
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1999 ���������� ò 6 (445)

��� 517.546

�.�.���������

������������ �������

�� ����������� ������� ������� � ������

� �� ����������������� ������������

� áâ âì¥ ¤®ª §ë¢ ¥âáï, çâ® ¢ à áè¨à¥­­ë© ª« áá �¥ªª¥à   ­ «¨â¨ç¥áª¨å äã­ªæ¨© f(z) á
ãá«®¢¨¥¬

2Re zjf 00(z)=f 0(z)j � 1 + "; " > 0; (1)

¢ ¯®«ã¯«®áª®áâ¨ H = fz : Re z > 0g ¢å®¤ïâ äã­ªæ¨¨ «î¡®© «¨áâ­®áâ¨. �®áâà®¥­¨¥ â ª¨å
äã­ªæ¨© ®á­®¢ ­® ­  áâ¥¯¥­­®¬ ¯à¥®¡à §®¢ ­¨¨ ¢¨¤  (w � a)� ¨ ­  áã¯¥à¯®§¨æ¨¨ T�1f0T (z) =
f0(Rz)=R, á®¤¥à¦ é¥© íªáâà¥¬ «ì­ãî äã­ªæ¨î f0(z) ¨§ [1] ¨ «¨­¥©­ãî äã­ªæ¨î T (z) = Rz.
�à¨ íâ®¬ ¯®ª § ­  á¢ï§ì f0(z) á ª®¬¯«¥ªá­ë¬ ¯®â¥­æ¨ «®¬ ¯®áâã¯ â¥«ì­®£® â¥ç¥­¨ï ¨¤¥ «ì-
­®© ¦¨¤ª®áâ¨ á ¢¨åà¥¬ ¢ ®¤­®© â®çª¥ (¯. 1). �à®¬¥ â®£®, ¢ëïá­¥­  ï¤¥à­ ï áå®¤¨¬®áâì á¥¬¥©áâ¢
ª®­¥ç­®«¨áâ­ëå ¨ ¡¥áª®­¥ç­®«¨áâ­ëå ®¡« áâ¥©, ª®â®àë¥ å à ªâ¥à¨§ãîâ à áè¨à¥­¨¥ ª« áá 
�¥å à¨ [2] ¢ ä®à¬¥ (2Re z)2jff; zgj � 2 + ", z 2 H, £¤¥ ff; zg ï¢«ï¥âáï è¢ àæ¨ ­®¬. � ­  £¨-
¤à®¬¥å ­¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï á®®â¢¥âáâ¢ãîé¨å ¬­®£®«¨áâ­ëå äã­ªæ¨© ¢ ¢¨¤¥ ª®¬¯«¥ªá­ëå
¯®â¥­æ¨ «®¢ ¯®â®ª®¢ á à §àë¢ ¬¨ áª®à®áâ¥© ­  £à ­¨ç­ëå áâàãïå (¯. 2). � ¯. 3 ¯à¨¢¥¤¥­  å à ª-
â¥à¨áâ¨ª  ¯®â®ª®¢, ®¡â¥ª îé¨å ­¥®¤­®«¨áâ­ë¥ ¯à®ä¨«¨, ª®â®àë¥ ¢®§­¨ª îâ ¯à¨ à áè¨à¥­¨¨
ª« áá  �¥ªª¥à  ¨ �¥å à¨ ¢® ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£® ªàã£ .

1. � ç­¥¬ á® ¢á¯®¬®£ â¥«ì­®£® â¥ç¥­¨ï ¢ ¯«®áª®áâ¨ !, ª®â®à®¥ ®¡à §®¢ ­® ¢¨åà¥¬ ¢ ¯®áâã-
¯ â¥«ì­®¬ ¯®â®ª¥ ¨¤¥ «ì­®© ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ á ~V (1) = V > 0: �®¬¯«¥ªá­ë© ¯®â¥­æ¨ «
â ª®£® â¥ç¥­¨ï ¨¬¥¥â ¢¨¤ 
 = V ! � �

2�i
ln(! � i). �à¨â¨ç¥áª®© â®çª®© â¥ç¥­¨ï ï¢«ï¥âáï

!0 = �i
�

�
2�V

� 1
�

(~V (!0) = 0 =) 2�iV (!0 � i) = �):

� ¨¡®«¥¥ ¯à®áâ®© á«ãç © ¯®«ãç ¥âáï ¯à¨ áª®à®áâ¨ ­¥¢®§¬ãé¥­­®£® â¥ç¥­¨ï V = 1 ¨ ¨­â¥­á¨¢-
­®áâ¨ ¢¨åàï � = 2�.�®£¤  
 = ! + i ln(! � i). � àâ¨­  «¨­¨© â®ª  íâ®£® â¥ç¥­¨ï ¯à¥¤áâ ¢«¥­ 
¢ § ¤ ç­¨ª¥ [3] (á. 372, à¨á. 252).

�¤¥« ¢ § ¬¥­ë ¯¥à¥¬¥­­ëå 
 = i(z + i�=2) ¨ ! = if(z), ¯à¨¤¥¬ ª á®®â­®è¥­¨î iz � �=2 =
if(z) + i ln i+ i ln(f(z)� 1); ®âªã¤ 

z = f(z) + ln(f(z)� 1); �� < arg(f(z)� 1) < �; f(2) = 2: (2)

�ã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î (2), ®¡®§­ ç¥­  ¢ [1] ç¥à¥§ f0(z). �â  äã­ªæ¨ï ¯¥-
à¥¢®¤¨â ¯®«ã¯«®áª®áâì H = fz : Re z > 0g ¢ ®¡« áâì Df0 c £à ­¨æ¥©, ¯à®å®¤ïé¥© ç¥à¥§ 0 |
ªà¨â¨ç¥áªãî â®çªã â¥ç¥­¨ï (á¬. à¨á. 1 ­  á. ??). � [1] ¯®ª § ­®, çâ® äã­ªæ¨ï f0(z) ¢ ¯®«ã¯«®á-
ª®áâ¨ H ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¥ªª¥à 

jf 000 (z)=f 00(z)j � 1=(2Re z);

¨ ¬ «ë¬ ¨§¬¥­¥­¨¥¬ f0(z) ¬®¦­® ¤®¡¨âìáï ¤¢ã«¨áâ­®áâ¨ ¨§¬¥­¥­­®©äã­ªæ¨¨ á ª®íää¨æ¨¥­â®¬
¢ ãá«®¢¨¨ �¥ªª¥à , ª ª ã£®¤­® ¬ «® ¯à¥¢ëè îé¨¬ ¥¤¨­¨æã. �§¬¥­¥­­ ï äã­ªæ¨ï áâà®¨âáï ¯®
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ä®à¬ã«¥

f"(z) =
Z z

2
(f 00(z))

1+"dz + 2;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1) ¨ ®â®¡à ¦ ¥â H ­  ®¡« áâì á ¯¥à¥ªàëâ¨¥¬ ®¡à §®¢ ¯®«ã®ªà¥áâ­®áâ¥©
â®ç¥ª �i�.

�®áâà®¨¬ ­®¢ãî ¤¢ã«¨áâ­ãî äã­ªæ¨î, ª®â®à ï ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (1) ¨ ¨¬¥¥â ¡®«¥¥
¯à®áâ®© £¥®¬¥âà¨ç¥áª¨© á¬ëá«.

�¥®à¥¬  1. �ã­ªæ¨ï

f0(
; z) = (f0(z)� 1)1+
 + 1; 0 < 
 � 1; (3)

ï¢«ï¥âáï ¤¢ã«¨áâ­®© äã­ªæ¨¥© ¢ H ¨ ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

jf 000 (
; z)=f 00(
; z)j � (1 + 4
)=(2Re z); z 2 H: (4)

�®ª § â¥«ìáâ¢®. �à¥®¡à §®¢ ­¨¥ (3) ¯¥à¥¢®¤¨â â®çª¨, à á¯®«®¦¥­­ë¥ ­  ®ªàã¦­®áâ¨
jw � 1j = 1, ¢ â®çª¨ ­  â®© ¦¥ ®ªàã¦­®áâ¨ á ¤¢®©­ë¬ ¯®ªàëâ¨¥¬ ¤ã£¨, ª®­æë ª®â®à®© ¨¬¥îâ
æ¥­âà «ì­ë¥ ã£«ë ��(1 + 
). �â  ¤¢®©­ ï ¤ã£  ¯à¥¢à â¨âáï ¢® ¢áî ¤¢ ¦¤ë ¯®ªàëâãî ®ªàã¦-
­®áâì ¯à¨ 
 = 1. �à¨ 
 > 1 ¯®ï¢¨âáï âà¥âì¥ ¯®ªàëâ¨¥. �ã­ªæ¨î f0(
; z) â®¦¥ ¬®¦­® á¢ï§ âì á
¯®â®ª®¬, ­® ­  ¬­®£®«¨áâ­®© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨.

�«ï ®¡®á­®¢ ­¨ï ­¥à ¢¥­áâ¢  (4) ¯ à ¬¥âà¨§ã¥¬ ãà ¢­¥­¨¥ (2) á ¯®¬®éìî ¤¢ãå äã­ªæ¨©

w = e� + 1; z = e� + � + 1 (w(0) = 2; z(0) = 2); (5)

ª®â®àë¥ íª¢¨¢ «¥­â­ë (2). �¥âàã¤­® ¯à¥¤áâ ¢¨âì ®¡« áâì D� ¢ ¯«®áª®áâ¨ �, ª®â®à ï ¯¥à¥¢®-
¤¨âáï äã­ªæ¨ï¬¨ (5) ¢ ¯®«ã¯«®áª®áâì H ¨ ¢ ®¡« áâì Df0 . �¡« áâì D� § ­¨¬ ¥â ç áâì £®à¨§®­-
â «ì­®© ¯®«®áë f�� < Im � < �g. �¥ £à ­¨æ  á®áâ®¨â ¨§ âà¥å  ­ «¨â¨ç¥áª¨å ¤ã£. � â®çª å �i�
íâ¨ ¤ã£¨ áâëªãîâáï ¯®¤ ã£«®¬ �=2. �¤­  ¨§ ­¨å ®£à ­¨ç¥­ , «¥¦¨â ¢ ¯®«ã¯«®áª®áâ¨ Re � < 0 ¨
á®¥¤¨­ï¥â â®çª¨ �i�, �0, i�; â®çª  �0 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î e�0 + �0 + 1 = 0, �0 � �1; 3. �¢¥
®áâ «ì­ë¥ ¤ã£¨ ­¥®£à ­¨ç¥­ë, á®¤¥à¦ âáï ¢ ¯®«ã¯«®áª®áâ¨ Re � > 0, á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì-
­® ¢¥é¥áâ¢¥­­®© ®á¨ ¨ ¨¬¥îâ £®à¨§®­â «ì­ë¥  á¨¬¯â®âë, ¯à®¢¥¤¥­­ë¥ ç¥à¥§ â®çª¨ �i�=2.

�â®à ï äã­ªæ¨ï ¨§ (5) á¢ï§ ­  á ª®­¤¥­á â®à®¬ �®£®¢áª®£®, ¨ ¯à¥¤áâ ¢«¥­¨¥ ®¡ ®â®¡à ¦¥-
­¨¨, ª®â®à®¥ ®­  ®áãé¥áâ¢«ï¥â, ¤ ­® ¢ ª­¨£¥ ([4], cá. 116, 249).

�®áª®«ìªã ¨§ (4) ¨¬¥¥¬ � = ln(f0(z) � 1), â® ¢ á¨«ã D� � f� : �� < Im � < �g ¯®«ãç¨¬ (� |
§­ ª ¯®¤ç¨­¥­¨ï)

ln[f0(z)� 1] � 2 ln z � 2 ln 2 =) ln[f0(z) � 1] = 2 ln'(z) � 2 ln 2; (6)

£¤¥ '(z) |  ­ «¨â¨ç¥áª ï äã­ªæ¨ï ¢ H, ¯à¨ç¥¬ '(H) � H ¨ '(2) = 2. �® ¤¨ää¥à¥­æ¨ «ì­®©
ä®à¬¥ «¥¬¬ë �¢ àæ  (­ ¯à., [5], á. 322), ¯à¨¬¥­¥­­®© ª ¯®«ã¯«®áª®áâ¨ H, ¯®á«¥ ¤¨ää¥à¥­æ¨-
à®¢ ­¨ï à ¢¥­áâ¢  (6) § ¯¨è¥¬���� f 00(z)

f0(z)� 1

���� = 2j'0(z)j
j'(z)j �

2j'0(z)j
Re'(z)

� 2
Re z

=
4

2Re z
:

�®á«¥ íâ®£® ­¥à ¢¥­áâ¢® (4) ¯®«ãç ¥âáï ¯à®áâ®. �¬¥­­®,

f 00(
; z) = (1 + 
)(f0(z) � 1)
f 00(z) =)
����f 000f 00 (
; z)

���� � 
jf 00(z)j
jf0(z)� 1j +

����f 000f 00 (z)
���� � 1 + 4


2Re z
: �

� ¬¥â¨¬, çâ® ¢â®à®¥ á®®â­®è¥­¨¥ ¨§ (5) ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ­¥ ãç áâ¢®¢ «®.
�® â¥à¬¨­®«®£¨¨ �.�.�¢å ¤¨¥¢  ([6], x 2.5) äã­ªæ¨®­ « �¥ªª¥à  ï¢«ï¥âáï 1-¤®¯ãáâ¨¬ë¬,

â. ª. ­¥à ¢¥­áâ¢®

sup
z2H

(2Re zjf 00(z)=f 0(z)j) � 1 (7)
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¢ë¤¥«ï¥â ª« áá ®¤­®«¨áâ­ëå äã­ªæ¨© ¢ H. �à¨¬¥à ¨§ [1] ¨ ¯à¨¬¥à ¨§ â¥®à¥¬ë 1 ¯®ª §ë¢ îâ
­¥¢®§¬®¦­®áâì ã¢¥«¨ç¥­¨ï ª®íää¨æ¨¥­â  1 ¢ ¯à ¢®© ç áâ¨ (7) ¡¥§ ¯®â¥à¨ ®¤­®«¨áâ­®áâ¨ å®âï
¡ë ­  ®â¤¥«ì­ëå äã­ªæ¨ïå. �®ª ¦¥¬ ¡®«¥¥ á¨«ì­®¥ ãâ¢¥à¦¤¥­¨¥ (cp. c [7]): ­¥¢®§¬®¦­®áâì
áãé¥áâ¢®¢ ­¨ï ¯à¨ p � 2 ­¥à ¢¥­áâ¢

2Re zjf 00(z)=f 0(z)j � N(p); N(p) > N(1) = 1;

£ à ­â¨àãîé¨å, çâ® ¯®àï¤®ª «¨áâ­®áâ¨ äã­ªæ¨¨ f(z) ­¥ ¯à¥¢®áå®¤¨â p.
� íâ®¬ ª ç¥áâ¢¥ äã­ªæ¨®­ « �¥ªª¥à  ¯®å®¦ ­  äã­ªæ¨®­ « �¥å à¨ sup

z2H
[(2Re z)2jff; zgj], ¤«ï

ª®â®à®£® 1-¤®¯ãáâ¨¬®áâì ¨ ­¥¢®§¬®¦­®áâì p-¤®¯ãáâ¨¬®áâ¨ ¨§¢¥áâ­  á 1949 £. [2], [8].

�¥®à¥¬  2. �ã­ªæ¨®­ « sup
z2H

(2Re zjf 00(z)=f 0(z)j) ­¥ ï¢«ï¥âáï p-¤®¯ãáâ¨¬ë¬ ¢ H ¯à¨ p � 2.

�®ª § â¥«ìáâ¢®. �«ï ®¡®á­®¢ ­¨ï â¥®à¥¬ë ¯®áâà®¨¬ (¯à¨ ª ª ã£®¤­® ¬ «®¬ " > 0) ¯à¨-
¬¥àë äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (1) ¨ ï¢«ïîé¨åáï p-«¨áâ­ë¬¨. �à®¢¥¤¥¬ ¯®¤à®¡­®¥
¤®ª § â¥«ìáâ¢® ¯à¨ p = 3.

�­ ç «¥ ¯®áâà®¨¬ ¤¢  á¥¬¥©áâ¢  ¤¢ã«¨áâ­ëå ¢ H äã­ªæ¨© á ¯à¥¤¥«ì­®© äã­ªæ¨¥© z, ª®â®-
àë¥ à ¢­®¬¥à­® áå®¤ïâáï ¢ á¥£¬¥­â å

D(�; �) = fz : jzj � �; Re z � �g
¯à¨ «î¡ëå � > � ¨ � > 0. �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ á®®â­®è¥­¨¥ (2) Rz ¢¬¥áâ® z

f0(Rz) + ln[f0(Rz)� 1] = Rz (8)

¨ ãçâ¥¬, çâ® ¢ á¨«ã (6)

1
R
ln[f0(Rz)� 1] � 2

R
ln(Rz)� 2

R
ln 2 =) 1

R
ln[f0(Rz)� 1] ���!

R!1
0

à ¢­®¬¥à­® ®â­®á¨â¥«ì­® z 2 D(�; �). �®á«¥ ¤¥«¥­¨ï (8) ­  R > 0 ¨ ¯¥à¥å®¤  ª ¯à¥¤¥«ã ¯à¨
R!1 ¡ã¤¥¬ ¨¬¥âì

lim
R!1

�
1
R
f0(Rz)] = z: (9)

�à¥¤¥«ì­ë© ¯¥à¥å®¤ (9) ¡ã¤¥â ­¥à ¢­®¬¥à­ë¬ ¤«ï z 2 H ¨ à ¢­®¬¥à­ë¬ ¯à¨ z 2 D(�; �), ª®£¤ 
� ¨ � ä¨ªá¨à®¢ ­ë.

�à¥¤¥«ì­ë© ¯¥à¥å®¤ (8){(9) ¨¬¥¥â ¯à®§à ç­®¥ £¨¤à®¬¥å ­¨ç¥áª®¥ ¯®ïá­¥­¨¥. �á«¨ ®¡®§­ -
ç¨âì f0(Rz)=R = w, â® (8) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥ w + 1

R
ln(Rw � 1) = z. �ã­ªæ¨ï iz(w) ¨§ íâ®£®

á®®â­®è¥­¨ï ï¢«ï¥âáï ª®¬¯«¥ªá­ë¬ ¯®â¥­æ¨ «®¬ â¥ç¥­¨ï, ®¡à §®¢ ­­®£® á®¥¤¨­¥­¨¥¬ ­¥¢®§-
¬ãé¥­­®£® ¯®â®ª  (á ¯®â¥­æ¨ «®¬ iw) ¨ ¢¨åàï ¢ â®çª¥ 1=R (á ¯®â¥­æ¨ «®¬ (i=R) ln(w � 1=R)),
¨­â¥­á¨¢­®áâì ª®â®à®£® à ¢­  (�2�=R). �â® §­ ç¨â, çâ® ¯à¨ R ! 1 ¢¨åàì ¯®¤å®¤¨â ª w = 0 ¨
§ â¨å ¥â. �®íâ®¬ã ¢ ¯à¥¤¥«¥ ®áâ ­¥âáï â®«ìª® ­¥¢®§¬ãé¥­­ë© ¯®â®ª, â. ¥.

lim
R!1

z(w) = w () lim
R!1

w(z) = z () (9):

�â ª, ¯¥à¢®¥ á¥¬¥©áâ¢® äã­ªæ¨© f0(Rz)=R ¯®áâà®¥­® ¨ ®¡®á­®¢ ­ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ (9),
ª®â®àë© íª¢¨¢ «¥­â¥­ ¯à¥¤áâ ¢«¥­¨î

1
R
f0(Rz) = z + a1(R; z); lim

R!1
a1(R; z) = 0: (10)

�«ï ¯®áâà®¥­¨ï ¢â®à®£® á¥¬¥©áâ¢  ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ £¥®¬¥âà¨ç¥áª¨¥ ¯®ïá­¥­¨ï.
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�à¨ «î¡ëå §­ ç¥­¨ïå R � 1 ¢ ®¡à § (1=R)f0(RH) ¡ã¤ãâ ¢å®¤¨âì ¯à ¢ ï ¯®«ã¯«®áª®áâì ¡¥§
®¢ «ì­®© ®¡« áâ¨ (¢­ãâà¨ ª®â®à®© «¥¦¨â â®çª  1=R) ¨ ¤¢¥ ¢§ ¨¬­® á¨¬¬¥âà¨ç­ë¥ ®â­®á¨â¥«ì-
­® ¢¥é¥áâ¢¥­­®© ®á¨ ª®­ãá®®¡à §­ë¥ ®¡« áâ¨, £à ­¨æë ª®â®àëå á®áâ®ïâ ¨§ ¬­¨¬®© ®á¨ ¨ ¤¢ãå
¡¥áª®­¥ç­ëå ªà¨¢ëå, ¢ëå®¤ïé¨å ¨§ 0. � ¯¨è¥¬ ãà ¢­¥­¨ï íâ¨å ªà¨¢ëå ¯à¨ R = 1 c ¨á¯®«ì§®¢ -
­¨¥¬ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢­¥­¨© (5). �ãçã z = iy, � � y <1, á®®â¢¥âáâ¢ã¥â «¨­¨ï ¢ ¯«®áª®áâ¨
� = � + i� á ãà ¢­¥­¨¥¬

fe� cos � + � + 1 = 0; e� sin � + � = yg =) cos � = �(� + 1)e�� =) sin � =
q
1� (� + 1)2e�2�:

(11)

� ª ª ª ¤«ï w = u+ iv ¢ á¨«ã (5) ¨ (11)

u+ iv = e� cos � + 1 + ie� sin � = �� + i
q
e2� � (� + 1)2;

â® ãà ¢­¥­¨ï ®â¬¥ç¥­­ëå ªà¨¢ëå § ¯¨èãâáï ¢ ä®à¬¥ v = �pe�2u � (1� u)2. �®ç­¥¥, ®áãé¥-
áâ¢«ïîâáï â ª¨¥ ¯¥à¥å®¤ë

z = �iy; � � y <1 w=f0(z)�����! L� : v = �
q
e�2u � (1� u)2; �1 < u � 0

(á¬. à¨á. 1).
�¥¯¥àì ã¡¥¤¨¬áï ¢ â®¬, çâ® ¯à¨ §­ ª¥ (+) ­ ©¤¥­­ ï § ¢¨á¨¬®áâì v = v(u) ­  (�1; 0) ®¡« -

¤ ¥â ¯¥à¢®© ¨ ¢â®à®© §­ ª®¯®áâ®ï­­ë¬¨ ¯à®¨§¢®¤­ë¬¨. �¥©áâ¢¨â¥«ì­®,

dv

du
= � e�2u � 1 + up

e�2u � (1� u)2
< 0;

d2v

du2
=

e�2u(e�2u � 1 + 2u� 2u2)
[e�2u � (1� u)2]3=2

> 0; u 2 (�1; 0):

�¥à¢ ï ¯à®¨§¢®¤­ ï ¬®­®â®­­® ¢®§à áâ ¥â ®â

dv

du
(�1) = �1 ¤®

dv

du
(�0) = lim

u!�0

�
� �u+ 2u2 � � � �p

u2 � 4u3=3 + � � �
�
= �1:
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�®íâ®¬ã ã£®« �(u), á®áâ ¢«¥­­ë© ª á â¥«ì­®© ª «¨­¨¨ L+ á ¯®«®¦¨â¥«ì­ë¬ ­ ¯à ¢«¥­¨¥¬
¢¥é¥áâ¢¥­­®© ®á¨ ¢ â®çª¥ u + iv 2 L+, ¡ã¤¥â ¬®­®â®­­® ¢®§à áâ âì ®â ��=2 ¤® ��=4 ¯à¨ u 2
(�1;�0).

� á¨«ã ¬®­®â®­­®áâ¨ �(u) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï â®çª  a� = u� + iv� 2 L+, ¢ ª®â®à®©

�(u�) = ��=2 + ��=2; 0 < � < 1=2:

� á â¥«ì­ ï ª L+ ¢ â®çª¥ a� ¡ã¤¥â ¯¥à¥á¥ª âì ¢¥é¥áâ¢¥­­ãî ®áì ¢ â®çª¥ á ª®®à¤¨­ â®©

u� + v� tg
��

2
def= b� < 0; 0 < � < 1=2:

�«ï ¯®áâà®¥­¨ï ¢â®à®£® á¥¬¥©áâ¢  äã­ªæ¨© ®¡à §ã¥¬ ¯à¨ ¬ «ëå � äã­ªæ¨¨

�(�; z) = (f0(z)� b�)1=(1+2�); (12)

ª®â®àë¥ ¡ã¤ãâ ­¥®¤­®«¨áâ­ë¬¨ ¢ § ¬ª­ãâ®© ¯®«ã¯«®áª®áâ¨ H, ­® ®¡« áâì §­ ç¥­¨© ª®â®àëå
¯à¨­ ¤«¥¦¨â H (á¬. à¨á. 2). � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ®¡®á­®¢ë¢ ¥âáï ¨¬¯«¨ª æ¨ï�

�0(�; z) =
1

1 + 2�
(f0(z)� b�)

�2�=(1+2�)f 00(z); ln(f0(z) � b�) � (1 + �) ln z + ln
2� b�
21+�

�
=)

=)
�����00�0 (�; z)

���� � 2�
1 + 2�

jf 00(z)j
jf0(z) � b�j +

����f 000f 00 (z)
���� � 1 + 4�(1 + �)=(1 + 2�)

2Re z
<
1 + 4�
2Re z

: (13)

�®á«¥ íâ®£® á¢ï¦¥¬ äã­ªæ¨¨ (12) á ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬ (9) ¨ á äã­ªæ¨¥© (3), á®áâ ¢¨¢ áã-
¯¥à¯®§¨æ¨î ¯à¨ R = e�2u�

�(�; �; z) = f�(�;Rz)=R1=(1+2�) � c�g1+� + c�; c� = [(1� b�)=R]
1=(1+2�):

�¥«¨ç¨­  � > 0 ¯®¤¡¨à ¥âáï â ª, çâ®¡ë ®¡à § ¯®«ã¯«®áª®áâ¨ H ¯à¨ ®â®¡à ¦¥­¨¨ äã­ªæ¨¥©
�(�; �; z) ­¥ ¢ëå®¤¨« §  H ¨ çâ®¡ë «¨­¨ï @�(�; �; z) ª á « áì @H (á¬. à¨á. 3). �â®à®¥ á¥¬¥©áâ¢®
¯®áâà®¥­®.

�¡à §ã¥¬  á¨¬¯â®â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ �(�; �; z) ¯à¨ ¬ «ëå �. �«ï íâ®£® á ãç¥-
â®¬ (10) ¨ à §«®¦¥­¨ï ¯® ¬ «®¬ã ¯ à ¬¥âàã ¡ã¤¥¬ ¨¬¥âì

�(�;Rz)=R1=(1+2�) = (z + a1(R; z)� b�=R)
1=(1+2�) =

= (z + a1(R; z) � b�=R) exp
� �2�
1 + 2�

ln(z + a1(R; z)� b�=R)
�
= z + a2(R;�; z);

lim
�!0

a2(e
�2u� ; �; z) = 0:

� ¤ «¥¥

�(�; �; z) = fz + a2(R;�; z) � c�g exp[� ln(z + a2(R;�; z) � c�)] + c� =

= z + a3(R;�; �; z); lim
�;�!0

a3(e
�2u� ; �; �; z) = 0: (14)

�à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ (14) ¡ã¤¥â á¯à ¢¥¤«¨¢ ¢® ¢á¥© ¯®«ã¯«®áª®áâ¨ H,   ¢ ª ¦¤®¬ ¢«®¦¥­­®¬
¢ H ª®¬¯ ªâ¥ íâ®â ¯¥à¥å®¤ ¡ã¤¥â à ¢­®¬¥à­ë¬.

�®ª ¦¥¬, çâ® ¯®«ã®ªàã¦­®áâì l� (à¨á. 3) á ¤¨ ¬¥âà®¬ ­  ®âà¥§ª¥ [�id�; id�], ª®â®àë© ª á -
¥âáï @�(�; �;H), ¡ã¤¥â áâï£¨¢ âìáï ª ­ã«î ¯à¨ �! 0. �«ï íâ®£® á®áç¨â ¥¬ à ááâ®ï­¨¥ ®â b� ¤®
â®çª¨ ª á ­¨ï a� (à¨á. 1). �¬¥­­®,

ja� � b�j = v�= cos ��
2
� e�u� ;

¯®íâ®¬ã ¯à¨ ¬ «ëå �
ja� � b�j1=(1+2�) � e�u� :

�® â®£¤ 
d� � [ja� � b�j=R](1+�)=(1+2�) � eu� ����!

�;�!0
0:
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�â ª, ¤¢ã«¨áâ­ ï ç áâì ®¡à §  �(�; �;H) ¢®©¤¥â ¢ ¬ «ãî ®ªà¥áâ­®áâì ­ ç «  ª®®à¤¨­ â ¨
¡ã¤¥â â ¬ ®áâ ¢ âìáï, ã¬¥­ìè ïáì á ã¬¥­ìè¥­¨¥¬ �. �¥áì ®¡à § �(�; �;H) ¡ã¤¥â á®¤¥à¦ âì-
áï ¢ ¯®«ã¯«®áª®áâ¨ H, ¯à¨ç¥¬ £à ­¨æ  ¡ã¤¥â ª ª ã£®¤­® ¡«¨§ª® ¯à¨«¥£ âì ª ¬­¨¬®© ®á¨ ­ 
áª®«ì ã£®¤­® ¡®«ìè®¬ ®âà¥§ª¥ [�ie�; ie�] �®íâ®¬ã �(�; �;H) + i� ¡ã¤¥â ¤¢ã«¨áâ­®© ®¡« áâìî ¢
¬ «®© ¯®«ã®ªà¥áâ­®áâ¨ â®çª¨ i�. �¡®§­ ç¨¬ ¥¥ ç¥à¥§ ��(w; i�) ¨ ¤®¡ì¥¬áï §  áç¥â ¢ë¡®à  �
â®£®, çâ®¡ë ®¡« áâì �(�; �;H) + i� ¨¬¥«  ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ á á¨¬¬¥âà¨ç­®© (®â­®á¨â¥«ì-
­® ¢¥é¥áâ¢¥­­®© ®á¨) ¯®«ã®ªà¥áâ­®áâìî ��(w;�i�). � ¬¨ íâ¨ ¯®«ã®ªà¥áâ­®áâ¨ ¢ë¡¥à¥¬ â ª,
çâ®¡ë ®­¨ áª«¥¨¢ «¨áì äã­ªæ¨¥© f0(
; z) ¢¨¤  (3) ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ 
. �®£¤ , ¯à¨
­¥®¡å®¤¨¬®áâ¨ ã¬¥­ìè ï �, ¤®¡ì¥¬áï â®£®, çâ® áã¯¥à¯®§¨æ¨ï

F1(z) � F1(�; �; 
; z) = f0(
;�(�; �; z) + i�)

¡ã¤¥â ­¥ ¬¥­¥¥, ç¥¬ âà¥å«¨áâ­®© ¢ H.
�à¨¬¥­¨¢ ª ­¥© ¯à®æ¥¤ãàã ¯®«ãç¥­¨ï äã­ªæ¨¨ �(�; �; z), ¡ã¤¥¬ ¨¬¥âì

�1(�1; �1; z) = fF1(R1z)=R1 � b1�1=R1)1=(1+2�1) � c1�1g1+�1 + c1�1 ; c1�1 = [(1 � b1�1)=R1]1=(1+2�1);

ª®â®à ï ï¢«ï¥âáï âà¥å«¨áâ­®© ¢ ¬ «®© ®ªà¥áâ­®áâ¨ ­ ç «  ª®®à¤¨­ â. �®¤å®¤ïé ï áã¯¥à¯®§¨-
æ¨ï f0(
1;�1(�1; �1; z) + i�) ¤ áâ ç¥âëà¥å«¨áâ­ãî äã­ªæ¨î ¨ â.¤.

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¢ë¡®à®¬ �, �, 
 ¬®¦­® ¤®¡¨âìáï ã¤®¢«¥â¢®à¥­¨ï ãá«®¢¨ï �¥ªª¥à  á
ª®íää¨æ¨¥­â®¬, ¡«¨§ª¨¬ ª ¥¤¨­¨æ¥. �«ï íâ®£® ¢®§ì¬¥¬ áà¥§ ­­ãî äã­ªæ¨î

F1(z + �) = f0(
;�(�; �; z + �) + i�): (15)

�à¨ ¬ «ëå � íâ  äã­ªæ¨ï á®åà ­¨â âà¥å«¨áâ­®áâì, ¨ ¡ã¤¥â áãé¥áâ¢®¢ âì ¢¥àâ¨ª «ì­ ï ¯®«®á 
0 � Re z � �, ¢­ãâà¨ ª®â®à®© ����F 00

1

F 0
1

(z + �) � �00

�0
(�; �; z + �)

���� � "1
2Re z

(16)

á ¬ «®© ¢¥«¨ç¨­®© "1.
�à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ (15) ¯à¨¢®¤¨â ª á®®â­®è¥­¨î (èâà¨å ¬¨ ®¡®§­ ç¥­ë ¯à®¨§¢®¤­ë¥

¯® z)

F 00
1

F 0
1

(z + �) =
�
d2f0
d�2

.df0
d�

(
;�(�; �; z + �) + i�)
�
�0(�; �; z + �) +

�00

�0
(�; �; z + �): (17)

�æ¥­ª¨ äã­ªæ¨© ¢ (17) ¯à®¢¥¤¥¬ ¢ ®¡« áâïå

D1 = H n fz : jzj < �g = fz : Re z � 0; jzj � �g;
D2 = D(�; �) = fz : Re z � �; jzj � �g;
D3 = fz : 0 � Re z � �; jzj � �g;

®¡ê¥¤¨­¥­¨¥¬ ª®â®àëå ï¢«ï¥âáï § ¬ª­ãâ ï ¯®«ã¯«®áª®áâì H. �çâ¥¬ ¥é¥ (14) ¨ ­¥à ¢¥­áâ¢ 
(16), (4),   â ª¦¥

(13) =)
�����00z2�0z

(�;Rz)
���� � 1 + 4�

2Re z
; z 2 H;

�����00�0 (�; �; z)
���� � �

���� ddz ln[�(�;Rz)=R1=(1+2�) � c�]
����+

�����00z2�0z
(�;Rz)

���� � 1 + 4�+ 4�
2Re z

; z 2 H;

2Re z
����f 000f 00 (z)

���� = 2Re f0(z) + 2 ln jf0(z)� 1j
jf0(z)j2 � 2

jf0(z)j
�
1 +

ln jf0(z)� 1j
jf0(z)j

�
� 4
jf0(z)j �

1
A(�)

; jzj � �;

¯à¨ç¥¬ ¢ë¡¥à¥¬ 4A(�) � min
jzj=�

fjf0(z)j; jf0(�(�; �; z + �) + i�)jg ¨ A(�) ���!
�!1

1.
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�ë¯¨è¥¬ â¥¯¥àì ®æ¥­ª¨ ¤«ï ¢ëà ¦¥­¨ï (17), ¨á¯®«ì§ãï ¤¨ää¥à¥­æ¨ «ì­ãî ä®à¬ã «¥¬¬ë
�¢ àæ , ����F 00

1 (z + �)
F 0
1(z + �)

���� � Akj�0(�; �; z + �)j
2Re�(�; �; z + �)

+
Bk

2Re z
� Ak +Bk

2Re z
; z 2 Dk; k = 1; 2; 3:

�à¨ íâ®¬

A1 = 1=A(�) + 4
; B1 = 1=A(�) + 4�+ 4�; A2 = 1 + 4
; B2 = "1; A3 = "1; B3 = 1 + 4�+ 4�:

�â® §­ ç¨â, çâ® ¢ë¡®à®¬

4� < "=3; 4� < "=3; 4
 < "=3; "1 < "=3; 2=A(�) < 1

¤®¡ì¥¬áï â®£®, çâ®¡ë Ak + Bk < 1 + " ¢® ¢á¥å âà¥å á«ãç ïå. �®áâ®ï­­ë¥ ¢¥«¨ç¨­ë, å à ªâ¥à¨-
§ãîé¨¥ ®¡« áâ¨ Dk, ¢ë¡¨à ¥¬ ¢ á«¥¤ãîé¥¬ ¯®àï¤ª¥:

� =) (2=A(�) < 1 ¢ D1); � ¨ � =) (A3 = "1 < "=3 ¢ D3); � < "=3 =) (B2 = "1 < "=3):

�¥¬ á ¬ë¬ ®¡®á­®¢ ­® ­¥à ¢¥­áâ¢® (1) ¤«ï âà¥å«¨áâ­®© äã­ªæ¨¨ F1(z + �). �­ «®£¨ç­® ¯à®-
å®¤¨â ®¡®á­®¢ ­¨¥ ­¥à ¢¥­áâ¢  (1) ¤«ï äã­ªæ¨© á ¡�®«ìè¨¬¨ ¯®àï¤ª ¬¨ «¨áâ­®áâ¨ ¢ ä®à¬¥
¯®á«¥¤®¢ â¥«ì­ëå áã¯¥à¯®§¨æ¨© Fk+1(z) = f0(
k;�k(�k; �k; z) + i�).

�.�.�¢å ¤¨¥¢ë¬ ¨ �.�.� î¬®¢ë¬ [7] ¯à¥¤áâ ¢«¥­ à¥§ã«ìâ â,  ­ «®£¨ç­ë© â¥®à¥¬¥ 2 ¢ ¯à¨-
¬¥­¥­¨¨ ª ªàã£ã. �â®â à¥§ã«ìâ â ¯®«ãç ¥âáï ¨§ â¥®à¥¬ë 2 ª ª

�«¥¤áâ¢¨¥. �ã­ªæ¨®­ « sup
�2E

[(1 � j�j2)jf 00(�)=f 0(�)j] ­¥ ï¢«ï¥âáï p-¤®¯ãáâ¨¬ë¬ ¢ ªàã£¥ E =

f� : j�j < 1g ¯à¨ p > 2.

� ª ¨ ¢ [1], ¤®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  ¨áç¥à¯ ­¨¨ ¯®«ã¯«®áª®áâ¨ H ªàã£ ¬¨, ª®â®àë¥
¯®«ãç îâáï ¨§ E ¯à¥®¡à §®¢ ­¨ï¬¨

'�(�) =
1 + �2

1� �2
+

2��
1� �2

; � 2 E:

�à¨ �, ¡«¨§ª®¬ ª 1, äã­ªæ¨ï F1('�(�) + �) ¡ã¤¥â âà¥å«¨áâ­®© ¢ E (íâ® ®ç¥¢¨¤­®) ¨ ¡ã¤¥â ã¤®-
¢«¥â¢®àïâì ¢ E ãá«®¢¨î �¥ªª¥à  á ª®íää¨æ¨¥­â®¬, ¬ «® ¯à¥¢ëè îé¨¬ 1. �¥©áâ¢¨â¥«ì­®,
¯®«ì§ãïáì ¢ëª« ¤ª ¬¨ ¨§ [1], ¯®«ãç¨¬

(1� j�j2)
����d2F1

d�2

.dF1

d�
('�(�) + �)

���� � (1 + ")(1 � j�j2)2�
2Re'�(�)(1� �2)

=

=
(1 + ")�(1 � j�j2)
1 + �2 + 2�Re �

� (1 + ")�(1 � j�j2)
1 + �2 � 2�j�j � (1 + ")�;

â. ª. 1 � j�j2 � 1 + �2 � 2�j�j () (j�j � �)2 � 0. �­ «®£¨ç­ë¥ ¢ëª« ¤ª¨ ¬®¦­® ¯à®¢¥áâ¨ ¤«ï
Fk+1('�(�) + �) ¯à¨ k � 1, â. ¥. ¢ á«ãç ¥ p � 4.

�¢¥ æ¥­âà «ì­ë¥ ¨¤¥¨ ¢ ¨§«®¦¥­­®¬ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2 § ¨¬áâ¢®¢ ­ë ¨§ ¤®ª« ¤  [7]
¨ ¨§ áâ âì¨ �.�. �¢å ¤¨¥¢  ¨ �.�.� î¬®¢  \Admissible functionals and in�nite valent functions"
(ª®â®à ï ¡ã¤¥â ®¯ã¡«¨ª®¢ ­  ¢ ¦ãà­ «¥ \Complex variables Theory Appl."): 1) ¯®¢¥¤¥­¨¥ áã¯¥à-
¯®§¨æ¨¨ f"(�(Rz)=R) = F"(z), 2) ®¡®á­®¢ ­¨¥ ®æ¥­®ª ¢¨¤ ����d2F"

dz2

.dF"

dz

���� � 1 + "

1� jzj2
¤«ï ¬­®£®«¨áâ­ëå äã­ªæ¨©.

�®¯®«­¨â¥«ì­® ®â¬¥â¨¬, çâ® �.�. �¢å ¤¨¥¢ ¨ �.�.� î¬®¢ ¢¢¥«¨ ­¥ã¤ ç­ë© â¥à¬¨­ \ª -
â áâà®ä¨ç­ë©" äã­ªæ¨®­ «, á®á« ¢è¨áì ¢ [7] ­  ª­¨£ã �.�. �¢å ¤¨¥¢  [6] (®¤­ ª® ¢ ª­¨£¥ [6]
íâ®â â¥à¬¨­ ®âáãâáâ¢ã¥â). �¥à¬¨­ \ª â áâà®ä¨ç­ë©" å à ªâ¥à¨§ã¥â ¢ «ãçè¥¬ á«ãç ¥ ­¥ á ¬¨
äã­ªæ¨®­ «ë,   â®«ìª® ®ªà¥áâ­®áâ¨ íªáâà¥¬ «ì­ëå äã­ªæ¨© (â¨¯  f0(z) ¨§ â¥®à¥¬ë 2) ¤«ï íâ¨å
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äã­ªæ¨®­ «®¢. �ã­ªæ¨¨ \®¡é¥£® ¯®«®¦¥­¨ï" (­¥ ï¢«ïîé¨¥áï íªáâà¥¬ «ì­ë¬¨), ª®â®àë¥ ¢å®-
¤ïâ ¢ «î¡®© ¯®¤ª« áá ®¤­®«¨áâ­ëå äã­ªæ¨©, ®¯à¥¤¥«ï¥¬ë© á®®â¢¥âáâ¢ãîé¨¬ äã­ªæ¨®­ «®¬,
ª â áâà®ä¨ç­ë¬¨ ­¥ ï¢«ïîâáï. �®íâ®¬ã â®«ìª® ®ªà¥áâ­®áâ¨ íªáâà¥¬ «ì­ëå äã­ªæ¨© ¯à¨¢®-
¤ïâ ª â ª ­ §ë¢ ¥¬ë¬ ª â áâà®ä ¬1 (ª â áâà®ä¨ç­ë¬ ®¡ê¥ªâ ¬) �¢å ¤¨¥¢ -� î¬®¢  ¨ ­ 
\à¥¯ãâ æ¨¨" ¡¥§ã¯à¥ç­ëå äã­ªæ¨®­ «®¢ íâ¨ ¯®£à ­¨ç­ë¥ \ª â áâà®äë" ®âà ¦ âìáï ­¥ ¤®«¦-
­ë: æ¥­­®áâì äã­ªæ¨®­ «  ®¯à¥¤¥«ï¥âáï ¥£® ¢­ãâà¥­­¨¬ á®¤¥à¦ ­¨¥¬!

2. � áâ âìïå �¥å à¨ [2] ¨ �¨««  [8] ¤®ª § ­® ¤®áâ â®ç­®¥ ãá«®¢¨¥ ®¤­®«¨áâ­®áâ¨ äã­ªæ¨¨
f(z), z 2 E, ¢ ä®à¬¥

jff; zgj � 2=(1 � jzj2)2; ff; zg = (f 00=f 0)0 � (f 00=f 0)2=2 | è¢ àæ¨ ­; (18)

¨ ­¥¢®§¬®¦­®áâì ã¢¥«¨ç¥­¨ï ª®íää¨æ¨¥­â  2 ¨§-§  ¡¥áª®­¥ç­®«¨áâ­®© äã­ªæ¨¨

fi�

�
1 + z

1� z

�
=
�
1 + z

1� z

�i�

; � 6= 0; Im� = 0; (19)

¤«ï ª®â®à®© �
fi�

�
1 + z

1� z

�
; z

�
=
2(1 + �2)
(1� z2)2

:

� ¢¨¤¥ ¤®¯®«­¥­¨ï ª  ­ «¨§ã äã­ªæ¨¨ f�+i�
�
1+z
1�z

�
¨§ áâ âì¨ �¨««  [8] ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨ï,

ª®â®àë¥ ®¡ê¥¤¨­ï¥â

�¥®à¥¬  3. �ã­ªæ¨¨ f�+i�(z) = z�+i� ï¢«ïîâáï m-«¨áâ­ë¬¨ ¢ ¯®«ã¯«®áª®áâ¨ H ¯à¨ ¢ë-

¯®«­¥­¨¨ ¤¢ãå ­¥à ¢¥­áâ¢

(j�j �m+ 1)2 + �2 > (m� 1)2; (j�j �m)2 + �2 � m2 (m � 1):

�à¨ «î¡®¬ m � 1 (¢ª«îç ï m = 1) ­ ©¤¥âáï m-«¨áâ­ ï äã­ªæ¨ï f�+i�(z) c � + i� ¨§ ¯à®¨§-

¢®«ì­® ¬ «®© ®ªà¥áâ­®áâ¨ 0, ª®â®à ï à áè¨àï¥â ãá«®¢¨¥ �¥å à¨ ¢ ¯®«ã¯«®áª®áâ¨ H

jff; zgj � 2(2Re z)�2: (20)

�ã­ªæ¨¨
f�+i�(z)�1

�+i�
à ¢­®¬¥à­® áå®¤ïâáï ¯à¨ � + i� ! 0 ¢­ãâà¨ ¯®«ã¯«®áª®áâ¨ H ª äã­ªæ¨¨

ln z.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¯®á«¥¤®¢ â¥«ì­® âà¨ ãâ¢¥à¦¤¥­¨ï, á®¤¥à¦ é¨¥áï ¢ ä®à¬ã«¨-
à®¢ª¥ â¥®à¥¬ë 3.

1) �à®áâ®©  ­ «¨§ äã­ªæ¨¨ ew, ¯¥à¨®¤¨ç¥áª®© á ¯¥à¨®¤®¬ 2�i, ¯®ª §ë¢ ¥â, çâ® íâ  äã­ªæ¨ï
¡ã¤¥â m-«¨áâ­®© ¢ ®¤­®á¢ï§­®© ®¡« áâ¨ D, ª®â®à ï ï¢«ï¥âáï ¢ë¯ãª«®© ¢ ­ ¯à ¢«¥­¨¨ ¬­¨¬®©
®á¨, á®¤¥à¦¨â ¢¥àâ¨ª «ì­ë© ®âà¥§®ª ¤«¨­ë 2�(m � 1) ¨ ­¥ á®¤¥à¦¨â ¢¥àâ¨ª «ì­®£® ®âà¥§ª  á
¤«¨­®© 2�m, â®ç­¥¥, «î¡®© ¢¥àâ¨ª «ì­ë© ®âà¥§®ª ¤«¨­ë 2�m ¬®¦­® à á¯®«®¦¨âì ¤¢¨¦¥­¨¥¬
¢¢¥àå-¢­¨§ â ª, çâ®¡ë ¥£® ª®­æë ­ å®¤¨«¨áì ¢­¥ D, ¢ ªà ©­¥¬ á«ãç ¥, ­  @D. � ¯à¨¬¥­¥­¨¨ ª
äã­ªæ¨¨

z�+i� = e(�+i�) ln z = ew; w = u+ iv;

­ ©¤¥¬ ¤«¨­ã á¥ç¥­¨ï ¬­¨¬®© ®áìî u = 0 â®© ¯®«®áë, ª®â®à ï ¯®«ãç ¥âáï ¨§ ¯®«ã¯«®áª®áâ¨ H
¯®¤ ¤¥©áâ¢¨¥¬

w = (�+ i�) ln z =) u+ iv = (�+ i�)(ln jzj+ i arg z) = � ln jzj � � arg z + i(� ln jzj+ � arg z):

�¤­  ¨§ â®ç¥ª ¯¥à¥á¥ç¥­¨ï £à ­¨æë ¯®«®áë ¨ ¬­¨¬®© ®á¨ ¯à¨ � 6= 0 ¯®«ãç¨âáï ¨§ á¨áâ¥¬ë

0 = u0 = � ln jzj � ��=2; v0 = � ln jzj+ ��=2

1�à¨¬¥àë  ­ «®£¨ç­ëå \ª â áâà®ä" ¤ ¥â ï¤¥à­ ï áå®¤¨¬®áâì ®¡« áâ¥©, ª®£¤  á¥¬¥©áâ¢® ¡¥áª®­¥ç­®-

«¨áâ­ëå ®¡« áâ¥© áå®¤¨âáï ª ®¤­®«¨áâ­®© ®¡« áâ¨ ª ª ª ï¤àã. �à ¢¤ , á«®¢®á®ç¥â ­¨¥ \ï¤¥à­ ï ª â -

áâà®ä " §¢ãç¨â á®¢á¥¬ §«®¢¥é¥.
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¨ ¯®íâ®¬ã

v0 =
�2�

2�
+
��

2
=

�

2
�2 + �2

�
:

� ª ª ª ¤«¨­  á¥ç¥­¨ï l = 2jv0j = �(�2 + �2)=j�j, â® ¨§ ­¥à ¢¥­áâ¢ ¢ ãá«®¢¨¨ â¥®à¥¬ë ¯®«ãç¨¬

2j�j(m � 1) < �2 + �2 � 2j�jm =) 2�(m� 1) < l � 2�m;

â. ¥. ãá«®¢¨¥ m-«¨áâ­®áâ¨ äã­ªæ¨¨ e(�+i�) ln z ¢ë¯®«­¥­®. �à¨ � = 0 ¤«¨­  á¥ç¥­¨ï ¡ã¤¥â ¡¥áª®-
­¥ç­®©,   á®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï exp(i� ln z) ®ª ¦¥âáï ¡¥áª®­¥ç­®«¨áâ­®©.

2) �¢ àæ¨ ­ ¤«ï äã­ªæ¨¨ f�+i�(z) ¨§ (19) «¥£ª® ¢ëç¨á«ï¥âáï

f 00�+i�=f
0
�+i� = (�+ i� � 1)=z =) ff�+i�(z); zg = [1� (�+ i�)2]=(2z2)

¨ ®æ¥­¨¢ ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ­¥à ¢¥­áâ¢  jzj � Re z

jff�+i�(z); zgj � 2j1� (�+ i�)2j
(2Re z)2

; z 2 H:

�á«®¢¨¥ �¥å à¨ (20) ­ àãè ¥âáï §  ¯à¥¤¥« ¬¨ ªàã£  j!j � 1,

! = 1� (� + i�)2: (21)

� ¯«®áª®áâ¨ �+ i� íâ®¬ã ªàã£ã á®®â¢¥âáâ¢ãîâ ¤¢¥ ®¡« áâ¨, ¯®«ãç¥­­ë¥ ¯à¥®¡à §®¢ ­¨¥¬ ªàã£ 
¤¢ã¬ï ¢¥â¢ï¬¨ äã­ªæ¨¨ � + i� =

p
1� !, á £à ­¨æ¥© ¢ ¢¨¤¥ «¥¬­¨áª âë. �ª ©¬«¥­¨î ªàã£  á

¯®¬®éìî ®ªàã¦­®áâ¨ j!j = 1+" (â®ç­¥¥, ¤¢ã«¨áâ­®¬ã ªàã£ã j!j < 1+" á â®çª®© ¢¥â¢«¥­¨ï ! = 1)
á®®â¢¥âáâ¢ã¥â ®ª ©¬«¥­­ ï «¥¬­¨áª â . �¢¥ ®ªàã¦­®áâ¨ (� � 1)2 + �2 = 1 ¨§ ªà¨¢®«¨­¥©­®©
¯®«®áë ®ª ©¬«¥­¨ï ¢ëá¥ª îâ ¤¢  ªà¨¢®«¨­¥©­ëå âà¥ã£®«ì­¨ª  á ­ã«¥¢ë¬ ã£«®¬ ¯à¨ ¢¥àè¨­¥
0. � áâ¨ íâ¨å âà¥ã£®«ì­¨ª®¢, ª®â®àë¥ § ª«îç¥­ë ¬¥¦¤ã ®ªàã¦­®áâï¬¨

[�� (m� 1)]2 + �2 = (m� 1)2; (��m)2 + �2 = m2;

á®áâ®ïâ ¨§ â®ç¥ª �+i�, ®¯à¥¤¥«ïîé¨åm-«¨áâ­ë¥ äã­ªæ¨¨ f�+i�(z). �á¥ â®çª¨ ¬­¨¬®© ®á¨ (¯à¨
� = 0, � 6= 0) ®¯à¥¤¥«ïîâ ¡¥áª®­¥ç­®«¨áâ­ë¥ äã­ªæ¨¨ zi�.

� £«ï¤­®© ¯®«ãç ¥âáï ¨ ª àâ¨­  ¢ ¯«®áª®áâ¨ !, £¤¥ à á¯®« £ îâáï â®çª¨, ®¯à¥¤¥«ïîé¨¥
­ àãè¥­¨¥ ãá«®¢¨ï �¥å à¨ (20) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯® ä®à¬ã«¥ (21) â¥¬ §­ ç¥­¨ï¬ � + i�,
ª®â®àë¥ ¯à¨¢®¤ïâ ª m-«¨áâ­ë¬ äã­ªæ¨ï¬ z�+i� . � ¬¥â¨¬, çâ® ®ªàã¦­®áâ¨ (� � m)2 + �2 =
m2 ¯¥à¥©¤ãâ ¯®¤ ¤¥©áâ¢¨¥¬ ¯à¥®¡à §®¢ ­¨ï (21) ¢ ª à¤¨®¨¤ë á ã£«®¢®© â®çª®© 1. � à¤¨®¨¤ ,
ª®â®à ï ¯®«ãç ¥âáï ¯à¨ m = 1, á®¤¥à¦¨â ªàã£ j!j < 1 ¨ á®¤¥à¦¨âáï ¢ ªàã£¥ j!j � 3. � ª
®â¬¥ç¥­® ¢ [8], â®çª  ! = �3 ï¢«ï¥âáï ¥¤¨­áâ¢¥­­®© â®çª®© ª à¤¨®¨¤ë ! = 1 � (1 + ei�)2,
«¥¦ é¥© ­  ®ªàã¦­®áâ¨ j!j = 3. �â®© â®çª¥ ¯®áâ ¢«¥­  ¢ á®®â¢¥âáâ¢¨¥ äã­ªæ¨ï z2, ª®â®à ï ¢
áã¯¥à¯®§¨æ¨¨ á ¤à®¡­®-«¨­¥©­®© äã­ªæ¨¥© ¯à¨¢®¤¨â ª äã­ªæ¨¨ �¥¡¥��

1 + z

1� z

�2

� 1
�.

4 =
z

(1� z)2
:

�®çª¨, ¯®à®¦¤ îé¨¥ äã­ªæ¨¨ «î¡®© «¨áâ­®áâ¨ á ¬ «ë¬ ­ àãè¥­¨¥¬ ãá«®¢¨ï (18) ¨«¨ (20),
à á¯®« £ îâáï ¬¥¦¤ã á®á¥¤­¨¬¨ ª à¤¨®¨¤ ¬¨ ¢ âà¥ã£®«ì­¨ª¥ á ­ã«¥¢ë¬ ã£«®¬ ¯à¨ â®çª¥ 1 ¨
á® áâ®à®­®©, «¥¦ é¥© ­  ®ªàã¦­®áâ¨ j!j = 1 + " ¯à®â¨¢ íâ®£® ã£« .

3) � §« £ ï äã­ªæ¨î f�+i�(z) ¢ àï¤ ¯® ¬ «®¬ã ¯ à ¬¥âàã �+ i�, ¯®«ãç¨¬

z�+i� = e(�+i�) ln z = 1 + (�+ i�) ln z +
[(�+ i�) ln z]2

2
+ � � �

�âáî¤  ¢¨¤­  áå®¤¨¬®áâì

lim
�+i�!0

z�+i� � 1
�+ i�

= ln z:
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�à¥¤¥«ì­ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¥å à¨

jfln z; zgj = 1
2jzj2 �

2
(2Re z)2

; z 2 H:

�å®¤¨¬®áâì ¡ã¤¥â à ¢­®¬¥à­®© ¢ ª ¦¤®© § ¬ª­ãâ®© ¯®¤®¡« áâ¨ ¨§ H, â. ª. ­  ª ¦¤®© â ª®©
¯®¤®¡« áâ¨ á¥¬¥©áâ¢® f[z�+i� � 1]=(� + i�)g ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ á¥¬¥©áâ¢®¬ ¢ â®¯®«®£¨¨ «®-
ª «ì­® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �¥¬¥©áâ¢® ®¡« áâ¥©, ª®â®àë¥ ï¢«ïîâáï ®¡à § ¬¨ H ¯à¨ ®â®-
¡à ¦¥­¨¨ äã­ªæ¨ï¬¨ F�+i�(z) = z�+i��1

�+i�
, áå®¤¨âáï ª £®à¨§®­â «ì­®© ¯®«®á¥ lnH ª ª ª ï¤àã

([5], á. 56). �âà¥¬«¥­¨¥ � + i� ! 0 ¬®¦­® ®áãé¥áâ¢¨âì â ª, çâ®¡ë äã­ªæ¨¨, ®¡à §ãîé¨¥ á¥-
¬¥©áâ¢® fF�+i�(z)g, ¨¬¥«¨ «¨¡® ®¤¨­ ª®¢ë© ¯®àï¤®ª «¨áâ­®áâ¨ (ª®­¥ç­ë© ¨«¨ ¡¥áª®­¥ç­ë©),
«¨¡® à §«¨ç­ë¥ ¯®àï¤ª¨ «¨áâ­®áâ¨. � áá¬®âà¨¬ ¯®¤à®¡­¥¥ á«ãç © ¡¥áª®­¥ç­®«¨áâ­®£® á¥¬¥©-
áâ¢  Fi�(z) = �i(zi� � 1)=�, � > 0.

�¡à § ¯®«ã¯«®áª®áâ¨ H ¯à¨ ¤¥©áâ¢¨¨ äã­ªæ¨¥© Fi�(z) ¡ã¤¥â ¡¥áª®­¥ç­®«¨áâ­ë¬ ª®«ìæ®¬,
£à ­¨ç­ë¥ ®ªàã¦­®áâ¨ ª®â®à®£® ¯à®å®¤ïâ ç¥à¥§ â®çª¨

i(1� e���=2)=� ¨ � i(e��=2 � 1)=�;

  æ¥­âà ­ å®¤¨âáï ¢ â®çª¥ i=�. � ¯à¥¤¥«¥ ¯®«ãç¨âáï ®¤­®«¨áâ­ ï ¯®«®á ,   ¤®¯à¥¤¥«ì­®© ®¡« -
áâ¨ ¡ã¤¥â ¯à¨­ ¤«¥¦ âì ç áâì ¡¥áª®­¥ç­®«¨áâ­®© ¯®«®áë, ¯à®¥ªæ¨ï ª®â®à®© æ¥«¨ª®¬ «¥¦¨â ¢
¯®«®á¥

fw : ��=2 < Imw < �=2g: �

� ¬¥ç ­¨¥. �­â¥à¥á­® ®â¬¥â¨âì, çâ® äã­ªæ¨ï Fi�(z) ï¢«ï¥âáï  ¢â®¬®àä­®© ®â­®á¨â¥«ì­®
£àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¯®¤®¡¨ï

Tk(z) = Rkz; k = 0;�1;�2; : : :
�ã­¤ ¬¥­â «ì­®© ®¡« áâìî íâ®© £àã¯¯ë, ¯à¨­ ¤«¥¦ é¥© ¯®«ã¯«®áª®áâ¨ H, ¡ã¤¥â ¯®«ãª®«ìæ®
fz : 1=pR < jzj < p

R; Re z � 0g, ª®â®à®¥ ®â®¡à ¦ ¥âáï äã­ªæ¨¥© Fi�(z) ­  ª®«ìæ® á à §à¥§®¬.
�§ ãá«®¢¨ï  ¢â®¬®àä­®áâ¨ á«¥¤ã¥â

Fi�(Rz) = Fi�(z) =) ei� lnRei� ln z = ei� ln z =) i� lnR = i2�; R = e2�=�:

�­ ç¨â, ®¤­®© ¨§ äã­¤ ¬¥­â «ì­ëå ®¡« áâ¥© ï¢«ï¥âáï æ¥­âà «ì­®¥ ¯®«ãª®«ìæ® á à ¤¨ãá ¬¨
®ªàã¦­®áâ¥© e��=� ¨ e�=�. � ¯à¥¤¥«¥ ¯à¨ � ! 0 íâ® ¯®«ãª®«ìæ® § ©¬¥â ¢áî ¯®«ã¯«®áª®áâì H.

� ááã¦¤¥­¨¥ á ¯à¥®¡à §®¢ ­¨¥¬ äã­¤ ¬¥­â «ì­ëå ®¡« áâ¥© ¤ ¥â ­®¢®¥ ¯®ïá­¥­¨¥ ï¤¥à­®áâ¨
á¥¬¥©áâ¢  ®¡« áâ¥© Fi�(H) ¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ fFi�(z)g ¢­ãâà¨ H.

� ¤¨¬ å à ªâ¥à¨áâ¨ªã â¥ç¥­¨ï, ª®â®à®¥ ï¢«ï¥âáï ª®­ä®à¬­ë¬ ¯¥à¥­¥á¥­¨¥¬ ­¥¢®§¬ãé¥­-
­®£® ¯®â®ª  ¨§ ¯®«ã¯«®áª®áâ¨ H á® áª®à®áâìî ­  ¡¥áª®­¥ç­®áâ¨ ~V (1) = �i ¢ ¯«®áª®áâì
w = z�+i� . �â® â¥ç¥­¨¥ å à ªâ¥à¨§ã¥âáï â¥¬, çâ® ¯à¨ � 6= 0 ­  £à ­¨ç­ëå áâàãïå ¯à®¨áå®¤¨â
à §àë¢ áª®à®áâ¨ â¥ç¥­¨ï (¯à¨ � = 1) ¨«¨ ®â­®è¥­¨¥ áª®à®áâ¥© (¯à¨ � 6= 1) ¢ â®çª¥, á®®â¢¥â-
áâ¢ãîé¥© â®çª¥ z = 0, ¯à¨ ¯®¤å®¤¥ ª 0 á¢¥àåã ¨ á­¨§ã ®â«¨ç ¥âáï ®â ¥¤¨­¨æë. �¥©áâ¢¨â¥«ì­®,

���� ~V (w(i�))
~V (w(�i�))

���� =
���� w0(i�)w0(�i�)

����
�1

=
j exp[(�� 1 + i�)(ln �� i�=2)]j
j exp[(�� 1 + i�)(ln �+ i�=2)]j = e�� 6= 1

¯à¨ ¢á¥å �, ¢ â®¬ ç¨á«¥ ¨ ¢ ¯à¥¤¥«¥ ¯à¨ �! 0.
�§ £¨¤à®¬¥å ­¨ª¨ ¨§¢¥áâ­® ([9], £«. IV), çâ® â ª¨¥ â¥ç¥­¨ï å à ªâ¥à¨§ãîâáï ®¤­®«¨áâ­ë-

¬¨ ¨«¨ ¬­®£®«¨áâ­ë¬¨ ¯®â®ª ¬¨ ¬¥¦¤ã á¯¨à «ï¬¨. �«ï ¯®¤â¢¥à¦¤¥­¨ï ¯à¨¢¥¤¥¬ æ¨â âã ¨§
([9], á. 86): \: : : oá®¡¥­­®áâì â¨¯  � i=� ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¤¨­áâ¢¥­­ãî ¢®§¬®¦­®áâì «®ª «ì­®£®
á®¥¤¨­¥­¨ï ¤¢ãå á¢®¡®¤­ëå «¨­¨© â®ª  á à §«¨ç­ë¬¨ áª®à®áâï¬¨."

12



3. �à âª® ¨§«®¦¨¬ £¨¤à®¬¥å ­¨ç¥áªãî ¢¥àá¨î ­ àãè¥­¨ï ãá«®¢¨© �¥ªª¥à  ¢® ¢­¥è­®áâ¨
¥¤¨­¨ç­®£® ªàã£ . �â® ãá«®¢¨¥ ¢ ®¡« áâ¨ E� = fz : jzj > 1g ¤«ï äã­ªæ¨¨ F (z), à¥£ã«ïà­®© ¢
E� n f1g ¨ á ¯®«îá®¬ ¯¥à¢®£® ¯®àï¤ª  ¢ 1, § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ­¥à ¢¥­áâ¢ ����F 00(z)

F 0(z)

���� � 1
jzj2 � 1

: (22)

�ã­ªæ¨ï, ª®â®à ï ¤®áâ¨£ ¥â §­ ª à ¢¥­áâ¢  ¢ (22) ¨ ª®â®à ï ï¢«ï¥âáï ­¥®¤­®«¨áâ­®© ¢ § ¬ª­ã-
â®© ®¡« áâ¨ E�, ¨¬¥¥â ¢¨¤ [1]

F0(z) =
p
z2 � 1:

�® íâ®© äã­ªæ¨¨ ¬®¦­® ¯®áâà®¨âì ª®¬¯«¥ªá­ë© ¯®â¥­æ¨ « â¥ç¥­¨ï á ¤¨¯®«¥¬ ­  1 ¨ á® áª®-
à®áâìî ­¥¢®§¬ãé¥­­®£® ¯®â®ª  ~V (1) = 1. �à®é¥ ¯à¥¤áâ ¢¨âì ¯à¥®¡à §®¢ ­¨¥ ¯®â®ª , ®¡â¥ª -
îé¥£® ªàã£, ¢ ¯®â®ª, ®¡â¥ª îé¨© ¯à®ä¨«ì, ã ª®â®à®£® ¤¢¥ ¡®ª®¢ë¥ áâ®à®­ë ¨¬¥îâ ®¤­ã ®¡éãî
â®çªã (¢ ª®â®àãî ¯¥à¥å®¤ïâ �1). � â¥ç¥­¨î ­  à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ¯à¨¤¥¬, ¥á«¨ ¢®§ì¬¥¬
¨§¬¥­¥­­ãî äã­ªæ¨î ¢ ¢¨¤¥

F"(z) =
Z z

a

�
zp

z2 � 1

�1+"

dz; jaj � 1; 0 < " < 1: (23)

�à¨ íâ®¬ «¥¢ ï ¡®ª®¢ ï áâ®à®­  ¯à®ä¨«ï á¬¥áâ¨âáï ­ ¯à ¢®,   ¯à ¢ ï ¡®ª®¢ ï áâ®à®­  |
­ «¥¢®.

� [10] ¨§ãç «®áì ¯®¢¥¤¥­¨¥  ­ «®£¨ç­ëå ¯à®ä¨«¥© ¯® à á¯à¥¤¥«¥­¨î áª®à®áâ¥© V�(�) =
sin� �, 0 � � � �=2 (á á¨¬¬¥âà¨ç­ë¬¨ ¯à®¤®«¦¥­¨ï¬¨ ­  (�=2; �) ¨ ¤ «¥¥ ­  (�; 2�)), 0 � � < 2.
� ¬ ¦¥ ¯à¨¢¥¤¥­ë ¯®á«¥¤®¢ â¥«ì­ë¥ áâ ¤¨¨ ¨§¬¥­¥­­ëå ¯à®ä¨«¥© ¯à¨ � 2 [0; 2). �â®¡à ¦ î-
é¨¥ äã­ªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ à á¯à¥¤¥«¥­¨î V�(�), ¨¬¥îâ ¢¨¤

ln
df

dz
= �1� �

2�

Z 2�

0

ln(2j sin �j)e
i� + z

ei� � z
d� + lnC� = �(�� 1) ln(1� 1=z2) + lnC�;

df

dz
= C�

�
z2

z2 � 1

���1

(24)

¨

f(z; �) = C�

Z z

a

�
z2

z2 � 1

���1

dz +A�:

� ç áâ­®áâ¨, f(z; 3=2) = CF0(z)+A. �ã­ªæ¨ï f(z; �) ¯à¨ 3=2 < � < 2 ®â®¡à ¦ ¥â E� ­  ®¡« áâì,
§ ­ïâãî ¤¢ã«¨áâ­ë¬ ¯®â®ª®¬. �à ¢­¨¢ ï (23) ¨ (24), ¨¬¥¥¬ ��1 = (1+")=2, " = 2��3, ¯®íâ®¬ã
� 2 [3=2; 2) () " 2 [0; 1).

�­ «®£¨ç­®¥ £¨¤à®¬¥å ­¨ç¥áª®¥ ¨áâ®«ª®¢ ­¨¥ ¯®«ãç îâ íªáâà¥¬ «ì­ ï äã­ªæ¨ï �0(z), ¤«ï
ª®â®à®©

jf�0(z); zgj � 2
(jzj2 � 1)2

; z 2 E�; (25)

¨ ­¥®¤­®«¨áâ­ ï äã­ªæ¨ï

�"(z) =
Z z

1

[�00(z)]
1+"dz; " > 0;

¤«ï ãá«®¢¨ï �¥å à¨ ¢® ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£® ªàã£ .
�¥á«®¦­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ã¡¥¤¨¬áï, çâ® §  �0(z) ¬®¦­® ¢§ïâì äã­ªæ¨î 2= ln z+1

z�1
. �­ 

®â®¡à ¦ ¥â E� ­  ¢­¥è­®áâì ¤¢ãå ª á îé¨åáï ®ªàã¦­®áâ¥©, ¯à¨ç¥¬ �0(1) =1, �00(1) = 1 ¨
f�0(z); zg = 2=(z2 � 1)2. �¢ àæ¨ ­ ¢ëç¨á«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

f�0(z); zg =
�
1=�0

�
1
z

�
; 1
z

	 1
z4

=
�

1
2
ln
1 + �

1� �
; �

����
�=1=z

1
z4

=
2

(1� �2)2

���
�=1=z

1
z4

=
2

(z2 � 1)2
:
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�­â¥à¥á­® ®â¬¥â¨âì, çâ® ¤«ï äã­ªæ¨¨

	i�(z) = 2i�
.��z + 1

z � 1

�i�

� 1
�

¯®«ãç¨¬ f	i�(z); zg = 2+2�2

(z2�1)2
¨ lim

�!0
	i�(z) = 	0(z) � �0(z). �¤­ ª® äã­ªæ¨ï 	i�(z), ï¢«ïïáì

¡¥áª®­¥ç­®«¨áâ­®© äã­ªæ¨¥© ¯à¨ «î¡®¬ � 6= 0, ¡ã¤¥â ¨¬¥âì ¡¥áç¨á«¥­­®¥ ¬­®¦¥áâ¢® ¯®«îá®¢
¢ E�,   äã­ªæ¨ï, á¢ï§ ­­ ï á ãá«®¢¨¥¬ �¥å à¨ ¢¨¤  (25), ¤®«¦­  ¨¬¥âì ®¤¨­ ¯®«îá ¢ 1.

�« £®¤ àî ¯à®ä¥áá®à  �.�. � áëà®¢  §  æ¥­­ë¥ § ¬¥ç ­¨ï ¨ ¯à®ä¥áá®à  �.�. �«¨§ à®¢  § 
®¡áã¦¤¥­¨¥ à¥§ã«ìâ â®¢ áâ âì¨.
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