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1. � ¤ ç  �ãàá 

�à ¢¥¨¥

uxy +
�

x+ y
uy = 0; 0 < � < 1; (1.1)

à áá¬®âà¨¬   ¬®¦¥áâ¢¥ G = G� [G+, £¤¥

G� = f(x; y) j �h < x < 0; �x < y < hg; G+ = f(x; y) j 0 < x < h; 0 < y < h� xg:

�®¤®¡® â®¬ã, ª ª íâ® á¤¥« ® ¢ ([1], á. 67{68), ¢ ¤ ®© áâ âì¥ ¬¥â®¤®¬ �¨¬   ¤«ï ãà ¢¥-
¨ï (1.1) ¢ ®¡« áâïå G� ¨ G+ ¤®ª § ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  1. �á«¨

u(x; h) = !(x) 2 C[�h;0] \ C
1
(�h;0); (1.2)

u(0; y) = '(y) 2 C1
[0;h]; (1.3)

!(0) = '(h) = 0, â® § ¤ ç  �ãàá  ¢ ®¡« áâ¨ G� ¤«ï ãà ¢¥¨ï (1:1) á ¤ ë¬¨ (1:2), (1:3) ¨¬¥¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥

u(x; y) = !(x)�
Z h

y

'0(s)s�(x+ s)��ds; (1.4)

¯à¨ íâ®¬ u(x; y) 2 C(G�).

�¥®à¥¬  2. �á«¨

u(x; 0) =  (x) 2 C[0;h] \ C
1
(0;h); (1.5)

 (0) = '(0) = 0, â® § ¤ ç  �ãàá  ¢ ®¡« áâ¨ G+ ¤«ï ãà ¢¥¨ï (1:1) á ¤ ë¬¨ (1:3), (1:5) ¨¬¥¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥

u(x; y) =  (x) �
Z y

0

'0(s)s�(x+ s)��ds; (1.6)

¯à¨ íâ®¬ u(x; y) 2 C(G+).
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2. � à ªâ¥à¨áâ¨ç¥áª¨© ¯à¨æ¨¯ «®ª «ì®£® íªáâà¥¬ã¬ 

�ãáâì

v�(x; y) =
@

@x

Z x

�y

(x� t)��1(�t)r1u(t; y)dt;

£¤¥ 0 < �1 < 1, �1 < r1, äãªæ¨ï u(t; y) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (1.4).

�¥¬¬  1. �á«¨ äãªæ¨ï u(x; y) 2 C(G�) â ª®¢ , çâ® u(0; y) = '(y) ¤®áâ¨£ ¥â  ¨¡®«ìè¥£®

¯®«®¦¨â¥«ì®£® ( ¨¬¥ìè¥£® ®âà¨æ â¥«ì®£®) § ç¥¨ï ¢ â®çª¥ �, 0 < � < h, ¯à¨ íâ®¬

u(x; h) � 0, £¤¥ u(x; h) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (1:2), â® lim
x!0�0

v�(x; �) < 0 (> 0).

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì ä®à¬ã«®© (1.4),  å®¤¨¬

v�(x; y) =
@

@x

� Z x

�y

!(t)(x� t)��1(�t)r1dt�
Z x

�y

(x� t)��1(�t)r1dt
Z h

y

'0(s)s�(t+ s)��ds
�
: (2.1)

�¥à¢®¥ á« £ ¥¬®¥ ¢ëà ¦¥¨ï, áâ®ïé¥£® ¢ áª®¡ª å, ¨â¥£à¨àã¥¬ ¯® ç áâï¬, ¯®« £ ï U = !(t),

V = V (x; t) =
Z x

t

(x� s)��1sr1ds: (2.2)

�® ¢â®à®¬ á« £ ¥¬®¬ ¢ áª®¡ª å à ¢¥áâ¢  (2.1) ¬¥ï¥¬ ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï. �®«ãç¨¬

Z x

�y

(x� t)��1(�t)r1dt
Z h

y

'0(s)s�(t+ s)��ds =
Z h

y

'0(s)s�ds
Z x

�y

(x� t)��1(�t)r1(t+ s)��dt:(2.3)

�â¥£à « (2.2) ¨ ¢ãâà¥¨© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (2.3) ¢ëç¨á«ï¥¬ § ¬¥ ¬¨
s = t+ (x� t)z, t = �y + (x+ y)z á®®â¢¥âáâ¢¥®. �¥§ã«ìâ âë ¢ëç¨á«¥¨© ¤ îâ

V (x; t) = �
1

1� �1

(x� t)1��1(�t)r1F
�
1;�r1; 2� �1;

x� t

�t

�
; (2.4)

Z x

�y

(x� t)��1(�t)r1(t+ s)��dt =

=
1

1� �1

yr1(x+ y)1��1(s� y)��F1

�
1;�r1; �; 2 � �1;

x+ y

y
;
x+ y

y � s

�
: (2.5)

�§ à ¢¥áâ¢ (2.2){(2.5)  å®¤¨¬

v�(x; y) =
@

@x

�
1

1� �1

!(�y)(x+ y)1��1yr1F
�
1;�r1; 2� �1;

x+ y

y

�
+

+
1

1� �1

Z x

�y

!0(t)(�t)r1(x� t)1��1F
�
1;�r1; 2� �1;

x� t

�t

�
dt�

�
1

1� �1

(x+ y)1��1yr1
Z h

y

'0(s)s�(s� y)��F1

�
1;�r1; �; 2 � �1;

x+ y

y
;
x+ y

y � s

�
ds

�
:

�à¨¬¥ïï ä®à¬ã«ë \á®ªà é¥®£®" ¤¨ää¥à¥æ¨à®¢ ¨ï

d

dz
zc�1F (a; b; c; pz) = (c� 1)zc�2F (a; b; c � 1; pz);

d

dz
zc�1F1(a; b; b

0; c; pz; qz) = (c� 1)zc�2F1(a; b; b
0; c� 1; pz; qz);
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£¤¥ p ¨ q ¥ § ¢¨áïâ ®â z, ¤®ª § ë¥ �®«ª®¤ ¢®¢ë¬ �.�., ¨ â®¦¤¥áâ¢  ([2], áá. 73, 232)

F (a; b; c; 1) =
�(c)�(c � a� b)
�(c� a)�(c� b)

;

F1(a; b; b
0; c; 1; z) =

�(c)�(c � a� b)
�(c� a)�(c� b)

F (a; b0; c� b; z); c� a� b > 0;

 å®¤¨¬

lim
x!0�0

v�(x; y) =
�1

r1 � �1

�
yr1��1

Z h

y

'0(s)F
�
r1 � �1; �; r1 � �1 + 1;

y

s

�
ds�

� !(�y)yr1��1 �
Z 0

�y

!0(t)(�t)r1��1dt
�
: (2.6)

�® ãá«®¢¨î «¥¬¬ë

lim
x!0�0

v�(x; y) =
�1

r1 � �1

yr1��1
Z h

y

'0(s)F
�
r1 � �1; �; r1 � �1 + 1;

y

s

�
ds: (2.7)

�ãáâì '(y) ¤®áâ¨£ ¥â  ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì®£® ( ¨¬¥ìè¥£® ®âà¨æ â¥«ì®£®) § ç¥¨ï
¢ â®çª¥ �, 0 < � < h. �®«ì§ãïáì â®¦¤¥áâ¢®¬ ('(t)� '(�))0 = '0(t), ¢ à ¢¥áâ¢¥ (2.7) ¯à®¨â¥£à¨-
àã¥¬ ¯® ç áâï¬, ¯®« £ ï U = F

�
r1 � �1; �; r1 � �1 + 1; y

s

�
. �®«ãç¨¬

lim
x!0�0

v�(x; �) = �
�1

r1 � �1

�r1��1'(�)F
�
r1 � �1; �; r1 � �1 + 1;

�

h

�
+

+
��1

r1 � �1 + 1
�r1��1+1

Z h

�

('(s)� '(�))s�2F

�
r1 � �1 + 1; �+ 1; r1 � �1 + 2;

�

s

�
ds:

�§ íâ®£® à ¢¥áâ¢  á«¥¤ãîâ ãâ¢¥à¦¤¥¨ï «¥¬¬ë.
�ãáâì

v+(x; y) =
@

@x

Z h�y

x

(t� x)��2tr2u(t; y)dt;

£¤¥ 0 < �2 < 1, �2 < r2, äãªæ¨ï u(t; y) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (1.6). �®¤®¡® â®¬ã, ª ª ¯à¨
¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1 ¯®«ãç¥® ¢ëà ¦¥¨¥ (2.6),  å®¤¨¬

lim
x!0+0

v+(x; y) =
�2

r2 � �2

�
(h� y)r2��2

Z y

0
'0(s)s�(s+ h� y)��F

�
1; �; r2 � �2 + 1;

h� y

s+ h� y

�
ds+

+  (h� y)(h� y)r2��2 �
Z h�y

0
 0(t)tr2��2dt

�
: (2.8)

� ¨á¯®«ì§®¢ ¨¥¬ à ¢¥áâ¢  (2.8)   «®£¨ç® «¥¬¬¥ 1 ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �á«¨ u(x; y) 2 C(G+) â ª®¢ , çâ® u(0; y) = '(y) ¤®áâ¨£ ¥â  ¨¡®«ìè¥£® ¯®-

«®¦¨â¥«ì®£® ( ¨¬¥ìè¥£® ®âà¨æ â¥«ì®£®) § ç¥¨ï ¢ â®çª¥ �, 0 < � < h, ¯à¨ íâ®¬

u(x; 0) � 0, £¤¥ u(x; 0) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (1:5), r2 � �2 > �, â® lim
x!0+0

v+(x; �) > 0 (< 0).

3. �¤¨áâ¢¥®áâì ¨ áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï § ¤ ç¨ �2 ¤«ï ãà ¢¥¨ï (1.1)

� ¤ ç  �2. �  ¬®¦¥áâ¢¥ G  ©â¨ à¥è¥¨¥ u(x; y) 2 C(G+\G�) ãà ¢¥¨ï (1.1), ã¤®¢«¥â¢®-
àïîé¥¥ ãá«®¢¨ï¬ (1.3), (1.4) ¨ ãá«®¢¨î á®¯àï¦¥¨ï

lim
x!0�0

v�(x; y) = b(y) lim
x!0+0

v+(x; y); (3.1)

£¤¥ b(y) | § ¤  ï äãªæ¨ï, lim
x!0�0

v�(x; y) ¨ lim
x!0+0

v+(x; y) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (2.6) ¨

(2.8) á®®â¢¥âáâ¢¥®.
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�¥®à¥¬  3. �á«¨ b(y) 2 C(0;h), b(y) > 0, r2 � �2 > � ¨ áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨ �2, â®

®® ¥¤¨áâ¢¥®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¬¥â®¤®¬ ®â ¯à®â¨¢®£® á ¯à¨¬¥¥¨¥¬ «¥¬¬ 1 ¨ 2.

�¥®à¥¬  4. �á«¨ äãªæ¨ï !(x) ¯®¤ç¨ï¥âáï ãá«®¢¨î â¥®à¥¬ë 1,  (x) 2 C1
[0;h],  (h) = 0,

ri � �i � � > 1, i = 1; 2, b(y) � b (b > 0, b | const), â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

§ ¤ ç¨ �2.

�®ª § â¥«ìáâ¢®. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ ä®à¬ã«ë (2.6), (2.8) ¨ ãá«®¢¨¥ á®¯àï¦¥¨ï (3.1),
¯à¨å®¤¨¬ ª ãà ¢¥¨î ®â®á¨â¥«ì® ¥¨§¢¥áâ®© äãªæ¨¨ '0(y)

�1

r1 � �1

yr1��1
Z h

y

'0(s)F
�
r1 � �1; �; r1 � �1 + 1;

y

s

�
ds�

�
�2b

r2 � �2

(h� y)r2��2
Z y

0

'0(s)s�(s+ h� y)��F
�
1; �; r2 � �2 + 1;

h� y

s+ h� y

�
ds = g(y); (3.2)

g(y) =
�1

r1 � �2

!(�y)yr1��1 +
�1

r1 � �1

Z 0

�y

!0(t)(�t)r1��1dt+

+
b�2

r2 � �2

 (h� y)(h� y)r2��2 �
b�2

r2 � �2

Z h�y

0

 0(t)tr2��2dt:

�ãáâì '0(t) | à¥è¥¨¥ ãà ¢¥¨ï (3.2). �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë ®¡¥ ç áâ¨ íâ®£®
â®¦¤¥áâ¢  ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯® y, ¯à¨¬¥¨¢ ¯à¨ íâ®¬ â®¦¤¥áâ¢® ([2], á. 111)

d

dz
zc�1(1� z)b�c+1F (a; b; c; z) = (c� 1)zc�2(1� z)b�cF (a� 1; b; c � 1; z):

� à¥§ã«ìâ â¥ ¤¨ää¥à¥æ¨à®¢ ¨ï â®¦¤¥áâ¢  (3.2) ¯à¨¤¥¬ ª ãà ¢¥¨î

'0(y) =
Z h

0

'0(s)K(y; s)ds+ f(y); (3.3)

K(y; s) =

(
K1(y; s); 0 � s � y;

K2(y; s); y � s � h;

K1(y; s) = �
b�2

a(y)
(h� y)r2��2�1y��s�(s+ h� y)��; K2(y; s) = �

�1

a(y)
yr1��1���1(s� y)�s��;

a(y) = ��1B(r1 � �1; 1� �)yr1��1�� �
b�2

r2 � �2

h��(h� y)r2��2F
�
1; �; r2 � �2 + 1;

h� y

h

�
;

f(y) = �
1

a(y)
y��[�1!(�y)yr1��1�1 � b�2 (h� y)(h� y)r2��1�1]:

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© ¤ ®© â¥®à¥¬ë a(y); f(y) 2 C[0;h], ¯à¨ íâ®¬ a(y) < 0, y 2 [0;h]. �¥-
âàã¤® ¢¨¤¥âì, çâ® K(y; s) | ®£à ¨ç¥ ï äãªæ¨ï ¢ [0; h; 0; h] ¨ ¨¬¥¥â ®¤ã «¨¨î ª®¥ç®£®
à §àë¢ , â. ¥. ¯® ®¯à¥¤¥«¥¨î ï¢«ï¥âáï à¥£ã«ïàë¬ ï¤à®¬ ([3], á. 19). � ([3], á. 39{55) ¤®ª § -
ë áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï ãà ¢¥¨ï (3.3). �â® à¥è¥¨¥ § ¯¨áë¢ ¥âáï ç¥à¥§
à¥§®«ì¢¥âã

'0(y) = f(y) +
Z h

0

R(y; s; 1)f(s)ds;

ª®â®àãî ¢¢¨¤ã £à®¬®§¤ª®áâ¨ ¥ ¯à¨¢®¤¨¬ ([3], á. 54).
�§ áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (3.3) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ à¥è¥-

¨ï § ¤ ç¨ �2. �¥®à¥¬  4 ¤®ª §  .
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