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��������� 2-����� ������� A(m; �)

2-£àã¯¯ë �ã¤§ãª¨ A(m; �) ¢¢¥¤¥­ë �¨£¬ ­®¬,   ­ ¨¡®«¥¥ ¯®«­® ¨áá«¥¤®¢ ­ë ¢ ([1], £«. VIII).
� ¯®¬­¨¬, ª ª ®­¨ ®¯à¥¤¥«ïîâáï. � áá¬®âà¨¬ ª®­¥ç­®¥ ¯®«¥ GF (q), q = 2m, m > 1, ¨ ¥£®  ¢â®-
¬®àä¨§¬ � ¯®àï¤ª  k ¤«ï ­¥ª®â®à®£® ¤¥«¨â¥«ï k > 1 ç¨á«  m. 2-£àã¯¯  �ã¤§ãª¨ A(m; �) | íâ®
¬­®¦¥áâ¢® ã¯®àï¤®ç¥­­ëå ¯ à í«¥¬¥­â®¢ ¨§ GF (q) á ®¯¥à æ¨¥© (a; b)(c; d) = (a+ c; b+ d+ c�(a))
¤«ï «î¡ëå a; b; c; d 2 GF (q). �â¥¯¥­¨ ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ 2-£àã¯¯ �ã¤§ãª¨ ¢ á«ãç ¥  ¢â®-
¬®àä¨§¬  � ­¥ç¥â­®£® ¯®àï¤ª  ­ ©¤¥­ë ¢ [2]. �®§¦¥  ¢â®à®¬ ¡ë«® ¯®«ãç¥­® ®¯¨á ­¨¥ áâ¥¯¥­¥©
­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ £àã¯¯ A(m; �) ¤«ï ¯à®¨§¢®«ì­®£®  ¢â®¬®àä¨§¬  � [3]. � ¬¥­ïï ¢ ®¯à¥-
¤¥«¥­¨¨ 2-£àã¯¯ �ã¤§ãª¨ ¯®«¥ GF (2m) ­  ¯à®¨§¢®«ì­®¥ ª®­¥ç­®¥ ¯®«¥ F = GF (pm), ¯®«ãç¨¬
¥áâ¥áâ¢¥­­®¥ ®¡®¡é¥­¨¥ íâ¨å £àã¯¯. �¡®§­ ç¨¬ ¯®«ãç¥­­ë¥ £àã¯¯ë ç¥à¥§ Ap(m; �). � ¯à®¤®«-
¦¥­¨¥ [3] ¢ ¤ ­­®© à ¡®â¥ ¯®«ãç¥­® ¯®«­®¥ ®¯¨á ­¨¥ áâ¥¯¥­¥© ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ £àã¯¯
Ap(m; �).

�¨¦¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Irr(G) | ¬­®¦¥áâ¢® ¢á¥å ­¥¯à¨¢®¤¨-
¬ëå å à ªâ¥à®¢, Lin(G) ¨ Irr1(G) { ¬­®¦¥áâ¢  á®®â¢¥âáâ¢¥­­® ¢á¥å «¨­¥©­ëå ¨ ­¥«¨­¥©­ëå
­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢, cd(G) | ¬­®¦¥áâ¢® áâ¥¯¥­¥© ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢, Cl(G) |
¬­®¦¥áâ¢® ª« áá®¢ á®¯àï¦¥­­ëå í«¥¬¥­â®¢ £àã¯¯ë G, k(G) = jCl(G)j.

�á­®¢­ ï â¥®à¥¬ . �á«¨ G = Ap(m; �) | p-£àã¯¯  ¯®àï¤ª  q2, £¤¥ m > 1 æ¥«®¥, q = pm,
� |  ¢â®¬®àä¨§¬ ¯®àï¤ª  k > 1, n = m=k, ¯®«ï GF (q), â® ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥-

­¨ï :

(i) eá«¨ k ­¥ç¥â­®, â® cd(G) = f1; p
m�n

2 g;
(ii) eá«¨ k = 2, â® cd(G) = f1; p

m

2 g;
(iii) eá«¨ k ç¥â­® ¨ k 6= 2, â® cd(G) = f1; p

m

2 ; p
m

2
�ng, ¯à¨ç¥¬ G ¨¬¥¥â pm�1

pn+1
pn å à ªâ¥à®¢

áâ¥¯¥­¨ p
m

2 ¨ pm�1
pn+1

p2n å à ªâ¥à®¢ áâ¥¯¥­¨ p
m

2
�n.

� ª ã¦¥ ®â¬¥ç «®áì, á«ãç © p = 2 ¨áá«¥¤®¢ ­ ¢ [3]. �®íâ®¬ã ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì,
çâ® p | ­¥ç¥â­®¥ ¯à®áâ®¥ ç¨á«® ¨ G ®¡®§­ ç ¥â £àã¯¯ã Ap(m; �), � |  ¢â®¬®àä¨§¬ ¯®àï¤ª  k
¯®«ï F = GF (q), q = pm ¨ n = m=k.

�¥¬¬  1. �«ï £àã¯¯ë G ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï :
(i) Z(G) = f(0; b) j b 2 Fg, jZ(G)j = pm;
(ii) k(G) = pm+n + pm � pn;
(iii) jG0j � pm�n.

�®ª § â¥«ìáâ¢®. (i) �§ ®¯à¥¤¥«¥­¨ï £àã¯¯ë G á«¥¤ã¥â, çâ® ¥á«¨ (a; b) 2 G, â® (a; b)p =
(pa; pb+ p(p�1)

2
a�(a)),   â. ª. p | ­¥ç¥â­®¥ ¯à®áâ®¥ ç¨á«®, â® (a; b)p = (0; 0) ¨ G | £àã¯¯  íªá¯®-

­¥­âë p. � «¥¥, (a; b)�1 = (�a;�b + a�(a)), ¨ ¤¢  í«¥¬¥­â  (a; b) ¨ (c; d) ª®¬¬ãâ¨àãîâ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  c�(a) = a�(c), çâ® ¯à¨ c 6= 0 íª¢¨¢ «¥­â­® à ¢¥­áâ¢ã ac�1 = �(ac�1). �âáî¤ ,
¢ ç áâ­®áâ¨, á«¥¤ã¥â Z(G) = f(0; b) j b 2 Fg ¨ jZ(G)j = pm.

(ii) �§ ¤®ª § â¥«ìáâ¢  ¯. (i) ¯®«ãç ¥¬, çâ® æ¥­âà «¨§ â®à «î¡®£® ­¥æ¥­âà «ì­®£® í«¥¬¥­â 
G ¨¬¥¥â ¯®àï¤®ª pm+n. �® â®£¤  ç¨á«® í«¥¬¥­â®¢, á®¯àï¦¥­­ëå á ¯à®¨§¢®«ì­ë¬ í«¥¬¥­â®¬ ¨§

56



GnZ(G), à ¢­® pm�n. �ãáâì r | ç¨á«® ­¥æ¥­âà «ì­ëå G-ª« áá®¢. �®£¤  rpm�n+pm = p2m = jGj.
�âáî¤  r = pm+n � pn ¨

k(G) = pm+n + pm � pn:

(iii) � ª ª ª jCG(g)j = pm+n ¤«ï «î¡®£® í«¥¬¥­â  g 2 GnZ(G), â® jG0j � pm�n.

�¥¬¬  2. �â®¡à ¦¥­¨¥ ��, § ¤ ­­®¥ ãá«®¢¨¥¬ ��(a; b) = (�a; ��(�)b) ((a; b) 2 G), ï¢«ï¥âáï
 ¢â®¬®àä¨§¬®¬ £àã¯¯ë G ¤«ï «î¡®£® � 2 F� .

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 2.3 ¨§ [4].
� ª ª ª � |  ¢â®¬®àä¨§¬ ¯®àï¤ª  k ¯®«ï F, â® ¤«ï «î¡®£® x 2 F ¨¬¥¥¬ �(x) = xp

nv

¯à¨ v
â ª®¬, çâ® (v; k) = 1. � ä¨ªá¨àã¥¬ â ª®¥ v.

�¥¬¬  3. (i) �ãáâì m = nk ¨ (v; k) = 1. �®£¤ 

(pm � 1; pnv + 1) =

(
2; ¥á«¨ k ­¥ç¥â­®;

pn + 1; ¥á«¨ k ç¥â­®.

(ii) �á«¨ m ç¥â­®,   n | ­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«®, â®

(pm � 1; pn + 1) =

8<
:
2; ¥á«¨ n

(m
2
;n)

ç¥â­®;

p(
m

2
;n) + 1; ¥á«¨ n

(m
2
;n)

­¥ç¥â­®.

�®ª § â¥«ìáâ¢®. (i) � ª ª ª (k; v) = 1, â® d = (pm � 1; pnv + 1) j (pm � 1; p2nv � 1) =
(pm � 1; p2n � 1). �¬¥¥¬

(pm � 1; p2n � 1) =

(
pn � 1; ¥á«¨ k ­¥ç¥â­®;

p2n � 1; ¥á«¨ k ç¥â­®.

�ãáâì k ­¥ç¥â­®. � ©¤¥¬ (pnv + 1; pn � 1). �á«¨ r > 2 ¯à®áâ®¥ ¨ r j (pnv + 1; pn � 1), â® pn �
1 (mod r),   §­ ç¨â, pnv+1 � 2 (mod r) | ¯à®â¨¢®à¥ç¨¥. �á«¨ r = 4, â® à ááã¦¤¥­¨ï  ­ «®£¨ç-
­ë. � ª¨¬ ®¡à §®¬, ¯à¨ ­¥ç¥â­®¬ k ¨¬¥¥¬ (pnv + 1; pn � 1) = 2, ®âªã¤  d = 2.

�á«¨ k ç¥â­®, â® pn + 1 j pm � 1 ¨ pn + 1 j pnv + 1, ®âªã¤  pn + 1 j d. �à®¬¥ â®£®, pnv + 1 =
(pn + 1)(pn(v�1) � pn(v�2) + � � � + p2n � pn + 1), pm � 1 = (pn + 1)(pn(k�1) � pn(k�2) + � � � + pn � 1).
�¡®§­ ç¨¬ ¢â®àë¥ ¬­®¦¨â¥«¨ ¢ íâ¨å ¯à®¨§¢¥¤¥­¨ïå á®®â¢¥âáâ¢¥­­® ç¥à¥§ A ¨ B. � ª ª ª v
­¥ç¥â­®, â® A â ª¦¥ ­¥ç¥â­®,   ¢ á¨«ã ç¥â­®áâ¨ k ç¨á«® B ç¥â­®. �âáî¤  á«¥¤ã¥â, çâ® 2 - d

pn+1
.

�®áª®«ìªã p2n � 1 = (pn + 1)(pn � 1) ¨ (pnv + 1; pn � 1) = 2, ¯®«ãç ¥¬ d = pn + 1.
(ii) �ç¥¢¨¤­®, d = (pm � 1; pn + 1) j (pm � 1; p2n � 1) = p(m;2n) � 1 = p2(

m

2
;n) � 1 =

(p(
m

2
;n) � 1)(p(

m

2
;n) + 1). � «¥¥, ¯®  ­ «®£¨¨ á à ááã¦¤¥­¨ï¬¨ ¯. (i) (p(

m

2
;n) � 1; pn + 1) = 2,

(p(
m

2
;n) + 1; pn + 1) =

8<
:
2; ¥á«¨ n

(m
2
;n)

ç¥â­®;

p(
m

2
;n) + 1; ¥á«¨ n

(m
2
;n)

­¥ç¥â­®.

�ãáâì á­ ç «  n

(m
2
;n)

ç¥â­®. �®£¤  d 2 f2; 4g. � á¨«ã ç¥â­®áâ¨ n ¯à¨ p � 1 (mod 4) ¨¬¥¥¬

pn+1 � 2 (mod 4),   ¯à¨ p � 3 (mod 4) p2 � 1 (mod 4) ¨ pn+1 � (p2)
n

2 +1 � 2 (mod 4). �®íâ®¬ã
4 - pn + 1 ¨ d = 2.

�á«¨ n

(m
2
;n)

­¥ç¥â­®, â® ¯®«®¦¨¬ n

(m
2
;n)

= s, (m
2
; n) = t. �®£¤  pts+1 = (pt+1)(pt(s�1)� pt(s�2)+

� � �+ p2t � pt + 1), ®âªã¤  pn+1
pt+1

­¥ç¥â­®.

�¥¬¬  4. �ãáâì � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F. �«¨­  ®à¡¨âë �� ­  GnZ(G) à ¢­ 
pm � 1. �«¨­  ®à¡¨âë �� ­  Z(G)# à ¢­  pm�1

2
¯à¨ ­¥ç¥â­®¬ k ¨ pm�1

pn+1
¯à¨ ç¥â­®¬ k.

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î �i�(a; b) = (�ia; (��(�))ib). �á«¨ a 6= 0, â® ãâ¢¥à¦¤¥­¨¥
á«¥¤ã¥â ¨§ ¯à¨¬¨â¨¢­®áâ¨ �. �á«¨ a = 0, â® �i�(0; b) = (0; (��(�))ib) = (0; b) â®«ìª® ¯à¨ (��(�))i=1.
� ª ª ª �(�) = �p

nv

, ¯®á«¥¤­¥¥ ¢ë¯®«­¥­® ¯à¨ �(p
nv+1)i = 1. �âáî¤  pm � 1 j (pnv + 1)i ¨ ãâ¢¥à-

¦¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ «¥¬¬ë 3.
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�¥¬¬  5. �ãáâì � 2 Irr1(G), �(1) = p�, Z0 = Z(G) \Ker�. �®£¤  jZ(G) : Z0j = p, G0 6� Z0,

cd(G=Z0) = f1; p�g, j Irr1(G=Z0)j = (p � 1)pm�2�. �à®¬¥ â®£®, «î¡®© ­¥«¨­¥©­ë© ­¥¯à¨¢®¤¨¬ë©

å à ªâ¥à G ï¢«ï¥âáï å à ªâ¥à®¬ à®¢­® ®¤­®© £àã¯¯ë G=Z, £¤¥ jZ(G) : Zj = p ¨ G0 6� Z.

�®ª § â¥«ìáâ¢®. � ª ª ª £àã¯¯  Z(G=Ker�) æ¨ª«¨ç¥áª ï,   Z(G) í«¥¬¥­â à­ ï  ¡¥«¥¢ ,
â® jZ(G) : Z0j = p. � áá¬®âà¨¬ ä ªâ®à-£àã¯¯ã G=Z0. � ª ª ª � ­¥«¨­¥©­ë©, â® G0Z0 = Z(G).
�à®¬¥ â®£®, j(G=Z0)0j = p ¨ G=Z0 | £àã¯¯  íªá¯®­¥­âë p. �âáî¤  á«¥¤ã¥â, çâ® G=Z0 = G1 � Z1,
£¤¥ Z1 � Z(G=Z0),   G1 íªáâà á¯¥æ¨ «ì­ ï. �¥¯¥àì ®áâ ¢è¨¥áï ãâ¢¥à¦¤¥­¨ï «¥¬¬ë á«¥¤ãîâ ¨§
®¯¨á ­¨ï áâ¥¯¥­¥© ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ íªáâà á¯¥æ¨ «ì­ëå £àã¯¯ ([4], â¥®à¥¬  5.5.5).

�¥®à¥¬  1. �á«¨ G = Ap(m; �) ¨ � |  ¢â®¬®àä¨§¬ ­¥ç¥â­®£® ¯®àï¤ª  k > 1 ¯®«ï F, â®

G0 = Z(G) ¨ cd(G) = f1; p
m�n

2 g.

�®ª § â¥«ìáâ¢®. �ãáâì � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F. � íâ®¬ á«ãç ¥ ¨¬¥îâáï ¤¢¥
��-®à¡¨âë ¤«¨­ë pm�1

2
­  Z(G)#. �á«¨ g 2 G0, â® ¨ ¢áï ��-®à¡¨â  í«¥¬¥­â  g â ª¦¥ «¥¦¨â ¢ G0.

�âáî¤  jG0j � pm�1
2

,   â. ª. jG0j
�� pm, â® jG0j = pm ¨ G0 = Z(G). �ç¥¢¨¤­®, ¨¬¥¥âáï ­¥ ¡®«¥¥ ¤¢ãå

��-®à¡¨â ­  ¬­®¦¥áâ¢¥ ¯®¤£àã¯¯ ¯®àï¤ª  p ¢ Z(G). �® ¯®áª®«ìªã (p; j��j) = 1, â® ¯® â¥®à¥¬¥
� èª¥ ¨¬¥¥âáï â ª¦¥ ­¥ ¡®«¥¥ ¤¢ãå ��-®à¡¨â ­  ¬­®¦¥áâ¢¥ ¯®¤£àã¯¯ ¨­¤¥ªá  p ¢ Z(G). � ª
ª ª G=Z0

�= G=Z��
0 ¤«ï «î¡®© ¯®¤£àã¯¯ë Z0 ¨­¤¥ªá  p ¢ Z(G),   j cd(G=Z0)j = 2 ¯® «¥¬¬¥ 5, â®

£àã¯¯  G ¨¬¥¥â ­¥ ¡®«¥¥ ¤¢ãå áâ¥¯¥­¥© ­¥¯à¨¢®¤¨¬ëå ­¥«¨­¥©­ëå å à ªâ¥à®¢.
�®¯ãáâ¨¬, çâ® cd(G) = f1; p�; p�g. �â® ®§­ ç ¥â, çâ® ¨¬¥îâáï ¤¢¥ ��-®à¡¨âë ­  ¬­®¦¥áâ¢¥

¯®¤£àã¯¯ ¨­¤¥ªá  p ¢ Z(G), ¯à¨ç¥¬ ¤«¨­ë íâ¨å ®à¡¨â à ¢­ë pm�1
2(p�1)

. �®£¤  å à ªâ¥à®¢ áâ¥¯¥­¨ p�

¨¬¥¥âáï pm�1
2(p�1)

(p� 1)pm�2�,   å à ªâ¥à®¢ áâ¥¯¥­¨ p� ¨¬¥¥âáï pm�1
2(p�1)

(p� 1)pm�2�. � ª ª ª k(G) =

pm+n+ pm� pn, â® pm+n+ pm� pn = pm+ pm�1
2

pm�2�+ pm�1
2

pm�2�. �âáî¤ , pn = 1
2
(pm�2�+ pm�2�),

çâ® ¢®§¬®¦­® «¨èì ¯à¨ � = �. � ª¨¬ ®¡à §®¬, cd(G) = f1; p�g, ®âªã¤  � = m�n

2
.

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® k ç¥â­®.

�¥¬¬  6. �ãáâì � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F ¨ k ç¥â­®. �®£¤ 

(i) eá«¨ m 6= 2n, â® G0 = Z(G) ¨ (G0)# ¨¬¥¥â pn + 1 ��-®à¡¨â ¤«¨­ë pm�1
pn+1

;

(ii) eá«¨ m = 2n, â® «¨¡® G0 = Z(G) ¨ (G0)# ¨¬¥¥â pn + 1 ��-®à¡¨â ¤«¨­ë pm�1
pn+1

= pn � 1,
«¨¡® jG0j = p

m

2 ¨ ¢á¥ í«¥¬¥­âë (G0)# á®¯àï¦¥­ë ¯®¤ ¤¥©áâ¢¨¥¬  ¢â®¬®àä¨§¬  ��.

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 3.2 ¨§ [3].
�® ª®­æ  ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¡ã¤¥¬ áç¨â âì, çâ® G0 = Z(G), â. ¥. í«¥¬¥­âë (G0)#

à §¡¨¢ îâáï ¯®¤ ¤¥©áâ¢¨¥¬ �� ­  pn + 1 ®à¡¨â ¤«¨­ë pm�1
pn+1

.

�¥¬¬  7. �ãáâì � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F. �®£¤  ¯®¤ ¤¥©áâ¢¨¥¬  ¢â®¬®àä¨§¬ 

�� ­¥£« ¢­ë¥ ­¥¯à¨¢®¤¨¬ë¥ å à ªâ¥àë G à §¡¨¢ îâáï ­  pn ®à¡¨â ¤«¨­ë pm�1 ¨ pn+1 ®à¡¨â
¤«¨­ë pm�1

pn+1
.

�®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã ¯. 2 «¥¬¬ë 3.2 ¨§ [3].

�¥¬¬  8. �ãáâì � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F. �®£¤  ¬­®¦¥áâ¢® ¢á¥å ¯®¤£àã¯¯

¨­¤¥ªá  p £àã¯¯ë Z(G) ¯®¤ ¤¥©áâ¢¨¥¬ �� à §¡¨¢ ¥âáï «¨¡® ­  pn + 1 ®à¡¨â ¤«¨­ë pm�1
(pn+1)(p�1)

,

«¨¡® ­  pn+1
2

®à¡¨â ¤«¨­ë
2(pm�1)

(pn+1)(p�1)
.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®¤£àã¯¯ã P � Z(G) ¯®àï¤ª  p. �ãáâì P = h(0; x)i =
f1; (0; x); : : : ; (0; x)p�1g,   s| ­ ¨¬¥­ìè¥¥ ç¨á«® â ª®¥, çâ® �s�(0; x) 2 P . � ª ª ª

���� jZ(G) �� = pm�1
pn+1

á®£« á­® «¥¬¬¥ 4, â® s
�� pm�1
pn+1

¨ P# à §¡¨¢ ¥âáï ­  p�1
t

��-®à¡¨â ¤«¨­ë t, st = pm�1
pn+1

. �® â®£¤ 
¤«¨­  ��-®à¡¨âë, á®¤¥à¦ é¥© ¯®¤£àã¯¯ã P , à ¢­  s. �ãáâì P1 = h(0; y)i | ¤àã£ ï ¯®¤£àã¯¯ 
¯®àï¤ª  p ¨§ Z(G). � ª ª ª Z(G) = f(0; b) j b 2 Fg,   � | ¯à¨¬¨â¨¢­ë© í«¥¬¥­â ¯®«ï F, â®
(0; y) = (0; �fx). �à®¬¥ â®£®, â. ª. �s�(0; x) 2 P , â® �s�(0; x) = (0; (��(�))sx) = (0; x)r = (0; rx).
�®£¤  �s�(0; y) = (0; (��(�))sy) = (0; (��(�))s�fx) = (0; �f (��(�))sx) = (0; r�fx) = (0; y)r. �â® ®§­ -
ç ¥â, çâ® ¤«¨­  ��-®à¡¨âë, á®¤¥à¦ é¥© ¯®¤£àã¯¯ã P1, â ª¦¥ à ¢­  s. � ª¨¬ ®¡à §®¬, ¤«¨­ë
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¢á¥å ��-®à¡¨â ­  ¬­®¦¥áâ¢¥ ¯®¤£àã¯¯ ¯®àï¤ª  p ¢ Z(G) à ¢­ë s. � ª ª ª ¢á¥£® ¯®¤£àã¯¯ ¯®-
àï¤ª  p ¨¬¥¥âáï pm�1

p�1
, â® ç¨á«® ��-®à¡¨â à ¢­®

pm�1
s(p�1)

= t(pn+1)

p�1
. �®áª®«ìªã (pn + 1; p � 1) = 2,

â® t 2 fp� 1; p�1
2
g. �­ ç¨â, ¬­®¦¥áâ¢® ¢á¥å ¯®¤£àã¯¯ ¯®àï¤ª  p £àã¯¯ë Z(G) ¯®¤ ¤¥©áâ¢¨¥¬ ��

à §¡¨¢ ¥âáï «¨¡® ­  pn + 1 ®à¡¨â ¤«¨­ë pm�1
(pn+1)(p�1)

, «¨¡® ­  pn+1
2

®à¡¨â ¤«¨­ë 2(pm�1)
(pn+1)(p�1)

.
�ãáâì â¥¯¥àì Q � Z(G) ¨ jZ(G) : Qj = p. � ª ª ª Q = P1 � � � � � Pm�1, £¤¥ jPij = p, â®

�s�(Q) = Q. �á«¨ ¦¥ ¤«ï ­¥ª®â®à®£® s1 < s ¨¬¥¥â ¬¥áâ® �s1� (Q) = Q, â® ¯® â¥®à¥¬¥ � èª¥
Z(G) = Q�P , £¤¥ jP j = p ¨ �s1� (P ) = P , çâ® ¯à®â¨¢®à¥ç¨¢®. �¥¯¥àì § ª«îç¥­¨¥ «¥¬¬ë á«¥¤ã¥â
¨§ ¤®ª § ­­®£® ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥.

�¥¬¬  9. �ãáâì � 2 Irr1(G), �(1) = p�. �®£¤  � � m

2
; � � m

2
� n, ¥á«¨ ç¨á«® ��-®à¡¨â ­ 

¬­®¦¥áâ¢¥ ¯®¤£àã¯¯ ¨­¤¥ªá  p ¢ Z(G) à ¢­® pn + 1, ¨ � > m

2
� n, ¥á«¨ ç¨á«® ��-®à¡¨â à ¢­®

pn+1
2

.

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 5 á«¥¤ã¥â, çâ® � 2 Irr1(G=Z0), £¤¥ Z0 � Z(G), jZ(G) : Z0j = p ¨
j Irr1(G=Z0)j = (p� 1)pm�2�. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® m� 2� � 0 ¨ � � m

2
.

�ãáâì Z1; : : : ; Zu | ¬­®¦¥áâ¢® ¯à¥¤áâ ¢¨â¥«¥© ��-®à¡¨â ­  ¬­®¦¥áâ¢¥ ¯®¤£àã¯¯ ¨­¤¥ªá  p ¢
Z(G). �®£¤  cd(G=Zi) = f1; p�ig, j Irr1(G=Zi)j = (p� 1)pm�2�i . �à®¬¥ â®£®, «î¡ë¥ ¤¢¥ ¯®¤£àã¯¯ë
¨­¤¥ªá  p ¢ Z(G), ¯à¨­ ¤«¥¦ é¨¥ ®¤­®© ��-®à¡¨â¥, ¨§®¬®àä­ë. � ª ª ª j Irr1(G)j = pm+n � pn,
â®

pm+n � pn =
pm � 1
u(p� 1)

uX
i=1

(p� 1)pm�2�i ;

®âªã¤  upn =
uP
i=1

pm�2�i .

�ãáâì u = pn + 1. �á«¨ ¤«ï ­¥ª®â®à®£® i ¢ë¯®«­ï¥âáï m � 2�i > 2n, â® pm�2�i � p2n+1 >
pn(pn + 1) = upn | ¯à®â¨¢®à¥ç¨¥. �­ ç¨â, m� 2�i � 2n ¨ �i �

m

2
� n ¤«ï ¢á¥å i.

�ãáâì u = pn+1
2
. �á«¨ ¤«ï ­¥ª®â®à®£® i ¢ë¯®«­ï¥âáï m � 2�i � 2n, â® pm�2�i � p2n >

1
2
pn(pn + 1) = upn | ¯à®â¨¢®à¥ç¨¥. �­ ç¨â, �i > m

2
� n ¤«ï ¢á¥å i.

�¥®à¥¬  2. �á«¨ G0 = Z(G) ¨ k ç¥â­®, â® cd(G) = f1; p
m

2
�n; p

m

2 g, ¯à¨ç¥¬ £àã¯¯  G ¨¬¥¥â
pm�1
pn+1

p2n ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ áâ¥¯¥­¨ p
m

2
�n ¨ pm�1

pn+1
pn ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ áâ¥¯¥­¨

p
m

2 .

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 7 ¬­®¦¥áâ¢® Irr(G)nf1Gg ¯®¤ ¤¥©áâ¢¨¥¬ �� à §¡¨¢ ¥âáï
­  pn ®à¡¨â ¤«¨­ë pm� 1 ¨ pn+1 ®à¡¨â ¤«¨­ë pm�1

pn+1
. � á¨«ã â®£® çâ® Lin(G) �= G=G0, ­¥£« ¢­ë¥

«¨­¥©­ë¥ å à ªâ¥àë G ®¡à §ãîâ ®¤­ã ��-®à¡¨âã ¤«¨­ë pm�1. �®íâ®¬ã ­  Irr1(G) ¨¬¥¥âáï pn�1
��-®à¡¨â ¤«¨­ë pm � 1. �® «¥¬¬¥ 5 ª ¦¤ë© ­¥«¨­¥©­ë© ­¥¯à¨¢®¤¨¬ë© å à ªâ¥à G ï¢«ï¥âáï
å à ªâ¥à®¬ à®¢­® ®¤­®© £àã¯¯ë G=Z0, £¤¥ Z0 � Z(G) ¨ jZ(G) : Z0j = p,   ¯® «¥¬¬¥ 8 ¬­®¦¥áâ¢®
M ¢á¥å ¯®¤£àã¯¯ ¨­¤¥ªá  p £àã¯¯ë Z(G) ¯®¤ ¤¥©áâ¢¨¥¬ �� à §¡¨¢ ¥âáï «¨¡® ­  pn + 1 ®à¡¨â
¤«¨­ë pm�1

(pn+1)(p�1)
, «¨¡® ­  pn+1

2
®à¡¨â ¤«¨­ë 2(pm�1)

(pn+1)(p�1)
.

�ãáâì á­ ç «  ç¨á«® ��-®à¡¨â ¢M à ¢­® pn+1. � áá¬®âà¨¬ å à ªâ¥à � 2 Irr1(G=Z0), Z0 2M.
�á«¨ ¤«¨­  ��-®à¡¨âë � à ¢­  pm � 1, â® ¢ Irr1(G=Z0) á®¤¥à¦aâáï (p� 1)(pn + 1) å à ªâ¥à®¢ ¨§
��-®à¡¨âë �. �á«¨ ¦¥ ¤«¨­  ��-®à¡¨âë � à ¢­  pm�1

pn+1
, â® ¢ Irr1(G=Z0) á®¤¥à¦aâáï p � 1 å à ª-

â¥ào¢ ¨§ ��-®à¡¨âë �. �â¬¥â¨¬, çâ® ¥á«¨ ¤«ï ­¥ª®â®à®© ¯®¤£àã¯¯ë Z0 2 M ¢ Irr1(G=Z0) ­¥â
å à ªâ¥à®¢, ¤«¨­  ��-®à¡¨âë ª®â®àëå à ¢­  pm�1

pn+1
, â® Irr1(G=Z0) à §¡¨¢ ¥âáï ­  ®à¡¨âë ¤«¨­ë

(p � 1)(pn + 1). � ª ª ª j Irr1(G=Z0)j = (p � 1)pm�2�, £¤¥ p� 2 cd(G=Z0), â® pn + 1
��pm�2� | ¯à®-

â¨¢®à¥ç¨¥. �­ ç¨â, ¢ ª ¦¤®© £àã¯¯¥ G=Z0 ¨¬¥îâáï ¯® ªà ©­¥© ¬¥à¥ p � 1 å à ªâ¥à®¢, ¤«¨­ 
��-®à¡¨âë ª®â®àëå à ¢­  pm�1

pn+1
. � ª ª ª ¢á¥£® â ª¨å å à ªâ¥à®¢ pm � 1,   jMj = pm�1

p�1
, â® ¢

ª ¦¤®© £àã¯¯¥ G=Z0 ¨¬¥¥âáï à®¢­® p� 1 å à ªâ¥à®¢, ¤«¨­  ��-®à¡¨âë ª®â®àëå à ¢­  pm�1
pn+1

.
�ãáâì cd(G=Z0) = f1; p�g ¨ ¢ G=Z0 á®¤¥à¦aâáï t(p�1)(pn+1) å à ªâ¥à®¢ á ��-®à¡¨â®© ¤«¨­ë

pm�1. �®£¤  j Irr1(G=Z0)j = (p�1)pm�2� = (p�1)+ t(p�1)(pn+1). �âáî¤  pm�2��1 = t(pn+1) ¨
pn+1 j pm�2�� 1. �«¥¤®¢ â¥«ì­®, n j m� 2� ¨ m�2�

n
ç¥â­®. �® «¥¬¬¥ 9 ¨¬¥¥¬ 1

2
m�n � � � 1

2
m,
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®âªã¤  0 � m�2�
n

� 2. �ãáâì t > 0. �®£¤  j Irr1(G=Z0)j > p�1,   ¯®â®¬ãm�2� 6= 0. �­ ç¨â, m�2�
n

=2
¨ � = 1

2
m�n, j Irr1(G=Z0)j = (p� 1)p2n, t = pn� 1. � ª ª ª t = pn� 1, â® ¢ Irr1(G=Z0) á®¤¥à¦ âáï

¯à¥¤áâ ¢¨â¥«¨ ¢á¥å ��-®à¡¨â ¤«¨­ë pm�1 ¨§ Irr1(G). �®íâ®¬ã ¢á¥ å à ªâ¥àë á ��-®à¡¨â®© ¤«¨­ë
pm � 1 á®¤¥à¦ âáï ¢ ®¤­®© ��-®à¡¨â¥ ¨§ M. �®£¤  ¢ G ¨¬¥îâáï (p � 1)p2n pm�1

(p�1)(pn+1)
= p2n pm�1

pn+1

å à ªâ¥à®¢ áâ¥¯¥­¨ p
1

2
m�n. �ã¬¬  ª¢ ¤à â®¢ ¨å áâ¥¯¥­¥© à ¢­  pmpm�1

pn+1
. �®«¨ç¥áâ¢® ®áâ ¢è¨åáï

­¥¯à¨¢®¤¨¬ëå ­¥«¨­¥©­ëå å à ªâ¥à®¢ G à ¢­® t1 = pn(pm � 1) � p2n pm�1
pn+1

= pn pm�1
pn+1

,   áã¬¬ 

ª¢ ¤à â®¢ ¨å áâ¥¯¥­¥© à ¢­  � = pm(pm � 1) � pm pm�1
pn+1

= pm pn(pm�1)

pn+1
. �á«¨ � 2 Irr1(G), â®

�(1)2 � jG : Z(G)j = pm. � ª ª ª � = t1p
m, â® ¢á¥ ®áâ ¢è¨¥áï ­¥«¨­¥©­ë¥ å à ªâ¥àë G ¨¬¥îâ

áâ¥¯¥­ì p
1

2
m.

�ãáâì â¥¯¥àì ç¨á«® ��-®à¡¨â ¢ M à ¢­® pn+1
2
. � ¯®¬­¨¬, çâ® ¤«¨­  íâ¨å ��-®à¡¨â à ¢­ 

2(pm�1)
(p�1)(pn+1)

. �á«¨ ¢ Irr1(G=Z0) (Z0 2M) á®¤¥à¦¨âáï å à ªâ¥à �, ¤«¨­  ��-®à¡¨âë ª®â®à®£® à ¢­ 

pm � 1, â® ¢ Irr1(G=Z0) á®¤¥à¦ âáï â ª¦¥ (p � 1)p
n+1
2

á®¯àï¦¥­­ëå á �. �­ «®£¨ç­®, ¥á«¨ ¢
Irr1(G=Z0) ¨¬¥¥âáï å à ªâ¥à, ¤«¨­  ��-®à¡¨âë ª®â®à®£® à ¢­  pm�1

pn+1
, â® ¢ Irr1(G=Z0) ¨¬¥îâáï

â ª¦¥ p�1
2
¥¬ã á®¯àï¦¥­­ëå. �®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬ á«ãç ¥¬ ¬®¦­® ¯®ª § âì, çâ® ¢ ª ¦¤®©

£àã¯¯¥ G=Z0 (Z0 2M) ¨¬¥îâáï å à ªâ¥àë á ��-®à¡¨â®© ¤«¨­ë pm�1
pn+1

.

�®¯ãáâ¨¬, ¢ ­¥ª®â®à®© £àã¯¯¥ G=Z0 ¨¬¥îâáï à®¢­® p�1
2

å à ªâ¥à®¢ á ��-®à¡¨â®© ¤«¨­ë
pm�1
pn+1

. �®£¤  j Irr1(G=Z0)j = (p� 1)pm�2� = p�1
2
+ t(p� 1)p

n+1
2
, t � 0. �âáî¤  2pm�2� = 1+ t(pn+1)

­¥¢®§¬®¦­®, â. ª. 2pm�2� ¨ pn + 1 ç¥â­ë. �­ ç¨â, ¢ ª ¦¤®© £àã¯¯¥ G=Z0 ¨¬¥¥âáï ¯® ªà ©­¥©
¬¥à¥ p� 1 å à ªâ¥à®¢, ¤«¨­  ��-®à¡¨âë ª®â®àëå à ¢­  pm�1

pn+1
. � ª ª ª jMj = pm�1

p�1
,   ª®«¨ç¥áâ¢®

ãª § ­­ëå å à ªâ¥à®¢ pm � 1, â® ¢ ª ¦¤®© £àã¯¯¥ G=Z0 ¨¬¥îâáï à®¢­® p � 1 å à ªâ¥à®¢ á
��-®à¡¨â®© ¤«¨­ë

pm�1
pn+1

(¯à¨ç¥¬ íâ¨ å à ªâ¥àë ¯à¨­ ¤«¥¦ â ¤¢ã¬ à §­ë¬ ��-®à¡¨â ¬).
�ãáâì â¥¯¥àì G=Z0 á®¤¥à¦¨â å à ªâ¥àë á ��-®à¡¨â®© ¤«¨­ë pm � 1. �®£¤  ¯® ¤®ª § ­­®¬ã

j Irr1(G=Z0)j = (p � 1)pm�2� = (p � 1) + t(p � 1)p
n+1
2
. �âáî¤  2(pm�2� � 1) = t(pn + 1). � ª ª ª

m ç¥â­®, â® m� 2� â ª¦¥ ç¥â­®, ¯®íâ®¬ã, ¨á¯®«ì§ãï «¥¬¬ã 3 (ii), ­¥âàã¤­® ¯®ª § âì, çâ® «¨¡®
n
�� m�2�

2
, pn + 1

�� pm�2� � 1 ¨ t = 2p
m�2�

�1
pn+1

, «¨¡® p = 3, n = 1 ¨ t = 3m�2��1
2

. �¤­ ª® ¯® ãá«®¢¨î
n 6= 1 ¨ ¢â®à®© á«ãç © ­¥¢®§¬®¦¥­. � ¯¥à¢®¬ ¦¥ á«ãç ¥ ¯®«ãç ¥¬, çâ® «¨¡® 2n � m � 2�,
� � m

2
� n, çâ® ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 9, «¨¡® m� 2� = 0, � = m

2
, t = 0, ¯à®â¨¢®à¥ç¨¢®.

� ª¨¬ ®¡à §®¬, á«ãç ©, ª®£¤  ¢ M ¨¬¥îâáï pn+1
2

��-®à¡¨â, ­¥¢®§¬®¦¥­.

�«¥¤áâ¢¨¥. �á«¨ m = 2n, â® jG0j = p
m

2 .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® G0 = Z(G). �®£¤  ¯® â¥®à¥¬¥ 2 cd(G) = f1; p
m

2
�n; p

m

2 g,
çâ® ­¥¢®§¬®¦­® ¢ á¨«ã à ¢¥­áâ¢  m

2
� n = 0.

�¥®à¥¬  3. �á«¨ m = 2n, â® cd(G) = f1; p
m

2 g.

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 6 (ii) ¨ á«¥¤áâ¢¨î â¥®à¥¬ë 2 ¨¬¥¥¬ jG0j = p
1

2
m, jG : G0j =

pm+ 1

2
m = pm+n = jLin(G)j, ®âªã¤  j Irr1(G)j = pm � pn = p

1

2
m(p

1

2
m � 1). � ¦¤ë© ­¥¯à¨¢®¤¨¬ë©

­¥«¨­¥©­ë© å à ªâ¥à £àã¯¯ë G á®¤¥à¦¨âáï à®¢­® ¢ ®¤­®© £àã¯¯¥ G=Z0, £¤¥ Z0 | ¯®¤£àã¯¯ 

¨­¤¥ªá  p ¢ Z(G) ¨ G0 6� Z0. �¨á«® â ª¨å ¯®¤£àã¯¯ à ¢­® pm�1
p�1

� p
1

2
m
�1

p�1
= p

1

2
m
�1

p�1
p
1

2
m, ¯à¨ç¥¬ ¢

ª ¦¤®© £àã¯¯¥ G=Z0 ¨¬¥îâáï ­¥ ¬¥­¥¥ p� 1 ­¥¯à¨¢®¤¨¬ëå ­¥«¨­¥©­ëå å à ªâ¥à®¢. �à ¢­¨¢ ï
ç¨á«® ­¥«¨­¥©­ëå ­¥¯à¨¢®¤¨¬ëå å à ªâ¥à®¢ £àã¯¯ë G ¨ ç¨á«® ¯®¤£àã¯¯ ¨­¤¥ªá  p ¢ Z(G), ­¥
á®¤¥à¦ é¨å G0, ¯®«ãç ¥¬, çâ® ¢ «î¡®© £àã¯¯¥ G=Z0 ¨¬¥îâáï à®¢­® p� 1 ­¥«¨­¥©­ëå ­¥¯à¨¢®-
¤¨¬ëå å à ªâ¥à®¢. �ãáâì cd(G=Z0) = f1; p�g. �®£¤  p� 1 = j Irr1(G=Z0)j = (p� 1)pm�2�. �âáî¤ 
� = 1

2
m.

�®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë. � á«ãç ¥ ­¥ç¥â­®£® k ¤®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥-
¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë 1. �à¨ ç¥â­®¬ k ®­® ¯®«ãç ¥âáï ­¥¯®áà¥¤áâ¢¥­­® ¨§ «¥¬¬ë 6, â¥®à¥¬ë 2,
á«¥¤áâ¢¨ï ª ­¥© ¨ â¥®à¥¬ë 3.
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