥ ¡®«¥¥ 10, ¯®â®¬ã çâ® ¤«ï ¤àã£¨å
¯®àï¤ª®¢ ¥¤¨­¨æë âà¨¢¨ «ì­ë.

2. �¤¨­¨æë æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  7

�ãáâì � | ¯¥à¢®®¡à §­ë© ª®à¥­ì áâ¥¯¥­¨ 7 ¨§ ¥¤¨­¨æë, �1 = �+��1 ¨ �2 = �2+��2. �ãáâì
Z[�] | ª®«ìæ® ªàã£®¢ëå æ¥«ëå áâ¥¯¥­¨ 7, ¨ U(Z[�]) | ¥£® £àã¯¯  ¥¤¨­¨æ.

�¥¬¬  1 ([3], c. 241). U(Z[�]) = h�1i � h�i � h�1i � h�2i.

�ãáâì Zhxi| æ¥«®ç¨á«¥­­®¥ £àã¯¯®¢®¥ ª®«ìæ® æ¨ª«¨ç¥áª®© £àã¯¯ë hxi ¯®àï¤ª  7, ¨ U(Zhxi)
| ¥£® £àã¯¯  ¥¤¨­¨æ. �ãáâì
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�â¨ ®â®¡à ¦¥­¨ï | £®¬®¬®àä¨§¬ë ª®«¥æ.

�¥¬¬  2. �á«¨ u1 | ¥¤¨­¨æ  ª®«ìæ  Zhxi ¨ '(u1) = �k1 , â® k ¤¥«¨âáï ­  3. �à¨ç¥¬, ¥á«¨
'(u1) = �31, â® u1 = �1 + 2x� x2 � x5 + 2x6 ¨ u�11 = �3 + x+ 3x2 � 2x3 � 2x4 + 3x5 + x6.

�®ª § â¥«ìáâ¢®. �ãáâì '(u1) = �1. �®£¤  u1 2 x+x6+ker'. � ª ª ª ker' =
n 6P

i=0

aix
i
��ai = a6

¤«ï ¢á¥å i = 1; : : : ; 5
o
, â® u1 = x + x6 + a

6P
i=0

xi, ­® â®£¤   (u1) = 2 + 7a = �1, çâ® ­¥¢®§¬®¦­®.

�ãáâì '(u1) = �31 = �3+3�+3��1+��3. �®£¤  u1 = 3x+x3+x4+3x6+a
6P

i=0

xi ¨  (u1) = 8+7a = �1.

�âáî¤  a = �1 ¨ u1 = 3x+ x3 + x4 + 3x6 �
6P

i=0

xi = �1 + 2x� x2 � x5 + 2x6.

�­ «®£¨ç­® ¤®ª §ë¢ îâáï
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�¥¬¬  3. �á«¨ u2 | ¥¤¨­¨æ  ª®«ìæ  Zhxi ¨ '(u2) = �n2 , â® n ¤¥«¨âáï ­  3. �à¨ç¥¬ ¥á«¨

'(u2) = �32, â® u2 = �1 + 2x2 � x3 � x4 + 2x5 ¨ u�12 = �3� 2x+ x2 + 3x3 + 3x4 + x5 � 2x6.

�¥¬¬  4. �á«¨ u3 | ¥¤¨­¨æ  ª®«ìæ  Zhxi, '(u3) = �r1�
s
1, r ¨ s ­¥ ¤¥«ïâáï ­  3, â®

r 6� s (mod3). �à¨ç¥¬ ¥á«¨ '(u3) = �1�
2
2, â® u3 = �1 + x+ x6 ¨ u�13 = 1 + x� x3 � x4 + x6.

�¥®à¥¬  1. �ãáâì U(Zhxi) | £àã¯¯  ¥¤¨­¨æ æ¥«®ç¨á«¥­­®£® £àã¯¯®¢®£® ª®«ìæ  æ¨ª«¨ç¥-

áª®© £àã¯¯ë ¯®àï¤ª  7 ¨ ' ®¯à¥¤¥«¥­® ª ª à ­¥¥. �®£¤ 

U(Zhxi) = h�1i � hxi � hu2i � hu3i;

£¤¥ u2 ¨ u3, ª ª ¢ «¥¬¬ å 3 ¨ 4. �à®¬¥ â®£®, U(Z[�])='(U(Zhxi)) �= Z3.

�®ª § â¥«ìáâ¢®. �ãáâì u | ¯à®¨§¢®«ì­ ï ¥¤¨­¨æ  ª®«ìæ  Zhxi. �®£¤  ¯® «¥¬¬¥ 1 '(u) =
(�1)i�j�k1�

n
2 ¨ '((�1)

ix�ju) = �k1�
n
2 . �ãáâì k = 3p+ r ¨ n = 3t+ s, £¤¥ r; s 2 f0; 1; 2g, ¨ ¯® «¥¬¬ ¬

2{4 «¨¡® r = s = 0, «¨¡® rs = 2. �® «¥¬¬ ¬ 2 ¨ 3 '((�1)ix�ju�p1 u�t2 u) = �r1�
s
2 ¨ ¯® «¥¬¬¥ 4

'((�1)ix�ju�p1 u�t2 u
�1
3 u) = 1 ¯à¨ r = 1 ¨ s = 2,   '((�1)ix�ju�p1 u�t2 u

�1
1 u�12 u3u) = 1 ¯à¨ r = 2 ¨

s = 1. � ª ª ª ¯® â¥®à¥¬¥ 12 ¨§ [2] £®¬®¬®àä¨§¬ ' ¨­ê¥ªâ¨¢¥­ ­  £àã¯¯¥ ¥¤¨­¨æ ª®«ìæ  Zhxi,
â®

U(Zhxi) = h�1i � hxi � hu1; u2; u3i:

� ¬¥â¨¬, çâ® �31 = (�1�22)
3(�32)

�2 ¨ ¢ á¨«ã ¨­ê¥ªâ¨¢­®áâ¨ ' ­  £àã¯¯¥ ¥¤¨­¨æ u1 = u33u
�2

2 . �âáî¤ 
hu1; u2; u3i = hu2; u3i ¨

U(Z[�])='(U(Zhxi)) = (h�1i � h�i � h�1i � h�2i)=(h�1i � h�i � h�32i � h�1�
2

2i) �=
�= (h�1i � h�2i)=(h�

3

2i � h�1�
2

2i):

�âªã¤  U(Z[�])='(U(Zhxi))�= Z3.

3. �¤¨­¨æë æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  9

3.1. �¤¨­¨æë ªàã£®¢ëå æ¥«ëå áâ¥¯¥­¨ 9. �ãáâì � | ¯¥à¢®®¡à §­ë© ª®à¥­ì áâ¥¯¥­¨ 9 ¨§
¥¤¨­¨æë ¨ k = Q(�). �ãáâì P = h1 � �i j i = 1; : : : ; 8i | ¯®¤£àã¯¯  ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯¯ë
¯®«ï k. �® ®¯à¥¤¥«¥­¨î ¯®¤£àã¯¯®© ªàã£®¢ëå ¥¤¨­¨æ ­ §®¢¥¬ ¯®¤£àã¯¯ã C = P \ U(Z[�]), £¤¥
U(Z[�]) | £àã¯¯  ¥¤¨­¨æ ª®«ìæ  ªàã£®¢ëå æ¥«ëå áâ¥¯¥­¨ 9.

�¥¬¬  5. U(Z[�]) = C, â. ¥. ¢áïª ï ¥¤¨­¨æ  ª®«ìæ  Z[�] ï¢«ï¥âáï ªàã£®¢®© ¥¤¨­¨æ¥©.

�®ª § â¥«ìáâ¢® 1. �ãáâì U(Z[�]) = E, E+ | ¯®¤£àã¯¯  ¢¥é¥áâ¢¥­­ëå ¥¤¨­¨æ ª®«ìæ  Z[�]
¨ C+ = C \ E+. �§ ([6], áá. 107, 119) á«¥¤ã¥â, çâ® E+=C+ �= E=C ¨ jE+=C+j = h+, £¤¥ h+ |
ç¨á«® ª« áá®¢ ¬ ªá¨¬ «ì­®£® ¢¥é¥áâ¢¥­­®£® ¯®¤¯®«ï ¯®«ï k. �®£« á­® [7] h+ = 1 ¨ ¯®â®¬ã
U(Z[�]) = E = C: �

�¥®à¥¬  2. �àã¯¯  ¥¤¨­¨æ ª®«ìæ  ªàã£®¢ëå æ¥«ëå áâ¥¯¥­¨ 9

U(Z[�]) = h�1i � h�i � h�i � h�i;

£¤¥ � = �+ �8 ¨ � = �4 + �5.

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® j 1 � �9�j = (���j)(1 � �j) ¨ (1 � �)(1 � �2)(1 � �4) =
(��2)(1� �3). �®íâ®¬ã ¤«ï u 2 C = U(Z[�])

u = (��)j(1� �)n(1� �2)p(1� �4)r

¤«ï ¯®¤å®¤ïé¨å æ¥«ëå j, n, p, r.

1�¥à¢®­ ç «ì­®¥ ¤®ª § â¥«ìáâ¢® á«¥¤®¢ «® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 1. �¢â®àë ¯à¨§­ â¥«ì­ë
�.�.�ã§ì¬¨­ã ­  ãª § ­¨¥ áâ âì¨ [6].
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�ãáâì N | ­®à¬  à áè¨à¥­¨ï k=Q . �® «¥¬¬¥ 1.3 ¨§ ([4], á. 19) N(1 � �j) = 3 ¤«ï (j; 3) = 1.
� ª ª ª u | ¥¤¨­¨æ , â® N(u) = 1j � 3n � 3p � 3r = 3n+p+r = 1 ¨ n+ p+ r = 0. �®íâ®¬ã

u = (��)j
�
1� �2

1� �

�p�1� �4

1� �

�r

:

� ª ª ª 1��2

1��
= 1+� ¨ 1��4

1��
= (1+�)(1+�2),   � = �+�8 = ��1(1+�2) ¨ � = �4+�5 = �4(1+�),

â® U(Z[�]) = h�1i � h�i � h�i � h�i.

3.2. �¤¨­¨æë ª®«ìæ  Zhxi. �«ï ¤ «ì­¥©è¨å ¢ëç¨á«¥­¨© ã¤®¡­® ¢¢¥áâ¨ á«¥¤ãîé¨¥ ®â®¡à -
¦¥­¨ï:

' : Zhxi ! Z[�]; � : Zhxi ! Z[�3];  : Zhxi ! Z;

¤¥©áâ¢ãîé¨¥ ¯® ¯à ¢¨« ¬
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i; �

� 8X
i=0

aix
i

�
=

8X
i=0

ai�
3i;  

� 8X
i=0

aix
i

�
=

8X
i=0

ai:

�â¨ ®â®¡à ¦¥­¨ï | £®¬®¬®àä¨§¬ë ª®«¥æ.

�¥¬¬  6.

1) ker' =
n 2P

i=0

cix
i(1 + x3 + x6) j c0; c1; c2 2 Z

o
;

2) U(Z[�3]) = f�1;��3;�(1 + �3)g.

�®ª § â¥«ìáâ¢®. 1) �â ­¤ àâ­®.
2) �§¢¥áâ­® (á¬., ­ ¯à., [5], £«. II, x 7).

�¥¬¬  7. �á«¨ u1 | ¥¤¨­¨æ  ª®«ìæ  Zhxi ¨ '(u1) = �k, â® k ¤¥«¨âáï ­  3. �à¨ç¥¬ ¥á«¨

'(u1) = �3, â® u1 = �1+2(x+x8)� (x2+x7)� (x4+x5) ¨ u�11 = 5+ (x+x8)� 5(x2+x7)� 3(x3+
x6) + 4(x4 + x5).

�®ª § â¥«ìáâ¢®. �ãáâì '(u1) = �. �®£¤  u1 = x+x8+c0(1+x3+x6)+c1(x+x4+x7)+c2(x2+
x5 + x8), ­® ®âáî¤   (u1) = 2 + 3(c0 + c1 + c3) = �1 ¨ ¯®â®¬ã c0 + c1 + c2 = �1. �¥£ª® ¢¨¤¥âì,
çâ® �(u1) = (3c0 � 3c2 � 1) + �3(3c1 � 3c2). �® ¯à¥¤ë¤ãé¥© «¥¬¬¥ c1 = c2, 3c1 � 3c2 � 1 = �1 ¨
¯®«ãç ¥âáï ¯à®â¨¢®à¥ç¨¥ á c0+ c1+ c2 = �1. �®íâ®¬ã ­¥â ¥¤¨­¨æë u1 á '(u1) = �. �á«¨ '(u1) =
�3 = �3+3�+3��1+��3, â® u1 = 3x+x3+x6+3x8+c0(1+x3+x6)+c1(x+x4+x7)+c2(x2+x5+x8) ¨
 (u1) = 8+3(c0+c1+c2) = �1. �âáî¤  c0+c1+c2 = �3. �¥¯¥àì �(u1) = (3c0�3c2�1)+�3(3c1�3c2).
�® ¯à¥¤ë¤ãé¥© «¥¬¬¥ c1 = c2, 3c1 � 3c2 � 1 = �1 ¨ c0 = c1 = c2 = �1. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬
í«¥¬¥­â

u1 = 3x+ x3 + x6 + 3x8 � (1 + x3 + x6)� (x+ x4 + x7)� (x2 + x5 + x8) =

= �1 + 2(x+ x8)� (x2 + x7)� (x4 + x5): �

�­ «®£¨ç­® ¤®ª §ë¢ îâáï

�¥¬¬  8. �á«¨ u2 | ¥¤¨­¨æ  ª®«ìæ  Zhxi ¨ '(u2) = �n, â® n ¤¥«¨âáï ­  3. �à¨ç¥¬ ¥á«¨

'(u2) = �3, â® u2 = �1 � (x + x8) � (x2 + x7) + 2(x4 + x5) ¨ u�12 = 5 � 5(x + x8) + 4(x2 + x7) �
3(x3 + x6) + (x4 + x5).

�¥¬¬  9. �á«¨ u3 | ¥¤¨­¨æ  ª®«ìæ  Zhxi, '(u3) = �r�s, r ¨ s ­¥ ¤¥«ïâáï ­  3, â®

r 6� s (mod3). �à¨ç¥¬, ¥á«¨ '(u3) = ��2, â® u3 = 1 + (x + x8) � (x3 + x6) � (x4 + x5) ¨

u�13 = �1 + (x+ x8)� (x2 + x7).

�­ «®£¨ç­® â¥®à¥¬¥ 1 ¤®ª §ë¢ ¥âáï

�¥®à¥¬  3. �ãáâì U(Zhxi) | £àã¯¯  ¥¤¨­¨æ æ¥«®ç¨á«¥­­®£® £àã¯¯®¢®£® ª®«ìæ  æ¨ª«¨ç¥-

áª®© £àã¯¯ë ¯®àï¤ª  9 ¨ ' ®¯à¥¤¥«¥­® ª ª à ­¥¥. �®£¤  U(Zhxi) = h�1i � hxi � hu2i � hu3i, £¤¥ u2
¨ u3, ª ª ¢ «¥¬¬ å 8 ¨ 9. �à®¬¥ â®£®, U(Z[�])='(U(Zhxi))�= Z3.
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