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�¤­¨¬ ¨§ á ¬ëå à á¯à®áâà ­¥­­ëå ¬¥â®¤®¢ ¨áá«¥¤®¢ ­¨ï á¯¥ªâà «ì­ëå á¢®©áâ¢ «¨­¥©­ëå
§ ¬ª­ãâëå ®¯¥à â®à®¢ ï¢«ï¥âáï à¥§®«ì¢¥­â­ë© ¬¥â®¤, ®á­®¢ ­­ë© ­  ¨á¯®«ì§®¢ ­¨¨ ¨­â¥£à «ì-
­®£® ¯à¥¤áâ ¢«¥­¨ï ¯à®¥ªâ®à  �¨áá  P (�;A), ¯®áâà®¥­­®£® ¯® á¯¥ªâà «ì­®¬ã ¬­®¦¥áâ¢ã � ®¯¥-
à â®à  A. �«ìâ¥à­ â¨¢­ë¬ ¬¥â®¤®¬ ¨áá«¥¤®¢ ­¨ï ï¢«ï¥âáï ¬¥â®¤ ¯®¤®¡­ëå ®¯¥à â®à®¢ ([1],
á. 93; [2], [3]), á¢®¡®¤­ë© ®â ®æ¥­®ª à¥§®«ì¢¥­âë ®¯¥à â®à  A ­  á¨áâ¥¬¥ ª®­âãà®¢, ®ªàã¦ îé¨å
á¯¥ªâà �(A). �á­®¢­ ï ¨¤¥ï ¬¥â®¤  á®áâ®¨â ¢ á«¥¤ãîé¥¬. � ¤ ­­ë© ®¯¥à â®à à áá¬ âà¨¢ -
¥âáï ª ª à §­®áâì ¤¢ãå ®¯¥à â®à®¢. �¥à¢ë© ®¯¥à â®à, á¯¥ªâà «ì­ë¥ á¢®©áâ¢  ª®â®à®£® «¥£ª®
¨§ãç âì, áç¨â ¥âáï ­¥¢®§¬ãé¥­­ë¬,   ¢â®à®©, ¬ «ë© ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¯® áà ¢­¥­¨î á ¯¥à-
¢ë¬, | ¢®§¬ãé¥­¨¥¬ ¯¥à¢®£® ®¯¥à â®à . � â¥¬ ¯à¥®¡à §®¢ ­¨¥¬ ¯®¤®¡¨ï ¢®§¬ãé¥­­ë© ®¯¥à -
â®à ¯¥à¥¢®¤¨âáï ¢ ¡®«¥¥ ¯à®áâ® ãáâà®¥­­ë© ®¯¥à â®à, á¯¥ªâà «ì­ë¥ á¢®©áâ¢  ª®â®à®£® ¡«¨§ª¨
ª á¯¥ªâà «ì­ë¬ á¢®©áâ¢ ¬ ­¥¢®§¬ãé¥­­®£® ®¯¥à â®à . �¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¨§«®-
¦¥­¨¥ ¬¥â®¤  ¯®¤®¡­ëå ®¯¥à â®à®¢ ¯à¨¬¥­¨â¥«ì­® ª ¡ ­ å®¢ë¬  «£¥¡à ¬, ¯à¨ íâ®¬ ¬¥â®¤ ­¥
¯¥à¥­®á¨âáï  ¢â®¬ â¨ç¥áª¨,   ¢®§­¨ª ¥â àï¤ ®á®¡¥­­®áâ¥©, ª®â®àë¥ ¨ ®âà ¦¥­ë ¢ ¤ ­­®© áâ -
âì¥. �à®¬¥ â®£®, ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ¯à¨¬¥­¥­¨ï ¬¥â®¤  ¢ ¡ ­ å®¢ëå  «£¥¡à å à áá¬ âà¨¢ ¥âáï
®¡ãá«®¢«¥­­®áâì ¯à®áâ®£® ¨§®«¨à®¢ ­­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ­¥á¨¬¬¥âà¨ç­®© ¬ âà¨æë.

� ¯®¬­¨¬ ­¥ª®â®àë¥ ¯®­ïâ¨ï ¨§ ¡ ­ å®¢ëå  «£¥¡à (­ ¯à., [4], á. 255). �ãáâì B | ¡ ­ å®¢ 
 «£¥¡à , ¢ ®¡é¥¬ á«ãç ¥ ­¥ª®¬¬ãâ â¨¢­ ï, á ¥¤¨­¨æ¥© e. �¯¥ªâà �(a;B) í«¥¬¥­â  a 2 B á®áâ®¨â
¨§ ¢á¥å â ª¨å ç¨á¥« � 2 C , ¤«ï ª®â®àëå í«¥¬¥­â a� �e ­¥®¡à â¨¬, ®âªàëâ®¥ ¬­®¦¥áâ¢® �(a) =
C n �(a) | à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® í«¥¬¥­â  a, äã­ªæ¨ï R(�; a) : �(a) ! B, R(�; a) = (�e �
a)�1, � 2 �(a) | à¥§®«ì¢¥­â  í«¥¬¥­â  a. �«¥¬¥­âë a1; a2 2 B ­ §ë¢ îâáï ¯®¤®¡­ë¬¨, ¥á«¨
áãé¥áâ¢ã¥â â ª®© ®¡à â¨¬ë© í«¥¬¥­â u 2 B, çâ® a1u = ua2. �ç¥¢¨¤­®, ¯®¤®¡­ë¥ í«¥¬¥­âë
¨¬¥îâ ®¤¨­ ª®¢ë© á¯¥ªâà.

�ãáâì a 2 B | å®à®è® ¨§ãç¥­­ë© í«¥¬¥­â, ­ §ë¢ ¥¬ë© ¤ «¥¥ ­¥¢®§¬ãé¥­­ë¬, ¨ b 2 B
¯à¨­ ¤«¥¦¨â ­¥ª®â®à®¬ã ¯®¤¬­®¦¥áâ¢ã M � B. � ª ¦¥, ª ª ¢ [1], [2], ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âì-
áï  ªá¨®¬ â¨ç¥áª®£® ¯®¤å®¤  ¯à¨ ¨§ãç¥­¨¨ á¯¥ªâà «ì­ëå á¢®©áâ¢ ¢®§¬ãé¥­­ëå í«¥¬¥­â®¢ ¨§
 «£¥¡àë B.

�¯à¥¤¥«¥­¨¥ 1. �ãáâì M | ¯®¤¯à®áâà ­áâ¢® ¨§ B, J : M ! M , � : M ! B | «¨­¥©­ë¥
®¯¥à â®àë. �à®©ªã (M;J;�) ­ §®¢¥¬ ¤®¯ãáâ¨¬®© ¤«ï í«¥¬¥­â  a 2 B, ¥á«¨

1) M | ¡ ­ å®¢® ¯à®áâà ­áâ¢® á® á¢®¥© ­®à¬®© ¨ kxkM � const kxk 8x 2M ;
2) J ¨ � | ­¥¯à¥àë¢­ë¥ «¨­¥©­ë¥ ®¯¥à â®àë;
3) a�x� �xa = x� Jx 8x 2M ;
4) x�y; (�x)y 2 M 8x; y 2 M ¨ áãé¥áâ¢ã¥â ç¨á«® 
 > 0 â ª®¥, çâ® k�k � 
, maxfkx�ykM ,

k(�x)ykMg � 
kxkMkykM ;
5) ¥á«¨ J | ¯à®¥ªâ®à, â. ¥. J2 = J , â® Ker J = Im�, Ker � = Im J , £¤¥ KerJ = fx2M :Jx = 0g,

ImJ = fJx; x 2Mg.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò04-01-00141).
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� ä¨ªá¨àã¥¬ ­¥ª®â®àãî ¤®¯ãáâ¨¬ãî âà®©ªã ¤«ï í«¥¬¥­â  a ¨ ¡ã¤¥¬ ¨áª âì ®¡à â¨¬ë©
í«¥¬¥­â u = e+ �x á â¥¬, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢®

(a� b)(e +�x) = (e+ �x)(a� Jx); (1)

£¤¥ b 2 M ¨ x 2M | ¯®¤«¥¦ é¨© ®¯à¥¤¥«¥­¨î í«¥¬¥­â. �®£¤  ¨§ à ¢¥­áâ¢  (1) á ãç¥â®¬ ¯. 3)
®¯à¥¤¥«¥­¨ï 1 á«¥¤ã¥â, çâ® í«¥¬¥­âë a� b ¨ a� Jx ¯®¤®¡­ë, ¥á«¨ x ¥áâì à¥è¥­¨¥ à áá¬ âà¨¢ -
¥¬®£® ¢ M ãà ¢­¥­¨ï

x = b�x� �xJx+ b: (2)

� á«ãç ¥, ¥á«¨ J | ¯à®¥ªâ®à, â®, ¯à¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ à ¢¥­áâ¢  (2) ®¯¥à â®à J ¨ ãç¨âë¢ ï
¯. 5) ®¯à¥¤¥«¥­¨ï 1, ¯®«ãç ¥¬ ¤«ï ­¥¨§¢¥áâ­®£® í«¥¬¥­â  x ¥é¥ ®¤­® ãà ¢­¥­¨¥

x = b�x� �xJb� �xJ(b�x) + b: (3)

�®«ãç¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ­¥«¨­¥©­ëå ãà ¢­¥­¨© (2) ¨ (3).
�ãáâì T � B | ­¥ª®â®à®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® í«¥¬¥­â®¢ ¨§ ¡ ­ å®¢®©  «£¥¡àë B ¨ kxk

| ­®à¬  í«¥¬¥­â  x ¢ T . � áá¬®âà¨¬ ¤¢  «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à  L : T ! T ¨
Q : T ! T ¨ f; f1 | ­¥ª®â®àë¥ í«¥¬¥­âë ¨§ T . � áá¬®âà¨¬ ¢ T ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥

x = fLx+ Lxf1 + LxQx+ f = �(x): (4)

� ¯®¬®éìî ¯à¨­æ¨¯  á¦¨¬ îé¨å ®â®¡à ¦¥­¨© ([5], á. 671) ¨áá«¥¤ã¥¬ ¢®¯à®á à §à¥è¨¬®áâ¨
ãà ¢­¥­¨ï (4). �ãáâì B(0; R) | è à á æ¥­âà®¬ ¢ ­ã«¥ ¨ à ¤¨ãá®¬ R = rkfk, x 2 B(0; R),
kxk � rkfk. �®£¤  ¢ á¨«ã (4)

kxk � kfk � �kLk � kfkr + kLk � kf1kr + kLk � kQk � kfkr2 + 1
�
:

�«¥¤®¢ â¥«ì­®, è à B(0; R) ¯¥à¥¢®¤¨âáï ®â®¡à ¦¥­¨¥¬ � ¢ á¥¡ï, ¥á«¨

kLk � kQk � kfkr2 + �kLk � kfk+ kLk � kf1k � 1
�
r + 1 � 0: (5)

�ë¯¨è¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ®â®¡à ¦¥­¨¥ � : T ! T ¡ã¤¥â á¦¨¬ îé¨¬ ¢ è à¥ B(0; R),
k�(x)� �(y)k � kx� yk � q;

£¤¥

q = kfk � kLk+ kf1k � kLk+ 2kLk � kQk � r � kfk < 1: (6)

�¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï r, ­ ©¤¥­­ëå ª ª à¥è¥­¨¥ ª¢ ¤à â­®£® ­¥à ¢¥­áâ¢  (5), ãá«®¢¨¥ (6)
¢ë¯®«­ï¥âáï.

�â ª, á¯à ¢¥¤«¨¢ 

�¥¬¬  1. �ãáâì ®¯¥à â®àë L, Q, í«¥¬¥­âë f , f1 ¨ ç¨á«® r â ª®¢ë, çâ® ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢® (5). �®£¤  ãà ¢­¥­¨¥ (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� ¢ è à¥ B(0; rkfk), ¨ ®­®

¬®¦¥â ¡ëâì ­ ©¤¥­® ¬¥â®¤®¬ ¯à®áâëå ¨â¥à æ¨©, £¤¥ x(0) = 0, x(1) = f , x(2) = �(x(1)); : : : ,
x(k+1) = �(xk), k = 1; : : : ; n, ¯à¨ç¥¬

kx� � x(n)k � qn

1� q
kfk:

�¥®à¥¬  1. �«¥¬¥­âë a� b ¨ a� Jx� ¯®¤®¡­ë, ¥á«¨
1) kbkM
kJk < 3� 2

p
2 ¨ x� | à¥è¥­¨¥ ãà ¢­¥­¨ï (2);

2) kbkM
kJk < 1=4 ¨ x� | à¥è¥­¨¥ ãà ¢­¥­¨ï (3).
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�®ª § â¥«ìáâ¢®. � ª ª ª áå¥¬  ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥­¨© 1) ¨ 2) ®¤¨­ ª®¢ , â® ¤®ª -
¦¥¬ ãâ¢¥à¦¤¥­¨¥ 2). � ¤ ­­®¬ á«ãç ¥ ­¥à ¢¥­áâ¢® (5) ¨¬¥¥â ¢¨¤


2kJk � kbk2r2 + (kbk
 + 
kJk � kbk � 1)r + 1 � 0:

�¡®§­ ç¨¢ kbk � 
 � kJk = ", ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® "2r2+(2"� 1)r+1 � 0, áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨©
ª®â®à®£® ®¡¥á¯¥ç¨¢ ¥â ãá«®¢¨¥ (2"� 1)2 � 4"2 > 0, ¨«¨ " < 1

4
. �áâ «®áì ¯à¨¬¥­¨âì «¥¬¬ã 1.

� ®¡é¥¬ á«ãç ¥ í«¥¬¥­â x� ¬®¦¥â ¡ëâì ­ ©¤¥­ ¬¥â®¤®¬ ¯à®áâëå ¨â¥à æ¨©, ¥á«¨ ¢ ª ç¥áâ¢¥
­ã«¥¢®£® ¯à¨¡«¨¦¥­¨ï à áá¬ âà¨¢ âì ­ã«¥¢®© í«¥¬¥­â.

�ãáâì á¯¥ªâà �(a;B) ­¥¢®§¬ãé¥­­®£® í«¥¬¥­â  a ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥ �(a;B) = �1 [ �2, £¤¥ �1
ª®­¥ç­®, �1 \ �2 = ; ¨ �2 6= ;. �¨¬¢®«®¬ p1 ®¡®§­ ç¨¬ ¨¤¥¬¯®â¥­â, ®¯à¥¤¥«¥­­ë© ä®à¬ã«®©

p1 =
1
2�i

Z



R(�; a) d�;

£¤¥ 
 | á¯àï¬«ï¥¬ë© ¦®à¤ ­®¢ ª®­âãà, ®ªàã¦ îé¨© ¬­®¦¥áâ¢® �1, ¨ p2 = e � p1. �ç¥¢¨¤­®,
çâ® p1, p2 ­¥®¡à â¨¬ë ¢ B. � ¯®¬®éìî ¨¤¥¬¯®â¥­â®¢ p1 ¨ p2 ª ¦¤ë© í«¥¬¥­â x 2 B ¯à¥¤áâ ¢¨¬
¢ ¢¨¤¥ x = p1xp1 + p2xp1 + p1xp2 + p2xp2 =

P
i;j=1;2

xij , £¤¥ xij = pixpj. � ª¨¬ ®¡à §®¬,  «£¥¡à 

B ¥áâì ¯àï¬ ï áã¬¬  § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ Bij = fx 2 B : pixpj = xg ¨ Mij = Bij \M ,
i; j = 1; 2. �â¬¥â¨¬, çâ® ¯®¤¯à®áâà ­áâ¢  Bii, i = 1; 2, ï¢«ïîâáï ¯®¤ «£¥¡à ¬¨ á ¥¤¨­¨æ ¬¨
e1 = p1 ¨ e2 = p2 á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ xy = yx = 0 8x 2 B11, y 2 B22, ¯®íâ®¬ã ¯®¤ «£¥¡àë
B11 ¨ B22 ®¡à §ãîâ ¯àï¬ãî áã¬¬ã B11 � B22 = B0 � B. �«¥¤®¢ â¥«ì­®,  «£¥¡à  B ¨§®¬®àä­ 
 «£¥¡à¥ ¬ âà¨æ ¢â®à®£® ¯®àï¤ª , £¤¥ xii = pixpi, i = 1; 2, | í«¥¬¥­âë ¯®¤ «£¥¡à Bii, i = 1; 2, ¨
x12 = p1xp2, x21 = p2xp1 | í«¥¬¥­âë ¯®¤¯à®áâà ­áâ¢ B12 ¨ B21 á®®â¢¥âáâ¢¥­­®, ¥á«¨ ¨§®¬®àä¨§¬
§ ¤ ­ ä®à¬ã«®©

N : x 7!
�
x11 x12
x21 x22

�
;

¯à¨ç¥¬ ¬®¦­® ¯®«®¦¨âì kNxk2 = kxk, â. ¥. ­®à¬ã ¬ âà¨æë í«¥¬¥­â  x 2 B áç¨â ¥¬ à ¢­®©
­®à¬¥ í«¥¬¥­â  x ¢  «£¥¡à¥ B.

�¥¬¬  2. �ãáâì x = x1+x2 2 B0, x1 2 B11, x2 2 B22. �®£¤  �(x;B) = �(x1; B11)[�(x2; B22).

�â¢¥à¦¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ â®£®, çâ® í«¥¬¥­â x 2 B0 ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®¡à â¨¬ë í«¥¬¥­âë x1 ¨ x2 ¢ á¢®¨å ¯®¤ «£¥¡à å.

�¥à¥©¤¥¬ ª ¯®áâà®¥­¨î «¨­¥©­ëå ®¯¥à â®à®¢ J :M !M ¨ � :M ! B. �ãáâì

Jx = p1xp1 + p2xp2; x 2M;

â. ¥. ®¯¥à â®à J ®áãé¥áâ¢«ï¥â ¤¨ £®­ «¨§ æ¨î ¬ âà¨æë í«¥¬¥­â  x ¨ J2 = J . �¯¥à â®à � ®¤­®-
§­ ç­® ®¯à¥¤¥«ï¥âáï ¢ ¯. 3) ®¯à¥¤¥«¥­¨ï 1. �®«®¦¨¬ y = �x, â®£¤  y ¥áâì à¥è¥­¨¥ à áá¬ âà¨-
¢ ¥¬®£® ¢ B ãà ¢­¥­¨ï

ay � ya = x21 + x12; (7)

ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î Jy = 0. �«¥¤®¢ â¥«ì­®, y11 = y22 = 0 ¨ ãà ¢­¥­¨¥ (7) íª¢¨¢ «¥­â­®
á¨áâ¥¬¥ ãà ¢­¥­¨©

a11y12 � y12a22 = x12;

a22y21 � y21a11 = x21:

�§ ([6], £«. 1) á«¥¤ã¥â, çâ® ª ¦¤®¥ ¨§ íâ¨å ãà ¢­¥­¨© ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

y21 = � 1
4�2

Z

2

Z

1

R(�; a22)x21R(�; a11)
�� �

d� d�;

y12 = � 1
4�2

Z

2

Z

1

R(�; a11)x12R(�; a22)
�� �

d� d�;
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£¤¥ 
1 ¨ 
2 |¦®à¤ ­®¢ë á¯àï¬«ï¥¬ë¥ ª®­âãàë, ®ªàã¦ îé¨¥ ¢§ ¨¬­® ­¥¯¥à¥á¥ª îé¨¥áï ®¡« -
áâ¨ G1 ¨ G2, ª®â®àë¥ á®¤¥à¦ â ¬­®¦¥áâ¢  �1 ¨ �2, ¨ R| à¥§®«ì¢¥­â  í«¥¬¥­â  aii ª ª í«¥¬¥­â 
¯®¤ «£¥¡àë Bii, i = 1; 2. � ª¨¬ ®¡à §®¬, ¬ âà¨æ  í«¥¬¥­â  y = �x ¯®áâà®¥­ , ¨ ®¯¥à â®à � ®¯à¥-
¤¥«¥­.

� áá¬®âà¨¬ ç áâ­ë© á«ãç ©, ª®£¤  �1 = f�1g | ®¤­®â®ç¥ç­®¥ ¬­®¦¥áâ¢®.

�¯à¥¤¥«¥­¨¥ 2. �§®«¨à®¢ ­­ ï â®çª  á¯¥ªâà  �1 2 �(a) ­ §ë¢ ¥âáï ¯®«ã¯à®áâ®©, ¥á«¨
ap1 = �1p1, ¨ ¯à®áâ®©, ¥á«¨ ¯®¤ «£¥¡à  B11 ®¤­®¬¥à­ , â. ¥. ¢á¥ í«¥¬¥­âë ªà â­ë ¨¤¥¬¯®â¥­âã p1.

� ç áâ­®áâ¨, ®¤­®¬¥à­®áâì  «£¥¡àë B11 ¢«¥ç¥â ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  p1xp1 = �(x)p1, £¤¥
� : B ! C | «¨­¥©­ë© äã­ªæ¨®­ «, ¯à¨ç¥¬, ®ç¥¢¨¤­®, k�k � kp1k. � ¤ «ì­¥©è¥¬ íâ®â äã­ª-
æ¨®­ « ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¢ ®æ¥­ª å ®âª«®­¥­¨ï á¯¥ªâà  ­¥¢®§¬ãé¥­­®£® í«¥¬¥­â  ®â ¢®§-
¬ãé¥­­®£®.

�ãáâì �1 | ¯®«ã¯à®áâ ï â®çª  á¯¥ªâà  ­¥¢®§¬ãé¥­­®£® í«¥¬¥­â  a. T®£¤  ­¥¯®áà¥¤áâ¢¥­­®©
¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® ®¯¥à â®à � ¨¬¥¥â ¢¨¤ �x = p1xs � sxp1, x 2 M , £¤¥ í«¥¬¥­â
s 2 B ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ sp1 = p1s = 0, (�1e2 � a22)s = s(�1e2 � a22) = e2, â. ¥.

í«¥¬¥­â s ¨¬¥¥â ¬ âà¨æã Ns ¢¨¤ 
�
0 0
0 (�1e2�a22)

�1

�
, ¨ ksk = k(�1e� a22)k�1.

�§ ãà ¢­¥­¨ï (3), ã¬­®¦ ï ®¡¥ ç áâ¨ ¥£® á«¥¢  ¨ á¯à ¢  ­  ¨¤¥¬¯®â¥­âë p1, p2, ¯®«ãç¨¬
á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï ¬ âà¨æë ¨áª®¬®£® í«¥¬¥­â  x:

x11 = b12�x21 + b11; (8)

x21 = b22�x21 � (�x21)b11 � (�x21)b12�x21 + b21; (9)

x12 = b11�x12 � (�x12)b22 � (�x12)b21�x12 + b12; (10)

x22 = b21�x12 + b22: (11)

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï. �¥à¥§ eb22 ®¡®§­ ç¨¬ ­ ¨¡®«ìèãî ¨§ ­®à¬ ®¯¥à â®à®¢ x 7!
(�x)b22 : M12 ! M12, x 7! b22�x : M21 ! M21, á¨¬¢®« ¬¨ eb12 ¨ eb21 | á®®â¢¥âáâ¢¥­­® ­®à¬ë
®¯¥à â®à®¢ x 7! b12�x :M21 !M11, x 7! b21�x :M12 !M22.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï


kb11k+ eb22 + 2(eb12kb21k
)1=2 < 1; (12)


kb11k+ eb22 + 2(eb21kb12k
)1=2 < 1: (13)

�®£¤  ª ¦¤®¥ ¨§ ãà ¢­¥­¨© (9), (10) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ª®â®à®¥ ¬®¦­® ­ ©â¨ ¬¥-

â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©, ®â¯à ¢«ïïáì ®â ­ã«¥¢®£® í«¥¬¥­â , ¯à¨ç¥¬

kx21k � 2kb21k(1� (
kb11k+ eb22) +  1)
�1 = g1;

kx12k � 2kb12k(1� (
kb11k+ eb22) +  2)�1 = g2;

£¤¥

 1 = ((1� 
kb11k � eb22)� 4eb21kb12k
)1=2;
 2 = ((1 � 
kb11k � eb22)� 4eb12kb21k
)1=2:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬, ­ ¯à¨¬¥à, ãà ¢­¥­¨¥ (9). �«ï ­¥£® ãá«®¢¨¥ (5) ¨¬¥¥â ¢¨¤

eb12
kb21kr2 + �eb22 + 
kb11k � 1
�
r + 1 � 0:

�®£¤  ãá«®¢¨¥ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨© ¤«ï ­¥£® ¥áâì ãá«®¢¨¥ (12). �à¨¬¥­ïï «¥¬¬ã 1, ¯®«ãç ¥¬,
çâ® ãà ¢­¥­¨¥ (9) à §à¥è¨¬® ¨ ¤«ï ¥£® à¥è¥­¨ï (¯à¨ n = 0) ¨¬¥¥¬ ¯à¨¢¥¤¥­­ãî ¢ëè¥ ®æ¥­ªã.

� ¬¥ç ­¨¥. �ë¯®«­¥­¨¥ ãá«®¢¨© (12), (13) £ à ­â¨àã¥â ¯®¤®¡¨¥ ¢®§¬ãé¥­­®£® í«¥¬¥­â 
a� b í«¥¬¥­âã a� x11 � x22.
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�¥¯¥àì, ®¡« ¤ ï ¯à¨¡«¨¦¥­¨ï¬¨ ¤«ï x11 ¨ x22, ¬®¦­® ¯®«ãç¨âì ¨­ä®à¬ æ¨î ® á¯¥ªâà¥
¢®§¬ãé¥­­®£® í«¥¬¥­â  a� b.

�à¥¤áâ ¢¨¬ í«¥¬¥­â ea11 = a11�x11 ¢ ¢¨¤¥ a11�b11�(x11�b11). �ãáâì �(a11�b11; B11) ¨§¢¥áâ¥­,
â®£¤  ¨§ (8), (9) á«¥¤ã¥â, çâ® �(ea11; B11) � C n V ,

V = f� 2 �(a11 � b11) : ka11 � b11 � �1e1k�1eb12g1 < 1g:
�­ «®£¨ç­ãî ®æ¥­ªã ¬®¦­® ¢ë¯¨á âì ¤«ï �(a22 � x22; B22).

� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  �1 | ¯®«ã¯à®áâ ï â®çª  á¯¥ªâà . �®£¤  ãà ¢­¥­¨ï (8), (9)
¯à¥¢à âïâáï ¢ ãà ¢­¥­¨ï

x11 = b11 � b12sx21; (14)

x21 = �b22sx21 + sx21b11 � sx21b12sx21 + b21: (15)

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

ksk kb11k+ eb22 + 2(eb12kb21k � ksk)1=2 < 1; (16)

£¤¥ á¨¬¢®«®¬ eb22 ®¡®§­ ç¥­  ­®à¬  ®¯¥à â®à  x 7! b22sx : M21 ! M21,   á¨¬¢®«®¬ eb12 | ­®à¬ 

®¯¥à â®à  x 7! b12sx :M21 !M11. �®£¤  ãà ¢­¥­¨¥ (15) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ª®â®à®¥

¬®¦­® ­ ©â¨ ¬¥â®¤®¬ ¯à®áâëå ¨â¥à æ¨©, ¯à¨ç¥¬

kx21k < g1; kx11 � b11k � eb12g1;
£¤¥ g1 = 2kb21k(1 � (ksk kb11k+ eb22) +  1)�1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2.
�ãáâì �1 | ¯à®áâ ï â®çª  á¯¥ªâà  �(a11; B11), ¨ � | â®çª  á¯¥ªâà  ¢®§¬ãé¥­­®£® í«¥¬¥­â 

a� b. �®£¤  ¨§ (14) á«¥¤ã¥â �(x) = �(b)� �(bsx),

j�� �1j � kb11k+ eb12g1
kp1k � j�(b)j +

eb12g1
kp1k ; (17)

j�� �1 + �(b)j �
eb12g1
kp1k : (18)

�¡®§­ ç¨¬ ç¥à¥§ Matr C n  «£¥¡àã ª®¬¯«¥ªá­ëå ¬ âà¨æ à §¬¥à  n� n. � áá¬®âà¨¬  «£¥¡àã
C = C(K;Matr C n) ­¥¯à¥àë¢­ëå ­  ª®¬¯ ªâ¥ K äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢  «£¥¡à¥ Matr C n ,
­®à¬®© k'k = max

t2K
k'(t)k ¨ ã¬­®¦¥­¨¥¬ (fg)(t) = f(t)g(t) 8f; g 2 C(K;Matr C n). �¤¨­¨ç­ë¬

í«¥¬¥­â®¬ â ª®©  «£¥¡àë á«ã¦¨â äã­ªæ¨ï e(t) � E, £¤¥ E | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¤«ï ¢á¥å
t 2 K.

�ãáâì a| ­¥¢®§¬ãé¥­­ë© í«¥¬¥­â  «£¥¡àë C = C(K;Matr C n ), �(a;C) = �1[�2, �1\�2 = ;
¨ �1, �2 | ­¥¯ãáâë¥ ¬­®¦¥áâ¢ . �¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ 2 ¨ 3 á«¥¤ã¥â

�¥®à¥¬  4. �ãáâì ¢®§¬ãé¥­¨¥ b 2 C(K;Matr C n) â ª®¥, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï (12),
(13). �®£¤  ¢®§¬ãé¥­­ë© í«¥¬¥­â a � b ¯®¤®¡¥­ í«¥¬¥­âã a � x11 � x22, £¤¥ x11 = p1xp1 ¨

x22 = p2xp2 áãâì à¥è¥­¨ï ãà ¢­¥­¨© (8) ¨ (11) á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ �(a;C) = �(a11 �
x11; C11) [ �(a22 � x22; C22) ¨ �(a11 � x11; C11) � C n V1,

V1 = f� 2 �(a11 � b11) : ka11 � b11 � �e1k�1eb12g1 < 1g;
�(a22 � x22; C22) � C n V2,

V2 = f� 2 �(a22 � b22) : ka22 � b22 � �e2k�1eb21g2 < 1g:
�®«¥¥ â®£®, ¥á«¨ �1 | ¯à®áâ ï â®çª  á¯¥ªâà  ­¥¢®§¬ãé¥­­®£® í«¥¬¥­â , â® ¤«ï â®çª¨ á¯¥ª-

âà  � ¢®§¬ãé¥­­®£® í«¥¬¥­â  ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ (17), (18).
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�à¨¬¥­¨¬ â¥®à¥¬ã 4 ª ¢®¯à®áã ®¡ãá«®¢«¥­­®áâ¨ ¯à®áâ®£® ¨§®«¨à®¢ ­­®£® á®¡áâ¢¥­­®£® §­ -
ç¥­¨ï ¬ âà¨æë A0 = (aij). �á«¨ ¬ âà¨æ  A0 ¢§ïâ  ¨§ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨, ®¯¨áë¢ îé¥©
à¥ «ì­ë© ¯à®æ¥áá, â® ç¨á«  aij , i; j = 1; : : : ; n, ®¡ëç­® ¨§¢¥áâ­ë á ­¥ª®â®à®© ­¥ãáâà ­¨¬®© ¯®-
£à¥è­®áâìî. �à®¬¥ â®£®, ¯à¨ ¯à¨¬¥­¥­¨¨ «î¡®£® ç¨á«¥­­®£®  «£®à¨â¬  ­ å®¦¤¥­¨ï á®¡áâ¢¥­-
­ëå §­ ç¥­¨© â ª¦¥ ¢­®á¨âáï ¢ëç¨á«¨â¥«ì­ ï ¯®£à¥è­®áâì. �®íâ®¬ã  ªâã «ì­ë¬ ï¢«ï¥âáï
¢®¯à®á ®¡ãá«®¢«¥­­®áâ¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©, â. ¥. ­ áª®«ìª® ­ ©¤¥­­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥
¡«¨§ª® ª ¨áâ¨­­®¬ã.

�ãáâì A"
0 | ­¥ª®â®à®¥ ¢®§¬ãé¥­¨¥ ¬ âà¨æë A0 â ª®¥, çâ® kA"

0 �A0k < ", �" | á®¡áâ¢¥­­®¥
§­ ç¥­¨¥ ¢®§¬ãé¥­­®© ¬ âà¨æë A"

0, � | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ­¥¢®§¬ãé¥­­®© ¬ âà¨æë A0. �
¢ëç¨á«¨â¥«ì­®© ¬ â¥¬ â¨ª¥ è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¨¬¥¥â ®æ¥­ª  ([7], á. 310; [8])

j�� �"j � k(�)"+O("2); (19)

£¤¥ k(�) | «®ª «ì­®¥ ç¨á«® ®¡ãá«®¢«¥­­®áâ¨ á®¡áâ¢¥­­®£® §­ ç¥­¨ï �, ¯à¨ç¥¬ k(�) ¢ á«ãç ¥ ¯à®-
áâ®âë á®¡áâ¢¥­­®£® §­ ç¥­¨ï � ¥áâì ¢¥«¨ç¨­ , ®¡à â­ ï ª®á¨­ãáã ã£«  ¬¥¦¤ã «¥¢ë¬ ¨ ¯à ¢ë¬
á®¡áâ¢¥­­ë¬¨ ¢¥ªâ®à ¬¨. �¥£ª® ¬®¦­® ¯®ª § âì, çâ® ¢ íâ®¬ á«ãç ¥ k(�) ¥áâì ­®à¬  ®àâ®¯à®¥ª-
â®à  ­  á®®â¢¥âáâ¢ãîé¥¥ ®¤­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢®. �â¬¥â¨¬, çâ® ä®à¬ã«  (19) íää¥ªâ¨¢­ 
â®«ìª® ¯à¨ " � "0, £¤¥ "0 § ¢¨á¨â ®â à á¯®«®¦¥­¨ï ¨ ®¡ãá«®¢«¥­­®áâ¨ ®áâ «ì­ëå á®¡áâ¢¥­­ëå
§­ ç¥­¨© ¨ ¬®¦¥â ®ª § âìáï ¯à ªâ¨ç¥áª¨ ­ã«¥¬. �¨¦¥ ãâ®ç­¨¬ ä®à¬ã«ã (19) ¢ á«ãç ¥ ¯à®áâ®£®
á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¨ ãª ¦¥¬ ä®à¬ã«ã ¤«ï ­ å®¦¤¥­¨ï "0.

� ¤ ¤¨¬ ª®¬¯ ªâ

K =
nY

i;j=1

[��ij ; �ij ];

£¤¥ �ij > 0; ¨«¨K = [��11; �11]�[��12; �12]�� � ��[��nn; �nn], â. ¥.K ¥áâì ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ n2

®âà¥§ª®¢ [��ij ; �ij ], i; j = 1; : : : ; n. �ãáâì F : K ! Matr C n , F (t) = (fij(t)), ¯®«®¦¨¬

kFk = kF (t)kMatr Cn = max
t2K

� nX
i;j=1

f 2ij(t)
� 1

2

: (20)

� áá¬®âà¨¬ äã­ªæ¨î A(t) 2 C(K;Matr C n), ®¯à¥¤¥«ï¥¬ãî ä®à¬ã«®© A(t) = A0(t) � �(t), £¤¥

�(t) = (tij), tij 2 [��ij ; �ij ], A0(t) � A0. �ç¥¢¨¤­®, k�k �
� nP
i;j=1

�2ij

� 1

2

. �¨á«  �ij å à ªâ¥à¨§ãîâ

¬ ªá¨¬ «ì­® ¢®§¬®¦­ãî ¯®£à¥è­®áâì § ¤ ­¨ï ç¨á«  aij , �ij = 0, ¥á«¨  ¯à¨®à¨ ¨§¢¥áâ­®, çâ® íâ®
ç¨á«® § ¤ ­® â®ç­®. �¤¥áì ¯à®¡«¥¬  ®¡ãá«®¢«¥­­®áâ¨ á¢®¤¨âáï ª ­ å®¦¤¥­¨î á¯¥ªâà  í«¥¬¥­â 
A(t), t 2 K, ¨§ ¡ ­ å®¢®©  «£¥¡àë C(K;Matr C n).

�ãáâì �1 | ¨§®«¨à®¢ ­­ ï ¯®«ã¯à®áâ ï â®çª  á¯¥ªâà  ¯®áâ®ï­­®© äã­ªæ¨¨A0. �®£¤  äã­ª-
æ¨ï P1(t) = P1 â ª¦¥ ï¢«ï¥âáï ¯®áâ®ï­­®© ¨ ®¯à¥¤¥«ï¥âáï ¨§ à ¢¥­áâ¢  A0P1 = �1P1.

�¥®à¥¬  5. �ãáâì ª®¬¯ ªâ K â ª®¢, çâ® ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (16) ®â­®á¨â¥«ì­® ­®à¬ë,
®¯à¥¤¥«ï¥¬®© ä®à¬ã«®© (20). �®£¤  �(A11; C11) � C n V ,

V = f� 2 �(�1P1 � P1�P1) : k�1P1 � P1�P1 � �P1k�1 � eb12g1 < 1g:
�®«¥¥ â®£®, ¥á«¨ �1 | ¯à®áâ ï ¨§®«¨à®¢ ­­ ï â®çª  á¯¥ªâà  ¯®áâ®ï­­®© äã­ªæ¨¨ A0, â®

j�� �1j � k�11k
kP1k +

eb12g1
kP1k ;

¨«¨

j�� �1j � j�(�)j +O(kP1�P2k � kP2�P1k): (21)
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� ª ª ª k�(�)k � j�j � k�k � kp1k � k�k, â® ¨§ (21) ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®
j�� �1j � kp1k � k�k+O(kP1�P2k � kP2�P1k) � "kp1k+O(kP1�P2k � kP2�P1k):

Oæ¥­ª  (21) â®ç­¥¥ ®æ¥­ª¨ (19), ¯®â®¬ã çâ® ¢ (21) ãç¨âë¢ îâáï ¨¬¥­­® ­®à¬ë ¡«®ª®¢ ¢®§¬ãé¥-
­¨ï, § ¤ ¢ ¥¬®£® äã­ªæ¨¥© �, ¨ ¯®ª § ­®, çâ® ¢¥¤ãéãî à®«ì ¢ ®æ¥­¨¢ ­¨¨ ¡«¨§®áâ¨ ­ ©¤¥­­®£®
á®¡áâ¢¥­­®£® §­ ç¥­¨ï ª ¨áâ¨­­®¬ã ¨£à ¥â ­®à¬  ¡«®ª  �11 ¨«¨ ¦¥ ¢®§¬®¦­ ï ¯®£à¥è­®áâì ¢
§ ¤ ­¨¨ í«¥¬¥­â®¢ ¡«®ª  P1AP1 ¨§¢¥áâ­®© ¬ âà¨æë A0.

� ¬¥ç ­¨¥. �¥à ¢¥­áâ¢® (16) ¤ ¥â §­ ç¥­¨¥ "0, ¤«ï ª®â®à®£® ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ (19), (21).
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