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�ãáâì 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ C
n á £« ¤ª®© (ª« áá  C1) £à ¨æ¥© @
,   � | £« ¤-

ª ï ®à¨¥â¨àã¥¬ ï £¨¯¥à¯®¢¥àå®áâì ¢ ®ªà¥áâ®áâ¨ U § ¬ëª ¨ï 
, ¯¥à¥á¥ª îé ï S = @

âà á¢¥àá «ì®, ¢¨¤ 

� = fz 2 
 : �(z) = 0g; � 2 C1(U); grad � 6= 0   �:

�ãáâì � ¤¥«¨â 
   ®¡« áâ¨ 
+ = fz : �(z) > 0g ¨ 
� = fz : �(z) < 0g. �à¨¥â æ¨ï � á®£« á®¢  
á 
+.

� [1] ¨ [2] à áá¬ âà¨¢ « áì § ¤ ç  ®  å®¦¤¥¨¨ ãá«®¢¨©   CR-äãªæ¨î f (®¯à¥¤¥«¥-
ãî   �), ¯à¨ ª®â®àëå f £®«®¬®àä® ¯à®¤®«¦ ¥âáï ¢ 
+. �â¨ ãá«®¢¨ï á¢ï§ ë á £ à¬®-
¨ç¥áª¨¬ ¯à®¤®«¦¥¨¥¬ ¨â¥£à «  �®å¥à {� àâ¨¥««¨ ®â äãªæ¨¨ f ¨«¨ á ¢¥é¥áâ¢¥®-
  «¨â¨ç¥áª¨¬ ¯à®¤®«¦¥¨¥¬ ¨â¥£à «  �®è¨{� â ¯¯ì¥. �à¨¢¥¤¥¬ ®¤¨ ¨§ à¥§ã«ìâ â®¢, ª®-
â®àë© ¯àï¬® á«¥¤ã¥â ¨§ â¥®à¥¬ à ¡®â [1], [2].

�ãáâì 
 | ¥¤¨¨çë© è à á æ¥âà®¬ ¢ ã«¥, 0 2 
�. �¤à®¬ �®å¥à {� àâ¨¥««¨ ï¢«ï¥âáï

U(�; z) =
nX

k=1

(�1)k�1
@g

@�k
d�[k] ^ d�;

£¤¥ d� = d�1 ^ � � � ^ d�n, d�[k] = d�1 ^ � � � ^ d�k�1 ^ d�k+1 ^ � � � ^ d�n,

g(�; z) =

8>><
>>:
�
(n� 2)!
(2�i)n

j� � zj2�2n ¤«ï n > 1;

1
2�i

ln j� � zj2 ¤«ï n = 1

| äã¤ ¬¥â «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï � ¯« á .

�¥®à¥¬  1. �ãáâì CR-äãªæ¨ï f 2 L1(�) ¨

c� =
�
@�

�!

Z
�

f(�)U(�; z)
�����

z=0

;

£¤¥ � = (�1; : : : ; �n) | ¬ã«ìâ¨¨¤¥ªá, �! = �1! � � ��n!, @� = @k�k

@z
�1
1
���@z�nn

, k�k = �1 + � � � + �n. �«ï

â®£® çâ®¡ë f £®«®¬®àä® ¯à®¤®«¦ « áì ¢ 
+, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë

lim
k�k!1

k�k
q
jc�jd� 6 1; (1)

£¤¥ d� = max



jz�j, z� = z�11 � � � z�nn .

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à â 96-01-00080).
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� ¬¥â¨¬, çâ® ¯à¨ n = 1 ¢áïª ï äãªæ¨ï f ï¢«ï¥âáï CR-äãªæ¨¥©.
� è¥© æ¥«ìî ï¢«ï¥âáï ¯®«ãç¥¨¥ ãá«®¢¨© (1) ¥ ¢ â¥à¬¨ å à®áâ  ¯à®¨§¢®¤ëå ¨â¥£à « 

�®å¥à {� àâ¨¥««¨ ,   ¢ â¥à¬¨ å à®áâ  ¯à®¨§¢®¤ëå á ¬®© äãªæ¨¨ f . �«ï íâ®£®, ¨á¯®«ì§ãï
ä®à¬ã«ã �â®ªá , ¯à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ ¤«ï ª®íää¨æ¨¥â®¢ c�, ¯¥à¥¡à áë¢ ï ¯à®¨§¢®¤ë¥ á
ï¤à  �®å¥à {� àâ¨¥««¨   á ¬ã äãªæ¨î f . �à¨ íâ®¬ ¯®«ãç îâáï ¤®¯®«¨â¥«ì® ¨â¥£à -
«ë ¯® ¬®¦¥áâ¢ã � \ S. �¥¬ á ¬ë¬ ãá«®¢¨¥ (1) ¤«ï ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©
¡ã¤¥â ¡®«¥¥ ª®áâàãªâ¨¢ë¬, ç¥¬ ¢ à ¡®â å [1], [2], â. ª. ¤ áâ ¢®§¬®¦®áâì ¯à®¢¥àïâì ¥£® ¤«ï
à §«¨çëå ª« áá®¢ ª®ªà¥âëå £« ¤ª¨å äãªæ¨© á ¨§¢¥áâë¬ ¯®¢¥¤¥¨¥¬ ¯à®¨§¢®¤ëå   ¯®-
¢¥àå®áâ¨ �.

� ç «  ¯à¨¢¥¤¥¬ ä®à¬ã«ë ¤«ï ¯à®¨§¢®¤ëå ¨â¥£à «  �®å¥à {� àâ¨¥««¨ , ®¡®¡é î-
é¨¥ á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¨§ ([3], x 4, c. 34).

�ãáâì

(Mf)(z) =
Z
�

f(�)U(�; z); z 2 
�:

�¥¬¬  1. �á«¨ f 2 C1(�), â®

@Mf

@zm
=
Z
�

@f

@�m
U + (�1)n+m

nX
k=1

Z
�

@f

@�k

@g

@�k
d� ^ d� [m] +

+ (�1)n+m
nX

k=1

(�1)k
Z
�\S

f
@g

@�k
d� [k] ^ d�[m]; z 2 
n�:

�¡®§ ç¨¬ �k =
@�

@�k

1
jgrad �j

, �k = �k.

�¥¬¬  2. �ãáâì ¤«ï z =2 �

�(z) = in2n�1
Z
�

f(�)g(�; z) d�(�)

| ¯®â¥æ¨ « ¯à®áâ®£® á«®ï, â®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã« 

@�
@zm

= �

Z
�

f�mU(�; z) + in2n�1
nX

k=1

Z
�

�
�k

@

@�m
(f�k)� �m

@

@�k
(f�k)

�
g(�; z) d�(�) +

+
Z
�\S

�m�1X
k=1

(�1)n+m+k�k d�[k;m] ^ d� +
nX

k=m+1

(�1)n+m+k�1�k d�[m; k] ^ d�

�
f(�)g(�; z):

�à¥¤«®¦¥¨¥. �á«¨ � 2 C2 ¨ f 2 C2(�), â®

@Mf

@zm
=
Z
�

�
@f

@�m
� �m

nX
k=1

�k
@f

@�k

�
U(�; z) + 2n�1in

Z
�

g(�; z)And� +

+
Z
�\S

g(�; z)�m
nX

k=1

@f

@�k
Bn +

Z
�\S

nX
k=1

(�1)n+m+kf
@g

@�k
d�[k] ^ d�[m]; (2)

£¤¥

An =
nX

k;l=1

�
�l

@

@�k

� @f
@�k

�m�l

�
� �k

@

@�l

� @f
@�k

�m�l

��
;

Bn =
k�1X
l=1

(�1)k+l�l d� ^ d�[l; k] +
nX

l=k+1

(�1)k+l�1�l d� ^ d�[k; l]:
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�ãáâì f | CR-äãªæ¨ï, â. ¥. �l
@f

@�k
= �k

@f

@�l
¤«ï ¢á¥å k; l = 1; : : : ; n. �®£¤  ¢ (2) ¢â®à®¥ ¨ âà¥âì¥

á« £ ¥¬ë¥ à ¢ë ã«î, â. ª.

An =
nX

k;l=1

�l
@

@�k

�
@f

@�k
�m�l

�
�

nX
k;l=1

�l
@

@�k

�
@f

@�l
�m�k

�
=

=
nX

k;l=1

�l
@

@�k

�
�m
� @f
@�k

�l �
@f

@�l
�k

��
= 0;

Bn =
nX

k=1

k�1X
l=1

(�1)k+l
@f

@�k
�l d� ^ d�[l; k] +

nX
k=1

k�1X
l=1

(�1)k+l�1
@f

@�l
�k d� ^ d�[l; k] =

=
nX

k=1

k�1X
l=1

(�1)k+l
�
@f

@�k
�l �

@f

@� l
�k

�
d� ^ d�[l; k] = 0:

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �ãáâì � 2 C2, f 2 C2(�), f | CR-äãªæ¨ï. �®£¤ 

@Mf

@zm
=
Z
�

�
@f

@�m
� �m

nX
k=1

�k
@f

@�k

�
U(�; z) +

Z
�\S

nX
k=1

(�1)n+m+kf
@g

@�k
d�[k] ^ d�[m]; z =2 �:

�ë¡¥à¥¬ äãªæ¨î � â ª, çâ® jgrad �j � 1 ¢ ®ªà¥áâ®áâ¨ �, â. ¥. �k =
@�

@�k
,   �k =

@�

@�k
. �â® ¢á¥£¤ 

¬®¦® á¤¥« âì ¤«ï £¨¯¥à¯®¢¥àå®áâ¨ � ª« áá  C2 ([4], x 2; [5]). �¢¥¤¥¬ ®¯¥à â®à

Dm =
@

@�m
� �m

nX
k=1

�k
@

@�k
: (3)

�¥¬¬  3. �«ï CR-äãªæ¨© f á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

(Dm �Dl)(f) = (Dl �Dm)(f):

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®,

Dm �Dl =
@2

@�m@�l
� �l

nX
k=1

�k
@2

@�k@�m
�

@

@�l

�
�m

nX
k=1

�k
@

@�k

�
+ �m

nX
k=1

�kl
@

@�k
� �l

nX
k=1

�km
@

@�k
+

+ �l

nX
k=1

�k
@

@�k

�
�m

nX
s=1

�l
@

@�s

�
� �l

nX
k=1

�k�mk

nX
s=1

�s
@

@�s
+ �m

nX
k=1

�k�lk

nX
s=1

�s
@

@�s
=

= Dl �Dm + �m

nX
k=1

�
�kl

@

@�k
+ �k�lk

nX
s=1

�s
@

@�s

�
� �l

nX
k=1

�
�km

@

@�k
+ �k�mk

nX
s=1

�s
@

@�s

�
;

§¤¥áì �kl =
@2�

@�k@�l
,   �kl =

@2�

@�k@�l
.

� ª ª ª
nP

k=1

�k�k � 1 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ £¨¯¥à¯®¢¥àå®áâ¨ �, á«¥¤®¢ â¥«ì®,

@

@zs

� nP
k=1

�k�k

�
= 0 ¢ íâ®© ®ªà¥áâ®áâ¨, â. ¥.

nX
k=1

�ks�k +
nX

k=1

�k�ks = 0;
nX

k=1

�k�ks = �
nX

k=1

�ks�k:

�®£¤ 

Dm �Dl �Dl �Dm = �m

nX
k=1

�
�kl

@

@�k
� �kl�k

nX
s=1

�s
@

@�s

�
� �l

nX
k=1

�
�km

@

@�k
� �km�k

nX
s=1

�s
@

@�s

�
:
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� ª ª ª �k
@f

@�s
= �s

@f

@�k
¤«ï CR-äãªæ¨© f , â®

Dm �Dl �Dl �Dm = �m

nX
k=1

�
�kl

@

@�k
� �kl

nX
s=1

�s�s
@

@�k

�
� �l

nX
k=1

�
�km

@

@�k
� �km

nX
s=1

�s�s
@

@�k

�
=

= �m

nX
k=1

�
�kl

@

@�k
� �kl

@

@�k

�
� �l

nX
k=1

�
�km

@

@�k
� �km

@

@�k

�
= 0: �

�¥à¥©¤¥¬ ª  å®¦¤¥¨î ¯à®¨§¢®¤®© ¯à®¨§¢®«ì®£® ¯®àï¤ª  ®â ¨â¥£à «  �®å¥à {� àâ¨-
¥««¨ Mf . �ãáâì â¥¯¥àì 
 | ¥¤¨¨çë© è à á æ¥âà®¬ ¢ ã«¥.

�¥®à¥¬  2. �ãáâì � 2 C1, f 2 C1(�), f | CR-äãªæ¨ï. �®£¤ 

@�Mf
��
z=0

=
Z
�

D�(f)U(�; 0) +
1

(2�i)n

nX
k=1

(�1)n+k�1
nX

s=1

�sX
ls=1

(n+ ls + �s+1 + � � �+ �n � 2)!�

�

Z
�\S

D�1
1 � � � � �D

�s�1
s�1 �D�s�ls

s (f)�
ls+�s+1+���+�n

d �[k] ^ d�[s]: (4)

�¤¥áì

D� = D�1
1 � � � � �D�n

n ; D
�j
j = Dj � � � � �Dj| {z }

�j à §

;

Dj § ¤ ® ¢ (3), j = 1; : : : ; n:

� ª¨¬ ®¡à §®¬, ¢ ãá«®¢¨¨ (1) ª®áâ âã c� ¬®¦¥¬ ¡à âì ¨§ ä®à¬ã«ë (4).
� áá¬®âà¨¬ á«ãç © n = 1. �¢¥¤¥¬ ®¡®§ ç¥¨ï

Dm = D � � � � �D| {z }
m à §

; D =
d

d�
� �21

d

d�

| ¯à®¨§¢®¤ ï ¯® ª á â¥«ì®© ª �, �1 =
d�

d�
.

�«¥¤áâ¢¨¥ 2. �á«¨ ªà¨¢ ï � 2 C1(
), �, � | â®çª¨ ¯¥à¥á¥ç¥¨ï � á ®ªàã¦®áâìî S = @
,
f 2 C1(�), â®

dmMf

dzm

���
z=0

=
1
2�i

Z
�

Dm(f)
�

d� +
1
2�i

mX
l=1

(l � 1)!(Dm�l(f)
��
�=�

�
l
�Dm�l(f)

��
�=�

� l):

�¨â¥à âãà 
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