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�§ãç¥­¨¥ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢  ää¨­­®© á¢ï§­®áâ¨, á®åà ­ïîé¨å â¥ ¨«¨ ¨­ë¥ ¨å
á¢®©áâ¢ , ­ ç «®áì á à ¡®â �.�¨ ¨ �. �¨¬ ­ , ¢¯¥à¢ë¥ ¯®áâ ¢¨¢è¨å ¢®¯à®á ® ¤¢¨¦¥­¨ïå ¢ ¥¢-
ª«¨¤®¢ëå ¨ ¯á¥¢¤®¥¢ª«¨¤®¢ëå ¯à®áâà ­áâ¢ å. �®¤ ¤¢¨¦¥­¨ï¬¨ ¯à¨ íâ®¬ ¯®­¨¬ «¨áì â ª¨¥ ¡¥á-
ª®­¥ç­® ¬ «ë¥ (¨­ä¨­¨â¥§¨¬ «ì­ë¥) ¯à¥®¡à §®¢ ­¨ï, ª®â®àë¥ á®åà ­ïîâ à ááâ®ï­¨¥ ¬¥¦¤ã
¡¥áª®­¥ç­® ¡«¨§ª¨¬¨ â®çª ¬¨ ¯à®áâà ­áâ¢ .

� ¤ «ì­¥©è¥¬ ¢ á¢ï§¨ á ®¡®¡é¥­¨¥¬ ¯®­ïâ¨ï ¥¢ª«¨¤®¢ ,   § â¥¬ ¨ à¨¬ ­®¢ , ¯à®áâà ­áâ¢
¯®ï¢¨«¨áì ¨ ®¡®¡é¥­¨ï ¯®­ïâ¨ï ¤¢¨¦¥­¨ï. � §ë¢ ¥¬ë¥ íâ¨¬ â¥à¬¨­®¬ ¯à¥®¡à §®¢ ­¨ï ã¦¥
­¥ á®åà ­ïîâ à ááâ®ï­¨¥, ª®â®à®¥ ¢ íâ¨å ®¡®¡é¥­­ëå ¯à®áâà ­áâ¢ å ¤ «¥ª® ­¥ ¢á¥£¤  ®¯à¥-
¤¥«ï¥âáï, ­® á®åà ­ïîâ ­¥ª®â®àë¥ ¤àã£¨¥ ®¡ê¥ªâë, ®¯à¥¤¥«¥­­ë¥ ¢ ­¨å: ã£«ë (ª®­ä®à¬­ë¥
¯à¥®¡à §®¢ ­¨ï), £¥®¤¥§¨ç¥áª¨¥ «¨­¨¨ (¯à®¥ªâ¨¢­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯à®¥ªâ¨¢­ë¥ ¤¢¨¦¥­¨ï)
¨ ¤àã£¨¥. � ¬¥â¨¬, çâ® íâ¨ ¯à¥®¡à §®¢ ­¨ï, ª ª ¯à ¢¨«®, ­¥ á®åà ­ïîâ á¢ï§­®áâì á ¬®£® ¯à®-
áâà ­áâ¢ . � ¬ë¬ ®¡é¨¬, ¯®¦ «ã©, ¯®­ïâ¨¥¬ ¤¢¨¦¥­¨ï ¢ ¯à®áâà ­áâ¢¥  ää¨­­®© á¢ï§­®áâ¨,
á®åà ­ïîé¨¬ ¥£® á¢ï§­®áâì, ï¢«ï¥âáï  ää¨­­ ï ª®««¨­¥ æ¨ï, | ¯à¥®¡à §®¢ ­¨¥, ¯¥à¥¢®¤ïé¥¥
£¥®¤¥§¨ç¥áª¨¥ «¨­¨¨ ¨áá«¥¤ã¥¬®£® ¯à®áâà ­áâ¢  á­®¢  ¢ £¥®¤¥§¨ç¥áª¨¥ ¨ á®åà ­ïîé¥¥  ää¨­-
­ë© ¯ à ¬¥âà £¥®¤¥§¨ç¥áª®© ([1], £«. VII, x 75, á. 126).

�à®áâà ­áâ¢  �¥©«ï § ­¨¬ îâ ¯à®¬¥¦ãâ®ç­®¥ ¯®«®¦¥­¨¥ ¬¥¦¤ã à¨¬ ­®¢ë¬¨ ¯à®áâà ­-
áâ¢ ¬¨ ¨ ¯à®áâà ­áâ¢ ¬¨  ää¨­­®© á¢ï§­®áâ¨ ®¡é¥£® ¢¨¤  | ®­¨ ®¡®¡é îâ ¯¥à¢ë¥ ¨ ï¢«ïîâáï
ç áâ­ë¬ á«ãç ¥¬ ¢â®àëå. � á¨«ã íâ®£® ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ­¥â ®¡é¥¯à¨­ïâ®£® ¯®­ïâ¨ï ¤¢¨¦¥-
­¨ï ¢ ¯à®áâà ­áâ¢¥ �¥©«ï. �¥ª®â®àë¥  ¢â®àë ¯®­¨¬ îâ ¯®¤ ¤¢¨¦¥­¨¥¬  ää¨­­ë¥ ª®««¨­¥ æ¨¨
[2], ¤àã£¨¥ | ¯à¥®¡à §®¢ ­¨ï, á®åà ­ïîé¨¥ ¬¥àã ã£« , ®¯à¥¤¥«¥­­ãî ®á­®¢­ë¬ ¯á¥¢¤®â¥­§®à®¬
¯à®áâà ­áâ¢  �¥©«ï (ª®­ä®à¬­ë¥ ¤¢¨¦¥­¨ï) [3], âà¥âì¨ | ¯à¥®¡à §®¢ ­¨ï, á®åà ­ïîé¨¥ ¥£®
á¢ï§­®áâì [4].

�áá«¥¤®¢ ­¨¥¬ ¯®¤¢¨¦­®áâ¨ ¯à®áâà ­áâ¢ �¥©«ï ª ª ¯à®áâà ­áâ¢  ää¨­­®© á¢ï§­®áâ¨ ¢¯¥à-
¢ë¥ § ­¨¬ «áï, ¯®-¢¨¤¨¬®¬ã, �¦.�¥¢¨­ [2]. �­ à áá¬ âà¨¢ «  ää¨­­ë¥ ª®««¨­¥ æ¨¨ ¨ ®âëá-
ª¨¢ « ª« ááë ¯à®áâà ­áâ¢, ¨å ¤®¯ãáª îé¨å, ¨áå®¤ï ¨§ ãá«®¢¨ï á®åà ­¥­¨ï á¢ï§­®áâ¨ ¯à¨ â ª¨å
¯à¥®¡à §®¢ ­¨ïå.

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¡®«¥¥ ã§ª¨© ª« áá ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ �¥©«ï |
¯à¥®¡à §®¢ ­¨ï, á®åà ­ïîé¨¥ ®á­®¢­®© ¯á¥¢¤®â¥­§®à ¨  ää¨­­ãî á¢ï§­®áâì ¯à®áâà ­áâ¢  (â. ¥.
¯à¥®¡à §®¢ ­¨ï, ­¥¯®áà¥¤áâ¢¥­­® ®¡®¡é îé¨¥ ­  á«ãç © á¢ï§­®áâ¨ �¥©«ï £®¬®â¥â¨¨ à¨¬ ­®¢ 
¯à®áâà ­áâ¢  ([5], £«. 7, x 5, á. 168)), ¨ ãª §ë¢ ¥âáï á¯®á®¡ ¯®áâà®¥­¨ï ­¥ª®â®à®£® ª« áá  ¯à®-
áâà ­áâ¢ �¥©«ï, ¤®¯ãáª îé¨å ãª § ­­ë¥ ¯à¥®¡à §®¢ ­¨ï.

1. �®áâ ­®¢ª  § ¤ ç¨

�®¤ ¤¢¨¦¥­¨¥¬ ¢ ¯à®áâà ­áâ¢¥ �¥©«ïWn(gij ; !k) á ®á­®¢­ë¬ â¥­§®à®¬ gij ¨ ¤®¯®«­¨â¥«ì­ë¬
¢¥ªâ®à®¬ !k 6= @k! (i; j; k : : : = 1; n, n = dimWn, rkgij = 2!kgij , rk | á¨¬¢®« ª®¢ à¨ ­â­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢Wn) ¯®­¨¬ ¥âáï [6] ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ x0i = xi+�i(xj)�t
(xi | ª®®à¤¨­ âë ¢ Wn, èâà¨å ®¡®§­ ç ¥â ª®®à¤¨­ âë ®¡à §  ¯à¨ ¯à¥®¡à §®¢ ­¨¨, �t | ¢ à¨-
 æ¨ï £àã¯¯®¢®£® ¯ à ¬¥âà ), ¯®à®¦¤¥­­®¥ ¢¥ªâ®à­ë¬ ¯®«¥¬ �i(xj) ¨ á®åà ­ïîé¥¥ á¢ï§­®áâì ¨
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®á­®¢­®© â¥­§®à ¯à®áâà ­áâ¢ . �¢¨¦¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ �¥©«ï, â ª¨¬ ®¡à §®¬, ®¤­®¢à¥¬¥­­®
ï¢«ï¥âáï ¥£® ª®­ä®à¬­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¨  ää¨­­®© ª®««¨­¥ æ¨¥©.

� ª ¯®ª § ­® ¢ [6], ãà ¢­¥­¨ï, ®¯à¥¤¥«ïîé¨¥ â ª®¥ ¯à¥®¡à §®¢ ­¨¥, ¬®¦­® § ¯¨á âì ¢
¢¨¤¥

D�gij = 2�gij ; (1a)

D�!k = @k�; (1b)

£¤¥ D� ®¡®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ �¨ ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï �i, @i = @

@xi
, � | ­¥ª®â®à ï

äã­ªæ¨ï ª®®à¤¨­ â (� = �k!k + 1
n
rk�

k).
� ª ¨§¢¥áâ­® ([7], £«. IV, á. 160{161), á ª ¦¤ë¬ ¯à®áâà ­áâ¢®¬ �¥©«ï Wn  áá®æ¨¨àã¥âáï ¯ã-

ç®ª à¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ­ å®¤ïé¨åáï ¢ ª®­ä®à¬­®¬ á®®â¢¥âáâ¢¨¨ á ¨áå®¤­ë¬ Wn ¨, ¥áâ¥-
áâ¢¥­­®, ¤àã£ á ¤àã£®¬. �«ï ¯®«ãç¥­¨ï ¯à®áâà ­áâ¢  ¨§ íâ®£® ¯ãçª  ­¥®¡å®¤¨¬®, ¢ë¡à ¢ ­®à-
¬¨à®¢ ­¨¥ ®á­®¢­®£® â¥­§®à  ¯à®áâà ­áâ¢  �¥©«ï, ¯à¥®¡à §®¢ âì íâ® ¯à®áâà ­áâ¢® ª®­ä®à¬­®
á ¢¥ªâ®à®¬ ª®­ä®à¬­®£® ¯à¥®¡à §®¢ ­¨ï pk = �!k. �áïª®¥ ¤àã£®¥ à¨¬ ­®¢® ¯à®áâà ­áâ¢® ¨§
 áá®æ¨¨à®¢ ­­®£® ¯ãçª  ¯®«ãç ¥âáï ¯à¨  ­ «®£¨ç­®¬ ¯à¥®¡à §®¢ ­¨¨ ¨áå®¤­®£® ¯à®áâà ­áâ¢ 
Wn, ­® ¯à¨ ¨­®¬ ­®à¬¨à®¢ ­¨¨ ®á­®¢­®£® â¥­§®à .

�à¥®¡à §®¢ ­¨¥ á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  �¥©«ï ¢«¥ç¥â §  á®¡®© ­¥ª®â®à®¥ ¨§¬¥­¥­¨¥ á¢ï§-
­®áâ¨ ª ¦¤®£® ¨§ ¯à®áâà ­áâ¢  áá®æ¨¨à®¢ ­­®£® ¯ãçª . �«ï ®¯à¥¤¥«¥­¨ï íâ®£® ¨§¬¥­¥­¨ï § -

¬¥â¨¬, çâ® rk�
k =

R

rk�
k � n!k�

k (
R

rk | á¨¬¢®« ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢  áá®æ¨¨-
à®¢ ­­®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥). �®£¤  ¨§ (1a) ¯®«ãç¨¬, çâ® ¤¥ä®à¬ æ¨ï à áá¬ âà¨¢ ¥¬®£®
à¨¬ ­®¢  ¯à®áâà ­áâ¢  ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï¬¨

D�gij =
2
n

R

rk�
kgij : (2a)

�«¥¤®¢ â¥«ì­®, ¯à¨ ¤¢¨¦¥­¨¨ ¯à®áâà ­áâ¢  �¥©«ïWn(gij ; !k)  áá®æ¨¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®
Vn(gij) ¯®¤¢¥à£ ¥âáï ª®­ä®à¬­®¬ã ¯à¥®¡à §®¢ ­¨î. � ª ¯®ª §ë¢ îâ ãà ¢­¥­¨ï (1b), ¯à¨ íâ®¬
¢ ¯à®áâà ­áâ¢¥ Vn áãé¥áâ¢ã¥â ­¥ª®â®àë© ª®¢¥ªâ®à !i, ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î

D�!i =
1
n
@i(

R

rk�
k): (2b)

�â ª,  áá®æ¨¨à®¢ ­­®¥ á ¯®¤¢¨¦­ë¬ ¯à®áâà ­áâ¢®¬ �¥©«ï à¨¬ ­®¢® ¯à®áâà ­áâ¢® å à ªâ¥-
à¨§ã¥âáï â¥¬, çâ®, ï¢«ïïáì ª®­ä®à¬­® ¯®¤¢¨¦­ë¬, ¤®¯ãáª ¥â áãé¥áâ¢®¢ ­¨¥ ­¥ª®â®à®£® ª®¢¥ª-
â®à , ã¤®¢«¥â¢®àïîé¥£® ãà ¢­¥­¨î (2b). � ¬¥â¨¬, çâ® ª®¢¥ªâ®àë !i ¨ !i, á®®â¢¥âáâ¢ãîé¨¥ ¤¢ã¬
(ª®­ä®à¬­ë¬ ¤àã£ ¤àã£ã ¨ ¨áå®¤­®¬ã Wn) à¨¬ ­®¢ë¬ ¯à®áâà ­áâ¢ ¬ Vn(gij) ¨ V n(gij = e2�gij)
¨§  áá®æ¨¨à®¢ ­­®£® á Wn ¯ãçª , á¢ï§ ­ë à ¢¥­áâ¢®¬ !i = !i + @i�. �«¥¤®¢ â¥«ì­®, ¢¥«¨ç¨­ë
!i ®¡à §ãîâ ­®à¬ «¨§ â®à ([7], £«. IV, x 55, á. 192).

� ª¨¬ ®¡à §®¬, ¤«ï ¯®áâà®¥­¨ï ¯®¤¢¨¦­®© á¢ï§­®áâ¨ �¥©«ï ¤®áâ â®ç­® ¢ ª®­ä®à¬­®-
¯®¤¢¨¦­®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥, ®¯¨áë¢ ¥¬®¬ ãà ¢­¥­¨ï¬¨ (2a), ®âëáª âì ­¥£à ¤¨¥­â­ë¥
à¥è¥­¨ï ãà ¢­¥­¨© (2b), ¯®á«¥ ç¥£® ¯®¤¢¨¦­ ï á¢ï§­®áâì �¥©«ï ®¯à¥¤¥«ï¥âáï ¯® ­ ©¤¥­­®©
¯ à¥ gij ¨ !k ä®à¬ã« ¬¨ ([7], £«. IV, x 42, á. 154)

�ijk = fijkg � !j�
i
k � !k�

i
j + !lg

iegjk; (3)

£¤¥ fijkg | áª®¡ª¨ �à¨áâ®ää¥«ï â¥­§®à  gij ,   �ij | á¨¬¢®«ë �à®­¥ª¥à .

2. �®­ä®à¬­ë© ¢¥ªâ®à

� ª ¨§¢¥áâ­® [8], à¥è¥­¨¥¬ ãà ¢­¥­¨© (2b) ¢ ª®­ä®à¬­®-¯®¤¢¨¦­®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥
Vn(gij) ï¢«ï¥âáï ª®­ä®à¬­ë© ¢¥ªâ®à ¢¥á  1

2
¬¥âà¨ª¨ gij . � ¯®¬­¨¬, çâ® ª®­ä®à¬­ë¬ ¢¥ªâ®à®¬

¢¥á  p à¨¬ ­®¢  ¯à®áâà ­áâ¢  ­ §ë¢ ¥âáï [8] «î¡®© ª®¢¥ªâ®à qi, ¯®áâà®¥­­ë© ¢ íâ®¬ Vn ¯®
­¥ª®â®à®¬ã ¯à ¢¨«ã ¯® ¥£® ¬¥âà¨ç¥áª®¬ã â¥­§®àã ¨ ¥£® ç áâ­ë¬ ¯à®¨§¢®¤­ë¬ ¨ á¢ï§ ­­ë©
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á ª®¢¥ªâ®à®¬ qi à¨¬ ­®¢  ¯à®áâà ­áâ¢  V n(gij = e2�gij), ¯®áâà®¥­­ë¬ ¯® â®¬ã ¦¥ ¯à ¢¨«ã
á«¥¤ãîé¨¬ ®¡à §®¬: qi = qi + 2p@i�. �ëïá­¨¬, ª ª¨¥ à¨¬ ­®¢ë ¯à®áâà ­áâ¢  ¤®¯ãáª îâ â ª¨¥
¢¥ªâ®à­ë¥ ¯®«ï.

� ¬¥â¨¬, çâ® ¢ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ Vn(gij), ¤®¯ãáª îé¥¬ áãé¥áâ¢®¢ ­¨¥ â¥­§®à­®£®
¯®«ï aij (¯®«ï ª®­ãá®¢ 2-£® ¯®àï¤ª  [9]), ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ª®â®à®£® ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î

r(kaij) =M (kaij) +R(kgij) (4)

(áª®¡ª¨ ®¡®§­ ç îâ á¨¬¬¥âà¨à®¢ ­¨¥ ¯® ¨­¤¥ªá ¬, á®¤¥à¦ é¨¬áï ¢ ­¨å) á ­¥ª®â®àë¬¨ ¢¥ª-
â®à­ë¬¨ ¯®«ï¬¨ Mk ¨ Rk, ¢¥ªâ®à Mk ï¢«ï¥âáï ­®à¬ «¨§ â®à®¬. �¯à ¢¥¤«¨¢®áâì íâ®£® ä ª-
â  ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®: ¢ V n(gij = e2�gij) â¥­§®à­®¥ ¯®«¥ aij ¯®¤ç¨­ï¥âáï ãá«®¢¨î
r(kaij) =M (kaij) +R(kgij) ¯à¨ Rk = e�2�Rk +2@i�g ijajk, Mk =Mk � 2@k� (rk | á¨¬¢®« ª®¢ à¨-
 ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¢ V n).

3. � §«®¦¨¬ë¥ à¨¬ ­®¢ë ¯à®áâà ­áâ¢  ¨ ª®­ä®à¬­ë© ¢¥ªâ®à

�ëïá­¨¬, ª ª á¢ï§ ­ ­®à¬ «¨§ â®à Mk â¥­§®à­®£® ¯®«ï (4) á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ à¨¬ -
­®¢  ¯à®áâà ­áâ¢  ­¥ª®â®à®£® á¯¥æ¨ «ì­®£® ¢¨¤ .

�â¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® â¥­§®à­®¥ ¯®«¥ aij ­¥ ¢ëà®¦¤ ¥âáï (jaij j 6= 0) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¢á¥ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï íâ®£® ¯®«ï

jaij � �gij j = 0 (5)

®â«¨ç­ë ®â ­ã«ï.
�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ® íâ® ãà ¢­¥­¨¥ ¨¬¥¥â N à §«¨ç­ëå ¨ ®â«¨ç­ëå ®â ­ã«ï ¤¥©áâ¢¨-

â¥«ì­ëå ª®à­¥© �� (� = 1; N) ªà â­®áâ¥© n� á®®â¢¥âáâ¢¥­­® (n1 + n2 + � � � + nN = n = dimVn),
®¡« ¤ îé¨å á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) à §¬¥à­®áâì ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  B�, ®¡à §®¢ ­­®£® á®¡áâ¢¥­­ë¬¨ ¢¥ªâ®à ¬¨, á®®â-
¢¥âáâ¢ãîé¨¬¨ ª®à­î ��, à ¢­  ªà â­®áâ¨ íâ®£® ª®à­ï (� = 1; N ),

2) ¢á¥ ¯®¤¯à®áâà ­áâ¢  B� ­¥¨§®âà®¯­ë,
3) ¯®«ï íâ¨å ¯®¤¯à®áâà ­áâ¢ £®«®­®¬­ë.

�«¥¤ãï [9], â¥­§®à­®¥ ¯®«¥ aij , å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ (5) ª®â®à®£® ã¤®¢«¥â¢®àï¥â
¯¥à¥ç¨á«¥­­ë¬ ¢ëè¥ ãá«®¢¨ï¬, ¡ã¤¥¬ ­ §ë¢ âì á¯¥æ¨ «ì­ë¬.

�á«¨ ª®®à¤¨­ âë xi ¢ Vn ¢ë¡à ­ë â ª, çâ® ¯®¤¯à®áâà ­áâ¢  B� (� = 1; N ) ¢ ª ¦¤®© â®çª¥
M ¨§ Vn á®¢¯ ¤ îâ á ª á â¥«ì­ë¬¨ ¯®¤¯à®áâà ­áâ¢ ¬¨ ª ¯à®å®¤ïé¨¬ ç¥à¥§ íâã â®çªã ª®®à¤¨-
­ â­ë¬ ¬­®£®®¡à §¨ï¬, â® ãá«®¢¨ï 1){3), å à ªâ¥à¨§ãîé¨¥ á¯¥æ¨ «ì­®¥ â¥­§®à­®¥ ¯®«¥ aij (4),
íª¢¨¢ «¥­â­ë [9] á«¥¤ãîé¥¬ã ¯à¥¤áâ ¢«¥­¨î ä®à¬ ds2 ¨ aijdxidxj :

ds2 =
nX

�=1

ds2�; ds2� = gi�j�dx
i�dxj� ; det kgi�j�k 6= 0; � = 1; N;

aijdx
idxj =

NX
�=1

��ds
2
�;

(6)

i1; j1; k1; : : : = 1; n1; i�; j�; k�; : : : =
��1P
�=1

n� + 1; : : : ;
�P

�=1
n� ¯à¨ � > 1.

�âáâã¯ ï ®â ¯à¨­ïâ®© â¥à¬¨­®«®£¨¨ ([10], á. 523), ¬¥âà¨ªã (6) à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¡ã¤¥¬
­ §ë¢ âì à §«®¦¨¬®©.

� ¬¥â¨¬, çâ® ç¨á«® à §«¨ç­ëå ª®à­¥© ãà ¢­¥­¨ï (5) ¡®«ìè¥ ¥¤¨­¨æë, ¨­ ç¥ ¯à¨ N = 1
aij = �gij , çâ® ¨áª«îç¥­®.
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� á¯¨á ¢, áç¨â ï N > 1, ãá«®¢¨¥ (4) ¢® ¢¢¥¤¥­­ëå ª®®à¤¨­ â å, ¯®«ãç¨¬

(�� � ��)@k�gi�j� = (��Mk� +Rk� � @k���)gi�j� ; � 6= �;

@k��� =Mk��� +Rk� ; � = 1; N;

®âªã¤  á«¥¤ã¥â

(�� � ��)@k�gi�j� = [�Mk� (�� � ��) + @k�(�� � ��)]gi�j� (7)

(�; � = 1; N; � 6= �):

�â¨ ãà ¢­¥­¨ï ï¢«ïîâáï ®á­®¢­ë¬¨ ¤«ï ®¯à¥¤¥«¥­¨ï ­®à¬ «¨§ â®à  Mk. �®áª®«ìªã ¤«ï «î-
¡®£® � å®âï ¡ë ®¤­  ¨§ ª®¬¯®­¥­â gi�j� ®â«¨ç­  ®â ­ã«ï (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¬¥âà¨ª  à áá¬ -
âà¨¢ ¥¬®£® ¯à®áâà ­áâ¢  ¡ë«  ¡ë ¢ëà®¦¤¥­ ), â® ¨§ (7) ¢ë¢®¤¨¬

Mk� =
1

N � 1

X0

� 6=�

[@k� ln j�� � ��j �
1
n�
gi�j�@k�gi�j� ]; � = 1; N:

�¤¥áì èâà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â, çâ® áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ¢á¥¬ � ®â 1 ¤® N , ªà®¬¥ �,
à ¢­®£® �.

� ©¤¥­­ë© ¢¥ªâ®à Mk, ï¢«ïïáì ­®à¬ «¨§ â®à®¬, ­¥ ¡ã¤¥â, ª ª «¥£ª® ¢¨¤¥âì, ª®­ä®à¬­ë¬
¢¥ªâ®à®¬, ¨¡® ¢ ¥£® áâà®¥­¨¥ ¢å®¤ïâ äã­ªæ¨¨ ��, ­¥ á¢ï§ ­­ë¥ ­¥¯®áà¥¤áâ¢¥­­® á ¬¥âà¨ç¥áª¨¬
â¥­§®à®¬ ¯à®áâà ­áâ¢ . �¤­ ª®, ¯®«ì§ãïáì ¨¬, ¬®¦­® ¯®áâà®¨âì ¨ ¨áª®¬ë© ª®­ä®à¬­ë© ¢¥ªâ®à
¢¥á  1. � à §«®¦¨¬®¬ à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (6) ®­ ¨¬¥¥â ¢¨¤

Nk� =
1

N � 1

X0

� 6=�

1
n�
gi�j�@k�gi�j� ; � = 1; N:

�à®¢¥à¨¬, çâ® ¯®áâà®¥­­ë© ¢¥ªâ®à ï¢«ï¥âáï ª®­ä®à¬­ë¬ ¢¥ªâ®à®¬ ¢¥á  1,   ¢¥ªâ®à !k =
1
2
Nk ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨© (2b). � à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬
gij = e2�gij , ª®­ä®à¬­®¬ à §«®¦¨¬®¬ã ¯à®áâà ­áâ¢ã (6), ¯®áâà®¨¬ ¢¥ªâ®à

Nk� =
1

N � 1

X0

� 6=�

1
n�
g i�j�@k�gi�j� ; � = 1; N:

�®áª®«ìªã gij = e�2�gij , @k�gi�j� = @k�(e
2�gi�j� ) = 2@k��e

2�gi�j� + e2�@k�gi�j� , â® g
i�j�@k�gi�j� =

2@k��n� + gi�j�@k�gi�j� , á«¥¤®¢ â¥«ì­®, Nk� = 1
N�1

P0

� 6=�
(2@k��n� + gi�j�@k�gi�j� ) = 2@k�� + Nk� ,

� = 1; N , â. ¥. Nk = Nk + 2@k� ¨ ¢¥ªâ®à Nk | ª®­ä®à¬­ë© ¢¥ªâ®à ¢¥á  1.
�ãáâì ¤ «¥¥ à¨¬ ­®¢  ¬¥âà¨ª  (6) ª®­ä®à¬­®-¯®¤¢¨¦­ . �®£¤  ¤«ï ¬¥âà¨ç¥áª®£® â¥­§®à 

íâ®© ¬¥âà¨ª¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï (2a). �¡®§­ ç¨¢ á­®¢  1
n

R

rk�
k ç¥à¥§ �, ¯®¤áç¨â ¥¬ ¯à®¨§¢®¤-

­ãî �¨ ¢¥ªâ®à­®£® ¯®«ï Nk ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï �k, ®¯à¥¤¥«ïîé¥£® ª®­ä®à¬­®¥ ¯à¥®¡à §®-
¢ ­¨¥. �¬¥¥¬

D�Nk =
1

N � 1

X0

� 6=�

1
n�

[D�g
i�j�@k�gi�j� + gi�j�D�(@k�gi�j�)]:

�® D�g
ij = �2�gij ,   @k�gi�j� = �m�

k�i�
gm�j�+�

m�

k�j�
gm�i� , £¤¥ �

i
jk | á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª¨

(6), ª®â®àë¥ ¨§¬¥­ïîâáï ¯à¨ ª®­ä®à¬­®¬ ¯à¥®¡à §®¢ ­¨¨ (2a) ¬¥âà¨ª¨ á«¥¤ãîé¨¬ ®¡à §®¬
([5], £«. I, x 3, á. 16): D��ijk = �ij@k� + �ik@j� � gjkg

im@m�. �®íâ®¬ã D�@kgij = 2@k(�gij) ¨ D�Nk =
2@k�. �ç¥¢¨¤­®, ¤«ï ¢¥ªâ®à­®£® ¯®«ï !k = 1

2
Nk ¨¬¥¥¬ D�!k = @k�, â. ¥. !k ï¢«ï¥âáï à¥è¥­¨¥¬

ãà ¢­¥­¨© (2b).

� ¬¥ç ­¨¥ 1. �áá«¥¤®¢ ­¨¥ ãà ¢­¥­¨© (4) á¯¥æ¨ «ì­®£® â¥­§®à­®£® ¯®«ï ¯à¨¢®¤¨â ª ¯®-
áâà®¥­¨î ª« áá  à¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ãà ¢­¥­¨ï £¥®¤¥§¨ç¥áª¨å «¨­¨© ª®â®àëå ¤®¯ãáª îâ
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¯¥à¢ë© ª¢ ¤à â¨ç­ë© ¨­â¥£à « (á¬. [11]). � ¤ ç¥© ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¯®áâà®¥­¨¥ ª®­-
ä®à¬­®£® ¢¥ªâ®à  ¢¥á  1=2 ¤«ï ­¥ª®â®à®£® ª« áá  à¨¬ ­®¢ëå ¯à®áâà ­áâ¢. �à®¢¥¤¥­­®¥ ¢ëè¥
¨áá«¥¤®¢ ­¨¥ ¯®ª §ë¢ ¥â, ª ª íâ® á¤¥« âì.

4. �®¤¢¨¦­ë¥ ¯à®áâà ­áâ¢  �¥©«ï

�â¯à ¢«ïïáì ®â à §«®¦¨¬®© ¬¥âà¨ª¨ (6), ¯®áâà®¨¬ ¯à®áâà ­áâ¢® �¥©«ïWn(gij ; !k), ¯®«®¦¨¢

gijdx
idxj =

NX
�=1

gi�j�dx
i�dxj� ; jgi�j� j 6= 0; (6a)

2!k� =
1

N � 1

X0

� 6=�

1
n�
gi�j�@k�gi�j� ; � = 1; N: (8)

(� ¯®¬­¨¬, çâ® ª®íää¨æ¨¥­âë á¢ï§­®áâ¨ ¯à®áâà ­áâ¢  Wn ¨¬¥îâ ¢¨¤ (3).)
�à®¢¥à¨¬, çâ® ª®­ä®à¬­ ï ¯®¤¢¨¦­®áâì íâ®£® Wn ¢«¥ç¥â ¥£®  ää¨­­ãî ¯®¤¢¨¦­®áâì. �á«¨

¯à®áâà ­áâ¢® �¥©«ï á à §«®¦¨¬ë¬ «¨­¥©­ë¬ í«¥¬¥­â®¬ (6a) ª®­ä®à¬­®-¯®¤¢¨¦­®, â® ¤«ï ­¥£®
¨¬¥îâ ¬¥áâ® ãá«®¢¨ï (1a),   ¤«ï ª®íää¨æ¨¥­â®¢ á¢ï§­®áâ¨ �ijk íâ®£® ¯à®áâà ­áâ¢  ¢ë¯®«­ïîâáï
à ¢¥­áâ¢  D��ijk = �ijpk + �ikpj � gjkg

impm, £¤¥ pk = D�!k � @k�. �®, ª ª ¯®ª § ­® ¢ëè¥, ¤«ï
¤®¯®«­¨â¥«ì­®£® ¢¥ªâ®à  !k (8) ¯®áâà®¥­­®£® ¯à®áâà ­áâ¢  �¥©«ï D�!k = @k�, ¯®íâ®¬ã pk = 0
¨, á«¥¤®¢ â¥«ì­®, D��ijk = 0.

� ¬¥â¨¬, çâ®, ¨¬¥ï à §«®¦¨¬ë© «¨­¥©­ë© í«¥¬¥­â ¯à®áâà ­áâ¢  �¥©«ï (6a), ¬®¦­® £àã¯-
¯¨à®¢ âì á« £ ¥¬ë¥ ¢ (6a) à §«¨ç­ë¬ ®¡à §®¬. � ¯à¨¬¥à, ¥á«¨ à §«®¦¥­¨¥ (6a) ¨¬¥¥â ¢¨¤

gijdx
idxj = gi1j1dx

i1dxj1 + gi2j2dx
i2dxj2 + gi3j3dx

i3dxj3 ;

â® ­ àï¤ã á ­¨¬ ¬®¦­® à áá¬®âà¥âì à §«®¦¥­¨ï

�gijdx
idxj = gi1j1dx

i1dxj1 + (gi2j2dx
i2dxj2 + gi3j3dx

i3dxj3) =

= gi1j1dx
i1dxj1 + grsdx

rdxs; r; s; : : : = n1 + 1; n;

¨

~gijdxidxj = (gi1j1dx
i1dxj1 + gi2j2dx

i2dxj2) + gi3j3dx
i3dxj3 =

= gabdx
adxb + gi3j3dx

i3dxj3 ; a; b; : : : = 1; n1 + n2:

�«ï ª ¦¤®£® ¨§ íâ¨å à §«®¦¥­¨© ¯® ¯à ¢¨«ã (8) ¬®¦­® ¯®áâà®¨âì á®®â¢¥âáâ¢ãîé¨© ¤®¯®«­¨-
â¥«ì­ë© ¢¥ªâ®à:

2!k� =
1
2

X0

� 6=�

1
n�
gi�j�@k�gi�j� ; � = 1; 3;

(
2�!k1 =

1
n2+n3

(gi2j2@k1gi2j2 + gi3j3@k1gi3j3);

2�!r = 1
n1
gi1j1@rgi1j1 ;(

2~!a = 1
n3
gi3j3@agi3j3 ;

2~!k3 =
1

n1+n2
(gi1j1@k3gi1j1 + gi2j2@k3gi2j2):

�á­®, çâ® ¢á¥ ¯®áâà®¥­­ë¥ ¢¥ªâ®àë ï¢«ïîâáï ª®­ä®à¬­ë¬¨ ¢¥ªâ®à ¬¨ ¢¥á  1=2, ¯®íâ®¬ã
¯®¤¢¨¦­®áâì ¯à®áâà ­áâ¢ �¥©«ï Wn(gij!k), �Wn(�gij ; �!k), fWn(~gij ; ~!k), ª®­ä®à¬­ëå ¤àã£ ¤àã£ã,
ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¨å  ää¨­­®© ¯®¤¢¨¦­®áâ¨.

�®§­¨ª ¥â ¥áâ¥áâ¢¥­­ë© ¢®¯à®á: á¢ï§ ­ë «¨ ¬¥¦¤ã á®¡®© ¤®¯®«­¨â¥«ì­ë¥ ¢¥ªâ®àë ¯®áâà®-
¥­­ëå ¯à®áâà ­áâ¢ ¨, ¥á«¨ á¢ï§ ­ë, â® ª ª?

�â ª, ¯ãáâì ­¥ª®â®à ï £àã¯¯  ¯à¥®¡à §®¢ ­¨©, ¯®à®¦¤¥­­ ï ¢¥ªâ®à­ë¬ ¯®«¥¬ �i(xj), ï¢«ï-
¥âáï £àã¯¯®© ¤¢¨¦¥­¨© ¤¢ãå ª®­ä®à¬­ëå ¤àã£ ¤àã£ã ¯à®áâà ­áâ¢ �¥©«ïWn(gij ; !k) ¨Wn(gij ; !k)
á ¢¥ªâ®à®¬ ª®­ä®à¬­®£® á®®â¢¥âáâ¢¨ï pk = !k�!k (­¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ®
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gij = gij). �®£¤  ®á­®¢­ë¥ â¥­§®àë ¨ ¤®¯®«­¨â¥«ì­ë¥ ¢¥ªâ®àë à áá¬ âà¨¢ ¥¬ëå ¯à®áâà ­áâ¢
ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (1a) ¨ (1b). �à¨ íâ®¬ ¨§ (1b) ¢ëâ¥ª ¥â

D�pk = 0: (9)

�®­ïâ­®, çâ® ¯®á«¥¤­¥¥ ãá«®¢¨¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï â®£®, çâ®¡ë ­¥ª®â®à ï £àã¯¯ 
¯à¥®¡à §®¢ ­¨©, § ¤ îé ï ¤¢¨¦¥­¨¥ ¢ Wn(gij ; !k), ®¯à¥¤¥«ï«  ¤¢¨¦¥­¨¥ ¢ ª®­ä®à¬­®¬ ¥¬ã
¯à®áâà ­áâ¢¥ �¥©«ï Wn(gij ; !k + pk).

�â ª, ¤®¯®«­¨â¥«ì­ë© ¢¥ªâ®à ¯®¤¢¨¦­®£® ¯à®áâà ­áâ¢  �¥©«ï á à §«®¦¨¬ë¬ «¨­¥©­ë¬
í«¥¬¥­â®¬ (6a) ¨¬¥¥â á«¥¤ãîé¥¥ áâà®¥­¨¥: !k =

�
!k + pk, £¤¥

�
!k ®¯à¥¤¥«ï¥âáï ¯® ¯à ¢¨«ã (8),  

pk ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨© (9).

� ¬¥ç ­¨¥ 2. �¥è¥­¨¥¬ ãà ¢­¥­¨© (9) ¢ ¯®¤¢¨¦­®¬ ¯à®áâà ­áâ¢¥ �¥©«ï ï¢«ï¥âáï ¯®«¥
£à ¤¨¥­â  «î¡®£® áª «ïà­®£® ¨­¢ à¨ ­â   £àã¯¯ë, ¨¡® ¯à¨ D� = 0 ¢ á¨«ã ¯¥à¥áâ ­®¢®ç­®-
áâ¨ ®¯¥à â®à®¢ ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï �¨ ¤«ï  ää¨­­ëå
¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢  ([5], á. 16) D�(@k ) = D�(rk ) = rkD� = 0. � ª¨¬ ¨­¢ à¨ ­â®¬
ï¢«ï¥âáï, ­ ¯à¨¬¥à, ¤¨¢¥à£¥­æ¨ï rk�

k ¢¥ªâ®à­®£® ¯®«ï �i(xj), ¯®à®¦¤ îé¥£® ¤ ­­ãî £àã¯-
¯ã [3]. �¤­ ª® ¢®¯à®á ® â®¬, ¨áç¥à¯ë¢ îâ «¨ íâ¨ £à ¤¨¥­âë à¥è¥­¨ï ãà ¢­¥­¨© (9), ®áâ ¥âáï
®âªàëâë¬.

� ¬¥ç ­¨¥ 3. �®áª®«ìªã ­ á ¨­â¥à¥áãîâ â®«ìª® ­¥£à ¤¨¥­â­ë¥ à¥è¥­¨ï ãà ¢­¥­¨© (2b),
â® ¢ (2a) @i� 6= 0 å®âï ¡ë ¤«ï ®¤­®© ª®®à¤¨­ âë xi [8].
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