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�«ï ¬¥â®¤  ª áª ¤®£® ¨â¥£à¨à®¢ ¨ï ¤«ï ãà ¢¥¨ï

uxy + aux + buy + cu = 0 (1)

¢¢¥¤¥¬ ®¡®§ ç¥¨ï

u1 = uy + au; u2 = ux + bu; (2)

¢ ª®â®àëå (1) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

u1x + bu1 � hu = 0; u2y + au2 � ku = 0; (3)

£¤¥ h = ax+ab�c, k = by+ab�c. �á«¨ å®âï ¡ë ®¤  ¨§ ¢¥«¨ç¨ h, k à ¢  ã«î, â® u1 (¨«¨ u2) ¨§
(3) § ¯¨áë¢ îâáï ¢ ª¢ ¤à âãà å, çâ® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì u ¨§ (2). � á«ãç ¥, ª®£¤  hk 6= 0, ¨§
(1) ¨ (3) ¬®¦® ¨áª«îç¨âì u(x; y) ¨ ¯¥à¥©â¨ ª ®¢ë¬ ãà ¢¥¨ï¬ ¢¨¤  (1) ®â®á¨â¥«ì® ®¢®©
¥¨§¢¥áâ®© äãªæ¨¨. � ¤¢ã¬ ¯®«ãç¥ë¬ ãà ¢¥¨ï¬ ¯à¨¬¥ï¥âáï ¨§«®¦¥ ï áå¥¬ . �®¦¥â
®ª § âìáï   ¥ª®â®à®¬ è £¥ ãª § ®£® ¯à®æ¥áá , çâ® h ¨«¨ k ¤«ï ®¢ëå ãà ¢¥¨© à ¢® ã«î.
�â® ¡ã¤¥â ®§ ç âì, çâ® ¨ ¨áå®¤®¥ ãà ¢¥¨¥ ¨¬¥¥â à¥è¥¨¥, § ¯¨áë¢ ¥¬®¥ ¢ ª¢ ¤à âãà å.

�à®¬¥ â®£®, ¤«ï ç áâ®£® á«ãç ï ãà ¢¥¨ï (1), ¨§¢¥áâ®£® ª ª ãà ¢¥¨¥ �©«¥à {�ã áá® {
� à¡ã,

uxy �
�0

x� y
ux +

�

x� y
uy = 0; (4)

¢ ([1], á. 181) áâà®¨âáï à¥è¥¨¥ ¢ ª¢ ¤à âãà å.
� ¤ ®© à ¡®â¥ ¬¥â®¤ ª áª ¤®£® ¨â¥£à¨à®¢ ¨ï ¯à¨¬¥ï¥âáï ª ãà ¢¥¨î

uxxy + auxx + buxy + cux + duy + eu = 0; (5)

ç áâë© á«ãç © ª®â®à®£® ¢áâà¥ç ¥âáï ¯à¨ ¨§ãç¥¨¨ ¯à®æ¥áá  ¯®£«®é¥¨ï ¢« £¨ ª®àï¬¨ à áâ¥-
¨© (ãà ¢¥¨¥ �««¥à  ([2], á. 261; á¬. â ª¦¥ [3])).

�á¯®«ì§ã¥¬ ®¡®§ ç¥¨ï (2). �à¨ íâ®¬ áãé¥áâ¢¥ãî à®«ì ¨£à îâ ª®áâàãªæ¨¨

h10 = 2ax+ab�c; h01 = bx�d; h00 = axx+(ab)x�e; k10 = by+ax+ab�c; k00 = bxy+(ab)x�e:

�® ¥áâì ¥á«¨ ¨¬¥¥â ¬¥áâ® å®âï ¡ë ®¤  ¨§ £àã¯¯ â®¦¤¥áâ¢

h10 � h01 � h00 � 0; (61)

k10 � h01 � k00 � 0; (62)

â® (5) à §à¥è¨¬® ¢ ª¢ ¤à âãà å. �à¨ íâ®¬ ¢ á«ãç ¥ ¢ë¯®«¥¨ï (61) à¥è¥¨¥ ¯à¥¤áâ ¢«ï¥âáï
ä®à¬ã«®©

u = e�
R
a(x;y)dy

�Z
e�

R
b(x;y)dx

�
C1(y)

Z
eb(x;y)dxdx+ C2(y)

�
e
R

a(x;y)dydy +C3(x)
�
:

� ¡®â  ¯®¤¤¥à¦   ä®¤®¬ ����� �� �� (¯à®¥ªâ 05-5.1-289/2004(�)).
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�ãáâì ¢¬¥áâ® (61) ¢ë¯®«ïîâáï á®®â®è¥¨ï h10 � h01 � 0, h00 6= 0. �®£¤  (5) ¯à¥®¡à §ã¥âáï
ª ¢¨¤ã u1xxy + a(1)u1xx + b(1)u1xy + c(1)u1x + d(1)u1y + e(1)u1 = 0, £¤¥ a(1) = a � (lnh00)y, b(1) = b,
c(1) = by + ba(1), d(1) = bx, e(1) = bxy + bxa

(1) � h00.
� á«ãç ¥, ª®£¤  ¢¬¥áâ® (62) ¢ë¯®«ïîâáï á®®â®è¥¨ï k10 � h01 � 0, k00 6= 0, ãà ¢¥¨¥

(5) ¯à¥®¡à §ã¥âáï ª ãà ¢¥¨î â®£® ¦¥ ¢¨¤  ¯à¨ a(1) = a, b(1) = b � (lnk00)x, c(1) = 2ax + b(1)a,
d(1) = 0, e(1) = axx + axb

(1) � k00.
�ãáâì å®âï ¡ë ®¤® ¨§ ¯®«ãç¥ëå ãà ¢¥¨© à¥è ¥âáï ¢ ª¢ ¤à âãà å, â®£¤  ¨ ¨áå®¤®¥

ãà ¢¥¨¥ ¨¬¥¥â ï¢®¥ à¥è¥¨¥. � ¯à®â¨¢®¬ á«ãç ¥ ¯à®æ¥áá ¬®¦¥â ¡ëâì ¯à®¤®«¦¥.
� áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨ï, ï¢«ïîé¨¥áï   «®£ ¬¨ (4) ¢ â®¬ á¬ëá«¥, çâ® ª ¨¬ ¡ã¤¥¬

¯à¨¬¥ïâì ãª § ë© ¬¥â®¤ à¥è¥¨ï:

L (u) � uxxy �
�

x� y
uxx +

�0

x� y
uxy +

� (2� �0)

(x� y)2
ux �

�0

(x� y)2
uy = 0; (71)

uxxy �
�

x� y
uxx +

�0

x� y
uxy +

� + �0 (1� �0)

(x� y)2
ux �

�0

(x� y)2
uy = 0: (72)

�¤¥áì h00 =
2�(�0

�1)
(x�y)3

, k00 =
2�0(��1)

(x�y)3
. � ª¨¬ ®¡à §®¬, ®ç¥¢¨¤®, ¥á«¨ � = 0 ¨«¨ �0 = 1 «¨¡® �0 = 0

¨«¨ � = 1, â® (7) à §à¥è¨¬ë ¢ ª¢ ¤à âãà å. �ãáâì,  ¯à¨¬¥à, �0 = 1. �®£¤ 

u = (x� y)�
� Z

1
x� y

�
C1(y)

�
x2

2
� xy

�
+ C2(y)

�
(x� y)��dy +C3(x)

�
: (8)

� áá¬®âà¨¬ ¯®¤à®¡¥¥ (71). �ãáâì h00 6= 0. �¥¯®áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ

h
(1)
00 = h00 +

2�0 � 2 (� + 3) + �0 (� + 3)

(x� y)3
:

�®ïâ®, çâ® ¢ á«ãç ¥ à ¢¥áâ¢  h(1)00 ã«î ¯®«ãç ¥¬ à¥è¥¨¥ ãà ¢¥¨ï (71) ¢ ª¢ ¤à âãà å.
�à®¤®«¦¥¨¥ ¯à®æ¥áá  ¯®§¢®«ï¥â ¯®áâà®¨âì æ¥¯®çªã ãà ¢¥¨© ¢¨¤  (71), ¤«ï ª®â®àëå h

(n)
00

®¯à¥¤¥«ï¥âáï á ¯®¬®éìî à¥ªãàà¥â®£® á®®â®è¥¨ï

h
(n)
00 � h

(n�1)
00 =

2�0 � 2 (� + 3n) + �0 (� + 3n)

(x� y)3
:

�«ï ãà ¢¥¨ï (72) á®®â®è¥¨¥ ¨¬¥¥â ¢¨¤

k
(n)
00 � k

(n�1)
00 =

2� � 2 (� + 3n) + �0 (� + 3n)

(x� y)3
:

�á«¨ k(n)00 = 0 (¨«¨ h(n)00 = 0) ¯à¨ ¥ª®â®à®¬ n , â® ¨áå®¤®¥ ãà ¢¥¨¥ à §à¥è¨¬® ¢ ª¢ ¤à -
âãà å. � ª, ¥á«¨ n = 2, â® � ¨ �0 á¢ï§ ë á®®â®è¥¨¥¬ 4�0� � 6� + 13�0 = 18, ¯®«ãç ¥¬ë¬ ¨§
ä®à¬ã«ë ¤«ï h(2)00 . �® ¨¬¥¥â ¥âà¨¢¨ «ìë¥ à¥è¥¨ï,  ¯à¨¬¥à, �

0 = 0, � = �3.
� áá¬®âà¨¬ ¤«ï (71) § ¤ çã �ãàá . �ãáâì D | âà¥ã£®«ì ï ®¡« áâì, ®£à ¨ç¥ ï å à ª-

â¥à¨áâ¨ª ¬¨ x = 0, y = a ¨ ¯àï¬®© x = y. � ©¤¥¬ à¥è¥¨¥ u 2 C2;1(D), ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬

u (0; y) = ' (y) ; ux (0; y) = '1 (y) ; u (x; a) =  (x) ; (9)

';'1 2 C1 (p),  2 C2 (p), p = [0; a]. � â®çª¥ (0; a) ¯à¥¤¯®« £ ¥¬ ãá«®¢¨¥ á®£« á®¢ ¨ï ' (a) =
 (0).

�¥à¥©¤¥¬ ®â ãà ¢¥¨ï (71) ª

(x� y)2 uxxy � � (x� y) uxx + �0 (x� y) uxy + � (2� �0) ux � �0uy = 0: (10)
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� ááã¦¤¥¨¥ ¤«ï ¢ëà®¦¤ îé¥£®áï ãà ¢¥¨ï (10) ¯à®¢¥¤¥¬ ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¢ ¢ -
à¨ â¥ ¬¥â®¤  �¨¬   ¨§ [4], [5]. �® ¥áâì ¢¢¥¤¥¬ äãªæ¨î �¨¬   R (x; y; �; �) ª ª à¥è¥¨¥
¨â¥£à «ì®£® ãà ¢¥¨ï

(x� y)2 V (x; y) +
Z y

�

� (x� �) V (x; �) d� �
Z x

�

�0 [(t� y) + (x� t)] V (t; y) dt+

+
Z x

�

Z y

�

� (2� �0) V (t; �) d� dt = 1; (11)

ª®â®à®¥ áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ([6], x 30). �à®¤¨ää¥à¥æ¨à®¢ ¢ ¥£®, ¯®«ãç¨¬ ¤¨ää¥à¥æ¨-
 «ì®¥ ãà ¢¥¨¥ ¤«ï V

�
(x� y)2 V

�
xxy

+
�
� (x� y) V

�
xx
�
�
�0 (x� y)V

�
xy
+
�
� (2� �0)V

�
x
� (�0V )

y
= 0:

�¡®§ ç¨¬

M =
�
(x� y)2R

�
x
� (x� y) �0R; N =

�
(x� y)2R

�
y
+ (x� y)�R;

P =
�
(x� y)2R

�
xy
+
�
� (x� y)R

�
x
�
�
�0 (x� y)R

�
y
+ � (2� �0)R;

Q =
�
(x� y)2R

�
xx
�
�
�0 (x� y)R

�
x
� �0R;

£¤¥ ã R ¨ ¥¥ ¯à®¨§¢®¤ëå  à£ã¬¥â ¬¨ ï¢«ïîâáï (x; y; �; �). �§ (11) «¥£ª® ãá¬ âà¨¢ ¥âáï, çâ®

M (x; y; x; y) � P (x; y; x; y) � Q (x; y; x; y) � 0;

N (x; y; x; �) � P (x; y; x; �) � Q (x; y; �; y) � 0:

�®£¤  á ãç¥â®¬ ¢¢¥¤¥ëå ®¡®§ ç¥¨© ¤«ï «î¡®© äãªæ¨¨ u ¨§ ª« áá  C2;1 (D)\C1;0 (D [ p)\
C0;0 (D [ p) ¨¬¥¥â ¬¥áâ® ¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥¬®¥ â®¦¤¥áâ¢®

�
u (x� y)2R

�
xxy

� RL (u) (x� y)2 + [uM ]
xy
+ [uN ]

xx
� [uP ]

x
� [uQ]

y
+

+
�
uy
�
(x� y)2R

�
x
� u

�
� (x� y)R

�
x

	
x
: (12)

�®¬¥ï¥¬ ¢ (12) ¯¥à¥¬¥ë¥ x, � ¨ y, � à®«ï¬¨ ¨ ¢ëç¨á«¨¬ ¨â¥£à « ¢ ¯à¥¤¥« å 0 < � < x,
y < � < a, â®£¤  á ãç¥â®¬ £à ¨çëå ãá«®¢¨© (9) ¯®«ãç¨¬

ux (x; y) =  0 (x)R (x; a; x; y) (x� a)2 �  0 (a)R (0; a; x; y) a2 +

+ '1 (y)R (0; y; x; y) y2 �  (x)M (x; a) +  (0)M (0; a)� ' (y)M (0; y) +

+
Z a

y

'1 (�)N (0; �) d� �
Z a

y

' (�)P (0; �) d� +
Z x

0

 (�)Q (�; a) d�: (13)

�âáî¤  à¥è¥¨¥ § ¤ ç¨ �ãàá  ®¯¨áë¢ ¥âáï ä®à¬ã«®© u (x; y) = ' (y)+
xR
0

H (�; y) d�, £¤¥ H (�; y)

| ¯à ¢ ï ç áâì (13).
�à¨ § ç¥¨ïå �, �0, ãª § ëå ¢ëè¥, à¥è¥¨¥ § ¤ ç¨ �ãàá  ¬®¦® ¯®«ãç¨âì ¡¥§ ¨á¯®«ì-

§®¢ ¨ï äãªæ¨¨ �¨¬  . � ¯à¨¬¥à, ¤«ï �0 = 1 ¨§ ä®à¬ã«ë (8)  ©¤¥¬

C3 (x) =  (x) (x� a)��
; C2 (y) = �y'0 (y)� �' (y) ;

C1 (y) = �
'01 (y) y + (� � 1)'1 (y)

�
+
(� + 1)C2 (y)

y2
:
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