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2000 ���������� ò 9 (460)

��� 517.12.252
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�¢¥¤¥¨¥

� ([1], á. 74) à áá¬ âà¨¢ îâáï ¡  å®¢ë ¯à®áâà áâ¢  E0, E, E1, ¯à¨ç¥¬ E0 � E � E1, ¨
¢«®¦¥¨¥ E0 ¢ E ª®¬¯ ªâ®. �®£¤  ¤«ï ª ¦¤®£® " > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ® ¤«ï
¢á¥å v 2 E0

kvkE � "kvkE0
+ c"kvkE1

: (1)

� ([2], á. 154) ¨§«®¦¥ à¥§ã«ìâ â �.�.�ã¡¨áª®£®, ¢ ª®â®à®¬ E0 § ¬¥ï¥âáï ¬®¦¥áâ¢®¬ =,
á ¡¦¥ë¬ äãªæ¨¥© M : = ! R+, ¯à¨ç¥¬ = � E � E1, M(v) � 0,

M(�v) = j�jM(v) (2)

¤«ï ¢á¥å v 2 =, ¬®¦¥áâ¢® =1 ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ E, £¤¥

=k = fv 2 = :M(v) � kg (3)

¤«ï ¢á¥å k � 0. �à¨ íâ¨å ãá«®¢¨ïå ¤«ï ª ¦¤®£® " > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ®

ku� vkE � "(M(u) +M(v)) + c"ku� vkE1
(4)

¤«ï ¢á¥å u, v ¨§ =.

� ¬¥ç ¨¥ 1 ([2], á. 154). �ãáâì = = E0, M | ®à¬  ¢ E0. �®£¤  ¨§ ¥à ¢¥áâ¢  (4) ¯®«ã-
ç ¥âáï ¥à ¢¥áâ¢® (1).

�¢¥¤¥¬ ¢¥«¨ç¨ë
�(U) = sup

v2U
M(v); e�(U) = inf

v2U
M(v):

�¯à¥¤¥«¥¨¥ 1. �®¦¥áâ¢® U � =  §®¢¥¬ M -®£à ¨ç¥ë¬, ¥á«¨ �(U) <1.

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® U � = ®¡« ¤ ¥â M -á¢®©áâ¢®¬, ¥á«¨ ®®
M -®£à ¨ç¥® ¨ e�(U) > 0.

�¯à¥¤¥«¥¨¥ 3. �¯¥à â®à (¢®®¡é¥ £®¢®àï ¥«¨¥©ë©) A : = ! E  §®¢¥¬ M -®£à ¨ç¥-
ë¬, ¥á«¨ «î¡®¥ M -®£à ¨ç¥®¥ ¬®¦¥áâ¢® U � = ¯¥à¥¢®¤¨âáï ®¯¥à â®à®¬ A ¢ ®£à ¨ç¥®¥
¯®¤¬®¦¥áâ¢® ¯à®áâà áâ¢  E.

�¥ ¯à¥¤¯®« £ ï (2),   â ª¦¥ ¢«®¦¥¨¥ =k ª®¬¯ ªâë¬ ¢ E, ¡ã¤¥¬ ¨áá«¥¤®¢ âì ãá«®¢¨ï
á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥¨ï: ¤«ï ª ¦¤®£® " > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ®

kAu�AvkE � "(M(u) �M(v)) + c"jju� vkE1
(5)

¤«ï ¢á¥å u, v ¨§ ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  U � =, ®¡« ¤ îé¥£® M -á¢®©áâ¢®¬.

� ¬¥ç ¨¥ 2. � ¥à ¢¥áâ¢¥ (5) ¤«ï ª ¦¤®£® " > 0 ¯®áâ®ï ï c", ¢®®¡é¥ £®¢®àï, § ¢¨á¨â
¥é¥ ¨ ®â U .
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�á«¨ A | «¨¥©ë© ®¯¥à â®à, ¢ë¯®«¥® (2), ªà®¬¥ â®£®,

M(v) > 0 (v 6= 0); (6)

â® á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢  (5) ¤«ï «î¡®£® ¬®¦¥áâ¢  U � =, ®¡« ¤ îé¥£® M -á¢®©áâ¢®¬,
¢«¥ç¥â ¥£® á¯à ¢¥¤«¨¢®áâì ¤«ï ¢á¥å u, v ¨§ = á ®¤®© ¨ â®© ¦¥ ¯®áâ®ï®© c". �®áª®«ìªã ¢ ([2],
á. 154) ¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï (2) ¨ ®â®á¨â¥«ì®© ª®¬¯ ªâ®áâ¨ =1 ¨¬¥¥â ¬¥áâ® (6), ¥à ¢¥áâ¢ 
(1) ¨ (4) ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ ¥à ¢¥áâ¢  (5).

�â«¨ç¨â¥«ì®© ç¥àâ®© ¨áá«¥¤®¢ ¨©, ¯à®¢®¤¨¬ëå ¢ ¤ ®© à ¡®â¥, ï¢«ï¥âáï ¯à¨¬¥¥¨¥
¬¥à ¥ª®¬¯ ªâ®áâ¨.

�¯à¥¤¥«¥¨¥ 4 ([3], á. 20). �ãáâì E | ¡  å®¢® ¯à®áâà áâ¢®,   U | ®£à ¨ç¥®¥ ¯®¤¬®-
¦¥áâ¢® E. �¥à®© ¥ª®¬¯ ªâ®áâ¨ �E(U) = �(U) ¬®¦¥áâ¢  U  §ë¢ ¥âáï áã¯à¥¬ã¬ â¥å r > 0,
¤«ï ª®â®àëå ¢ U áãé¥áâ¢ã¥â â ª ï ¡¥áª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì fung, çâ® kun � umk � r
¤«ï ¢á¥å n 6= m.

�¥à®© ¥ª®¬¯ ªâ®áâ¨ � ãá¤®àä  �E(U) = �(U) ¬®¦¥áâ¢  U  §ë¢ ¥âáï ¨ä¨¬ã¬ ¢á¥å
" > 0, ¯à¨ ª®â®àëå U ¨¬¥¥â ¢ E ª®¥çãî "-á¥âì.

�â ª, ¢ ([1], á. 71; [2], á. 154) ¯à¨¢¥¤¥ë ¤®áâ â®çë¥ ãá«®¢¨ï á¯à ¢¥¤«¨¢®áâ¨ ¥à ¢¥áâ¢ (1)
¨ (4), æ¥«ì ¦¥ ¤ ®© à ¡®âë | ¯®«ãç¨âì ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï á¯à ¢¥¤«¨¢®áâ¨
®¡®¡é îé¥£® ¥à ¢¥áâ¢  (5).

1. �á®¢ë¥ à¥§ã«ìâ âë

�¥®à¥¬  1. �ãáâì A | M -®£à ¨ç¥ë© ®¯¥à â®à ¨§ = ¢ E. �¥à ¢¥áâ¢® (5) á¯à ¢¥¤«¨¢®,
¥á«¨ ¨ â®«ìª® ¥á«¨ ¢ë¯®«¥® á«¥¤ãîé¥¥ ãá«®¢¨¥:

¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fung, fvng ®¡« ¤ îâ M -á¢®©áâ¢®¬ ¨, ªà®¬¥ â®£®,

lim
n!1

kun � vnkE1
= 0; (7)

â®

lim
n!1

kAun �AvnkE = 0: (8)

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ãá«®¢¨¥ â¥®à¥¬ë ¢ë¯®«¥®. �«ï ¤®ª § â¥«ìáâ¢ 
á¯à ¢¥¤«¨¢®áâ¨ ¥à ¢¥áâ¢  (5) ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥: ¥à ¢¥áâ¢® (5) ¥ ¢ë¯®«¥®. �®á«¥¤-
¥¥ ®§ ç ¥â, çâ®  ©¤ãâáï ¬®¦¥áâ¢® U , ®¡« ¤ îé¥¥ M -á¢®©áâ¢®¬, " > 0, ¯®á«¥¤®¢ â¥«ì®áâ¨
í«¥¬¥â®¢ fung, fvng (un 2 U , vn 2 U ¤«ï ª ¦¤®£® n) ¨ ç¨á¥« fcng (cn ! 1), ¤«ï ª®â®àëå
á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kAun �AvnkE > "(M(un)�M(vn)) + cnkun � vnkE1
(9)

¯à¨ ¢á¥å n.
�® ¯à¥¤¯®«®¦¥¨î ®¯¥à â®à A ï¢«ï¥âáïM -®£à ¨ç¥ë¬. � ª ª ª fung, fvng ®¡« ¤ îâM -

á¢®©áâ¢®¬ ¨, á«¥¤®¢ â¥«ì®, M -®£à ¨ç¥ë, â® ¯®á«¥¤®¢ â¥«ì®áâ¨ fAung, fAvng à ¢®¬¥à®
®£à ¨ç¥ë ¢ E. �âáî¤  ¯®á«¥¤®¢ â¥«ì®áâì fAun � Avng â ª¦¥ à ¢®¬¥à® ®£à ¨ç¥  ¢ E.
� á¨«ã ¥à ¢¥áâ¢  (9) ¨ ¯à¥¤¯®«®¦¥¨ï ® â®¬, çâ® cn ! 1, ¯®á«¥¤¥¥ ¢®§¬®¦®, ¥á«¨ kun �
vnkE1

! 0. �®íâ®¬ã ¨¬¥¥â ¬¥áâ® (8). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ á (9) § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
�à¥¤¯®« £ ï â¥¯¥àì ¥à ¢¥áâ¢® (5) ¢ë¯®«¥ë¬, ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï â¥®à¥-

¬ë. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fung, fvng ®¡« ¤ îâ M -á¢®©áâ¢®¬. �â® ®§ ç ¥â, çâ®  ©¤ãâáï
ç¨á«  0 < r � R, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® r � M(un) +M(vn) � R ¯à¨ ¢á¥å n. �
¯ãáâì, ªà®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® (7). �®ª ¦¥¬, çâ® á¯à ¢¥¤«¨¢® (8).

� æ¥«ìî ¯®áâà®¥¨ï ã¦®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ¤«ï ¯à®¨§¢®«ì®£® " > 0 ¢ë¡¥à¥¬ ¨§
fAun �Avng í«¥¬¥â Aun" �Avn" á ®¬¥à®¬ n", ã¤®¢«¥â¢®àïîé¨¬ ¥à ¢¥áâ¢ã

kun" � vn"kE1
� "=c";
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£¤¥ c" | ¯®áâ®ï ï ¨§ (5). �§ ¥à ¢¥áâ¢  (5) ¯®«ãç¨¬

kAun" �Avn"kE � "R+ ";

®âªã¤  á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï â¥®à¥¬ë.

� ¯®á«¥¤ãîé¨å à¥§ã«ìâ â å íâ®£® ¯ à £à ä  ¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¬®¦¥áâ¢® U � = ®¡« -
¤ ¥â M -á¢®©áâ¢®¬.

�¥®à¥¬  2. �ãáâì § ¤  M -®£à ¨ç¥ë© ®¯¥à â®à A : = ! E. �ãáâì ¤«ï ¥ª®â®à®£®

" > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ® ¥à ¢¥áâ¢® (5) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å u, v ¨§ =.
�®£¤  ¤«ï íâ¨å ¦¥ ¯®áâ®ïëå " ¨ c" ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

�E(AU) � 2"�(U) + c"�E1
(U) (10)

¤«ï ª ¦¤®£® ¬®¦¥áâ¢  U � =.

�®ª § â¥«ìáâ¢®. �â ª, ¯ãáâì ¥à ¢¥áâ¢® (5) á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å u, v ¨§ =. �ãáâì U |
¯à®¨§¢®«ì®¥ ¯®¤¬®¦¥áâ¢® =. �á«¨ �E(AU) = 0, â® ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®. �ãáâì �E(AU) > 0.
�® ®¯à¥¤¥«¥¨î ¬¥àë ¥ª®¬¯ ªâ®áâ¨ �E ¤«ï ¯à®¨§¢®«ì®£® 0 < � < �E(AU)  ©¤¥âáï â ª ï
¯®á«¥¤®¢ â¥«ì®áâì fAung � AU , çâ® ¤«ï ¢á¥å n 6= m

�E(AU)� � � kAun �AvmkE :

�§ ®¯à¥¤¥«¥¨ï � ¥âàã¤® ¢ë¢¥áâ¨, çâ® ¢ fung ¬®¦® ¢ë¡à âì í«¥¬¥âë eun, eum, ã¤®¢«¥â¢®àï-
îé¨¥ ¥à ¢¥áâ¢ã

keun � eumkE1
� �E1

(U) + �:

�® ¯à¥¤¯®«®¦¥¨î ¤«ï ¥ª®â®àëå " ¨ c" á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (5). �®íâ®¬ã, ¯à¨¬¥ïï ¥-
à ¢¥áâ¢® (5), ¯®«ãç¨¬

�E(AU)� � � kAeun �AeumkE � "(M(eun) +M(eum)) + c"keun � eumkE1
� 2"�(U) + c"(�E1

(U) + �);

®âªã¤  ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ ¢ë¡®à  � á«¥¤ã¥â (10).

�à¥¤«®¦¥¨¥ 1. �ãáâì ¤«ï ¢á¥å " > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ® ¤«ï ª ¦¤®£®

U � = ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® (10). �®£¤  ¥á«¨ U � = ï¢«ï¥âáï M -®£à ¨ç¥ë¬ ¨ ®â®á¨-

â¥«ì® ª®¬¯ ªâë¬ ¢ E1, â® AU â ª¦¥ ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ E.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® U � = ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ E1. �®£¤  ¢ á¨«ã ¯à -
¢¨«ì®áâ¨ ¬¥àë ¥ª®¬¯ ªâ®áâ¨ �E ([2], á. 7) ¯®«ãç¨¬ �E1

(U) = 0. �âáî¤  ¨ ¨§ ¥à ¢¥áâ¢ 
(10) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® �E(AU) � "�(U). � ª ª ª " > 0 ¯à®¨§¢®«ì®, â® �E(AU) = 0. �â®
®§ ç ¥â, çâ® AU ®â®á¨â¥«ì® ª®¬¯ ªâ® ¢ E.

2. �à¨«®¦¥¨ï ¤«ï «¨¥©®£® ®¯¥à â®à 

�à¥¤«®¦¥¨¥ 2. �ãáâì ¬®¦¥áâ¢® =k, ®¯à¥¤¥«¥®¥ à ¢¥áâ¢®¬ (3), ®â®á¨â¥«ì® ª®¬-
¯ ªâ® ¢ E ¤«ï ¢á¥å k � 0, E = E0, A | â®¦¤¥áâ¢¥ë© ®¯¥à â®à, â®£¤  á¯à ¢¥¤«¨¢® ¥à -

¢¥áâ¢® (5) ¤«ï U , ®¡« ¤ îé¨å M -á¢®©áâ¢®¬.

�®ª § â¥«ìáâ¢®. � ¯à¥¤¯®«®¦¥¨ïå ¤®ª §ë¢ ¥¬®£® ãâ¢¥à¦¤¥¨ï ¢ë¯®«¥® ãá«®¢¨¥ â¥-
®à¥¬ë 1. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fung, fvng ®¡« ¤ îâ M -á¢®©áâ¢®¬ ¨, ªà®¬¥
â®£®, ¨¬¥¥â ¬¥áâ® (7), â® ¢ á¨«ã ®â®á¨â¥«ì®© ª®¬¯ ªâ®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¥© fung, fvng ¢
E ¨¬¥¥¬

lim
n!1

kun � vnkE = 0:

�âáî¤ , ãç¨âë¢ ï íª¢¨¢ «¥â®áâì ãá«®¢¨ï â¥®à¥¬ë 1 ¥à ¢¥áâ¢ã (5), ¯®«ãç ¥¬ á¯à ¢¥¤«¨-
¢®áâì (5).
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� ¬¥ç ¨¥ 3. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ § ¬¥ç ¨ï 1, 2, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¯à¥¤«®¦¥-
¨¥ 2 ï¢«ï¥âáï ®¡®¡é¥¨¥¬ â¥®à¥¬ë 16.4 ¨§ ([1], á. 126) ¨ «¥¬¬ë 12.1 ¨§ ([2], á. 154), ¢ ª®â®à®©
¯à¥¤¯®« £ ¥âáï (2).

�¥®à¥¬  3. �ãáâì A | ®¯¥à â®à ¢«®¦¥¨ï ¨§ E0 ¢ E, = = E0, M | ®à¬  ¢ E0, ¨ «î¡®¥

¬®¦¥áâ¢® U , ®£à ¨ç¥®¥ ¢ E0 ¨ ®â®á¨â¥«ì® ª®¬¯ ªâ®¥ ¢ E1, â ª¦¥ ®â®á¨â¥«ì®

ª®¬¯ ªâ® ¢ E. �®£¤  ¢ë¯®«¥® ¥à ¢¥áâ¢® (5) ¤«ï ¢á¥å u ¨ v.

�®ª § â¥«ìáâ¢®. �à¥¤¯®« £ ï ¢á¥ ¯à¥¤¯®«®¦¥¨ï â¥®à¥¬ë 3 ¢ë¯®«¥ë¬¨, ¯®ª ¦¥¬
á¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï â¥®à¥¬ë 1. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fun � vng â ª®¢ , çâ® un; vn 2 E0

¤«ï ¢á¥å n, 0 < r � kunkE0
+ kvnkE0

� R ¤«ï ¥ª®â®àëå r ¨ R ¨, ªà®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® (7).
�® â®£¤ , ¯®áª®«ìªã fun � vng ®â®á¨â¥«ì  ª®¬¯ ªâ  ¢ E1, ¯® ¯à¥¤¯®«®¦¥¨î ¤®ª §ë¢ ¥¬®©
â¥®à¥¬ë fun � vng â ª¦¥ ®â®á¨â¥«ì® ª®¬¯ ªâ  ¢ E ¨ ¤«ï ¥ª®â®à®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨
feun�evng  ©¤¥âáï â ª®© í«¥¬¥â u0 2 E, çâ® lim

n!1
k(eun�evn)�u0kE = 0. � á¨«ã ¢«®¦¥¨ï E � E1

¨¬¥¥¬ â ª¦¥ lim
n!1

k(eun � evn) � u0kE1
= 0. �âáî¤ , ãç¨âë¢ ï á¢®©áâ¢® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥« ,

u0 = 0, â. ¥. ¢ë¯®«¥® ãá«®¢¨¥ â¥®à¥¬ë 1, ª®â®à®¥ íª¢¨¢ «¥â® ¥à ¢¥áâ¢ã (5). �à¨¨¬ ï ¢®
¢¨¬ ¨¥ § ¬¥ç ¨¥ 2, ¯®«ãç¨¬ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 3.

�«¥¤áâ¢¨¥ 1. �ãáâì A | ®¯¥à â®à ¢«®¦¥¨ï ¨§ E0 ¢ E, = = E0, M | ®à¬  ¢ E0. �®£¤ 
¥à ¢¥áâ¢® (1) íª¢¨¢ «¥â® ª ¦¤®¬ã ¨§ âà¥å ãá«®¢¨©:

10. ¤«ï «î¡®© ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fung ¨§ E0, ã¤®¢«¥â¢®àïîé¥© à ¢¥áâ¢ã
lim
n!1

kunkE1
= 0, ¨¬¥¥¬ â ª¦¥ lim

n!1
kunkE = 0;

20. ¤«ï ª ¦¤®£® " > 0  ©¤¥âáï â ª ï ¯®áâ®ï ï c", çâ® ¤«ï ª ¦¤®£® U � E, à ¢®¬¥à®
®£à ¨ç¥®£® ¢ E0, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® �E(U) � "�E0

(U) + c"�E1
(U);

30. «î¡®¥ ¬®¦¥áâ¢® U , ®£à ¨ç¥®¥ ¢ E0 ¨ ®â®á¨â¥«ì® ª®¬¯ ªâ®¥ ¢ E1, â ª¦¥ ®â®á¨-
â¥«ì® ª®¬¯ ªâ® ¢ E.

�à¨¬¥à. �®ª ¦¥¬, çâ® ¢ ([1], á. 71; [2], á. 154) ¯à¥¤¯®«®¦¥¨ï ®â®á¨â¥«ì® ª®¬¯ ªâ®áâ¨
¥ ï¢«ïîâáï ¥®¡å®¤¨¬ë¬¨.

� áá¬®âà¨¬   ®âà¥§ª¥ (0; 1) ¯à®áâà áâ¢  �¥¡¥£  L1, L2, L1. �§¢¥áâ®, çâ® ¨¬¥¥â ¬¥áâ®
¢«®¦¥¨¥ L1 � L2 � L1. �«®¦¥¨¥ L1 ¢ L2 ¥ª®¬¯ ªâ®. �¥©áâ¢¨â¥«ì®, ®£à ¨ç¥ ï ¯®
®à¬¥ ¢ L1 ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© � ¤¥¬ å¥à  fung, £¤¥ un(t) = sign sin 2n�1�t, ¨¬¥¥â ¢
¯à®áâà áâ¢¥ L2 ¬¥àã ¥ª®¬¯ ªâ®áâ¨ �, à ¢ãî, ª ª «¥£ª® ¢¨¤¥âì, 21=2.

�¤ ª® ¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï: ¤«ï ª ¦¤®£® " > 0  ©-
¤¥âáï â ª ï ¯®áâ®ï ï c", çâ® ¤«ï ¢á¥å v 2 L1

kvkL2
� "kvkL1 + c"kvkL1

:

� § ¢¥àè¥¨¥ à ¡®âë ¯à¨¢¥¤¥¬ ¯à¨«®¦¥¨ï ¯®«ãç¥ëå à¥§ã«ìâ â®¢ ª ®¯¥à â®àã ¢«®¦¥¨ï
¯à®áâà áâ¢ �®¡®«¥¢ .

�ãáâì 
 | ®¡« áâì ¢ Rn á ª®¥ç®© ¬¥à®© �¥¡¥£ , â. ¥. m(
) <1, Ll;p(
) = Ll;p (1 � p <1)
| ¬®¦¥áâ¢® â ª¨å ®¡®¡é¥ëå äãªæ¨©   
, çâ® krlukLp

<1, £¤¥

krlukLp
=
�Z




X
j�j=l

jD�u(x)jpdx
�1=p

:

�ãáâì W k;p(
) =W k;p | ¯à®áâà áâ¢® �®¡®«¥¢  á ®à¬®©

kukWk;p(
) =
� kX

l=0

krluk
p
Lp

�1=p
:
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�ãáâì 0 � k � l < s. � ([4], á. 33) ¤«ï ®£à ¨ç¥®© ®¡« áâ¨ 
 á ªãá®ç®-£« ¤ª®© £à ¨æ¥©
¯à¨¢®¤¨âáï ¥à ¢¥áâ¢® �à«¨£ {�¨à¥¡¥à£ 

kukW l;p � "kukW s;p + c"kukWk;p ; (11)

á¯à ¢¥¤«¨¢®¥ ¤«ï ¢á¥å " > 0.
� á¨«ã ®¯à¥¤¥«¥¨ï ®à¬ë ¢ ¯à®áâà áâ¢¥ �®¡®«¥¢  ¢á¥£¤  ¨¬¥¥â ¬¥áâ® ¢«®¦¥¨¥ W s;p �

W l;p � W k;p ¯à¨ 0 � k � l < s. �¤ ª® ¥á«¨ ¥ ¯à¥¤¯®« £ âì £à ¨æã ®¡« áâ¨ ªãá®ç®-£« ¤ª®©,
â®, ª ª á«¥¤ã¥â ¨§ ([5], á. 212), ¢«®¦¥¨¥ W s;p ¢ W l;p ¯à¨ l < s ¬®¦¥â ®ª § âìáï ¥ª®¬¯ ªâë¬.

�«¥¤áâ¢¨¥ 2. �¥à ¢¥áâ¢® (11) á¯à ¢¥¤«¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®â®á¨â¥«ì ï ª®¬-
¯ ªâ®áâì ª ¦¤®£® ®£à ¨ç¥®£® ¯®¤¬®¦¥áâ¢  W s;p ¢ W k;p ¢«¥ç¥â ¥£® ®â®á¨â¥«ìãî ª®¬-
¯ ªâ®áâì ¢ W l;p.

�«ï ¯®«®âë ®á¢¥é¥¨ï § âà®ãâ®£® ¢®¯à®á  ¨á¯®«ì§®¢ ¨ï ¬¥à ¥ª®¬¯ ªâ®áâ¨ ¢ ¥à ¢¥-
áâ¢ å ¤®ª ¦¥¬   «®£ ¥à ¢¥áâ¢  �à«¨£ {�¨à¥¡¥à£ , á¯à ¢¥¤«¨¢ë© â ª¦¥ ¤«ï ¥ª®¬¯ ªâ-
®£® ®¯¥à â®à  ¢«®¦¥¨ï W s;2 ¢ W l;2.

�ãáâì C | ¯à®áâà áâ¢® ¢á¥å ¯®áâ®ïëå äãªæ¨©   
 ¨ ¯ãáâì ®¯¥à â®à ¢«®¦¥¨ï

I : L1;2=C ! L2=C (12)

®£à ¨ç¥. �ãáâì C0;1(
) = C0;1 | ¯à®áâà áâ¢® äãªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î �¨¯è¨æ 
  «î¡®¬ ª®¬¯ ªâ®¬ ¯®¤¬®¦¥áâ¢¥ ¬®¦¥áâ¢  
. �«ï ¯à®¨§¢®«ì®£® T > 0 ¨ u 2 L2 ¯ãáâì
D(u; T ) = fx 2 
 : ju(x)j > Tg,   ¤«ï ¯à®¨§¢®«ì®£® " > 0 ®¡®§ ç¨¬

U(") = sup
m(D)<"

supfkUkL2
: u 2 C0;1; suppu � D; krukL2

= 1g: (13)

�§ â¥®à¥¬ë 4 à ¡®âë [6] á«¥¤ã¥â, çâ®

inffU(") : " > 0g = �(IS);

£¤¥ �(IS) | ¬¥à  ¥ª®¬¯ ªâ®áâ¨ � ãá¤®àä  (®¯à¥¤¥«¥¨¥ 4) ¬®¦¥áâ¢  fu 2 L1;2 : krukL2
=

1g, ¢ëç¨á«¥ ï ¢ ä ªâ®à-¯à®áâà áâ¢¥ L2=C. �¥«¨ç¨  �(IS) ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®© áâ¥-
¯¥¨ ¥ª®¬¯ ªâ®áâ¨ ®¯¥à â®à  I, ¯®áª®«ìªã ®¡à é ¥âáï ¢ ã«ì, ¥á«¨ ¨ â®«ìª® ¥á«¨ ®¯¥à â®à
(12) ª®¬¯ ªâ¥.

�à¥¤«®¦¥¨¥ 3. �«ï «î¡ëå " > 0 ¨ u 2 L2 \ L
l+1;2 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kukW l;2 � C(U("); n)krl+1ukL2
+ c"kukL2

;

£¤¥ C(U("); n) § ¢¨á¨â â®«ìª® ®â U(") ¨ n ¨, ¢ ç áâ®áâ¨,

C(U("); n) = aU(")=(1 � aU("));

¥á«¨ aU(") < 1 (a = n1=2 + 1).

�®ª § â¥«ìáâ¢®. � ª ¦¥ ª ª ¢ â¥®à¥¬¥ 4.8.2 ¨§ ([5], á. 203), ¤«ï ¯à®¨§¢®«ì® ¢ë¡à ëå
" > 0 ¨ u 2 L2 \ Ll+1;2 ¯®«®¦¨¬ T = infft : m(D(u; t)) � "g. � á¨«ã â¥®à¥¬ë 1.1.1 ¨§ ([5], á. 16)
¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦¥¬ ¯à¥¤¯®« £ âì, çâ® u 2 C1(
). �§ (13) ¨¬¥¥¬

kukL2
� k juj � TkL2(D(u;T )) + k juj � TkL2(
nD(u;T )) + T [m(
)]1=2 � U(")krukL2

+ 2T [m(
)]1=2:

�¡®§ ç¨¬ ç¥à¥§ 
" â ªãî ®£à ¨ç¥ãî ¯®¤®¡« áâì 
 á £à ¨æ¥© ª« áá  C0;1, çâ® m(
 n
") <
"=2. � ª ª ª m[D(u; T )] � ", â® m[D(u; T )\
"] � "=2. �«¥¤®¢ â¥«ì®, kukLr(
") � 2�1=rT"1=r ¤«ï
¯à®¨§¢®«ì®£® r � 1. �®íâ®¬ã

kukL2(
) � U(")krukL2(
) + 21�1=r[m(
)]1=2kukLr(
);

£¤¥ ®¯¥à â®à ¢«®¦¥¨ï ¨§ L1;2(
") ¢ Lr(
") ª®¬¯ ªâ¥. � «ì¥©è¨¥ à ááã¦¤¥¨ï   «®£¨çë
à ááã¦¤¥¨ï¬, ¯à®¢¥¤¥ë¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 4.10.2 ¨§ ([5], á. 211).
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� ¬¥ç ¨¥ 4. �à¥¤«®¦¥¨¥ 3 ®¡®¡é ¥â «¥¬¬ã 4.10.2 ¨§ ([5], á. 211)   á«ãç © ¥ª®¬¯ ªâ-
®£® ®¯¥à â®à  ¢«®¦¥¨ï (12).

� ª ¯®ª § ® ¢ [6], ¤«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ § ¤ ç¨ �¥©¬   ¢ ¥ª®â®àëå á«ãç ïå
¥ ã¦® âà¥¡®¢ âì á¯à ¢¥¤«¨¢®áâì (11) ¤«ï ¢á¥å " > 0. �®áâ â®ç®, çâ®¡ë �(IS) ¡ë«  ¬¥ìè¥
§ ¤ ®© ¢¥«¨ç¨ë.
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