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1. � [1]{[3] à áá¬ âà¨¢ « áì à §­®ª®­âãà­ ï ªà ¥¢ ï § ¤ ç  ¤«ï ¯®«¨£ à¬®­¨ç¥áª®£® ãà ¢-
­¥­¨ï

�nu+ c1�n�1u+ � � �+ cnu = 0 (12n)

á ®¯¥à â®à®¬ � ¯« á  � ¨ ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ c1; : : : ; cn, ª®£¤  ªà ¥¢ë¥ ãá«®¢¨ï
§ ¤ ¢ «¨áì ­  à §­ëå ª®­âãà å

u(x)
��
�1
= '1(x); : : : ; u(x)

��
�n

= 'n(x); (22n)

£¤¥ § ¬ª­ãâë¥ ª®­âãàë �k ®£à ­¨ç¨¢ îâ ®¡« áâ¨ Dk, ¯à¨ç¥¬ D1 � D2 � � � � � Dn � D. �à®¬¥
â®£®, ª ª ¯®ª § ­® ¢ [2], [3], à¥§ã«ìâ âë ¯à ªâ¨ç¥áª¨ ­¥ ¬¥­ïîâáï, ¥á«¨ ¢¬¥áâ® ®¯¥à â®à  � ¯« -
á  � ¢§ïâì ®¯¥à â®à � ¯« á {�¥«ìâà ¬¨ L ¨ à áá¬®âà¥âì ªà ¥¢ãî § ¤ çã (2) ¤«ï á®®â¢¥âáâ¢ã-
îé¨å ãà ¢­¥­¨© ¢ ¯à®áâà ­áâ¢ å ¯®áâ®ï­­®© ªà¨¢¨§­ë. �â¬¥â¨¬, ªà®¬¥ â®£®, çâ® â ª¨¥ § ¤ ç¨
ï¢«ïîâáï ®¤­¨¬ ¨§ ¢®§¬®¦­ëå ®¡®¡é¥­¨© ¬­®£®â®ç¥ç­ëå § ¤ ç ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ¢®§­¨ª îâ ¢ á ¬ëå à §­®®¡à §­ëå ¯à¨ª« ¤­ëå ¯à®¡«¥¬ å, á¢ï§ ­­ëå,
­ ¯à¨¬¥à, á £¥®«®£¨ç¥áª¨¬¨, £¥®ä¨§¨ç¥áª¨¬¨ ¨ ¤àã£¨¬¨ ­ ¡«î¤¥­¨ï¬¨ [4], ª®£¤  ¨§¬¥à¥­¨¥
íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå ®áãé¥áâ¢«ï¥âáï ­¥ â®«ìª® ­  £à ­¨æ¥ ®¡« áâ¨, ­® ¨ ¢­ãâà¨ ­¥¥.

�¨¦¥ ¡ã¤¥â ¯®ª § ­®, çâ® § ¤ ç  (12n), (22n) ­¥ª®àà¥ªâ­ ï, ¯®íâ®¬ã ¢ ¦­ãî à®«ì ¨£à îâ
®æ¥­ª¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ § ¤ ç¨, ª« áá¨ç¥áª¨¬ à¥§ã«ìâ â®¬ ¢ íâ®¬ á¬ëá«¥ ¬®¦­® áç¨-
â âì ®æ¥­ª¨ ¤«ï § ¤ ç¨  ­ «¨â¨ç¥áª®£® ¯à®¤®«¦¥­¨ï �¤ ¬ à  ([4], á. 26{27). � ¤ ­­®© à ¡®â¥
¬ë â ª¦¥ ®áâ ­®¢¨¬áï ­  ®æ¥­ª å ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ¤«ï § ¤ ç¨ (12n), (22n) ¯à¨ n = 2,
â. ¥. à áá¬®âà¨¬ ãà ¢­¥­¨¥ ç¥â¢¥àâ®£® ¯®àï¤ª 

K4u = �2u+ c1�u+ c2u = 0; (14)

ª®£¤  ª®­âãàë �1 ¨ �2 ¨¬¥îâ ¢¨¤ ª®­æ¥­âà¨ç¥áª¨å ®ªàã¦­®áâ¥© à ¤¨ãá®¢ R1 ¨ R2, R2 > R1.
(� ¤ «ì­¥©è¨å ®¡®§­ ç¥­¨ïå (1), (2) ­¨¦­¨© ¨­¤¥ªá 4 ¡ã¤¥¬ ®¯ãáª âì, ¥á«¨ íâ® ­¥ ¢ë§ë¢ ¥â
­¥¤®à §ã¬¥­¨©.)

�à ¢­¥­¨¥ (1) ç¥à¥§ ª®à­¨ ª¢ ¤à â­®£® ãà ¢­¥­¨ï

�2 + c1�+ c2 = 0 (3)

¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ ¤¢ãå ®¯¥à â®à®¢ ¢â®à®£® ¯®àï¤ª  K4u = (� � �2)(� �
�1)u = 0 ¨«¨ íª¢¨¢ «¥­â­®© á¨áâ¥¬ë ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª (

(�� �1)u = v;

(�� �2)v = 0:
(4)

� á¨«ã (4) ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ (1) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

u = u1 + ev; (5)
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£¤¥ u1 | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

Ki;2ui = (�� �i)ui = 0 (i = 1; 2) (6i)

¯à¨ i = 1,   ev | ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï

(�� �1)u = v: (41)

� [5] ¯à¥¤áâ ¢«¥­¨¥ ¯à®¨§¢®«ì­®£® à¥è¥­¨ï (5) ¢ § ¢¨á¨¬®áâ¨ ®â ¢¨¤  ª®à­¥© ãà ¢­¥­¨ï (3)
¢ë¯¨á ­® ¡®«¥¥ â®ç­®. � ç áâ­®áâ¨, ¥á«¨ íâ¨ ª®à­¨ à §­ë¥, â®

u = u1 + u2; (50)

£¤¥ ui | ¯à®¨§¢®«ì­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (6i) (i = 1; 2) ¨

u = u0 + r
@u1
@r

(500)

¤«ï ªà â­®£® ª®à­ï ãà ¢­¥­¨ï (3), £¤¥ u0 ¨ u1 | ¯à®¨§¢®«ì­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï �u��u = 0.

�¯à¥¤¥«¥­¨¥. �¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ­ §ë¢ âì ª®«¥¡«îé¨¬áï ¢
®¡« áâ¨ D, ¥á«¨ ­ ©¤ãâáï å®âï ¡ë ¤¢  § ¬ª­ãâëå ª®­âãà  �1 ¨ �2, ®£à ­¨ç¨¢ îé¨¥ ®¡« áâ¨ D1

¨ D2, D1 � D2 � D, â ª¨¥, çâ®
u(x)

��
�1
= 0 = u(x)

��
�2
;

¨ ­¥ª®«¥¡«îé¨¬áï ¢ ¯à®â¨¢­®¬ á«ãç ¥. �à ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì ­¥ª®«¥¡«îé¨¬áï, ¥á«¨
¢á¥ ¥£® à¥è¥­¨ï ­¥ª®«¥¡«îé¨¥áï.

� ­­®¥ ®¯à¥¤¥«¥­¨¥ ª®«¥¡«¥¬®áâ¨ á¢ï§ ­® á ¯®àï¤ª®¬ ãà ¢­¥­¨ï ¨ «¥£ª® ®¡®¡é ¥âáï ­ 
ãà ¢­¥­¨ï ¯®àï¤ª  2n.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®à­¨ ãà ¢­¥­¨ï (3) ­¥®âà¨æ â¥«ì­ë¥, çâ® ®¡¥á¯¥ç¨¢ ¥â ­¥ª®«¥-
¡«¥¬®áâì ãà ¢­¥­¨ï (1).

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¤«ï à §­ëå ª®à­¥© ãà ¢­¥­¨ï (3) ¢ ¯®«ïà­ëå ª®®à¤¨­ â å (r; �) á
¯®¬®éìî ¬¥â®¤  à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå § ¯¨è¥¬ ç¥à¥§ ¬®¤¨ä¨æ¨à®¢ ­­ë¥ äã­ªæ¨¨ �¥áá¥«ï
Im(t) á«¥¤ãîé¨¬ ®¡à §®¬:

u(r; �) =
1X

m=0

2X
j=1

cm;jIm(
q
�jr )eim�; i =

p�1: (7)

�«ï ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ �ãàì¥ ¯à¥¤áâ ¢«¥­¨ï (7) ¯®«ãç¨¬ á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ cm;j (j = 1; 2; m = 0; 1; 2; : : : )

2X
j=1

cm;jIm(
q
�j r) = 'm;l (l = 1; 2);

£¤¥ ¯à ¢ë¥ ç áâ¨ áãâì ª®íää¨æ¨¥­âë à §«®¦¥­¨ï �ãàì¥ ª®­âãà­ëå ãá«®¢¨© (2). �¤¨­áâ¢¥­-
­®áâì à¥è¥­¨ï ¯®á«¥¤­¥©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë ãà ¢­¥­¨© § ¢¨á¨â ®â §­ ç¥­¨ï ®¯à¥¤¥«¨â¥«ï

�m =
����Im(p�1R1) Im(

p
�2R1)

Im(
p
�1R2) Im(

p
�2R2)

���� (m = 0; 1; 2; : : : ):

�ç¥¢¨¤­®, ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¤¢ãåª®­âãà­®©
ªà ¥¢®© § ¤ ç¨ (1), (2) ¡ã¤¥â

�m 6= 0 (m = 0; 1; 2; : : : ): (8)

�®á«¥¤­¥¥ ãá«®¢¨¥ ®¡¥á¯¥ç¨¢ ¥âáï, ª ª ã¦¥ ã¯®¬¨­ «®áì, ãá«®¢¨ï¬¨

�1 � 0; �2 � 0: (9)
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�á¯®«ì§ã¥¬ ®¡®§­ ç¥­¨ï à ¡®â [1]{[3] R2=R1 = � , �m(t) = Im(t)=Im(�t), �i =
p
�iR1 (i = 1; 2).

�á«¨ ¢ àï¤¥ (7) á£àã¯¯¨àã¥¬ ¢ëà ¦¥­¨ï, áâ®ïé¨¥ ¯à¨ ª®íää¨æ¨¥­â å �ãàì¥ 'm;1 ¨ 'm;2, â® ®­
¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

u(r; �) =
1X

m=0

2X
j=1

Bm;j(r)e
im�'m;j ; (10)

£¤¥

Bm;1(r) =

�������
Im(

p
�1r)

Im(��1)
Im(

p
�2r)

Im(��2)
1 1

�������
�m(�1)� �m(�2)

; Bm;2(r) =

�������
�m(�1) �m(�2)

Im(
p
�1r)

Im(��1)
Im(

p
�2r)

Im(��2

�������
�m(�1)� �m(�2)

:

2. � áá¬®âà¨¬ ¢®¯à®á ®¡ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ (1), (2) ¯à¨ ¤®¯®«­¨â¥«ì­ëå ãá«®-
¢¨ïå ­  à¥è¥­¨ï ãà ¢­¥­¨ï (1). � ª ãª § ­® ¢ à ¡®â¥ [6], ®¤­¨¬ ¨§ â ª¨å ¥áâ¥áâ¢¥­­ëå ãá«®¢¨©
ï¢«ï¥âáï

2
�

Z 2�

0

��
@u

@r

�2

+
�
@u

@�

�2�����
r=R2

d� < E; (11)

¢ëà ¦ îé¥¥ ®£à ­¨ç¥­­®áâì í­¥à£¨¨.
�¥ª®àà¥ªâ­®áâì ¤¢ãåª®­âãà­®© § ¤ ç¨ (1), (2) ­¥âàã¤­® § ¬¥â¨âì, ¥á«¨ § ¤ âì §­ ç¥­¨ï ­ 

ª®­âãà å '2(x) = 0, '1(x) = "eim�.
� áá¬®âà¨¬ ¯à®áâà ­áâ¢ 

L2[0; 2�] á ­®à¬®© k'(�)k = 2
�

Z 2�

0

'2(�)d� =
1X
k=0

'2
k; (12)

H2 á ­®à¬®© ku(r; �)k2H2
= max

0�r�R2

2
�

Z 2�

0
u2(r; �)d� = max

0�r�R2

1X
k=0

u2k(r); (120)

£¤¥ 'k ¨ uk(r) | ª®íää¨æ¨¥­âë à §«®¦¥­¨ï �ãàì¥ á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨©. � áá¬®âà¨¬
à¥è¥­¨¥ um;"(x) = "Bm;1(r)eim�, ã¤®¢«¥â¢®àïîé¥¥ ãª § ­­ë¬ ¢ëè¥ ãá«®¢¨ï¬. � ¯à®áâà ­áâ¢¥
L2[0; 2�] ¤«ï ¯à®¨§¢®«ì­®£® m ¨ ¯à®¨§¢®«ì­® ¬ «®£® " > 0 k'1kL2[0;2�] = ", â. ¥. ¯à®¨§¢®«ì­®
¬ « . � ¤àã£®© áâ®à®­ë, ¢ á¨«ã ®æ¥­ª¨ ¤«ï äã­ªæ¨¨ �m(t) [2]

jBm;1(r)j =

���� Im(
p
�1r)

Im(
p
�1R2)

� Im(
p
�2r)

Im(
p
�2R2)

����
j�m(

p
�1R1)� �m(

p
�2R2)j

� [max
�
�m(

p
�1R1)� �m(

p
�2R2)

�
]�1 = eA�m:

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ §  áç¥â m ¬®¦­® ¢ë¡à âì áª®«ì ã£®¤­® ¡®«ìè¨¬. �«¥¤®¢ â¥«ì­®, ­¥ª®à-
à¥ªâ­®áâì ¤¢ãåª®­âãà­®© § ¤ ç¨ ¯à®ï¢«ï¥âáï ¢ â®¬, çâ® ­¥â ­¥¯à¥àë¢­®© § ¢¨á¨¬®áâ¨ ¯® ­®à¬¥
(120) ®â ¨áå®¤­ëå ¤ ­­ëå ­  ¢­ãâà¥­­¥¬ ª®­âãà¥ �1.

� ¬¥ç ­¨¥ 1. �¥âàã¤­® ¯à®¢¥à¨âì, çâ®  ¯à¨®à­ë¥ ®æ¥­ª¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ¤¢ãå-
ª®­âãà­®© § ¤ ç¨ (1), (2) â¥á­ë¬ ®¡à §®¬ á¢ï§ ­ë á ãá«®¢¨ï¬¨ ¥¤¨­áâ¢¥­­®áâ¨  ­ «¨â¨ç¥áª®£®
¯à®¤®«¦¥­¨ï äã­ªæ¨¨ ev(x) á ®¡« áâ¨ D1 ­  ¢áî ®¡« áâì D2. �«ï íâ®£® ¤®áâ â®ç­® § ¯¨á âì
á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥­¨©, à ¢­®á¨«ì­ãî á¨áâ¥¬¥ ãà ¢­¥­¨© (4),

u(P0) =
Z
� � �

Z
D2

(�1u+ w)G2(P; P0)dP +
Z
� � �

Z
�2

u(P )
@G2(P; P0)

@nP
dP;

w(P0) =
Z
� � �

Z
D1

(�2wG1(P; P0)dP +
Z
� � �

Z
�1

w(P )
@G1(P; P0)

@nP
dP;

(13)
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£¤¥ ç¥à¥§ Gi(P; P0) ®¡®§­ ç¥­ë äã­ªæ¨¨ �à¨­  § ¤ ç¨ á ãá«®¢¨ï¬¨ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï � -
¯« á  ¢ ®¡« áâïå Di (i = 1; 2). � ª ¨§¢¥áâ­® [7], ¢â®à®¥ ãà ¢­¥­¨¥ (13) ¢á¥£¤  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ ¢ ®¡« áâ¨ D1, ¨ ¥á«¨ ¥£® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®¤®«¦¨âì ­  ¢áî ®¡« áâì, â® ¯¥à¢®¥
ãà ¢­¥­¨¥ â ª¦¥ ¡ã¤¥â ¨¬¥âì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. � á¢ï§¨ á íâ¨¬ áä®à¬ã«¨àã¥¬ ¤®¯®«­¨-
â¥«ì­ë¥ ãá«®¢¨ï â¨¯  ãá«®¢¨© (11), ®¡¥á¯¥ç¨¢ îé¨¥ ãá«®¢­ãî ãáâ®©ç¨¢®áâì § ¤ ç¨ (1), (2),
ç¥à¥§ ç áâ­®¥ à¥è¥­¨¥ ev(x) ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (41).

�¥®à¥¬  1. �ãáâì ç áâ­®¥ à¥è¥­¨¥ ev(r; �) ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (41) ã¤®¢«¥â¢®àï¥â

 ¯à¨®à­®© ®æ¥­ª¥

2
�

Z 2�

0

ev 2(R2; �)d� < M 2 (14)

¨

k'i(�;Ri)kL2[0;2�] � "i (i = 1; 2):

�®£¤  § ¤ ç  (1), (2) ãá«®¢­® ãáâ®©ç¨¢  ¨ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

2
�

Z 2�

0

u2(r; �)d� � 2
�
"1 +

Ik(
p
�2r)

I2k(
p
�2R2)

M 2(�2 � �1)2
�
; (15)

£¤¥ ç¨á«® k ®¯à¥¤¥«ï¥âáï ¨§ ­¥à ¢¥­áâ¢ 

0 � k + (1=2) ln 2("1 + "2)M�2=(ln ��= ln �); (16)

¥á«¨ ª®à­¨ ãà ¢­¥­¨ï (3) à §­ë¥, a ¤«ï ªà â­ëå ª®à­¥© ãà ¢­¥­¨ï (3)

2
�

Z 2�

0
u2(r; �)d� � 2

�
"1 +M 2

�
rI 0k(

p
�r)

R2I 0(
p
�R2)

��
; (17)

£¤¥ k ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

M
R1

R2

I 0k(
p
�R1)

I 0k(
p
�R2)

=
q
2("1 + "2) : (18)

�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤áâ ¢«¥­¨ï (5) à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¬®¦­® à §¡¨âì ­  ¤¢¥
§ ¤ ç¨: § ¤ çã á ãá«®¢¨ï¬¨ �¨à¨å«¥

u1
��
�2
= '2(x)

¤«ï ãà ¢­¥­¨ï (61) ¨ ¤¢ãåª®­âãà­ãî § ¤ çã ¤«ï à¥è¥­¨ï ev(x)
ev��

�2
= 0; ev��

�1
= '1 � u1

��
�1
:

�§-§  ­¥ª®«¥¡«¥¬®áâ¨ ãà ¢­¥­¨© (6i) ¨¬¥¥â ¬¥áâ® ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï ­¨å, ¯®íâ®¬ã ¢
ªàã£¥ r � R2 ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

2
�

Z 2�

0
u2i (r; �)d� < "2; r 2 [0; R2] (i = 1; 2)

¯à¨ ãá«®¢¨¨ k'2kL2
< "2. � ª ª ª �ev 2 � 2('2

1 + u21
��
�1
) ­  ª®­âãà¥ �1, â®

2
�

Z 2�

0

ev 2(R1; �)d� < 2("1 + "2): (19)

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ ¢ ¯®«ïà­®© á¨áâ¥¬¥ ª®®à¤¨­ â, à¥è¥­¨ï ®¤­®à®¤­ëå ãà ¢­¥­¨© (6i) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

ui(r; �) =
a0
2
+

1X
k=1

Ik(
p
�ir)akeik�:
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�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¬®¦­® à áá¬ âà¨¢ âì ª ª à §«®¦¥­¨¥ ¢ àï¤ �ãàì¥ ­  ¨­â¥à¢ «¥ [0; 2�],
¯®íâ®¬ã

2
�

Z 2�

0
u2i (r; �)d� =

A2
0

4
+

1X
k=1

A2
kI

2
k(
p
�ir):

�¥à¥¯¨è¥¬ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (41) [8]

ev(r; �) = 1X
k=1

Ik(
p
�2r)e

ik� Ak

�2 � �1
+
A0

2
;

ª®£¤  �1 6= �2, ¨

ev(r; �) = r
1X
k=1

I 0k(
p
�r)eik�Ak + r

A0

2
;

¥á«¨ �1 = �2 = �. (� ¤ «ì­¥©è¥¬ ®£à ­¨ç¨¬áï â®«ìª® ¯¥à¢ë¬ á«ãç ¥¬, ª®£¤  �1 6= �2, â. ª. ¢®
¢â®à®¬ á«ãç ¥ à ááã¦¤¥­¨ï  ­ «®£¨ç­ë¥ á § ¬¥­®© äã­ªæ¨¨ I2k(�2r) ­  r

2I 0k
2(�2r).)

�ç¨âë¢ ï ®àâ®£®­ «ì­®áâì ¬­®¦¥áâ¢  äã­ªæ¨© feik�g ¢ ¯à®áâà ­áâ¢¥ L2[0; 2�] ¨ ãá«®¢¨ï
(14) ¨ (19) ¯à¨ à §­ëå ª®à­ïå ãà ¢­¥­¨ï (3), ¯®«ãç¨¬ á¨áâ¥¬ã ­¥à ¢¥­áâ¢-®£à ­¨ç¥­¨©8>>>><>>>>:

1
(�1 � �2)2

1X
k=0

A2
kI

2
k(
p
�2R1) � 2("1 + "2);

1X
k=0

A2
kI

2
k(
p
�2R2) �M 2(�2 � �1)2:

(20)

�¥¨§¢¥áâ­ë¥ A2
k ¯à¨ ª ¦¤®¬ r 2 [0; R2] á«¥¤ã¥â ¯®¤®¡à âì â ª, çâ®¡ë äã­ªæ¨ï

F (r) =
Z 2�

0
v2(r; �)d� =

A2
0

4
+

1X
k=0

A2
kI

2
k(�2r)

¯à¨­¨¬ «  ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥. �¥âàã¤­® § ¬¥â¨âì, çâ® ¯®áâà®¥­­ ï ¢ëè¥ § ¤ ç  ï¢«ï¥âáï
§ ¤ ç¥© «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï, ¯®íâ®¬ã ®¯â¨¬ «ì­®¥ §­ ç¥­¨¥ ¤®áâ¨£ ¥âáï ­  ­¥ª®â®-
à®¬ ®¯®à­®¬ à¥è¥­¨¨. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ãîâ â ª¨¥ k1 < k2, çâ® Ak1 , Ak2 ®â«¨ç­ë ®â ­ã«ï,
  ®áâ «ì­ë¥ Aj = 0, ¥á«¨ ®¯â¨¬ «ì­®¥ à¥è¥­¨¥ ­¥¢ëà®¦¤¥­®, ¨ Ak 6= 0, ¥á«¨ ®­® ¢ëà®¦¤¥­-
­®¥. �á¯®«ì§ãï ®¡®§­ ç¥­¨ï I2kj (

p
�2Ri) = aij , ¤«ï ®¯à¥¤¥«¥­¨ï ­¥¨§¢¥áâ­ëå Ak1 ¨ Ak2 ¯®«ãç¨¬

á¨áâ¥¬ã ãà ¢­¥­¨© (
A2
k1
a11 +A2

k2
a12 = 2("1 + "2)(�2 � �1)2;

A2
k1
a21 +A2

k2
a22 =M 2(�2 � �1)2:

(21)

�«ï ¢ëà®¦¤¥­­®£® ®¯®à­®£® à¥è¥­¨ï ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯®çâ¨ ®ç¥¢¨¤­®, ¯®áª®«ìªã
Ak1 = 0, A2

k2
= M 2(�2 � �1)2I

�2
k2
(
p
�2R2) ¨«¨ ­ ®¡®à®â,   ç¨á«® k ®¯à¥¤¥«ï¥âáï ¨§ âà ­áæ¥­-

¤¥­â­®£® ãà ¢­¥­¨ï

M 2 I
2
k(
p
�2R1)

I2k(
p
�2R2)

= 2("1 + "2):

�á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ �m(t) ç¥à¥§ àï¤ë, ¨¬¥¥¬ ®ç¥¢¨¤­ãî ®æ¥­ªã 0 < � �
2("1 + "2)� 2k < 1. �âáî¤ , ¯à®«®£ à¨ä¬¨à®¢ ¢ ¥¥, ¯®«ãç¨¬ (16) ¨

Fmax(r) =M 2(�2 � �1)
2I2k(

p
�2r)I

�2
k (

p
�2R2); r 2 [0; R2]:

�æ¥­ª  (15) á«¥¤ã¥â ¨§ ¯à¥¤áâ ¢«¥­¨ï ç áâ­®£® à¥è¥­¨ï ev(r). � ®¡é¥¬ á«ãç ¥ ¯® ä®à¬ã« ¬
�à ¬¥à  à¥è¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© (21), ¯à¨ç¥¬

�k =
����a11 a12
a21 a22

���� = a22a21[�k1(�2)� �k2(�2)];
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�1;k =
���� 2("1 + "2) a12
M 2(�2 � �1)2 a22

���� ; �2;k =
����a11 2("1 + "2)
a21 M 2(�2 � �1)2

���� :
�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ I2ki(

p
�2r) = ai(r), â®£¤ 

Fmax(r) =
�1;k

�k

I2k1(
p
�2r) +

�2;k

�k

I2k2(
p
�2r) =

=

a1(r)
a21

� a2(r)
a22

�2k1(�2)� �2k2(�2)
2("1 + "2) +

a11a2(r)
a21a22

� a12a1(r)
a22a21

�2k1(�2)� �2k2(�2)
M 2(�2 � �1)2:

�¡¥ áã¬¬ë ¬®­®â®­­® ¢®§à áâ îâ ¯® k1 ¨ ¬®­®â®­­® ã¡ë¢ îâ ¯® k2, çâ® ¬®¦­® ¯à®¢¥à¨âì á
¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨«¨ ¢®á¯®«ì§®¢ âìáï á¢®©áâ¢ ¬¨ äã­ªæ¨¨ �k(t). �à®¬¥ â®£®,

lim
k1;k2![ 12 ln 2("1+"2)�ln�]= ln �

ev �M 2(�2 � �1)
2 I2k(

p
�2r)

I2k(
p
�2R2)

:

�âáî¤  ¨ ¨§ ¯à¥¤áâ ¢«¥­¨ï ®¡é¥£® à¥è¥­¨ï ç¥à¥§ (5) á«¥¤ã¥â ®æ¥­ª  (15). �§ ­¥à ¢¥­áâ¢  (16)
á«¥¤ã¥â, çâ® k !1, ¥á«¨ "1+"2 ! 0, ¨ â®£¤  ¤«ï ¡®«ìè¨å k ¨¬¥¥¬ Ik(

p
�2r)=Ik(

p
�2R2) �= rk=Rk

2 .
� ª¨¬ ®¡à §®¬, ¤«ï r < R2 ¯à ¢ ï ç áâì (15) áâà¥¬¨âáï ª ­ã«î, ¨ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (1),
(2) ¥¤¨­áâ¢¥­­® ¢ ãª § ­­®¬ ¢ëè¥ ª« áá¥.

3. �á¯®«ì§ãï ¤¨ää¥à¥­æ¨ «ì­ë¥ á¢®©áâ¢  ç áâ­®£® à¥è¥­¨ï v(r; �) ¯®  à£ã¬¥­â ¬ r ¨ �,
¬®¦­® ¯®«ãç¨âì ¡®«¥¥ â®ç­ë¥ ®æ¥­ª¨, ç¥¬ (18). � ¯à¨¬¥à, ¥á«¨ ¢¬¥áâ® ãá«®¢¨ï (15) ¯®âà¥¡®¢ âì
¢ë¯®«­¥­¨ï ãá«®¢¨ï

2
�

Z 2�

0

�
@mv

@�m

����
r=R2

�2

d� �M 2; (22)

â® ¤«ï ¯¥à¢®£® á«ãç ï (�1 6= �2) ¯®«ãç¨¬ ®æ¥­ªã

2
�

Z 2�

0

u2(r; �)d� � 2
�
"2 +

M 2(�2 � �1)2

k2m
I2k(
p
�2r)

I2k(
p
�2R2)

�
; (23)

£¤¥ k ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

0 < (1=2) ln("1 + "2) +m lnk + k ln � � ln�: (24)

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã ®æ¥­ª¨ (15), ¥á«¨ ¢¬¥áâ® ãá«®¢¨ï (14) ¨á¯®«ì§®-
¢ âì ãá«®¢¨¥ (22). �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥ 1. �ãáâì äã­ªæ¨ï ev(r; �) m à § ¤¨ää¥à¥­æ¨àã¥¬  ¯®  à£ã¬¥­âã � ¨ ¢ë¯®«­ï-
îâáï ­¥à ¢¥­áâ¢  k'i(�;Ri)kL2[0;2�] � "i (i = 1; 2) ¨ (22). �®£¤  ¤«ï à §­ëå ª®à­¥© ãà ¢­¥­¨ï (3)
¨¬¥¥â ¬¥áâ® ®æ¥­ª  (23), £¤¥ k ®¯à¥¤¥«ï¥âáï ¨§ (24),   ¤«ï ªà â­ëå ª®à­¥© | ®æ¥­ª 

2
�

Z 2�

0
u2(r; �)d� � 2

�
"1 + k�m

�
rI 0k(

p
�2r)

R2I 0k(
p
�2R2)

�2
M 2

�
;

£¤¥ k ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï

M
R1

R2

I 0k(
p
�2R1)

I 0k(
p
�2R2)

= km
q
2("1 + "2) :
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�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

2
�

Z 2�

0

�
@v

@r

����
r=R2

�2

d� =
1

(�� �2)2

1X
k=0

A2
k	k(r);

	k(r) =
k2

r2
I2k(
p
�2r) + 2

p
�2
r

kIk(
p
�2r)Ik+1(

p
�2r) + �2I

2
k+1(

p
�2r):

�®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬¨ à ááã¦¤¥­¨ï¬¨ ¤®ª §ë¢ ¥âáï

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï k'i(�;Ri)kL2[0;2�] � "i (i = 1; 2), (4) ¨

2
�

Z 2�

0

�
@v

@r

����
r=R2

�2

d� �M 2:

�®£¤  ¤«ï �1 6= �2 ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

2
�

Z 2�

0
u2(r; �)d� � 2

�
"1 +

I2k(
p
�2r)

	k(R2)
M 2(�2 � �1)

2

�
;

£¤¥ ¯ à ¬¥âà k ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï M 2 I
2
k(
p
�2R1)

	k(R2)
= 2("1 + "2).

� ¬¥ç ­¨¥ 2. �á«®¢¨ï á«¥¤áâ¢¨ï 1 ¯à¨ k = 1 ¨ 2 ¬®¦­® § ¬¥­¨âì ãá«®¢¨¥¬ (11).

�­ «®£¨ç­® à áá¬ âà¨¢ îâáï ¢®¯à®áë ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ¤«ï ãà ¢­¥­¨ï (1) ¢ ¯à®áâà ­-
áâ¢ å á ®â«¨ç­®© ®â ­ã«ï ªà¨¢¨§­®© [3].

4. � áá¬®âà¨¬ á«ãç © ¤¢ãåª®­âãà­®© § ¤ ç¨, ª®£¤  ¢­¥è­ïï £à ­¨æ  �2 | ®ªàã¦­®áâì,  
¢­ãâà¥­­ïï § ¤ ¥âáï ãà ¢­¥­¨¥¬ r = R1(�), r > 0. �¡®§­ ç¨¬ ®¯à¥¤¥«¨â¥«ì ªà ¥¢®© § ¤ ç¨ (24),
ª®£¤  ª®­âãàë �1 ¨ �2 § ¤ îâáï á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬¨ r = R1(�) ¨ r = R2, ç¥à¥§

�k(�) =
����Im(

p
�1R1(�)) Im(

p
�2R1(�))

Im(
p
�1R2) Im(

p
�2R2)

���� :
�¡®§­ ç¨¬ ç¥à¥§ R10 à ¤¨ãá ¬ ªá¨¬ «ì­®© ª®­æ¥­âà¨ç¥áª®© áä¥àë, ª®â®àãî ¬®¦­® ¢¯¨á âì

¢ ®¡« áâì, ®£à ­¨ç¥­­ãî ªà¨¢®© r = R1(�).

�¥¬¬ . �¬¥¥â ¬¥áâ® ®æ¥­ª 

�k(�) > �k0;

£¤¥ �k0 | ®¯à¥¤¥«¨â¥«ì ¤¢ãåª®­âãà­®© § ¤ ç¨

u(r; �)
��
r=R10

= '10(x); u(r; �)
��
r=R2

= '2(x):

�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ ¢ ä®à¬¥ (8) ®¯à¥¤¥«¨â¥«ì

�k(�) = Ik(
p
�1R2)Ik(

p
�2R2)

�
Ik(
p
�1R1(�))

Ik(
p
�1R2)

� Ik(
p
�2R1(�))

Ik(
p
�2R2)

�
¨ ¢ëç¨á«¨¬ ¯à®¨§¢®¤­ãî

�0k(�) = �k

�
I 0k(
p
�1R1(�))

p
�1R

0
1(�)

Ik(
p
�1R2)

� I 0k(
p
�2R1(�))

p
�2R

0
1(�)

Ik(
p
�2R2)

�
;

£¤¥ �k = Ik(
p
�1R2)=Ik(

p
�2R2). �á¯®«ì§ãï ä®à¬ã«ã ¤¨ää¥à¥­æ¨à®¢ ­¨ïäã­ªæ¨© �¥áá¥«ï, ¤«ï

®¯à¥¤¥«¨â¥«ï �k(�) ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª 

�0k(�) = �k
kR01(�)
R1(�)

�k(�) + gk(�)R01(�); (25)
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£¤¥

gk(�) = �k

�
Ik+1(

p
�1R1(�))

Ik(
p
�1R2)

p
�1 � Ik+1(

p
�2R1(�))

Ik(
p
�2R2)

p
�2

�
;

®¡é¥¥ à¥è¥­¨¥ ª®â®à®£® § ¯¨è¥¬ ¢ ¢¨¤¥

�k(�) = Rk
1(�)

h
C1 +

Z
R�k1 (�)gk(�)R

0
1(�)d�

i
;

C1 | ¯à®¨§¢®«ì­ ï ª®­áâ ­â . �¥âàã¤­® ¯®¤áç¨â âì, çâ® gk(t) � 0, â®£¤  ¢¬¥áâ® (25) ¯®«ãç¨¬
­¥à ¢¥­áâ¢® �k(�) > Rk

1(�)C1. �®«®¦¨¢ C1 = R�k10 �k0 ¨ ãç¨âë¢ ï, çâ® R10 = minR1(�), � 2 [0; 2�],
¯®«ãç¨¬ ­¥à ¢¥­áâ¢® (20).

�¡®§­ ç¨¬ �0 = R1=R10, â®£¤ , á«¥¤ãï ¬¥â®¤¨ª¥ à ¡®â [2], [3], ¤®ª §ë¢ ¥âáï â¥®à¥¬  áã-
é¥áâ¢®¢ ­¨ï ¨ ®æ¥­ª¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ â¨¯  (15), (17) ¤«ï ¤¢ãåª®­âãà­®© § ¤ ç¨, ¥á«¨
ª®­âãàë �1 ¨ �2 § ¤ îâáï á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨ï¬¨ r = R1(�), r = R2.
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