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� áá¬®âà¨¬   ®âà¥§ª¥ [0; 1] ¤¢ãåâ®ç¥çãî ªà ¥¢ãî § ¤ çã

y(4) = f(x; y); 0 < x < 1; (1)

y(0) = y0(0) = y(1) = y0(1) = 0; (2)

£¤¥ f(x; z) | ¥¯à¥àë¢ ï ¯® ®¡®¨¬  à£ã¬¥â ¬ äãªæ¨ï. �à¥¤¯®«®¦¨¬, çâ® f(x; z) ¨¬¥¥â
¥¯à¥àë¢ãî ç áâãî ¯à®¨§¢®¤ãî @f

@z
¯à¨ x 2 [0; 1]; z � 0 ¨

@f(x; z)
@z

� 0: (3)

�à¥¤¯®«®¦¨¬ ¥é¥, çâ® áãé¥áâ¢ãîâ ¥¯à¥àë¢ë¥ ¨ ¥®âà¨æ â¥«ìë¥ ¯à¨ x 2 [0; 1] äãªæ¨¨
a(x) ¨ b(x) â ª¨¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï

a(x)zn � f(x; z) � b(x)zn; n = const > 1; (4)

¯à¨ x 2 [0; 1], z � 0, ¯à¨ç¥¬ a(x) � b(x).
�ç¥¢¨¤®, y(x) � 0 | âà¨¢¨ «ì®¥ à¥è¥¨¥ íâ®© § ¤ ç¨. �®¤ ¯®«®¦¨â¥«ìë¬ à¥è¥¨¥¬ íâ®©

§ ¤ ç¨ ¯®¨¬ ¥âáï äãªæ¨ï y 2 C4[0; 1], ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (1), ªà ¥¢ë¬ ãá«®¢¨ï¬
(2) ¨ ¯®«®¦¨â¥«ì ï ¯à¨ x 2 (0; 1).

� ¤ ®© à ¡®â¥ ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ¯®«®¦¨â¥«ì®£® à¥è¥¨ï
§ ¤ ç¨ (1), (2) ¨ ¯à¨¢®¤ïâáï ¯®«®¦¨â¥«ìë¥ à¥è¥¨ï ¯à¨ f(x; y) = y2, f(x; y) = y4 ¨ f(x; y) =
exy2. � ¥¥   «®£¨çë¥ ¢®¯à®áë à áá¬ âà¨¢ «¨áì ¤«ï ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  ¢ [1].

1. �ãé¥áâ¢®¢ ¨¥ ¯®«®¦¨â¥«ì®£® à¥è¥¨ï

�¥¬¬ . �á«¨ äãªæ¨ï f(x; z) ¥¯à¥àë¢ , ¨¬¥¥â ¥¯à¥àë¢ãî ç áâãî ¯à®¨§¢®¤ãî @f
@z

¨

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3), (4), â® ¤«ï ¯®«®¦¨â¥«ì®£® à¥è¥¨ï § ¤ ç¨ (1), (2) á¯à ¢¥¤«¨¢ 
 ¯à¨®à ï ®æ¥ª 

max
[0;1]

y(x) �M: (1.1)

�®ª § â¥«ìáâ¢®. �¥âàã¤® ã¡¥¤¨âìáï, çâ®

G(x; s) =

(
3s�x(1+2s)

6
(1� s)2x2; ¥á«¨ 0 � x � s;

3(1�s)�(1�x)(3�2s)
6

s2(1� x)2; ¥á«¨ s � x � 1;
(1.2)

ï¢«ï¥âáï äãªæ¨¥© �à¨  ®¯¥à â®à  d4

dx4
á £à ¨çë¬¨ ãá«®¢¨ï¬¨ (2). �ç¥¢¨¤®, G(x; s) � 0

¯à¨ x 2 [0; 1] ¨ s 2 [0; 1]. � ¯®¬®éìî G(x; s) § ¤ çã (1), (2) ¬®¦® § ¯¨á âì ¢ íª¢¨¢ «¥â®©
ä®à¬¥

y(x) =
Z 1

0
G(x; s)f(s; y(s))ds:
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�âáî¤  á«¥¤ã¥â

y0(x) =
Z 1

0

@G(x; s)
@x

f(s; y(s))ds;

y00(x) =
Z 1

0

@2G(x; s)
@x2

f(s; y(s))ds: (1.3)

�§ (1.1) ¯®«ãç¨¬

@G(x; s)
@x

=

(
G11(x; s)(1 � s)2; ¥á«¨ 0 � x � s;

G12(x; s)s2; ¥á«¨ s � x � 1;

@2G(x; s)
@x2

=

(
G21(x; s)(1 � s)2; ¥á«¨ 0 � x � s;

G22(x; s); ¥á«¨ s � x � 1;

£¤¥

G11(x; s) = x

�
s�

x(1 + 2s)
2

�
; G12 = (1� x)

�
(1� x)(3� 2s)

2
� 1 + s

�
;

G21(x; s) = [s� x(1 + 2s)](1 � s)2; G22(x; s) = [(1� s)� (1� x)(3� 2s)]s2:

�¥£ª® ¯à®¢¥à¨âì, çâ® @2G(x;s)

@x2
� 0 ¯à¨ x 2

�
1
3
; 2
3

�
. �«¥¤®¢ â¥«ì®,   ®âà¥§ª¥

�
1
3
; 2
3

�
äãªæ¨ï y(x)

¢ë¯ãª«  ¢¢¥àå. � ª¦¥ «¥£ª® ¯à®¢¥à¨âì, çâ® y0(x) > 0 ¯à¨ x 2
�
0; 1

3

�
¨ y0(x) < 0 ¯à¨ x 2

�
2
3
; 1
�
.

�âáî¤  á«¥¤ã¥â, çâ® à ¢¥áâ¢® y0(x) = 0 ¢®§¬®¦® â®«ìª® ¢ â®çª¥ x0 2
�
1
3
; 2
3

�
. � ¨§ ¢ë¯ãª«®áâ¨

y(x)   íâ®¬ ®âà¥§ª¥ á«¥¤ã¥â ¥à ¢¥áâ¢®

y(x) � 3kyk (x); (1.4)

£¤¥  (x) | à ááâ®ï¨¥ ®â â®çª¨ x ¤® £à ¨æë ®âà¥§ª 
�
1
3
; 2
3

�
,  (x) = min

�
x� 1

3
; 2
3

�
,  

kyk = max
0�x�1

y(x):

�¡®§ ç¨¬ ç¥à¥§ �(x) à ááâ®ï¨¥ ®â â®çª¨ x ¤® £à ¨æë ®âà¥§ª  [0; 1], �(x) = min(x; 1 � x).
�®¦® ¯®ª § âì, çâ®

G(x; s) �
�3(x)�3(s)

3
: (1.5)

�®£¤  ¢ á¨«ã (1.4) ¨ (1.5)

y(x) �
Z 2

3

1

3

G(x; s)g(s)jy(s)jnds � 3n�1�3(x)kykn
Z 2

3

1

3

�3(s) n(s)g(s)ds:

� ª ª ª �(x) � 1
3
¯à¨ x 2

�
1
3
; 2
3

�
, â® ®âáî¤  á«¥¤ã¥â

kykn�1 �

�
3n�4

Z 2

3

1

3

�3 n(s)g(s)ds
��1

� B ¨«¨ kyk � B
1

n�1 : �

�¡®§ ç¨¬
1R
0

G(x; s)f(s; y(s))ds � Ay. �®£¤  ãà ¢¥¨¥ (1) ¬®¦® § ¯¨á âì ¢ ®¯¥à â®à®©

ä®à¬¥ y = Ay. �¡®§ ç¨¬ ç¥à¥§ K ª®ãá ¥¯à¥àë¢ëå, ¥®âà¨æ â¥«ìëå   [0; 1] ¨ ¢ë¯ãª«ëå
¢¢¥àå  

�
1
3
; 2
3

�
äãªæ¨© ¡  å®¢  ¯à®áâà áâ¢  C2[0; 1] â ª¨å, çâ® kuk = max

0�x�1
u(x) ¤®áâ¨£ ¥âáï ¢

â®çª¥ x0 2
�
1
3
; 2
3

�
¨ u(0) = u0(0) = u(1) = u0(1) = 0. �®«ãã¯®àï¤®ç¥®áâì ¢ ª®ãá¥ K ®¯à¥¤¥«¨¬

á«¥¤ãîé¨¬ á¯®á®¡®¬: ¡ã¤¥¬ áç¨â âì u � v, ¥á«¨ u(x) � v(x) ¯à¨ x 2 [0; 1].
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�ãáâì y 2 K. � ª ¯®ª § ® ¢ëè¥, @2G(x;s)
@x2

� 0 ¯à¨ x 2
�
1
3
; 2
3

�
, ¯®íâ®¬ã

(Ay)00 =
Z 1

0

@2G(x; s)

@x2
f(s; y(s))ds � 0

¯à¨ x 2
�
1
3
; 2
3

�
. �«¥¤®¢ â¥«ì®, äãªæ¨ï u = Ay ¢ë¯ãª«  ¢¢¥àå ¯à¨ x 2 [ 1

3
; 2
3
], ¥®âà¨æ â¥«ì 

¯à¨ x 2 [0; 1], u(0) = u0(0) = u(1) = u0(1) = 0, ¥á«¨ y 2 K. � ª ¯®ª § ® ¢ëè¥, max
0�x�1

y(x)

¤®áâ¨£ ¥âáï ¢ â®çª¥ x0 2
�
1
3
; 2
3

�
, ¢ ª®â®à®© @G(x0;s)

@x
= 0. �®£¤  ¨ max

0�x�1
u(x) ¤®áâ¨£ ¥âáï ¢ íâ®©

¦¥ â®çª¥. �â® ®§ ç ¥â, çâ® A | ¯®«®¦¨â¥«ìë© ®¯¥à â®à   K. �£® ¢¯®«¥ ¥¯à¥àë¢®áâì
«¥£ª® ¯à®¢¥àï¥âáï. �®ª ¦¥¬, çâ® A à áâï£¨¢ ¥â ª®ãá K. �¥©áâ¢¨â¥«ì®, ¯ãáâì r1 | ¥ª®â®à®¥
ç¨á«®, ª®â®à®¥ ¡ã¤¥â ãâ®ç¥® ¨¦¥. �ãáâì y 2 K(0; r1) = fx 2 K : kxk � r1g. �®£¤  ¢ á¨«ã (4)
¨¬¥¥¬

Ay =
Z 1

0

G(x; s)g(s)jy(s)jnds � kykn�1kykg0

Z 1

0

G(x; s)ds � rn�1
1 g0kyk

Z 1

0

G(x; s)ds; (1.6)

£¤¥ b0 = max
0�x�1

b(x). � ª ª ª y(x) ¢ë¯ãª«  ¢¢¥àå   ®âà¥§ª¥
�
1
3
; 2
3

�
, â® ¤«ï ¥¥ á¯à ¢¥¤«¨¢  ®æ¥ª 

(1.4). �ç¥¢¨¤®, max
1

3
�x� 2

3

 (x) =  ( 1
3
) = 1

6
. �®íâ®¬ã y( 1

2
) � kyk

2
¢ á¨«ã (1.3). �«¥¤®¢ â¥«ì®,

kyk � 2y
�
1
2

�
: (1.7)

�ãªæ¨ï v(x) =
1R
0

G(x; s)ds ï¢«ï¥âáï à¥è¥¨¥¬ ¤¢ãåâ®ç¥ç®© ªà ¥¢®© § ¤ ç¨

v(4) = 1; 0 < x < 1; v(0) = v0(0) = v(1) = v0(1) = 0

¨ ¨¬¥¥â ¢¨¤ v(x) = [x(1�x)]2

24
. � ãç¥â®¬ íâ®£® ¨ (1.7) ¨§ (1.6) ¯®«ãç ¥¬

Ay

�
1
2

�
�

b0
192

rn�1
1 y

�
1
2

�
:

�®§ì¬¥¬ r1 <
�
192
b0

� 1

n�1 , â®£¤  Ay( 1
2
) < y( 1

2
). �«¥¤®¢ â¥«ì®, Ay � y 6� K ¯à¨ y 2 K(0; r1), £¤¥

r1 < a. �ãáâì r2 | ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, ª®â®à®¥ ¡ã¤¥â ãâ®ç¥® ¨¦¥ ¨ ¯ãáâì
y 2 K(r2;1) = fx 2 K : kxk � r2g. �®£¤  ¯à¨ x 2

�
1
3
; 2
3

�
¢ á¨«ã (1.3) ¨ (1.4)

Ay(x) � 3n�1�3(x)
Z 1

0

�3(s)g(s)jy(s)jnds � 3n�1�3(x)rn�1
2 y(x)

Z 2

3

1

3

�3(s)g(s) n(s)ds:

�âáî¤  á«¥¤ã¥â, çâ® Ay( 1
2
) � 3n�4rn�1

2 y( 1
2
)
2=3R
1=3

�3(s) n(s)g(s)ds. �®§ì¬¥¬ r2 >
�
3
n�4

n�1 c
1

n�1

��1
, £¤¥

c =
2=3R
1=3

�3(s) n(s)g(s)ds, â®£¤  Ay( 1
2
) > y( 1

2
): �«¥¤®¢ â¥«ì®, y � Ay 6� K ¯à¨ y 2 K(r2;1) á

r2 < b. �ç¥¢¨¤®, r1 < r2. � ª¨¬ ®¡à §®¬, ¯®«®¦¨â¥«ìë© ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à A
à áâï£¨¢ ¥â ª®ãá K. �®£¤ , ª ª ¨§¢¥áâ® [2], ¨â¥£à «ì®¥ ãà ¢¥¨¥ (1.2) ¢ ª®ãá¥ K ¨¬¥¥â
¯® ªà ©¥© ¬¥à¥ ®¤® ¥ã«¥¢®¥ à¥è¥¨¥. �¥£ª® ¢¨¤¥âì, çâ® íâ® à¥è¥¨¥ y 2 C4[0; 1].

� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  1. �ãé¥áâ¢ã¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥ ¨§ ª« áá  C4[0; 1]
§ ¤ ç¨ (1), (2).
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2. �¤¨áâ¢¥®áâì ¯®«®¦¨â¥«ì®£® à¥è¥¨ï

� ª ª ª @2G(0;s)

@x2
= s(1� s)2 � 0, @3G(0;s)

@x3
= �(1 + 2s)(1� 3)2 � 0, â® ¨§ (1.3) á«¥¤ã¥â

y00(0) = A > 0; y000(0) = �B < 0:

�¥®à¥¬  2. �à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï f(x; z) ¥¯à¥àë¢  ¨ ¨¬¥¥â ¥¯à¥àë¢ãî ç áâãî

¯à®¨§¢®¤ãî
@f(x;z)

@z
¯à¨ x 2 [0; 1], z � 0 ¨ çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï (3), (4). �®£¤  ¯®«®¦¨-

â¥«ì®¥ à¥è¥¨¥ § ¤ ç¨ (1), (2) ¥¤¨áâ¢¥® ¢ C4[0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì y(x) ¨ y(x) + v(x) | à §«¨çë¥ ¯®«®¦¨â¥«ìë¥ à¥è¥¨ï § ¤ ç¨
(1), (2). �ç¥¢¨¤®, ®¨ ¬®£ãâ ¨¬¥âì «¨èì ª®¥ç®¥ ç¨á«® N ®¡é¨å â®ç¥ª x0 = 0 < x1 < � � � <
xN�1 = 1, ¢ ª®â®àëå v(xk) = v0(xk) = 0, k = 0; 1; 2; : : : ; N � 1. �¥à¥§ yk(x) ¨ yk(x) + vk(x)
®¡®§ ç¨¬ à¥è¥¨ï ãà ¢¥¨ï (1)   ¨â¥à¢ «¥ (xk; xk+1), k = 0; 1; 2; : : : ; N�2, ã¤®¢«¥â¢®àïîé¨¥
¢ £à ¨çëå â®çª å ãá«®¢¨ï¬ yk(xk) = y(xk), y0k(xk) = y0(xk), yk(xk+1) = y(xk+1), y0k(xk+1) =
y0(xk+1), vk(xk) = v0k(xk) = vk(xk+1) = v0k(xk+1) = 0, k = 0; 1; 2; : : : ; N � 2. �ëç¨â ï ¨§ à ¢¥áâ¢ 
(yk + vk)

(4) = f(x; yk + vk) à ¢¥áâ¢® yk(4) + f(x; yk) = 0; ¯®«ãç¨¬ «¨¥©®¥ ®â®á¨â¥«ì® vk(x)
ãà ¢¥¨¥

v
(4)
k = bk(x)vk; (2.1)

£¤¥ bk(x) =
@f(x;wk)

@y
, min(yk(x); yk(x) + vk(x)) � wk(x) � max(yk(x); yk(x) + vk(x)). � á¨«ã (1.1)

¯®«ãç¨¬ ®æ¥ªã 0 � wk(x) �M . �®£¤  ¨§ (4) á«¥¤ã¥â 0 � bk(x) =
@f(x;wk)

@y
� C(M;p), £¤¥ C(M;p)

| ¥ª®â®à ï ¯®«®¦¨â¥«ì ï ª®áâ â , § ¢¨áïé ï «¨èì ®â M ¢ (1.1) ¨ p.
� ª ¨§¢¥áâ® [3], à ááâ®ï¨¥ d ¬¥¦¤ã ¤¢ã¬ï á®á¥¤¨¬¨ ã«ï¬¨ à¥è¥¨ï ãà ¢¥¨ï (2.1)

ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã d > �= 4

r
max
[0;1]

b(x), ¯®íâ®¬ã

xk+1 � xk >
�

4
p
C(M;p)

; k = 0; 1; 2; : : : ; N � 2: (2.2)

�  ¨â¥à¢ «¥ (xk; xk+1) äãªæ¨ï vk(x) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (2.1),   ¢ £à ¨çëå â®çª å
ãá«®¢¨ï¬ vk(xk) = vk(xk+1) = v0k(xk) = v0k+1(xk+1) = 0. �âáî¤  ¢ á¨«ã (2.2) vk(x) � 0 ¯à¨
x 2 [xk; xk+1]. �«¥¤®¢ â¥«ì®, v(x) � 0 ¯à¨ x 2 [0; 1] ¨ y(x) ¡ã¤¥â ¥¤¨áâ¢¥ë¬ ¯®«®¦¨â¥«ìë¬
à¥è¥¨¥¬ § ¤ ç¨ (1), (2) ¨§ ª« áá  C4[0; 1].

� ¬¥ç ¨¥. �ç¥¢¨¤®, ®âà¥§®ª [0; 1] ¢ â¥®à¥¬ å 1, 2 ¬®¦® § ¬¥¨âì   ¯à®¨§¢®«ìë© ®â-
à¥§®ª [0; x0] c x0 > 0.

�¨â¥à âãà 
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