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1. �¢¥¤¥­¨¥

�®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ ffig1i=0 ¡ ­ å®¢  ¯à®áâà ­áâ¢  F ­ §ë¢ ¥âáï ¯®«­®©, ¥á«¨ § -
¬ëª ­¨¥ spanffig1i=0 ¥¥ «¨­¥©­®© ®¡®«®çª¨ á®¢¯ ¤ ¥â á F , ¨ ¡ §¨á­®©, ¥á«¨ ®­  ®¡à §ã¥â ¡ §¨á
¢ spanffig1i=0. � ª ¨§¢¥áâ­® ([1], á. 3), á¨áâ¥¬  ffig1i=0 ï¢«ï¥âáï ¡ §¨á­®© â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®­  ­¥ á®¤¥à¦¨â ­ã«¥¢ëå í«¥¬¥­â®¢ ¨ ­ ©¤¥âáï ª®­áâ ­â  B â ª ï, çâ® ¤«ï ¯à®¨§¢®«ì­®©
ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ faig1i=0 ¨ ¤«ï ¢á¥å n > m � 0 ¢¥à­® ­¥à ¢¥­áâ¢®
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:

� á«ãç ¥ B = 1 £®¢®àïâ, çâ® ffig1i=0 | ¬®­®â®­­ ï ¡ §¨á­ ï ¯®á«¥¤®¢ â¥«ì­®áâì.
�ãáâì F | ¡ ­ å®¢® ¯à®áâà ­áâ¢® äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  ¬­®¦¥áâ¢¥ K,   fxig1i=0 � K

| ¯®á«¥¤®¢ â¥«ì­®áâì à §«¨ç­ëå â®ç¥ª. � §¨á ffig1i=0 ¯à®áâà ­áâ¢  F ­ §ë¢ ¥âáï ¨­â¥à¯®«¨-

àãîé¨¬ ¢ ã§« å fxig
1
i=0, ¥á«¨ ¤«ï ¢áïª®© äã­ªæ¨¨ f 2 F , f =

1P
i=0

cifi, ¨ ¤«ï ¯à®¨§¢®«ì­®£®

­®¬¥à  n � 0 ¢ë¯®«­ï¥âáï

nX
i=0

cifi(xj) = f(xj) 8j = 0; 1; : : : ; n:

�®¤à®¡­®áâ¨ ® ¬®­®â®­­ëå ¨«¨ ¨­â¥à¯®«¨àãîé¨å ¡ §¨á å ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ ([1], á. 1{
12).

�ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï !(t), t � 0, ¯à¨­ ¤«¥¦¨â ª« ááã 
, ¥á«¨ !(t) > 0 ¤«ï t > 0,

!(0) = 0 = lim
t!+0

!(t) = lim
t!+0

t

!(t)
; (1)

¨ ­ ©¤¥âáï ª®­áâ ­â  
 â ª ï,çâ®

!(t1) � 
!(t2) ¨
!(t2)
t2

� 

!(t1)
t1

¤«ï ¢á¥å t2 � t1 > 0: (2)

�áî¤ã ¢ à ¡®â¥ ¯à¥¤¯®« £ ¥âáï, çâ® K � R, ¬­®¦¥áâ¢® K á®¤¥à¦¨â ¡¥áª®­¥ç­®¥ ç¨á«® í«¥-
¬¥­â®¢ ¨ ®£à ­¨ç¥­® ¢ ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥ (â.¥. ¯à¥¤ª®¬¯ ªâ­®). �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï
f(x) ã¤®¢«¥â¢®àï¥â ãá¨«¥­­®¬ã ãá«®¢¨î ��¥«ì¤¥à  ­  K ®â­®á¨â¥«ì­® !(t), ¥á«¨ ¤«ï ¢áïª®£®
" > 0 ­ ©¤¥âáï � > 0 â ª®¥, çâ®

jf(x)� f(y)j
!(jx� yj)

< " 8x; y 2 K : 0 < jx� yj < �: (3)
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�« áá ¢á¥å äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­  K ¨ ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3), ®¡®§­ ç¨¬ C0
!(K) ¨

­ ¤¥«¨¬ !-­®à¬®© ��¥«ì¤¥à  k � k! = k � kC + j � j!, £¤¥

kfkC = sup
x2K

jf(x)j ¨ jf j! = sup
x6=y

jf(x)� f(y)j
!(jx� yj)

:

�§¢¥áâ­®, çâ® hC0
!(K); k � k!i | ¡ ­ å®¢® ¯à®áâà ­áâ¢®.

� ¤ ­­®© à ¡®â¥ ¤«ï ¯à®¨§¢®«ì­®© ¢áî¤ã ¯«®â­®© ­  K ¯®á«¥¤®¢ â¥«ì­®áâ¨ à §«¨ç­ëå
â®ç¥ª fxig1i=0 � K ¯®áâà®¥­ ¡ §¨á ¯à®áâà ­áâ¢  C0

!(K), ¨­â¥à¯®«¨àãîé¨© ¢ ã§« å fxig1i=0.

2. �¡®§­ ç¥­¨ï ¨ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

� «¥¥ ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï

a = inffx j x 2 Kg ¨ b = supfx j x 2 Kg: (4)

�á«¨ fxig1i=0 | ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«, â®

xklmin = min
k�i�l

xi ¨ xklmax = max
k�i�l

xi:

�®¬ ­®© ­  [a; b] á ã§« ¬¨ fa; b; x0; : : : ; xng ¡ã¤¥¬ ­ §ë¢ âì ­¥¯à¥àë¢­ãî äã­ªæ¨î g, «¨­¥©-
­ãî ­  ª ¦¤®¬ á¥£¬¥­â¥ [u; v], £¤¥ u ¨ v | á®á¥¤­¨¥ â®çª¨ ­ ¡®à  fa; b; x0; : : : ; xng. � ª ¯à ¢¨«®,
«®¬ ­ë¥ ¢ íâ®© à ¡®â¥ ®¡« ¤ îâ á¢®©áâ¢®¬

g(x) = g(x0nmin) 8x 2 [a; x0nmin] ¨ g(x) = g(x0nmax) 8x 2 [x0nmax; b]: (5)

�¥à¥§ gjK ®¡®§­ ç ¥âáï áã¦¥­¨¥ äã­ªæ¨¨ g ­  ¬­®¦¥áâ¢® K.

�¥¬¬  1. �ãáâì g(x) | «®¬ ­ ï ­  [a; b] á ã§« ¬¨ fa; b; x0; : : : ; xng ¨ !(t) 2 
, â®£¤ 

a) g 2 C0
![a; b] ¨ gjK 2 C0

!(K);
¡) ¥á«¨ ª â®¬ã ¦¥ ¢ë¯®«­ïîâáï à ¢¥­áâ¢  (5), ¨ !(t) | ¢®£­ãâ ï äã­ªæ¨ï, â®

jgj! = j g jK j! = max
0�i<j�n

jg(xi)� g(xj)j
!(jxi � xj j)

: (6)

�â¢¥à¦¤¥­¨¥ ¯.  ) á«¥¤ã¥â ¨§ à ¢¥­áâ¢  ­ã«î ¯®á«¥¤­¥£® ¯à¥¤¥«  ¢ (1). �«ï á«ãç ï !(t) = t�,
0 < � < 1, à ¢¥­áâ¢® (6) ¤®ª § ­® ¢ ([2], á. 271). �â® ¤®ª § â¥«ìáâ¢® ¤®á«®¢­® ¯¥à¥­®á¨âáï
­  á«ãç © ¯à®¨§¢®«ì­®© ¢®£­ãâ®© äã­ªæ¨¨ ª« áá  
. �¢¨¤ã (5) ¨ ­¥ã¡ë¢ ­¨ï äã­ªæ¨¨ !(t)
âà¥¡®¢ ­¨¥ a; b 2 fxigni=0 ­¥ áãé¥áâ¢¥­­®.

�ãáâì K | § ¬ëª ­¨¥ ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  K ¢ ¥¢ª«¨¤®¢®© ¬¥âà¨ª¥. �®áª®«ìªã K |
ª®¬¯ ªâ, ­ ©¤ãâáï ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨¥áï ®âªàëâë¥ ¨­â¥à¢ «ë Ui = (u�i ; u

+
i ) â ª¨¥, çâ®

K = [a; b] n
n 1[
i=1

Ui
o
:

�ë à áá¬ âà¨¢ ¥¬ á«ãç ©, ª®£¤  ¬­®¦¥áâ¢® â ª¨å ¨­â¥à¢ «®¢ áç¥â­®; ¥á«¨ K = [a; b] «¨¡® K
¥áâì ®¡ê¥¤¨­¥­¨¥ ª®­¥ç­®£® ç¨á«  ®âà¥§ª®¢, â® ¤ «ì­¥©è¨¥ à ááã¦¤¥­¨ï ¬®£ãâ ¡ëâì áãé¥áâ¢¥­-
­® ã¯à®é¥­ë.

�ã­ªæ¨î f� ­  [a; b] ­ §®¢¥¬ ­¥¯à¥àë¢­®-«¨­¥©­ë¬ ¯à®¤®«¦¥­¨¥¬ äã­ªæ¨¨ f , ®¯à¥¤¥«¥­­®©
­  K, ¥á«¨ f� jK= f , f� ­¥¯à¥àë¢­  ­  [a; b] ¨ «¨­¥©­  ­  ª ¦¤®¬ ¨­â¥à¢ «¥ Ui.

�¥¬¬  2. � ¢áïª®© äã­ªæ¨¨ f 2 C0
!(K) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ­¥¯à¥àë¢­®-«¨­¥©­®¥

¯à®¤®«¦¥­¨¥ f� ¨ f� 2 C0
![a; b].
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�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ äã­ª-
æ¨¨ f (á¬. (3)). �ãáâì x ¨ y | ¯à®¨§¢®«ì­ë¥ â®çª¨ ¬­®¦¥áâ¢  K â ª¨¥, çâ® jx � yj < �(f; "),
xn ! x, yn ! y, fxng1n=1; fyng

1
n=1 � K ¨ jxn � ynj < �. �á¯®«ì§ãï (2) ¨ (3), ¨¬¥¥¬

jf(xn)� f(yn)j
!(jx� yj)

=
jf(xn)� f(yn)j
!(jxn � ynj)

!(jxn � ynj)
!(jx� yj)

� "
max
�
1;
jxn � ynj

jx� yj

�
:

�áâà¥¬«ïï n!1, ¯®«ãç ¥¬

jf�(x)� f�(y)j
!(jx� yj)

� "
; x; y 2 K; 0 < jx� yj < �(f; ");

â.¥. f� jK2 C
0
!(K). �¥¯¥àì á¯à ¢¥¤«¨¢®áâì «¥¬¬ë 2 á«¥¤ã¥â ¨§ ¨¬¯«¨ª æ¨¨ f 2 C0

!(K) =) f� 2
C0
![a; b], ¤®ª § ­­®© ¢ à ¡®â¥ [3] ¤«ï ¢áïª®£® ª®¬¯ ªâ  K � R ¯à¨ ®¡®§­ ç¥­¨ïå (4).

�¥¬¬  3. � ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ C0
!(K) ­®à¬ 

kfk0 = jf(x0)j+ sup
x;y2K

jf(x)� f(y)j
!(jx� yj)

íª¢¨¢ «¥­â­  !-­®à¬¥ ��¥«ì¤¥à  k � k!.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ äã­ªæ¨ï f 2 C0
!(K) â ª®¢ , çâ® kfkC � 2jf(x0)j, â® á¯à ¢¥¤«¨¢® ­¥à -

¢¥­áâ¢®

kfk0 � kfk! � 2jf(x0)j+ jf j! � 2kfk0:

�á«¨ ¦¥ f(x0) < 1
2
kfkC , â® ­ ©¤¥âáï â ª ï â®çª  x� 2 K, çâ® kfkC � 2jf(x�)j, x� 6= x0, ¨ â®£¤ 

kfk0 � kfk! � 2jf(x�)j+ jf j! � 2jf(x�)� f(x0)j+ 2jf(x0)j+ jf j! �

� 2
jf(x�)� f(x0)j
!(jx� � x0j)

!(jx� � x0j) + 2kfk0 � 2
!(b� a)jf j! + 2kfk0 � 2(
!(b � a) + 1)kfk0;

â.¥.

8f 2 C0
!(K) kfk0 � kfk! � 2(
!(b� a) + 1)kfk0: �

3. �á­®¢­®© à¥§ã«ìâ â

�ãáâì fxig1i=0 | ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì à §«¨ç­ëå â®ç¥ª ¬­®¦¥áâ¢  K. �¯à¥¤¥«¨¬
á¨áâ¥¬ã «®¬ ­ëå f ig1i=1 ­  [a; b] á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ x0 < x1, â® ¯®«®¦¨¬

 1(x) =

8>><
>>:
1; x � x1;

0; x � x0;

«¨­¥©­  ­  [x0; x1]

«¨¡®  1(x) =

8>><
>>:
1; x � x1;

0; x � x0;

«¨­¥©­  ­  [x1; x0]

;

¥á«¨ x0 > x1. �®®¡é¥, ¤«ï ¢áïª®£® i 2 N ®¯à¥¤¥«¨¬ «®¬ ­ãî  i §­ ç¥­¨ï¬¨ ¢ ã§« å
fa; b; x0; : : : ; xng

 i(xj) = �ij ; 0 � j � i;  i(a) =  i(x0imin);  i(b) =  i(x0imax): (7)

�¤¥áì �ij | á¨¬¢®« �à®­¥ª¥à . �ã­ªæ¨¨  i ¯®« £ îâáï «¨­¥©­ë¬¨ ­  ¢á¥å ®âà¥§ª å [t; � ], £¤¥
t ¨ � | á®á¥¤­¨¥ â®çª¨ ­ ¡®à  fa; b; x0; : : : ; xng. � ª¨¬ ®¡à §®¬, ¤«ï ¢áïª®© ¨­ê¥ªâ¨¢­®© ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ fxig1i=0 � K ¬ë ãª § «¨ «®¬ ­ë¥ f ig1i=0 ¨ ®¯à¥¤¥«ï¥¬ äã­ªæ¨¨ fi ­  K ª ª
áã¦¥­¨ï fi =  ijK , i 2 N. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¡ ­ å®¢ë ¯à®áâà ­áâ¢  hH0

!(x0;K); j � j!i,
x0 2 K, £¤¥

H0
!(x0;K) = ff 2 C0

!(K) j f(x0) = 0g:
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�¥®à¥¬  1. �ãáâì !(t) 2 
,   fxig
1
i=0 � K | ¯à®¨§¢®«ì­ ï ¯«®â­ ï ¢ K ¯®á«¥¤®¢ -

â¥«ì­®áâì à §«¨ç­ëå â®ç¥ª. �®£¤  á¨áâ¥¬  äã­ªæ¨© ffig
1
i=1, ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà ­áâ¢ 

H0
!(x0;K), ¨­â¥à¯®«¨àãîé¨¬ ¢ ã§« å fxig

1
i=1. �á«¨, ªà®¬¥ â®£®, äã­ªæ¨ï !(t) ¢®£­ãâ , â®

íâ®â ¡ §¨á ¬®­®â®­­ë©.

�®ª § â¥«ìáâ¢®. �à¨­ ¤«¥¦­®áâì äã­ªæ¨© ffig1i=1 ª« ááãH
0
!(K) á«¥¤ã¥â ¨§ «¥¬¬ë 2. �«ï

¯à®¨§¢®«ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« faig1i=1, ¢áïª®£® n 2 N ¨§ à ¢¥­áâ¢ (7) ¨¬¥¥¬

mX
i=1

aifi(xj) =
nX
i=1

aifi(xj) 8m < n; j = 0; 1; : : : ;m: (8)

�à¥¤¯®« £ ï, çâ® äã­ªæ¨ï !(t) 2 
 ¢®£­ãâ , ¤®ª ¦¥¬ ¯®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �§ (7),
(8) ¨ «¥¬¬ë 1 ¤«ï ¢á¥å m < n á«¥¤ã¥â ®æ¥­ª 

����
mX
i=1

aifi

����
!

= max
0�p<q�m

��� mP
i=1

ai i(xp)�
mP
i=1

ai i(xq)
���

!(jxp � xq)j
=

= max
0�p<q�m

��� nP
i=1

aifi(xp)�
nP
i=1

aifi(xq)
���

!(jxp � xqj)
�

����
nX
i=1

aifi

����
!

:

�®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ffig
1
i=1 | ¬®­®â®­­ ï ¡ §¨á­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯à®áâà ­áâ¢ 

H0
!(K) ([1], á. 4).
�à®¢¥à¨¬ ¯®«­®âã á¨áâ¥¬ë ffig

1
i=1 ¯® ­®à¬¥ j � j!. �ãáâì f | ­¥ª®â®à ï äã­ªæ¨ï ª« áá 

H0
!(x0;K). �® «¥¬¬¥ 2 f� 2 H0

![a; b], â.¥. ¤«ï ¢áïª®£® " > 0 ­ ©¤¥âáï â ª®¥ � = �(f�; "), çâ®

jf�(x)� f�(y)j
!(jx� yj)

< " 8x; y 2 [a; b] : 0 < jx� yj < �: (9)

�ë¡¥à¥¬ M 2 N â ª, çâ®¡ë �Ui = u+i � u�i � �=3 ¤«ï ¢á¥å i > M , ¨ ¢®á¯®«ì§ã¥¬áï (1):
­ ©¤¥âáï â ª®¥ ç¨á«® � > 0, çâ®

t

!(t)
<

"�

jf j! !(b� a)
8t 2 (0; �): (10)

� ä¨ªá¨àã¥¬, ¤ «¥¥, áâ®«ì ¡®«ìè®© ­®¬¥à L, çâ®¡ë ¢ë¯®«­ï«¨áì ¤¢  ãá«®¢¨ï:

(i) ­ ¡®à fxigLi=0 ï¢«ï¥âáï �=3-á¥âìî ¬­®¦¥áâ¢  K;
(ii) ­ ¡®à fxigLi=0 ï¢«ï¥âáï �-á¥âìî ¤«ï ª®­æ®¢ ¨­â¥à¢ «®¢ fUigMi=1.

�®çª¨ fxigLi=0 ¤¥«ïâ [a; b] ­  á¥¬¥©áâ¢® ®âà¥§ª®¢ �i á ¯®¯ à­® ­¥ ¯¥à¥á¥ª îé¨¬¨áï ¬­®¦¥-
áâ¢ ¬¨ ¢­ãâà¥­­¨å â®ç¥ª (¥á«¨ fxig

L
i=1 \ fa; bg = ;, â® â ª¨å ®âà¥§ª®¢ L + 2). � ¬¥â¨¬, çâ®

­¥ª®â®àë¥ ®âªàëâë¥ ¬­®¦¥áâ¢  int�i ¬®£ãâ ­¥ á®¤¥à¦ âì â®ç¥ª K ¨ á®¢¯ ¤ âì á ¨­â¥à¢ « ¬¨
á¥¬¥©áâ¢  fUig1i=1. �¯à¥¤¥«¨¬ «®¬ ­ãî G(x) ­  [a; b] §­ ç¥­¨ï¬¨ ¢ ã§« å fa; b; x0; : : : ; xng:

G(xi) = f(xi); i = 0; 1; : : : ; L; G(a) = G(x0Lmin); G(b) = G(x0Lmax): (11)

�á­®, çâ® G 2 spanf i 1 � i � Lg ¨ g
df= G jK2 spanffi; 1 � i � Lg. �«ï â®£® çâ®¡ë ®æ¥-

­¨âì ¢¥«¨ç¨­ã jf � gj!, ¢ë¡¥à¥¬ ­  ¬­®¦¥áâ¢¥ K ¤¢¥ ¯à®¨§¢®«ì­ë¥ â®çª¨ x� ¨ y� (¯ãáâì, ¤«ï
®¯à¥¤¥«¥­­®áâ¨, x� < y�) ¨ ¤®ª ¦¥¬ ­¥à ¢¥­áâ¢®

j(f � g)(y�)� (f � g)(x�)j
!(y� � x�)

< 8" (12)

¤«ï ¢á¥å ¢®§¬®¦­ëå ¢ à¨ ­â®¢ ¢§ ¨¬®à á¯®«®¦¥­¨ï â®ç¥ª x�; y� 2 K.
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1. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® x�; y� 2 �l \K ¯à¨ ­¥ª®â®à®¬ l, �l = [t; � ] ¨ ��l = � � t � �.
�®£¤ 

j(f � g)(y�)� (f � g)(x�)j
!(y� � x�)

�
jf(y�)� f(x�)j
!(y� � x�)

+
jg(x�)� g(y�)j
!(y� � x�)

� 2":

�¥à¢®¥ á« £ ¥¬®¥ ­¥ ¯à¥¢®áå®¤¨â " ¢¢¨¤ã (9). �â®à®¥ á« £ ¥¬®¥ à ¢­® ­ã«î, ¥á«¨ �l ¥áâì [a; x0Lmin]
«¨¡® [x0Lmax; b]. �á«¨ ¦¥ �l = [xp; xq], £¤¥ xp ¨ xq | á®á¥¤­¨¥ â®çª¨ ­ ¡®à  fxigLi=0, â®, ¯à¨¬¥­¨¢
«¥¬¬ã 1 ª äã­ªæ¨¨ G j�l

, ¨¬¥¥¬

jg(y�)� g(x�)j
!(y� � x�)

=
jG(y�)�G(x�)j
!(y� � x�)

�
jG(xq)�G(xp)j
!(xq � xp)

=
jf(xq)� f(xp)j
!(xq � xp)

� ":

2. �ãáâì, ¯®-¯à¥¦­¥¬ã, x�; y� 2 �l \ S, ­® ¯à¨ íâ®¬ �(�l) � �. �®£¤  ¢¢¨¤ã (i) �l = [xp; xq]
(ª®­æë ®âà¥§ª  �l | ­¥®¡å®¤¨¬® í«¥¬¥­âë ¬­®¦¥áâ¢  fxigLi=0) ¨, ªà®¬¥ â®£®, ­ ©¤¥âáï â ª®©
¨­â¥à¢ « Uk � �l, çâ® �Uk = u+k � u�k > �=3 (á«¥¤®¢ â¥«ì­®, k �M). �®§¬®¦­ë âà¨ à §«¨ç­ëå
¢ à¨ ­â  à á¯®«®¦¥­¨ï â®ç¥ª x� ¨ y� ­  �l = [xp; xq]

xp � x� < y� � u�k ; (13)

u+k � x� < y� � xq

¨

xp � x� � u�k < u�k + �=3 < u+k � y� � xq: (14)

�¥à¢ë¥ ¤¢  ¢ à¨ ­â  à áá¬ âà¨¢ îâáï ®¤¨­ ª®¢®.
2.1. �ãáâì ¢¥à­® ­¥à ¢¥­áâ¢® (13). �§ ãá«®¢¨ï (i) á«¥¤ã¥â, çâ® y� � x� < �=3, ¨ ¬ë ¬®¦¥¬

¨á¯®«ì§®¢ âì (9) ¤«ï ®æ¥­ª¨ ¯¥à¢®£® á« £ ¥¬®£® ¢ (15)

j(f � g)(y�)� (f � g)(x�)j
!(y� � x�)

�
jf(y�)� f(x�)j
!(y� � x�)

+
jg(x�)� g(y�)j
!(y� � x�)

< "+ ": (15)

�â®à®¥ á« £ ¥¬®¥ â ª¦¥ ¬¥­ìè¥ ", íâ® á«¥¤ã¥â ¨§ ¤¢ãå ä ªâ®¢. �®-¯¥à¢ëå, G(x) | «¨­¥©­ ï
äã­ªæ¨ï ­  �l,

G(x) =
f(xq)� f(xp)

xq � xp
(x� xp) + g(xp); x 2 �l:

�®-¢â®àëå, ¨§ (ii) á«¥¤ã¥â, çâ® y� � x� � u�k � xp < �, ¨ (10) ¤ ¥â ­¥à ¢¥­áâ¢®

y� � x�

!(y� � x�)
<

"�

jf j! !(b� a)
:

�¯à ¢¥¤«¨¢  ®æ¥­ª 

jg(y�)� g(x�)j
!(y� � x�)

=
1

!(y� � x�)
jf(xq)� f(xp)j

xq � xp
(y� � x�) =

jf(xq)� f(xp)j
!(xq � xp)

�

�
y� � x�

!(y� � x�)
!(xq � xp)
xq � xp

< jf j!
1
jf j!

�

xq � xp

!(xq � xp)
!(b� a)

" < ":

�â® ¤®ª §ë¢ ¥â (15) ¨ § ¢¥àè ¥â à áá¬®âà¥­¨¥ ¤ ­­®£® ¢ à¨ ­â .
2.2. �¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® ¢¥à­® (14). �®£¤ 

j(f � g)(y�)� (f � g)(x�)j
!(y� � x�)

�
j(f � g)(xp)� (f � g)(xq)j

!(y� � x�)
+

+
j(f � g)(xp)� (f � g)(x�)j

!(y� � x�)
+
j(f � g)(y�)� (f � g)(xq)j

!(y� � x�)
< 0 + 2"+ 2":
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�¥©áâ¢¨â¥«ì­®, ¯¥à¢®¥ ¨§ âà¥å á« £ ¥¬ëå, ®ç¥¢¨¤­®, à ¢­® ­ã«î. �â®à®¥ ¨ âà¥âì¥ á« £ ¥¬ë¥
®æ¥­¨¢ îâáï ®¤¨­ ª®¢®. �ãáâì xp 6= x� (¨­ ç¥ ¢â®à®¥ á« £ ¥¬®¥ ®¡à é ¥âáï ¢ ­ã«ì). �¢¨¤ã (i),
jx� � y�j > �=3 > jx� � xpj; á ãç¥â®¬ ­¥ã¡ë¢ ­¨ï !(t) ¨ ¤®ª § ­­®£® ¢ ¯. 2.1 ¨¬¥¥¬

j(f � g)(xp)� (f � g)(x�)j
!(y� � x�)

<
j(f � g)(xq)� (f � g)(x�)j

!(x� � xp)
< 2":

3. �ãáâì, ­ ª®­¥æ, x� 2 �l = [t; � ], y� 2 �k = [z; �]. �®£¤ 

t � x� � � � z � y� � �:

�§ ¤®ª § ­­®£® ¢ëè¥ ¤«ï ¢ à¨ ­â®¢ 1, 2 ¨ ¨§ à ¢¥­áâ¢ (11) ¯®«ãç ¥¬

j(f � g)(y�)� (f � g)(x�)j
!(y� � x�)

�
j(f � g)(y�)� (f � g)(z)j

!(y� � z)
+

+
j(f � g)(z) � (f � g)(�)j

!(z � �)
+
j(f � g)(�) � (f � g)(x�)j

!(� � x�)
< 4"+ 0 + 4" = 8":

�à¨ z = � ¢â®à®¥ á« £ ¥¬®¥ ®âáãâáâ¢ã¥â. �¥à ¢¥­áâ¢® (12) ¯®«­®áâìî ¤®ª § ­®. �¢¨¤ã ¯à®¨§-
¢®«ì­®áâ¨ ¢ë¡®à  â®ç¥ª x� ¨ y� ­  K jf � gj! � 8", çâ® ®§­ ç ¥â ¯®«­®âã á¨áâ¥¬ë äã­ªæ¨©
ffig

1
i=1 ¢ ¯à®áâà ­áâ¢¥ H

0
!(K).

� ª¨¬ ®¡à §®¬, ffig1i=1 | ¬®­®â®­­ë© ¡ §¨á H0
!(K) ¤«ï ¢®£­ãâëå !(t) 2 
, ¨­â¥à¯®«¨àãî-

é¨© ¢¢¨¤ã (8) ¢ ã§« å fxigi2N.
� ª ¨§¢¥áâ­® ([2], c. 67-73), ¤«ï ¢áïª®© !(t) 2 
 ­ ©¤¥âáï ¢®£­ãâ ï äã­ªæ¨ï '(t) 2 
 â ª ï,

çâ® '(t)

2

� !(t) � '(t) ¤«ï ¢á¥å t � 0. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® H0

!(x0;K) = H0
'(x0;K) ¤«ï

¯à®¨§¢®«ì­®© x0 2 K � R,   ­®à¬ë k � k! ¨ k � k' íª¢¨¢ «¥­â­ë.

�®¯®«­¨¬ á¨áâ¥¬ã ffig1i=1 äã­ªæ¨¥© f0(x) � 1, x 2 K.

�¥®à¥¬  2. �ãáâì fxig
1
i=0 � K | ¯à®¨§¢®«ì­ ï ¯«®â­ ï ­  ¬­®¦¥áâ¢¥ K ¯®á«¥¤®¢ â¥«ì-

­®áâì à §«¨ç­ëå â®ç¥ª, ! 2 
. �®£¤  äã­ªæ¨¨ ffig
1
i=0 ®¡à §ãîâ ¡ §¨á ¢ ¡ ­ å®¢®¬ ¯à®áâà ­-

áâ¢¥ C0
!(K), ¨­â¥à¯®«¨àãîé¨© ¢ ã§« å fxig

1
i=0. �à¨ ¤®¯®«­¨â¥«ì­®¬ ¯à¥¤¯®«®¦¥­¨¨ ¢ë¯ãª«®-

áâ¨ äã­ªæ¨¨ ! íâ®â ¡ §¨á ¬®­®â®­­ë©.

�®ª § â¥«ìáâ¢®. �ãáâì f 2 C0
!(K) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï. �®£¤  f �f(x0) 2 H0

!(x0;K).

�® â¥®à¥¬¥ 1, f(x)� f(x0) =
1P
i=1

cifi(x), àï¤ áå®¤¨âáï ¯® ¯®«ã­®à¬¥ j � j!. �®£¤ 

f(x) = f(x0) +
1X
i=1

cifi(x): (16)

�§ à ¢¥­áâ¢ fi(x0) = 0, i 2 N, ¨ «¥¬¬ë 3 á«¥¤ã¥â áå®¤¨¬®áâì àï¤  (16) ¯® ­®à¬¥ k � k!. �¤¨­-
áâ¢¥­­®áâì à §«®¦¥­¨ï f(x) ¯® á¨áâ¥¬¥ ffig1i=0 ¨ ¨­â¥à¯®«ïæ¨®­­®áâì ¡ §¨á  «¥£ª® ¯à®¢¥à¨âì
¯®á«¥¤®¢ â¥«ì­®© ¯®¤áâ ­®¢ª®© ¢ (16) §­ ç¥­¨© x0; x1; x2; : : : �®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë
2 á«¥¤ã¥â ¨§ ¬®­®â®­­®áâ¨ ¡ §¨á­®© á¨áâ¥¬ë ffig

1
i=0 ¯® ¯®«ã­®à¬¥ j � j! (â¥®à¥¬  1) ¨ ¯® ­®à¬¥

k � kC (®ç¥¢¨¤­®).

� ¬¥ç ­¨¥ 1. � ¤®ª § ­­ëå â¥®à¥¬ å ­¥¢®§¬®¦­® § ¬¥­¨âì âà¥¡®¢ ­¨¥ ¢®£­ãâ®áâ¨ !(t) ­ 
¡®«¥¥ á« ¡®¥ ãá«®¢¨¥ ª¢ §¨¢®£­ãâ®áâ¨ (!(t) ¨ t!(t)�1 ­¥ ã¡ë¢ îâ).

� ¬¥ç ­¨¥ 2. � ª ®â¬¥ç¥­® ¢ [4], ¥á«¨ K | ª®¬¯ ªâ,   !(t) ã¤®¢«¥â¢®àï¥â
�R
0

!(t)

t
dt =

O(!(�)) ¨
1R
�

!(t)
t2
dt = O

�
!(�)
�
), â® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì fxig1i=0 â ª ï, çâ® ¯à¨¢¥¤¥­­ ï

¢ëè¥ ª®­áâàãªæ¨ï ¤ ¥â ¡¥§ãá«®¢­ë© ¨­â¥à¯®«¨àãîé¨© ¡ §¨á ffig1i=0, ¯à®áâà ­áâ¢  C
0
!(K).
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