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�§¢¥áâ­® [1], çâ® áà¥¤¨ ¯®«ã£àã¯¯®¢ëå ¬­®£®®¡à §¨© «¨èì ¬­®£®®¡à §¨¥ ¯®«ã£àã¯¯ á ­ã-
«¥¢ë¬ ã¬­®¦¥­¨¥¬ ®¡« ¤ ¥â á¢®©áâ¢®¬ § ¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­® ª¢ §¨¡ã«¥¢ëå áâ¥¯¥­¥©. �
[2] ¡ë«  ­ ©¤¥­  á¨áâ¥¬   ªá¨®¬ ¤«ï ã­¨¢¥àá «ì­®£® ª« áá  £àã¯¯®¨¤®¢, ¯®à®¦¤¥­­®£® ª¢ -
§¨¡ã«¥¢ë¬¨ áâ¥¯¥­ï¬¨ «¥¢®á¨­£ã«ïà­ëå ¯®«ã£àã¯¯ (¯®«ã£àã¯¯ «¥¢ëå ­ã«¥©). �§ á®®¡à ¦¥­¨©
¤¢®©áâ¢¥­­®áâ¨ ¯®«ãç ¥âáï å à ªâ¥à¨§ æ¨ï ã­¨¢¥àá «ì­®£® § ¬ëª ­¨ï ª« áá  ª¢ §¨¡ã«¥¢ëå
áâ¥¯¥­¥© ¯à ¢®á¨­£ã«ïà­ëå ¯®«ã£àã¯¯ (¯®«ã£àã¯¯ ¯à ¢ëå ­ã«¥©). � ¤ ­­®© áâ âì¥ ®¯¨áë¢ ¥âáï
ª« áá £àã¯¯®¨¤®¢, ¢«®¦¨¬ëå ¢ ª¢ §¨¡ã«¥¢ë áâ¥¯¥­¨ ¯®«ãà¥è¥â®ª, ç¥¬ § ¢¥àè ¥âáï à áá¬®âà¥-
­¨¥ ¢ íâ®¬  á¯¥ªâ¥ ¬¨­¨¬ «ì­ëå ­¥£àã¯¯®¢ëå ¬­®£®®¡à §¨© ¯®«ã£àã¯¯.

�ãáâì L | ¯®«­ ï à¥è¥âª . �®¤ ®àâ®£®­ «ì­ë¬¨ á¨áâ¥¬ ¬¨ ¢ ­¥© ¯®­¨¬ îâáï â ª¨¥ ¯®¤-
¬­®¦¥áâ¢  fli j i 2 Ig, çâ® li ^ lj = 0 ¯à¨ i 6= j ¨

W
i2I

li = 1. �àâ®£®­ «ì­ ï á¨áâ¥¬  fli j i 2 Ig ¯®

®¯à¥¤¥«¥­¨î ­¥§ ¢¨á¨¬ , ¥á«¨
W
j2J

lj ^
W
k2K

lk = 0 ¤«ï «î¡®£® à §¡¨¥­¨ï I = J [K, J \K = ;.

�®«­ ï à¥è¥âª  á ¤®¯®«­¥­¨ï¬¨ ­ §ë¢ ¥âáï ª¢ §¨¡ã«¥¢®©, ¥á«¨ ¢ ­¥© ¢á¥ ®àâ®£®­ «ì­ë¥ á¨-
áâ¥¬ë ­¥§ ¢¨á¨¬ë. � ç áâ­®áâ¨, ª¢ §¨¡ã«¥¢ë¬¨ ï¢«ïîâáï ¢á¥ ¯®«­ë¥ ¡ã«¥¢ë à¥è¥âª¨. �®«-
­ ï à¥è¥âª  á ¤®¯®«­¥­¨ï¬¨ â®£¤  ¨ â®«ìª® â®£¤  ¡ã¤¥â ª¢ §¨¡ã«¥¢®©, ª®£¤  ®­  ¤®¯ãáª ¥â
^-£®¬®¬®àä¨§¬ ­  ¯®«­ãî ¡ã«¥¢ã à¥è¥âªã, ª®â®àë© á®åà ­ï¥â â®ç­ë¥ ¢¥àå­¨¥ £à ­¨ ®àâ®£®-
­ «ì­ëå á¨áâ¥¬ ¨ ¯à¨ ª®â®à®¬ ¥¤¨­áâ¢¥­­ë¬ ¯à®®¡à §®¬ ­ã«ï ï¢«ï¥âáï ­ã«ì ¨ ¥¤¨­áâ¢¥­­ë¬
¯à®®¡à §®¬ ¥¤¨­¨æë | ¥¤¨­¨æ  ([3], á. 271). � ª®© ^-£®¬®¬®àä¨§¬ ­ §ë¢ ¥âáï ª ­®­¨ç¥áª¨¬.

�ãáâì (S; �) | ¯®«ãà¥è¥âª  ¨ L | ª¢ §¨¡ã«¥¢  à¥è¥âª . �®­áâàãªæ¨ï L-áâ¥¯¥­¨ S[L] ¯®-
«ãà¥è¥âª¨ S ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �â® £àã¯¯®¨¤, í«¥¬¥­â ¬¨ ª®â®à®£® ï¢«ïîâáï
¢á¥¢®§¬®¦­ë¥ ®â®¡à ¦¥­¨ï � : S ! L á ¬­®¦¥áâ¢®¬ §­ ç¥­¨© f�(s) j s 2 Sg, ¯à¥¤áâ ¢«ïîé¨¬
á®¡®© ®àâ®£®­ «ì­ãî á¨áâ¥¬ã ¢ L,   ã¬­®¦¥­¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

(��)(s) =
_
s=xy

�
�(x) ^ �(y)

�
(1)

¤«ï «î¡ëå �; � 2 S[L], s 2 S.
�®£¤  L ¯à®¡¥£ ¥â ª« áá ¢á¥å ª¢ §¨¡ã«¥¢ëå à¥è¥â®ª, ¯®«ãç ¥¬ ª¢ §¨¡ã«¥¢ë áâ¥¯¥­¨ ¯®«ã-

à¥è¥âª¨ S. �à¥¤¨ ­¨å ­ å®¤ïâáï ¨ ¢á¥ ¥¥ ¡ã«¥¢ë áâ¥¯¥­¨, ¥á«¨ ®£à ­¨ç¨âìáï â®«ìª® ¯®«­ë¬¨
¡ã«¥¢ë¬¨ à¥è¥âª ¬¨ L.

�ã«¥¢ë áâ¥¯¥­¨ ¯®«ãà¥è¥âª¨ ï¢«ïîâáï ¯®«ãà¥è¥âª ¬¨, â. ª. ¡ã«¥¢ë áâ¥¯¥­¨  «£¥¡àë á®-
åà ­ïîâ ¥¥ íª¢ æ¨®­ «ì­ãî â¥®à¨î [4]. �¥à¥§ U ®¡®§­ ç¨¬ ­ á«¥¤áâ¢¥­­ë© ª« áá £àã¯¯®¨-
¤®¢, ¯®à®¦¤¥­­ë© ª¢ §¨¡ã«¥¢ë¬¨ áâ¥¯¥­ï¬¨ ¯®«ãà¥è¥â®ª. �à¨¢¥¤¥¬ ¯à¨¬¥à ­¥ áá®æ¨ â¨¢­®£®
£àã¯¯®¨¤  ¨§ ª« áá  U , ¡®«¥¥ ¯à®áâ®©, ç¥¬ ¢ [1]. �®§ì¬¥¬ ¢®áì¬¨í«¥¬¥­â­ãî ¡ã«¥¢ã à¥è¥â-
ªã L� á  â®¬ ¬¨ a, b, c, ¤ã «ì­ë¬¨  â®¬ ¬¨ A = a0, B = b0, C = c0, ­ ¨¬¥­ìè¨¬ í«¥¬¥­â®¬
0 ¨ ­ ¨¡®«ìè¨¬ 1. \� áé¥¯¨¬" í«¥¬¥­âë a, b, A, C, § ¬¥­¨¢ ¨å ¤¢ãåí«¥¬¥­â­ë¬¨ æ¥¯ï¬¨
á®®â¢¥âáâ¢¥­­® a0 < a1, b0 < b1, A0 < A1, C0 < C1. � ¯®«ãç¥­­®¬ ¬­®¦¥áâ¢¥ L ®¯à¥¤¥«¨¬
á«¥¤ãîé¨¥ ¯®ªàëâ¨ï: í«¥¬¥­â 1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â §  ª ¦¤ë¬ ¨§ í«¥¬¥­â®¢ A1, B, C1;
ª ¦¤ë© ¨§ í«¥¬¥­â®¢ a0, b0, c ï¢«ï¥âáï ¯®ªàëâ¨¥¬ ¤«ï 0; ¤ «¥¥, a0 < C0, b0 < A0, b0 < C0,
c < A0, c < B, a1 < B, a1 < C1, b1 < A1, b1 < C1. �®áâà®¥­­ ï ¤¨ £à ¬¬  ¨§®¡à ¦ ¥â ª¢ §¨-
¡ã«¥¢ã à¥è¥âªã L, ª ­®­¨ç¥áª¨© ^-£®¬®¬®àä¨§¬ ª®â®à®© ­  L� ¯®«ãç ¥âáï ®â®¦¤¥áâ¢«¥­¨¥¬
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í«¥¬¥­â®¢, ®¡à â­ëå ¢ëè¥ãª § ­­®¬ã à áé¥¯«¥­¨î. �ãáâì S = f0; 1g | ¤¢ãåí«¥¬¥­â­ ï ¯®-
«ãà¥è¥âª . � ª¢ §¨¡ã«¥¢®© áâ¥¯¥­¨ S[L] í«¥¬¥­âë �0 = (C0; c), �1 = (C1; c), �0 = (a0; A0),
�1 = (a1; A0), �2 = (a0; A1) ®¡à §ãîâ ¯®¤£àã¯¯®¨¤ G0 (®â®¡à ¦¥­¨¥ � : S ! L § ¯¨áë¢ ¥âáï
¢ ¢¨¤¥ ¢¥ªâ®à  (�(0); �(1))). �¬­®¦¥­¨¥ ¢ ­¥¬ ¨¤¥¬¯®â¥­â­®, ª®¬¬ãâ â¨¢­® ¨ ¤ ¥â á«¥¤ãîé¨¥
á®®â­®è¥­¨ï: �0f�1; �0; �1; �2g = �0 = �1�0, �1f�1; �2g = �1, �0f�1; �2g = �0 = �1�2. �à¨ íâ®¬
�1(�1�2) = �1�0 = �0 6= �1 = �1�2 = (�1�1)�2. � ¯®¬­¨¬, çâ® ¢ S[L] ¯à®¨§¢¥¤¥­¨ï ¢ëç¨á«ïîâáï
¯® ä®à¬ã«¥ (1),   ¨¬¥­­®, (��)(0) = (�(0)^�(0))_(�(0)^�(1))_(�(1)^�(0)), (��)(1) = �(1)^�(1).

�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ®¯¨á ­¨¥ £àã¯¯®¨¤®¢ ª« áá  U , â. ¥. £àã¯¯®¨¤®¢, ¢«®¦¨¬ëå ¢ ª¢ -
§¨¡ã«¥¢ë áâ¥¯¥­¨ ¯®«ãà¥è¥â®ª.

�¥®à¥¬ . �àã¯¯®¨¤ G â®£¤  ¨ â®«ìª® â®£¤  ¤®¯ãáª ¥â ¢«®¦¥­¨¥ ¢ ª¢ §¨¡ã«¥¢ã áâ¥¯¥­ì

­¥ª®â®à®© ¯®«ãà¥è¥âª¨, ª®£¤  ¢ë¯®«­ïîâáï ãá«®¢¨ï

I. ¢ G ¨áâ¨­­ë â®¦¤¥áâ¢  xx = x, xy = yx, x(xy) = xy;
II. ­  G áãé¥áâ¢ã¥â ª®­£àãí­æ¨ï �, ¢á¥ ª« ááë ª®â®à®© | ¯®«ãà¥è¥âª¨ ¨ ä ªâ®à-£àã¯¯®¨¤

G=� | â ª¦¥ ¯®«ãà¥è¥âª ;
III. ®â­®è¥­¨¥ ! = f(�; �) 2 G � G j (�; �) 2 �&�� = �g ¯à¥¤áâ ¢«ï¥â á®¡®© áâ ¡¨«ì­ë©

¯®àï¤®ª ­  G.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì S | ¯®«ãà¥è¥âª , L | ª¢ §¨¡ã«¥¢  à¥è¥âª  ¨
£àã¯¯®¨¤ G ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ ª¢ §¨¡ã«¥¢®© áâ¥¯¥­¨ S[L]. �¤¥¬¯®â¥­â­®áâì ¨ ª®¬¬ãâ -
â¨¢­®áâì ã¬­®¦¥­¨ï ¢ S[L] ®ç¥¢¨¤­ë (¨¤¥¬¯®â¥­â­®áâì, ª®­¥ç­®, á«¥¤ã¥â ¨§ II ¨ ¢ª«îç¥­  ¢ I
¤«ï ¡®«ìè¥© ïá­®áâ¨). �®ª ¦¥¬, çâ® �(��) = �� ¤«ï «î¡ëå �; � 2 S[L]. �«ï ¯à®¨§¢®«ì­®£®
s 2 S ¨¬¥¥¬

(�(��))(s) =
_
s=uv

�
�(u) ^ (��)(v)

�
=

_
s=us

�
�(u) ^ (��)(s)

�
_

_
s=uv;v 6=s

�
�(u) ^

_
v=xy

�
�(x) ^ �(y)

��
=

[áà¥¤¨ í«¥¬¥­â®¢ x ­¥â u, ¨­ ç¥ v = uy, s = uv = u � uy = uy = v, çâ® ­¥¢®§¬®¦­®; ­® â®£¤  ¢
á¨«ã ­¥§ ¢¨á¨¬®áâ¨ ®àâ®£®­ «ì­ëå á¨áâ¥¬ ¢ L ¯®«ãç ¥¬ à ¢¥­áâ¢® �(u)^

W
v=xy

�
�(x)^ �(y)

�
= 0]

=
_
s=us

�
�(u) ^ (��)(s)

�
6 (��)(s);

â. ¥. (�(��))(s) 6 (��)(s). � ¤àã£®© áâ®à®­ë,

(�(��))(s) =
_
s=us

�
�(u) ^

_
s=xy

(�(x) ^ �(y))
�
>

>
_
s=us

� _
s=uy

(�(u) ^ �(y)) ^ (
_
s=uy

(�(u) ^ �(y)) _
_

s=xy;x 6=u

(�(x) ^ �(y)))
�
=

=
_
s=us

_
s=uy

(�(u) ^ �(y)) =
_
s=uy

(�(u) ^ �(y)) = (��)(s);

â. ¥. (�(��))(s) > (��)(s). �«¥¤®¢ â¥«ì­®, �(��) = ��, ¨ §­ ç¨â, ¢ G ¨áâ¨­­® â®¦¤¥áâ¢® x(xy) =
xy.

� [5] ¡ë«® ¯®ª § ­®, çâ® ®â­®è¥­¨¥ �0 � S[L]� S[L], ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨¥¬ (�; �) 2 �0 ()
(8a; b 2 S; a 6= b)(�(a) ^ �(b) = 0), ï¢«ï¥âáï ª®­£àãí­æ¨¥© ­  ª¢ §¨¡ã«¥¢®© áâ¥¯¥­¨ S[L], ¯à¨-
ç¥¬ ¢á¥ �0-ª« ááë ®ª §ë¢ îâáï ¯®«ãà¥è¥âª ¬¨, ª ª ¨ ä ªâ®à-£àã¯¯®¨¤ S[L]=�0. �£à ­¨ç¥­¨¥
� ª®­£àãí­æ¨¨ �0 ­  £àã¯¯®¨¤¥ G ¡ã¤¥â ª®­£àãí­æ¨¥© ­  G, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ II.

�á«¨ (�; �) 2 �0 ¨ �� = �, â®, ¯®áª®«ìªã ¢ �0-ª« áá å �� = � ^ �, ¯®«ãç ¥¬ �(s) 6 �(s) ¤«ï
«î¡®£® s 2 S. �«¥¤®¢ â¥«ì­®, ®â­®è¥­¨¥ ! ­  G ¡ã¤¥â ¯®àï¤ª®¬, áâ ¡¨«ì­ë¬ ®â­®á¨â¥«ì­®
ã¬­®¦¥­¨ï (1).

�®áâ â®ç­®áâì. �ãáâì £àã¯¯®¨¤ G ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë. �à¨á®¥¤¨­¨¬ ª ­¥¬ã
¥¤¨­¨æã e ¨ ­ã«ì o ¨ ¯à®¤®«¦¨¬ ª®­£àãí­æ¨î � ¨§ II ­  ¬­®¦¥áâ¢® G[fo; eg, ¯®« £ ï �(o) = fog,
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�(e) = feg. � ªâ®à-£àã¯¯®¨¤ (G [ fo; eg)=� ®¡®§­ ç¨¬ ç¥à¥§ S. �â® ¯®«ãà¥è¥âª  á ­ ¨¡®«ìè¨¬
í«¥¬¥­â®¬ feg ¨ ­ ¨¬¥­ìè¨¬ fog.

�ãáâì L� = P (S) | ¡ã«¥¢  à¥è¥âª  ¢á¥å ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  S. �®áâà®¨¬ ¢«®¦¥­¨¥
¯®«ãà¥è¥âª¨ S ¢ ¡ã«¥¢ã áâ¥¯¥­ì S[L�]. �«ï í«¥¬¥­â®¢ a; b 2 S ¯®«®¦¨¬ (b : a) = fx 2 S j ax = bg.
� ¦¤®¬ã a 2 S á®¯®áâ ¢¨¬ ®â®¡à ¦¥­¨¥ �a : S ! L� â ª®¥, çâ® �a(s) = (s : a) ¤«ï «î¡®£® s 2 S.
�ç¥¢¨¤­®, ¯à¨ b 6= c ¡ã¤¥â �a(b) ^ �a(c) = ; ¨

S
s2S

�a(s) =
S
s2S

(s : a) = S, â. ¥. �a 2 S[L�].

�¥¬¬  1.
S

s=uv
((u : a) \ (v : b)) = (s : ab).

�®ª § â¥«ìáâ¢®. � ª ª ª

x 2
[
s=uv

((u : a) \ (v : b))) (9u; v 2 S)(s = uv& ax = u& bx = v))

) (9u; v 2 S)(s = uv&(ab)x = ax � bx = uv)) x 2 (s : ab);

â®
S

s=uv
((u : a) ^ (v : b)) � (s : ab). � ¤àã£®© áâ®à®­ë,

x 2 (s : ab)) (ab)x = s) ax � bx = s) (9u; v 2 S)(s = uv& ax = u& bx = v))

) x 2
[
s=uv

((u : a) \ (v : b));

¨, §­ ç¨â, (s : ab) �
S

s=uv
((u : a) \ (v : b)). �®«ãç¥­­ë¥ ¢ª«îç¥­¨ï ¤ îâ âà¥¡ã¥¬®¥ à ¢¥­áâ¢®.

�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® á®®â¢¥âáâ¢¨¥ a 7! �a ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬, â. ¥. �a�b = �ab ¤«ï
«î¡ëå a; b 2 S. �¥©áâ¢¨â¥«ì­®,

(�a�b)(s) =
[
s=uv

(�a(u) \ �b(v)) =
[
s=uv

((u : a) \ (v : b)) = (s : ab) = �ab(s)

¤«ï «î¡®£® s 2 S.
�á«¨ �a = �b, â®, ¢ ç áâ­®áâ¨, �a(a) = �b(a), ®âªã¤  a 2 �b(a), ¨, §­ ç¨â, ab = a, â. ¥. a 6 b.

�­ «®£¨ç­®, �a(b) = �b(b) ¢«¥ç¥â b 6 a. � ª¨¬ ®¡à §®¬, á®®â¢¥âáâ¢¨¥ a 7! �a ï¢«ï¥âáï ¢«®¦¥­¨¥¬
¯®«ãà¥è¥âª¨ S ¢ ¯®«ãà¥è¥âªã S[L].

�à ­áä®à¬ æ¨¥© íâ®£® ¯à¥¤áâ ¢«¥­¨ï ¨ ¡ã¤¥â ¯®«ãç¥­® ¢«®¦¥­¨¥ £àã¯¯®¨¤  G ¢ £àã¯¯®¨¤
S[L], £¤¥ L | ª¢ §¨¡ã«¥¢  à¥è¥âª , ª ¯®áâà®¥­¨î ª®â®à®© ¬ë á¥©ç á ¯¥à¥å®¤¨¬.

�¥à¥§ MjSj ®¡®§­ ç¨¬ à¥è¥âªã ¢ëá®âë 2 á ­ ¨¬¥­ìè¨¬ í«¥¬¥­â®¬ 0, ­ ¨¡®«ìè¨¬ 1 ¨ jSj
 â®¬ ¬¨, ¯®¬¥ç¥­­ë¬¨ í«¥¬¥­â ¬¨ ¯®«ãà¥è¥âª¨ S. �®¤ ¨¤¥ « ¬¨ ã¯®àï¤®ç¥­­®£® ¬­®¦¥áâ¢ 
¤ «¥¥ ¯®­¨¬ îâáï ¥£® ¬¨­®à ­â­® ­ áëé¥­­ë¥ ¯®¤¬­®¦¥áâ¢ . � ¨¬¥­ìè¨© ¨¤¥ «, á®¤¥à¦ é¨©
¯®¤¬­®¦¥áâ¢® A, ®¡®§­ ç ¥âáï ç¥à¥§ I(A). �«ï �i; �j 2 G ¢¬¥áâ® (�i; �j) 2 ! ¡ã¤¥¬ ¯¨á âì
�i 6 �j .

� ¬¥­¨¬ ¢MjSj í«¥¬¥­â 0 à¥è¥âª®© Id(G�G) ¨¤¥ «®¢ ã¯®àï¤®ç¥­­®£® ¬­®¦¥áâ¢  (G�G;6).
�ãáâ®© ¨¤¥ « ®¡®§­ ç¨¬ á¨¬¢®«®¬ 0. � ¬¥­¨¬  â®¬ a à¥è¥âª®© Id(a) ¨¤¥ «®¢ ¯®«ãà¥è¥âª¨ a
(á®£« á­® II ¢á¥ �-ª« ááë ï¢«ïîâáï ¯®«ãà¥è¥âª ¬¨). �ãáâ®© ¨¤¥ « ¢ Id(a) ®¡®§­ ç¨¬ á¨¬¢®«®¬
;a. �ãáâì �e = Id(G � G) [

S
a2S

Id(a) [ f1g. �  ¬­®¦¥áâ¢¥ �e, ªà®¬¥ ¯®àï¤ª®¢ëå á¢ï§¥©, ¨¬¥î-

é¨åáï ¢ á®áâ ¢«ïîé¨å ¥£® à¥è¥âª å ¨¤¥ «®¢, ¢¢¥¤¥¬ ­®¢ë¥. �ã¤¥¬ áç¨â âì, çâ® 1) í«¥¬¥­â 1
­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â §  ª ¦¤ë¬ ¨§ í«¥¬¥­â®¢ a 2 S (§¤¥áì a à áá¬ âà¨¢ ¥âáï ª ª ­ ¨¡®«ì-
è¨© í«¥¬¥­â à¥è¥âª¨ Id(a)); 2) í«¥¬¥­â ;a à¥è¥âª¨ Id(a) ¯®ªàë¢ ¥â í«¥¬¥­â 0 ¤«ï ª ¦¤®£®
a 2 S; 3) í«¥¬¥­â I 2 Id(a) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â §  í«¥¬¥­â®¬ à¥è¥âª¨ Id(G�G), ¨¬¥îé¨¬
¢¨¤ I(f(�k; 
m) 2 G � G j �k 2 I ¨«¨ 
m 2 I ¨«¨ �k
m 2 Ig). �à ­§¨â¨¢­®¥ § ¬ëª ­¨¥ ¯®áâà®-
¥­­®£® ®â­®è¥­¨ï, á®áâ®ïé¥£® ¨§ ®¡ê¥¤¨­¥­¨ï ¯®àï¤ª®¢ ¢ à¥è¥âª å ¨¤¥ «®¢, ®¡à §ãîé¨å �e, ¨
¤®¯®«­¨â¥«ì­ëå ¯®ªàëâ¨©, ã¯®àï¤®ç¨¢ ¥â ¬­®¦¥áâ¢® �e.

�®ª ¦¥¬, çâ® �e á ¢¢¥¤¥­­ë¬ ¯®àï¤ª®¬ | ¯®«­ ï à¥è¥âª . �¤¥áì ­¥®¡å®¤¨¬® à áá¬®âà¥âì
¤¢  á«ãç ï.
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1) I1; I2 2 Id(a). � à  ¨¤¥ «®¢ fI1; I2g ¨¬¥¥â ¢ Id(a) ­ ¨¡®«ìèãî ­¨¦­îî £à ­ì I1 \ I2. �® ã
íâ¨å ¨¤¥ «®¢ ¥áâì ®¡é¨¥ ­¨¦­¨¥ £à ­¨ ¨ ¢ Id(G�G). � ¨¡®«ìè¥© ¨§ ­¨å ï¢«ï¥âáï ¯¥à¥á¥ç¥­¨¥
¨¤¥ «®¢ I(f(�k ; 
m) 2 G � G j �k 2 Ii ¨«¨ 
 2 Ii ¨«¨ �k
m 2 Iig), i = 1; 2. �® íâ® ¯¥à¥á¥ç¥­¨¥
á®¤¥à¦¨âáï ¢ ¨¤¥ «¥ I(f(�k ; 
m) 2 G � G j �k 2 I1 \ I2 ¨«¨ 
m 2 I1 \ I2 ¨«¨ �k
m 2 I1 \ I2g),
¯®áª®«ìªã ¢ ¯®«ãà¥è¥âª¥ a, ¥á«¨ �i 2 I1, �j 2 I2, â® �i�j 2 I1\I2, ¨ ¢ á¨«ã â®¦¤¥áâ¢  x(xy) = xy
¢ë¯®«­ïîâáï ¢á¥ à ¢¥­áâ¢  â¨¯  �k(�k
m) = �k
m. �«¥¤®¢ â¥«ì­®, I1 \ I2 = inf (I1; I2) ¢ �e.

2) I1; I2 2 Id(G � G). � à  ¨¤¥ «®¢ fI1; I2g ¨¬¥¥â ¢ Id(G � G) ­ ¨¬¥­ìèãî ¢¥àå­îî £à ­ì
I1[I2. �® ã íâ¨å ¨¤¥ «®¢ ¥áâì ®¡é¨¥ ¢¥àå­¨¥ £à ­¨ ¨ ¢­¥ Id(G�G). � ¨¬¥­ìè¥© ¨§ ­¨å ï¢«ï¥âáï
®¡ê¥¤¨­¥­¨¥

[
a2S

2[
i=1

�
I(pr1 Ii \ a) [ I(pr2 Ii \ a) [ I(f�k
m j (�k; 
m) 2 Iig \ a)

�
;

£¤¥ pr1 I | ¬­®¦¥áâ¢® ¯¥à¢ëå í«¥¬¥­â®¢ ¯ à, ¢å®¤ïé¨å ¢ á®áâ ¢ I,   pr2 I | ¬­®¦¥áâ¢® ¨å
¢â®àëå í«¥¬¥­â®¢. �á«¨ ä¨­ «ì­®¥ ®¡ê¥¤¨­¥­¨¥ (¯® í«¥¬¥­â ¬ a 2 S) á®¤¥à¦¨â ¡®«¥¥ ®¤­®£®
ç«¥­ , ®­® à ¢­® 1 ¨, §­ ç¨â, ¬ ¦®à¨àã¥â I1 [ I2. �à¥¤¯®«®¦¨¬, çâ® íâ® ­¥ â ª, â. ¥. pr1 Ii � a,
pr2 Ii � a, �k
m 2 a ¤«ï ª ¦¤®© ¯ àë (�k; 
m) 2 Ii, i = 1; 2. � íâ®¬ á«ãç ¥ ­ ¨¬¥­ìè¥© ¢¥àå­¥©
£à ­ìî ¤«ï I1, I2 ¢ Id(a) ¡ã¤¥â ®¡ê¥¤¨­¥­¨¥ pr1(I1[I2)[pr2(I1[I2)[I(f�k
m) j (�k; 
m) 2 I1[I2g),
ª®â®à®¥ ¬ ¦®à¨àã¥â I1 [ I2. �«¥¤®¢ â¥«ì­®, I1 [ I2 = sup(I1; I2) ¢ �e.

�¥¬¬  2. � à¥è¥âª¥ �e í«¥¬¥­â I(�i) ^ I(�k), £¤¥ �i 2 a = �(�i), �k 2 b = �(�k) ¨ s = ab
¢ S, ¨¬¥¥â ®¤­¨¬ ¨§ á¢®¨å ¯®ªàëâ¨© í«¥¬¥­â I(�i�k) 2 Id(s).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®,

I(�i) ^ I(�k) = I(f(
m; �p) 2 G�G j 
m = �i ¨«¨ �p = �i ¨«¨ 
m�p 6 �ig) \

\ I(f(
m; �p) 2 G�G j 
m = �k ¨«¨ �p = �k ¨«¨ 
m�p 6 �kg) =

= I(f(
m; �p) 2 G�G j (
m; �p) = (�i; �k) ¨«¨ (
m; �p) = (�k; �i) ¨«¨ (
m�p 6 �i& 
m�p 6 �k)g):

� á¨«ã ¨¤¥¬¯®â¥­â­®áâ¨ ¨ ª®¬¬ãâ â¨¢­®áâ¨ ã¬­®¦¥­¨ï ¢ G (ãá«®¢¨ï I),   â ª¦¥ áâ ¡¨«ì­®áâ¨
¯®àï¤ª  ! ­  G (ãá«®¢¨¥ III) ¯®«ãç ¥¬, çâ® ¥á«¨ 
m�p 6 �i ¨ 
m�p 6 �k, â® 
m�p 6 �i�k.
�«¥¤®¢ â¥«ì­®, I(�i) ^ I(�k) < I(�i�k) 2 Id(s). �® â. ª. I(�i) ^ I(�k) á®¤¥à¦¨â ¯ àã (�i; �k) (¨
¯ àã (�k; �i)), â® ­  á ¬®¬ ¤¥«¥ I(�i�k) ï¢«ï¥âáï ¯®ªàëâ¨¥¬ ¤«ï I(�i) ^ I(�k).

�ãáâì A � S, A 6= ;. �¥è¥âª  �A ¯®«ãç ¥âáï ¨§ à¥è¥âª¨ �e ã¤ «¥­¨¥¬ ¢á¥å ª®¬¯®­¥­â ¢¨¤ 
Id(a) ¤«ï a =2 Ar, £¤¥ Ar = fs 2 S j (8a 2 A)(s 6 a)g. �ç¥¢¨¤­®, ¯à¨ A � B à¥è¥âª  �B ¡ã¤¥â
¯®¤à¥è¥âª®© ¢ �A. �¥¬¬  2, ª®­¥ç­®, ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¤«ï à¥è¥âª¨ �A, ¥á«¨ ¯®«®¦¨âì
a; b 2 Ar.

�¥è¥âª  L ¯®«ãç ¥âáï ¨§ ¡ã«¥¢®© à¥è¥âª¨ L� = P (S) á«¥¤ãîé¨¬ ¯ãâ¥¬. � ¦¤ë© í«¥¬¥­â
A � S, A 6= ;, à¥è¥âª¨ L� § ¬¥­ï¥âáï à¥è¥âª®© �A. � ¯®«ãç¥­­®¬ ¬­®¦¥áâ¢¥ L =

S
A

�A [f;; Sg,

ªà®¬¥ ¯®àï¤ª®¢ëå á¢ï§¥©, ¨¬¥îé¨åáï ¢ ª®¬¯®­¥­â å �A, ¢¢¥¤¥¬ ­®¢ë¥. �ã¤¥¬ áç¨â âì, çâ®
1) í«¥¬¥­â S ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â §  ª ¦¤ë¬ ¨§ í«¥¬¥­â®¢ 1Snfag, a 2 S, £¤¥ 1Snfag |
­ ¨¡®«ìè¨© í«¥¬¥­â à¥è¥âª¨ �Snfag, ¢áâ ¢«¥­­®© ¢ L� ­  ¬¥áâ® í«¥¬¥­â  Snfag; 2) í«¥¬¥­â ;
¯®ªàë¢ ¥âáï ª ¦¤ë¬ ¨§ í«¥¬¥­â®¢ 0fag, a 2 S, £¤¥ 0fag | ­ ¨¬¥­ìè¨© í«¥¬¥­â à¥è¥âª¨ �fag;
3) ¥á«¨ A � B, â® ª ¦¤ë© í«¥¬¥­â ¯®¤à¥è¥âª¨ Id(s) à¥è¥âª¨ �B , ¢áâ ¢«¥­­®© ¢ L� ­  ¬¥áâ®
B, ¬ ¦®à¨àã¥â ®¤­®¨¬¥­­ë© í«¥¬¥­â ¯®¤à¥è¥âª¨ Id(s) à¥è¥âª¨ �A, ¢áâ ¢«¥­­®© ¢ L� ­  ¬¥áâ®
A; 4) ¥á«¨ A � B, â® ­ ¨¬¥­ìè¨© í«¥¬¥­â 0B à¥è¥âª¨ �B ¬ ¦®à¨àã¥â ­ ¨¬¥­ìè¨© í«¥¬¥­â
0A à¥è¥âª¨ �A,   ­ ¨¡®«ìè¨© í«¥¬¥­â 1B à¥è¥âª¨ �B ¬ ¦®à¨àã¥â ­ ¨¡®«ìè¨© í«¥¬¥­â 1A
à¥è¥âª¨ �A.

�à ­§¨â¨¢­®¥ § ¬ëª ­¨¥ ¯®áâà®¥­­®£® ­  L ®â­®è¥­¨ï, á®áâ®ïé¥£® ¨§ ®¡ê¥¤¨­¥­¨ï ¯®àï¤-
ª®¢ ¢ à¥è¥âª å �A ¨ ¢¢¥¤¥­­ëå ¤®¯®«­¨â¥«ì­ëå á¢ï§¥©, ã¯®àï¤®ç¨¢ ¥â ¬­®¦¥áâ¢® L, ¯à¥¢à é ï
¥£® ¢ ¯®«­ãî à¥è¥âªã. �â®¦¤¥áâ¢«ïï í«¥¬¥­âë ª ¦¤®© à¥è¥âª¨ �A, ¯®«ãç ¥¬ ª ­®­¨ç¥áª¨©

57



^-£®¬®¬®àä¨§¬ ' à¥è¥âª¨ L ­  ¯®«­ãî ¡ã«¥¢ã à¥è¥âªã L� = P (S). �«¥¤®¢ â¥«ì­®, L | ª¢ -
§¨¡ã«¥¢  à¥è¥âª .

�®áâà®¨¬ ¢«®¦¥­¨¥ £àã¯¯®¨¤  G ¢ £àã¯¯®¨¤ S[L]. �«ï ­ £«ï¤­®áâ¨ í«¥¬¥­â l à¥è¥âª¨ �A

¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ ¯ àë (l; A), ®â¬¥ç ï ¢ íâ¨å \ª®®à¤¨­ â å" á ¬ í«¥¬¥­â l à¥è¥âª¨ �A ¨
¥£® ®¡à § A ¯à¨ ª ­®­¨ç¥áª®¬ ^-£®¬®¬®àä¨§¬¥ ' : L! L�. �à®¬¥ â®£®, ¯®¤ (1; S) = (0; S) ¡ã¤¥¬
¯®­¨¬ âì ­ ¨¡®«ìè¨© í«¥¬¥­â S à¥è¥âª¨ L,   ¯®¤ (0; ;) | ­ ¨¬¥­ìè¨© í«¥¬¥­â íâ®© à¥è¥âª¨.

�ãáâì �i 2 a = �(�i). �«ï s 2 S ¯®« £ ¥¬

��i
(s) =

(
(I(�i); (a : a)); ¥á«¨ s = a;

(0; (s : s)); ¥á«¨ s 6= a:

�à¨ s 6= t ¯®«ãç ¥¬ '(��i
(s) ^ ��i

(t)) = (s : a) \ (t : a) = ;, ®âªã¤  ��i
(s) ^ ��i

(t) = (0; ;), â. ª. '

¢§ ¨¬­® ®¤­®§­ ç­® ¢ ­ã«¥. �­ «®£¨ç­®, '
� W
s2S

��i
(s)
�
=
S
s2S

(s : a) = S, ®âªã¤ 
W
s2S

��i
(s) = (1; S).

�«¥¤®¢ â¥«ì­®, ��i
2 S[L].

� «¥¥, ¥á«¨ ��i
= ��k , â® a = �(�i) = �(�k) = b ¨ ¯à¨ íâ®¬ I(�i) = ��i

(a) = ��k(a) = I(�k). � ª
çâ® á®®â¢¥âáâ¢¨¥ �i 7! ��i

¢§ ¨¬­® ®¤­®§­ ç­®. �®ª ¦¥¬, çâ® ®­® ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬,
â. ¥. ��i

��k = ��i�k ¤«ï «î¡ëå �i; �k 2 G.
1) �ãáâì s 6= ab. � ª ª ª (l; A) ^ (0; B) = (0; A \B) ¢ L ¤«ï «î¡ëå A;B � S, â®

(��i
��k)(s) =

_
f��i

(u) ^ ��k(v) j s = uvg =
_
f(I(�i); (a : a)) ^ (0; (v : b)) j s = avg _

_
_
f(0; (u : a)) ^ (I(�k); (b : b)) j s = ubg _

_
_
f(0; (u : a)) ^ (0; (v : b)) j s = uv; fu; vg \ fa; bg = ;g =

=
_
f(0; (a : a) \ (v : b)) j s = avg _

_
_
f(0; (u : a) \ (b : b)) j s = ubg _

_
f(0; (u : a) \ (v : b)) j s = uv; fu; vg \ fa; bg = ;g =

=
�
0;
[
s=uv

((u : a) \ (v : b))
�
= (0; (s : ab));

¯®á«¥¤­¥¥ à ¢¥­áâ¢® ®¡¥á¯¥ç¨¢ ¥âáï «¥¬¬®© 1.
�â ª, (��i

��k)(s) = (0; (s : ab)) = ��i�k(s).
2) �ãáâì s = ab, s =2 fa; bg. �à®¢¥¤ï ¢ëª« ¤ª¨,  ­ «®£¨ç­ë¥ ¤¥©áâ¢¨ï¬ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,

¯®«ãç ¥¬

(��i
��k)(s) =

_
f��i

(u) ^ ��k(v) j s = uvg =

= ((I(�i); (a : a)) ^ (I(�k); (b : b))) _
_
f(0; (u : a) \ (v : b)) j s = uv; fu; vg 6= fa; bgg =

= (I(�i) ^ I(�k); (a : a) \ (b : b)) _
�
0;
[
s=uv

((u : a) \ (v : b))
�
=

= (I(�i) ^ I(�k); (a : a) \ (b : b)) _ (0; (s : ab)):

� ¯®á«¥¤­¥¬ ¯¥à¥å®¤¥ ¨á¯®«ì§®¢ ­  «¥¬¬  1.
� ª ª ª (a : a) � (ab : ab) = (s : ab) ¨ (b : b) � (s : ab), â® (��i

��k)(s) ¨¬¥¥â ¢¨¤ (l; s : ab).
�®£« á­® ª®­áâàãªæ¨¨ ¯®àï¤ª  ¢ L ã í«¥¬¥­â  (I(�i)^ I(�k); (a : a)\(b : b)) ¢ �(a:a)\(b:b) ¨¬¥îâáï
âà¨ ¯®ªàëâ¨ï: ­¥ª®â®àë© ¨¤¥ « I1 | ¢ á®áâ ¢¥ ¯®¤à¥è¥âª¨ Id(a), ­¥ª®â®àë© ¨¤¥ « I2 | ¢
á®áâ ¢¥ ¯®¤à¥è¥âª¨ Id(b) ¨ ¯® «¥¬¬¥ 2 I(�i�k) | ¢ á®áâ ¢¥ ¯®¤à¥è¥âª¨ Id(ab). �à¨ íâ®¬ (Ii; (a :
a) \ (b : b)) _ (0; (s : ab)) = (1; (s : ab)), i = 1; 2, ¯®áª®«ìªã ¢ à¥è¥âª¥ �(s:ab) ­¥â ¯®¤à¥è¥â®ª Id(a)
¨ Id(b). � â® ¦¥ ¢à¥¬ï, (I(�i�k); (a : a) \ (b : b)) _ (0; (s : ab)) = (I(�i�k); (s : ab)). �«¥¤®¢ â¥«ì­®,
(��i

��k)(s) = (I(�i) ^ I(�k); (a : a) \ (b : b)) _ (0; (s : ab)) = (I(�i�k); (s : ab)) = ��i�k(s) (­ ¯®¬­¨¬,
çâ® s = ab).
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3) �ãáâì s = ab = a. � ª ª ª (b : b) � (a : a), â®, ¤¥©áâ¢ãï, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,
¯®«ãç ¥¬

(��i
��k)(a) = (I(�i) ^ I(�k); (b : b)) _ (0; (a : a)) 2 �(a:a):

�®£« á­® ª®­áâàãªæ¨¨ ¯®àï¤ª  ¢ à¥è¥âª¥ L í«¥¬¥­â (I(�i) ^ I(�k); (b : b)) ¨¬¥¥â ¢ �(b:b) ¤¢ 
¯®ªàëâ¨ï: ­¥ª®â®àë© ¨¤¥ « I ¢ á®áâ ¢¥ ¯®¤à¥è¥âª¨ Id(b) ¨ ¯® «¥¬¬¥ 2 ¨¤¥ « I(�i�k) ¢ á®áâ ¢¥
¯®¤à¥è¥âª¨ Id(a). �à¨ íâ®¬ (I; (b : b))_(0; (a : a)) = (1; (a : a)), ¯®áª®«ìªã ¢ �(a:a) ­¥â ¯®¤à¥è¥âª¨
Id(b). � â® ¦¥ ¢à¥¬ï, (I(�i�k); (b : b)) _ (0; (a : a)) = (I(�i�k); (a : a)). � ª çâ® (��i

��k)(s) =
(I(�i�k); (a : a)) = ��i�k(a) (­ ¯®¬­¨¬, çâ® s = a).

4) � ª®­¥æ, ¥á«¨ �i; �j 2 a ¨ s = a, â®

(��i
��j

)(a) = (I(�i; (a : a)) ^ (I(�j); (a : a)) = (I(�i) \ I(�j); (a : a)) = (I(�i�j); (a : a)) = ��i�j
(a);

  ¯à¨ s 6= a, ®ç¥¢¨¤­®, (��i
��j

)(s) = (0; (s : a)) = ��i�j
(s).

�â ª, ¢á¥£¤  ��i
��k = ��i�k | ¨áª®¬®¥ ¢«®¦¥­¨¥ £àã¯¯®¨¤  G ¢ ª¢ §¨¡ã«¥¢ã áâ¥¯¥­ì S[L]

¯®áâà®¥­®. �â¨¬ § ¢¥àè¥­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

�ãáâì K| ­¥ª®â®àë© ª« áá  «£¥¡à, A ¨ B| ¥£® ¯®¤ª« ááë. � «ìæ¥¢áª¨¬ K-¯à®¨§¢¥¤¥­¨¥¬
ª« áá®¢ A ¨ B ­ §ë¢ ¥âáï ª« áá A�K B, á®áâ®ïé¨© ¨§ ¢á¥å K- «£¥¡à A, ­  ª®â®àëå áãé¥áâ¢ã¥â
ª®­£àãí­æ¨ï � â ª ï, çâ® ª ¦¤ë© ¥¥ ª« áá, ï¢«ïîé¨©áï K- «£¥¡à®©, ¯à¨­ ¤«¥¦¨âA,   ä ªâ®à-
 «£¥¡à  A=� ¯à¨­ ¤«¥¦¨â B [6]. � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ II ¢ â¥®à¥¬¥ ®§­ ç ¥â, çâ® £àã¯¯®¨¤G, ®
ª®â®à®¬ ¨¤¥â à¥çì, ¤®«¦¥­ ¯à¨­ ¤«¥¦ âì ¬ «ìæ¥¢áª®¬ã ª¢ ¤à âã S �I S, £¤¥ I | ¬­®£®®¡à §¨¥
¢á¥å ¨¤¥¬¯®â¥­â­ëå ª®¬¬ãâ â¨¢­ëå £àã¯¯®¨¤®¢,   S | ¬­®£®®¡à §¨¥ ¯®«ãà¥è¥â®ª. �§ â¥®à¥¬ë
3 ¢ [5] á«¥¤ã¥â, çâ®, ¢®®¡é¥, ¥á«¨ G|¬­®£®®¡à §¨¥ ¢á¥å £àã¯¯®¨¤®¢, â® ¤«ï «î¡®£® ¬­®£®®¡à §¨ï
¯®«ã£àã¯¯ V ª¢ §¨¡ã«¥¢ë áâ¥¯¥­¨ ¢á¥å V-¯®«ã£àã¯¯ ¯à¨­ ¤«¥¦ â ¯à®¨§¢¥¤¥­¨î S�GV. �à¨ íâ®¬
¤«ï V-¯®«ã£àã¯¯ë A ¨ ª¢ §¨¡ã«¥¢®© à¥è¥âª¨ L ¬ «ìæ¥¢áª®© ª®­£àãí­æ¨¥© ­  ª¢ §¨¡ã«¥¢®©
áâ¥¯¥­¨ A[L] ¡ã¤¥â ã¦¥ ã¯®¬¨­ ¢è ïáï ¢ ¤®ª § â¥«ìáâ¢¥ ­¥®¡å®¤¨¬®áâ¨ ª®­£àãí­æ¨ï �0. �á«¨
V | ¬­®£®®¡à §¨¥ ¨¤¥¬¯®â¥­â­ëå ¯®«ã£àã¯¯, ¢á¥ �0-ª« ááë ¡ã¤ãâ ¯®«ãà¥è¥âª ¬¨,   ¯®àï¤®ª
!, ®¯à¥¤¥«ï¥¬ë© ¢ ãá«®¢¨¨ III, ¯à¥¢à é ¥âáï ¢ íâ®¬ á«ãç ¥ ¢ ¥áâ¥áâ¢¥­­ë© ­  A[L] ¯®àï¤®ª
� 6 � () (8a 2 A)(�(a) 6 �(a)). �â®â ¯®àï¤®ª ®ç¥¢¨¤­ë¬ ®¡à §®¬ áâ ¡¨«¥­ ®â­®á¨â¥«ì­®
ã¬­®¦¥­¨ï ¢ A[L], ®¯à¥¤¥«ï¥¬®£® ä®à¬ã«®© (1).

�à®¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® á¨áâ¥¬   ªá¨®¬ ¤«ï ª« áá  £àã¯¯®¨¤®¢ G, ¢«®-
¦¨¬ëå ¢ ª¢ §¨¡ã«¥¢ë áâ¥¯¥­¨ ¯®«ã£àã¯¯ ¨¤¥¬¯®â¥­â­®£® ¬­®£®®¡à §¨ï V, ¬®¦¥â ¡ëâì á®áâ -
¢«¥­  ¨§ ãá«®¢¨ï â¨¯  II (\­  £àã¯¯®¨¤¥ G áãé¥áâ¢ã¥â ª®­£àãí­æ¨ï �, ¢á¥ ª« ááë ª®â®à®© |
¯®«ãà¥è¥âª¨,   ä ªâ®à-£àã¯¯®¨¤ G=� | ¯®«ã£àã¯¯  ¨§ ¬­®£®®¡à §¨ï V"), ãá«®¢¨ï III ¨ £àã¯-
¯ë  ªá¨®¬ I, ¢ëà ¦ îé¥© á¯¥æ¨ä¨ªã ¬­®£®®¡à §¨ï V ¢ à ¬ª å à¥è ¥¬®© § ¤ ç¨. �ëï¢«¥­¨¥
 ªá¨®¬ I ¨ ¯à¥¤áâ ¢«ï¥â ®á­®¢­ãî âàã¤­®áâì.

� á«ãç ¥ á¨­£ã«ïà­ëå ¯®«ã£àã¯¯ ¬ «ìæ¥¢áª ï ª®­£àãí­æ¨ï ®¯à¥¤¥«ï¥âáï ®¤­®§­ ç­®. O­ 
á®¢¯ ¤ ¥â á �0 ¨ ¢ëà ¦ ¥âáï ¢ â¥à¬¨­ å ®¯¥à æ¨¨ ã¬­®¦¥­¨ï (�; �) 2 �0 () �� = ��, ¢á«¥¤-
áâ¢¨¥ ç¥£® ãá«®¢¨ï II ¨ III ¤®¯ãáª îâ í«¥¬¥­â à­ãî § ¯¨áì [2]. �«ï ¯®«ãà¥è¥â®ª íâ® ­¥ â ª.
� ¯à¨¬¥à, ­  ã¦¥ à áá¬ âà¨¢ ¢è¥¬áï £àã¯¯®¨¤¥ G0, ªà®¬¥ �0 = f�0; �1g; f�0; �1; �2g (ª®­£àãí­-
æ¨¨ ®â®¦¤¥áâ¢«ï¥¬ á á®®â¢¥âáâ¢ãîé¨¬¨ à §¡¨¥­¨ï¬¨), ãá«®¢¨ï¬ II ¨ III ã¤®¢«¥â¢®àïîâ â ª¦¥
ª®­£àãí­æ¨¨ �0 = f�0; �1; �0g; f�1g, f�2g ¨ �0 \ �0 = f�0; �1g; f�0g; f�1g; f�2g.

� [7] ¡ë« ¯à¨¢¥¤¥­ ¯à¨¬¥à ¤¥¢ïâ¨í«¥¬¥­â­®£® £àã¯¯®¨¤ , ¯à¨­ ¤«¥¦ é¥£® ª¢ §¨¬­®£®®¡à -
§¨î S �I S ¨ ¨¬¥îé¥£® £®¬®¬®àä­ë© ®¡à §, «¥¦ é¨© ¢­¥ S �I S. �¥âàã¤­® ã¡¥¤¨âìáï ¢ â®¬,
çâ® íâ®â £àã¯¯®¨¤ á®¤¥à¦¨âáï ã¦¥ ¢ ª« áá¥ U � S �I S, ®¯¨áë¢ ¥¬®¬ ãá«®¢¨ï¬¨ I{III â¥®à¥¬ë.
�«¥¤®¢ â¥«ì­®, U ­¥ ï¢«ï¥âáï £®¬®¬®àä­® § ¬ª­ãâë¬. � ¬¥â¨¬, ­ ª®­¥æ, çâ® ¯®«ã£àã¯¯®¢ ï
ç áâì ª« áá  U á®¢¯ ¤ ¥â á ¬­®£®®¡à §¨¥¬ S ¯®«ãà¥è¥â®ª.
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