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�¢¥¤¥¨¥

� áá¬ âà¨¢ ¥âáï § ¤ ç 

minff0(x); x 2 
g; 
 = fx 2 En j fj(x) � 0; j 2 Jg; (1)

£¤¥ En ¥áâì n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®, J | ª®¥ç®¥ ¬®¦¥áâ¢® ¨¤¥ªá®¢, äãªæ¨¨
fj(x) 2 C(2)(En), j 2 J [ f0g.

�®¤ à¥è¥¨¥¬ § ¤ ç¨ (1) ¡ã¤¥¬ ¯®¨¬ âì â®çªã x�, ã¤®¢«¥â¢®àïîéãî ¥®¡å®¤¨¬ë¬ ãá«®-
¢¨ï¬ ¬¨¨¬ã¬  ¯¥à¢®£® ¯®àï¤ª : áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  �j

�
� 0, j 2 J , çâ®

f 00(x�) +
X
j2J

�j
�
f 0j(x�) = 0; �j

�
fj(x�) = 0; j 2 J; x 2 
: (2)

� à ¡®â å [1], [2] ¯à¥¤«®¦¥  ¥¤¨ ï áå¥¬  ¯®áâà®¥¨ï ¨ ¨áá«¥¤®¢ ¨ï ¬¥â®¤®¢ à¥è¥¨ï
§ ¤ ç¨ (1), ®á®¢  ï   ¨á¯®«ì§®¢ ¨¨ \¯à¨¢¥¤¥®£®"  ¯à ¢«¥¨ï ¢ ª ç¥áâ¢¥  ¯à ¢«¥¨ï
¤¢¨¦¥¨ï ¢ â¥ªãé¥© ¨â¥à æ¨®®© â®çª¥ ¨ ¯à¨¬¥¥¨¨ à §«¨çëå èâà äëå äãªæ¨© ¤«ï
¢ë¡®à  ¤«¨ë è £ .

� à ¬ª å ãª § ®© ¥¤¨®© áå¥¬ë à¥ «¨§®¢ ë ª ª ¨§¢¥áâë¥, â ª ¨ ®¢ë¥ ¬¥â®¤ë â®ç-
ëå [1] ¨ ¤¨ää¥à¥æ¨àã¥¬ëå èâà äëå äãªæ¨© [3], ¬¥â®¤ë ¢®§¬®¦ëå  ¯à ¢«¥¨© [2] ¨
¬®¤¨ä¨æ¨à®¢ ëå äãªæ¨© � £à ¦  [4], ¬¥â®¤ë æ¥âà®¢ ¨ ¡ àì¥àëå äãªæ¨© [5].

� ¤ ®© à ¡®â¥ ¢ ª ç¥áâ¢¥ äãªæ¨¨ ¢ë¨£àëè  ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ¢¥èîî äãª-
æ¨î à ááâ®ï¨ï ([6], á. 84)

��(x) = ((f0(x)� �)+)2 +
X
j2J

(f+j (x))
2; y+ = maxf0; yg; (3)

à¥ «¨§ãï ¢ à ¬ª å ¥¤¨®© áå¥¬ë ª ª ¨§¢¥áâë©, â ª ¨ ®¢ë© ¬¥â®¤ æ¥âà®¢. �¤¥áì � | èâà ä-
®© ¯ à ¬¥âà. �â¬¥â¨¬, çâ® äãªæ¨ï (3) à ¥¥ ¯à¨¬¥ï« áì ¬®£¨¬¨  ¢â®à ¬¨ ¢ ¬¥â®¤ å  -
£àã¦¥ëå äãªæ¨©.

1. �¥â®¤ ¢¥è¨å æ¥âà®¢

� §®¢¥¬
J0(x) = fj 2 J j fj(x) � 0g

¬®¦¥áâ¢®¬ ¨¤¥ªá®¢ \à ¡®ç¨å" ®£à ¨ç¥¨©.
�ãáâì ¢ë¯®«ïîâáï

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(97-01-00680).
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�á«®¢¨¥ 1. � ª ¦¤®© â®çª¥ x�, ï¢«ïîé¥©áï à¥è¥¨¥¬ § ¤ ç¨ (1), ¢ë¯®«ï¥âáï ãá«®¢¨¥
áâà®£®© ¤®¯®«ïîé¥© ¥¦¥áâª®áâ¨, â. ¥. ¢ (2)

�j
�
> 0; j 2 J�; J� = fj 2 J j fj(x�) = 0g:

�á«®¢¨¥ 2. �à ¤¨¥âë f 0j(x), j 2 J0(x), «¨¥©® ¥§ ¢¨á¨¬ë ¤«ï ¢á¥å â®ç¥ª x 2 En.

� «®£¨ç® [1] «¨¥ à¨§ã¥¬ ¢ â®çª¥ x 2 
 äãªæ¨¨ fj(�), j 2 J0(x), ®£à ¨ç¥¨© § ¤ ç¨ (1).
�¥à¥©¤¥¬ ®â á¨áâ¥¬ë ¥à ¢¥áâ¢ fj(�) � 0 ª á¨áâ¥¬¥ ãà ¢¥¨©

fj(x) + hf 0j(x); � � xi = �vj ; j 2 Jk(x); � 2 En; (4)

£¤¥ v = (vj)j2J0(x) 2 Er | ¢¥ªâ®à ¯ à ¬¥âà®¢.
�¡®§ ç¨¬ ç¥à¥§ A = A(x) ¬ âà¨æã, á®áâ®ïéãî ¨§ áâ®«¡æ®¢ f 0j(x), j 2 J0(x), r | ª®«¨ç¥áâ¢®

í«¥¬¥â®¢ ¬®¦¥áâ¢  J0(x). � á«ãç ¥ 0 < r < n ®¯à¥¤¥«¨¬ ¬ âà¨æã P = P (x) à §¬¥à®áâ¨
n� (n� r), à £  n� r ¨ ¬ âà¨æã R = R(x) à §¬¥à®áâ¨ n� r, à £  r ãá«®¢¨ï¬¨

ATP = 0; ATR = Ir: (5)

�¤¥áì Ir | ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  r.
�ª ¦¥¬ ¤«ï á«ãç ï 0 < r < n ®¤¨ ¨§ á¯®á®¡®¢ ¯®áâà®¥¨ï ¬ âà¨æ P , R, ã¤®¢«¥â¢®àïîé¨å

ãá«®¢¨ï¬ (5).
�ãáâì G | ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ  à §¬¥à®áâ¨ n � n, H | â ª ï ¨¦ïï

âà¥ã£®«ì ï ¬ âà¨æ , çâ® G = HHT . �®«ãç¨¬ LQ-à §«®¦¥¨¥ ¬ âà¨æë AT ¢ ¢¨¤¥

AT = (L : 0)Q: (6)

�¤¥áì L | «¥¢ ï âà¥ã£®«ì ï, Q | ®àâ®£® «ì ï ¬ âà¨æë à §¬¥à®áâ¥© r� r ¨ n�n á®®â¢¥â-
áâ¢¥®. � §®¡ì¥¬ Q   ¡«®ª¨ Q1 ¨ Q2 à §¬¥à®áâ¥© r� n ¨ (n� r)� n â ª, çâ® QT = (QT

1 ;Q
T
2 ).

�®«®¦¨¬

P = HQT
2 ; R = QT

1 L
�1 = GA(ATGA)�1: (7)

�ë¯¨è¥¬ ¢ ®¡é¥¬ ¢¨¤¥ à¥è¥¨¥ s = � � x á¨áâ¥¬ë (4):

s =

8>><
>>:
�Pz; r = 0; P = In; z 2 En;

�Pz �R(v + f); 0 < r < n; z 2 En�r; v 2 Er;

�R(v + f); r = n; R = (AT )�1; v 2 En:

(8)

�®£« á® (8) ¯®áâà®¥¨¥ ã¤®¢«¥â¢®àïîé¥£® (4) ¢¥ªâ®à  s = � � x á¢®¤¨âáï ª ¢ë¡®àã ¬ âà¨æ P ,
R ¨ ¢¥ªâ®à®¢ z 2 En�r, v 2 Er.

�à¥¤¯®« £ ï, çâ® ¢ë¡®à ¢¥ªâ®à®¢ z, v ®¡¥á¯¥ç¨¢ ¥â à ¢®¬¥àãî ®£à ¨ç¥®áâì ®¯à¥¤¥-
«¥®© ¢ (8) ¢¥«¨ç¨ë ks(z(x); v(x))k ¯à¨ x 2 En, ¯®«ãç¨¬ ®æ¥ªã ¨§¬¥¥¨ï äãªæ¨¨ ��(x)
¯à¨ ¤¢¨¦¥¨¨ ¨§ â®çª¨ x ¢¤®«ì  ¯à ¢«¥¨ï s   ¤«¨ã è £  t, £¤¥ t 2 (0; 1]. �«ï íâ®£® ¡ã¤¥¬
¯à¥¤¯®« £ âì, çâ® ¢ë¯®«ï¥âáï

�á«®¢¨¥ 3. � âà¨æ  �¥áá¥ �00�(x) äãªæ¨¨ (3) ï¢«ï¥âáï ®£à ¨ç¥®© (â. ¥. ¨¬¥¥â ª®¥çãî
®à¬ã) ¤«ï «î¡ëå x 2 En.
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�á¯®«ì§ãï à §«®¦¥¨¥ äãªæ¨¨ ��(x) ¢ àï¤ �¥©«®à  ¢ â®çª¥ x á ®áâ â®çë¬ ç«¥®¬ ¢ â®çª¥
� = x+ �ts, � 2 (0; 1),   ®á®¢¥ (5), (8) ¨ ãá«®¢¨© 2, 3 ¨¬¥¥¬

��(x+ ts) = ��(x) + th�0�(x); si+
t2

2
hs;�00�(�)si �

� ��(x) + t

�
2Bhf 00(x); si+ 2

X
j2J

f+j (x)hf
0

j(x); si
�
+ t2O(ksk2) =

= ��(x) + t

�
2Bhf 00(x); si � 2

X
j2J0(x)

f+j (x)(vj + fj(x))
�
+ t2O(ksk2) =

= ��(x) + t[2B!(x; z; v) � 2hf+(x); v + f(x)i] + t2O(ksk2); (9)

£¤¥

!(x; z; v) = hf 00(x); si =

8>><
>>:
hg(x); zi; r = 0;

hg(x); zi + hu(x); v + f(x)i; 0 < r < n;

hu(x); v + f(x)i; r = n;

(10)

g(x) = �P T (x)f 00(x), u(x) = �RT (x)f 00(x), f(x) = (fj(x))j2J0(x), B = B(x) = (f0(x)� �)+.
� ª ç¥áâ¢¥  ¯¯à®ªá¨¬ æ¨¨ ¬®¦¥áâ¢  
 ¢ â¥ªãé¥© â®çª¥ x ¨á¯®«ì§ã¥¬ á¨áâ¥¬ã ãà ¢¥¨©

(4).
�¡®§ ç¨¬

!�(x; z; v) = 2(f0(x)� �)+!(x; z; v) � 2hf+(x); v + f(x)i: (11)

�¬¥ï ¢ ¢¨¤ã ã¬¥ìè¥¨¥ èâà ä®© äãªæ¨¨ ��(x) ¯à¨ ¤¢¨¦¥¨¨ ¨§ â®çª¨ x ¢¤®«ì  ¯à -
¢«¥¨ï s, ¡ã¤¥¬ ¢ë¡¨à âì ®¯à¥¤¥«ïîé¨¥ ¥£® ¢¥ªâ®àë z 2 En�r, v 2 Er á«¥¤ãîé¨¬ ®¡à §®¬:

z = P T (x)f 00(x) = �g(x); (12)

z = (P T (x)G(x)P (x))�1P T (x)f 00(x); (13)

£¤¥ G(x) |  ¯¯à®ªá¨¬¨àãîé ï ¬ âà¨æ  ¤«ï L00xx | £¥áá¨   äãªæ¨¨ � £à ¦  § ¤ ç¨ (1).
�¥ªâ®à v ¢ëç¨á«ï¥¬ ª ª áâ æ¨® àãî â®çªã ª¢ ¤à â¨ç®© äãªæ¨¨

v = Argmin
�2En

fhBu(x) � f+(x); � + f(x)i+ 1
2
k� + f(x)k2g = �Bu(x) + f+(x)� f(x): (14)

�æ¥¨¬ ¢¥«¨ç¨ã

!�(x; z; v) = 2B(hg(x); zi + hu(x); v + f(x)i)� 2hf+(x); v + f(x)i =

= 2Bhg(x); zi + 2Bhu(x) � 1
B
f+(x); v + f(x)i =

= �2Bkg(x)k2 � 2hBu(x)� f+(x); Bu(x)� f+(x)i = �2Bkg(x)k2 � 2kBu(x)� f+(x)k2 � 0:

�á«¨ !�(x; z; v) < 0, â® èâà ä ï äãªæ¨ï ��(x) ¡ã¤¥â ã¡ë¢ âì. �á«¨ !�(x; z; v) = 0, â®

g(x) = 0; u(x) =
1
B
f+(x): (15)

�à¨ íâ®¬ á¯à ¢¥¤«¨¢ 

�¥¬¬  1. �á«®¢¨ï (15) íª¢¨¢ «¥âë ¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ íªáâà¥¬ã¬  ¤«ï äãªæ¨¨

��(x) ¢ â®çª¥ x.
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, à ¢¥áâ¢® g(x) = �P T (x)f 00(x) = 0 ®§ ç ¥â, çâ® ¢¥ªâ®à
�f 00(x) ¯à¨ ¤«¥¦¨â ¯®¤¯à®áâà áâ¢ã,  âïãâ®¬ã   ¢¥ªâ®àë f 0j(x), j 2 J0(x), â. ¥.
f 00(x)+

P
j2J0(x)

�jf 0j(x) = 0. �¬®¦ ï ®¡¥ ç áâ¨ à ¢¥áâ¢    ¬ âà¨æã RT , ¯®«ãç ¥¬ �j(x) = uj(x),

j 2 J0(x), ¨§ ç¥£® á«¥¤ã¥â, çâ® f 00(x) +
1
B

P
j2J0(x)

f+j (x)f
0

j(x) = 0; ¤ «¥¥, ã¬®¦ ï ®¡¥ ç áâ¨ à ¢¥-

áâ¢    2B, ¡ã¤¥¬ ¨¬¥âì 2Bf 00(x) + 2
P
j2J

f+j (x)f
0

j(x) = �0�(x) = 0, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�®ª § â¥«ìáâ¢® ®¡à â®£® ãâ¢¥à¦¤¥¨ï ®ç¥¢¨¤®.

�â ª, ¯à¨ ¢ëè¥ãª § ®¬ ¢ë¡®à¥ ¯ à ¬¥âà®¢ z ¨ v ¢ à¨ â ¬¥â®¤  ¢¥è¨å æ¥âà®¢ [6]
¬®¦¥â ¡ëâì à¥ «¨§®¢  ¢ à ¬ª å ¥¤¨®© áå¥¬ë ¬¥â®¤®¢ ¯à¨¢¥¤¥ëå  ¯à ¢«¥¨©.

2. �¥â®¤ à¥ªãàá¨¢®£® ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï
  ®á®¢¥ ¢¥è¥© äãªæ¨¨ à ááâ®ï¨ï

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ãá«®¢¨¥ 2 ¥ ¢ë¯®«ï¥âáï, â. ¥. ª®£¤  £à ¤¨¥âë \à ¡®ç¨å" ®£à ¨-
ç¥¨© «¨¥©® § ¢¨á¨¬ë. � «®£¨ç® [3] ¡ã¤¥¬ ®¯à¥¤¥«ïâì  ¯à ¢«¥¨¥ s ¨§ á¨áâ¥¬ «¨¥©ëå
ãà ¢¥¨©

Gs = �f 00(x) +A(x)w; (16)

AT (x)s = �v � f(x); (17)

à áá¬ âà¨¢ ï ¢¥ªâ®àë w; v 2 Er ª ª ¢¥ªâ®àë ¯ à ¬¥âà®¢. � §à¥è ï ¯¥à¢ãî á¨áâ¥¬ã ®â®á¨-
â¥«ì® s ¨ ¯®¤áâ ¢«ïï ¢® ¢â®àãî, ¯®«ãç¨¬

�AT (x)G�1(x)f 00(x) +AT (x)G�1(x)Aw + f(x) = �v:

�®« £ ï

v = Bw + f+(x)� f(x); (18)

¯®«ãç¨¬ á¨áâ¥¬ã

(AT (x)G�1(x)A(x) +BIr)w = AT (x)G�1(x)f 00(x)� f+(x): (19)

�æ¥¨¬ § ç¥¨¥ äãªæ¨¨ !�(x; z; v) ¯à¨ ¤¢¨¦¥¨¨ ¢¤®«ì  ¯à ¢«¥¨ï s,¢ëç¨á«ï¥¬®£® ¨§
(16), (19),

!�(x; z; v) = 2Bhf 00(x); si � 2hf+(x); v + f(x)i =

= 2Bhf 00(x); si � 2hf+(x); v + f(x)i+ 2Bhw; f(x) + vi � 2Bhw; f(x) + vi =

= 2Bhf 00(x)�A(x)w; si � 2hBw + f+(x); v + f(x)i =

= �2Bhs;G�1(x)si � 2hBw + f+(x); Bw + f+(x)i =

= �2Bhs;G�1(x)si � 2kBw + f+(x)k2 � 0:

� ª ª ª ¬ âà¨æ  G(x) ï¢«ï¥âáï áâà®£® ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®© ¤«ï x 2 En, â® ¨§ á®®â-
®è¥¨ï !�(x; z; v) = 0 á«¥¤ã¥â s = 0, w = � 1

B
f+(x). �âáî¤  á®£« á® (16) ¯®«ãç ¥¬

�f 00(x) +A(x)w = 0; �f 00(x)�A
1
B
f+(x) = 0;

Bf 00(x) +Af+(x) = �0�(x) = 0:

�â ª, ¯à¨ ¢ë¡®à¥  ¯à ¢«¥¨ï s ¨§ ä®à¬ã« (16){(19) ¬®¦¥â ¡ëâì ¯®áâà®¥ ¬¥â®¤ à¥ªãàá¨¢-
®£® ª¢ ¤à â¨ç®£® ¯à®£à ¬¬¨à®¢ ¨ï. � ª ª ª (19) ®¯à¥¤¥«ï¥â ¢¥ªâ®à w ¥§ ¢¨á¨¬® ®â â®£®,
ï¢«ï¥âáï ¬ âà¨æ  A ¢ëà®¦¤¥®© ¨«¨ ¥â, â®  ¯à ¢«¥¨¥ s ¢á¥£¤  ¬®¦¥â ¡ëâì ¢ëç¨á«¥® ¨§
(16), (19). �â¬¥â¨¬, çâ® ¢ á¨«ã ãá«®¢¨ï 1 ¢ ®ªà¥áâ®áâ¨ à¥è¥¨ï £à ¤¨¥âë äãªæ¨© \à ¡®ç¨å"
®£à ¨ç¥¨© «¨¥©® ¥§ ¢¨á¨¬ë.

52



3. �¥â®¤ ¢¥è¨å æ¥âà®¢ á ¨á¯®«ì§®¢ ¨¥¬ ¯à¨¢¥¤¥®£® £à ¤¨¥â 

�¥à¥©¤¥¬ â¥¯¥àì ª ¯®áâà®¥¨î ®¢®£® ¬¥â®¤ . � ª ç¥áâ¢¥ \à ¡®ç¥£®"  ¡®à  ¢ë¡¥à¥¬ ¬®-
¦¥áâ¢®

J"(x) = fj 2 J j fj(x) � �"g; " � 0:

� ª« ¤ë¢ ï   ¯ à ¬¥âà v ãá«®¢¨¥ ¥®âà¨æ â¥«ì®áâ¨,   «®£¨ç® (4) ¡ã¤¥¬ ¨¬¥âì ¤«ï  ¯à -
¢«¥¨ï s á®®â®è¥¨¥

fj(x) + hf 0j(x); si � 0; j 2 J"(x): (20)

�â¬¥â¨¬, çâ®  « £ ¥¬®¥   v ãá«®¢¨¥ ®¯à¥¤¥«ï¥â ¡®«¥¥ â®çãî «¨¥ à¨§ æ¨î \à ¡®ç¨å" ®£à -
¨ç¥¨©.

� ¬¥¨¬ ãá«®¢¨¥ 2  

�á«®¢¨¥ 4. �à ¤¨¥âë f 0j(x), j 2 J"(x), ï¢«ïîâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¤«ï ¢á¥å x 2 En.

�ã¤¥¬ ¢ë¡¨à âì ¢¥ªâ®àë z 2 En�r, v 2 Er
+, ¨á¯®«ì§ãï

�á«®¢¨¥ 5. �ãªæ¨¨ P (x), R(x), z(x), v(x) ¥¯à¥àë¢ë ¯à¨ ä¨ªá¨à®¢ ®¬ ¢ ®ªà¥áâ®áâ¨
â®çª¨ x ¬®¦¥áâ¢¥ J"(x), !�(x; z; v) � 0, ¯à¨ç¥¬ á®®â®è¥¨¥ !�(x; z; v) = 0 ¢«¥ç¥â

g(x) = 0; hu(x); f(x)i = 0; u(x) � 0; f+(x) = 0: (21)

�¥¬¬  2. �á«®¢¨ï (21) íª¢¨¢ «¥âë ¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ ¬¨¨¬ã¬  ¤«ï § ¤ ç¨ (1) ¢
â®çª¥ x.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2 ¯à¨¢¥¤¥® ¢ ([1], á. 1802).
�â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â ¨§¢¥áâ®£® ¬¥â®¤  (á¬. «¥¬¬ã 1) ¢ëè¥ãª § ë¥ ãá«®¢¨ï ®¯à¥-

¤¥«ïîâ ãá«®¢¨ï íªáâà¥¬ã¬  ¤«ï ¨áå®¤®© § ¤ ç¨,   ¥ ¤«ï ¢á¯®¬®£ â¥«ì®© äãªæ¨¨.
�¤¨ ¨§ á¯®á®¡®¢ ¢ëç¨á«¥¨ï ¢¥ªâ®à®¢ z ¨ v, ã¤®¢«¥â¢®àïîé¨å ãª § ë¬ ¢ëè¥ ãá«®¢¨ï¬,

¤ îâ á®®â®è¥¨ï

z = �g(x); (22)

v(B) = Argmin
�2Er

+

fhBu(x)� f+(x); � + f(x)i+ 1
2
k� + f(x)k2g = (�Bu(x) + f+(x)� f(x))+: (23)

�®«ãç¨¬ ãá«®¢¨¥   ¢ë¡®à ¯ à ¬¥âà  � ¢ ¨â¥à æ¨®®© â®çª¥ xk. �§ (11) á«¥¤ã¥â, çâ® ¥á«¨
!(xk; zk; v(Bk)) � 0, â® !�k(xk; zk; v(Bk)) � 0 ¯à¨ «î¡®¬ Bk. �á«¨ !(xk; zk; v(Bk)) > 0, â® ¤«ï
®¡¥á¯¥ç¥¨ï ®âà¨æ â¥«ì®áâ¨ !�k(xk; zk; v(Bk)) ¢ëç¨á«ï¥¬ Bk+1 ¯® ä®à¬ã«¥

Bk+1 = �
hf+(xk); v(Bk) + f(xk)i

!(xk; zk; vk)
; � 2 (0; 1): (24)

�à¨ íâ®¬

�k+1 = f0(xk)� �
hf+(xk); vk + f(xk)i

!(xk; zk; vk)
:

�®ª ¦¥¬ ¢ë¯®«¥¨¥ (21). �¡®§ ç¨¬

J1 = fj 2 J"(x) j �Buj � fj + f+j � 0g; J2 = J"(x) n J1:

�æ¥¨¬ § ç¥¨¥ !�(x; z; v). �«ï íâ®£®, ¯®¤áâ ¢¨¢ (22), (23) ¢ (11), ¨¬¥¥¬

!�(x; z; v(B)) = Bhg(x); zi +Bhu(x); v(B) + f(x)i � hf+(x); v(B)i � hf+(x); f(x)i =

= �Bkg(x)k2+
X
j2J1

(Buj(x)�f+j (x))(�Buj(x)�fj(x)+f
+
j (x)+fj(x))+

X
j2J2

(Buj(x)�f+j (x))fj(x) =

= �Bkg(x)k2 �
X
j2J1

(Buj(x)� f+j (x))
2 +B

X
j2J2

uj(x)fj(x)� kf+(x)k2: (25)
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�á«¨ !�(x; z; v) = 0 ¯à¨ «î¡®¬ B, â® á®£« á® (25) á«¥¤ã¥â, çâ® g(x) = 0, f+(x) = 0,
hu(x); f(x)i = 0, u(x) � 0. �®á«¥¤¥¥ ¯® «¥¬¬¥ 2 ®§ ç ¥â, çâ® â®çª  x | à¥è¥¨¥ § ¤ ç¨
(1).

�â¬¥â¨¬, çâ® ®¯à¥¤¥«ï¥¬ë© (5), (8), (22), (23), (24) ¬¥â®¤ á ¨á¯®«ì§®¢ ¨¥¬ ¯à¨¢¥¤¥®£®
£à ¤¨¥â , ¢ ®â«¨ç¨¥ ®â à áá¬®âà¥®£® ¢ëè¥ ¬¥â®¤  ¢¥è¨å æ¥âà®¢, ¥ ï¢«ï¥âáï  ¤ ¯â¨¢-
ë¬, â. ª. ¥ ¨á¯®«ì§ã¥â ¨â¥à æ¨®®© ¯à®æ¥¤ãàë ¡¥§ãá«®¢®© ¬¨¨¬¨§ æ¨¨ ¢¥è¥© äãªæ¨¨
à ááâ®ï¨ï (3) ¯à¨ ä¨ªá¨à®¢ ®¬ § ç¥¨¨ èâà ä®£® ¯ à ¬¥âà  �.

�â ª, ¨á¯®«ì§ãï ä®à¬ã«ã (24) ¤«ï à áç¥â  èâà ä®£® ¯ à ¬¥âà  �, ¬ë ¬®¦¥¬ ¯®áâà®¨âì
 «£®à¨â¬ ®¢®£® ¬¥â®¤  ¢¥è¨å æ¥âà®¢ á äãªæ¨¥© à ááâ®ï¨ï (3).

4. �«£®à¨â¬ ¬¥â®¤  ¢¥è¨å æ¥âà®¢ ¨ ¥£® áå®¤¨¬®áâì

�«ï à¥è¥¨ï § ¤ ç¨ (1) ¯à¥¤« £ ¥âáï
�«£®à¨â¬

1. �ë¡¨à ¥¬  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ x0 2 En, ¯ à ¬¥âàë "0 > 0,  2 (0; 1=2), �0 � min
x

f0(x),

� 2 (0; 1).
2. �ãáâì ã¦¥ ¯®«ãç¥ë â®çª  xk, ç¨á«  "k, �k. �«¥¤ãï (6), ®áãé¥áâ¢«ï¥¬ à §«®¦¥¨¥

¬ âà¨æë A(xk). � á«ãç ¥ ¢ëà®¦¤¥®áâ¨ ¬ âà¨æë A(xk) ®¯à¥¤¥«ï¥¬  ¯à ¢«¥¨¥ sk
¨§ (16) ¨ ¯¥à¥å®¤¨¬   è £ 4, ¨ ç¥ ®¯à¥¤¥«ï¥¬ ¬ âà¨æë P (xk), R(xk) á®£« á® (7)
¨  ¯à ¢«¥¨¥ sk ¨§ (8). �¯à¥¤¥«ï¥¬ !(xk; zk; vk) ¨§ (10), ¯ à ¬¥âà vk ¨§ á®®â®è¥¨ï
vk = (�(f0(xk)� �k)+u(xk) + f+(xk)� f(xk))+.

3. �¯à¥¤¥«ï¥¬

�k+1 =

8><
>:
f0(xk)� �

hf+(xk); vk + f(xk)i
!(xk; zk; vk)

; ¥á«¨ !(xk; zk; vk) > 0;

�k ¨ ç¥;

!�k+1(xk; zk; vk) = 2(f0(xk)� �k+1)
+!(xk; zk; vk)� 2hf+(xk); vk + f(xk)i:

�á«¨ !�k+1(xk; zk; vk) � 0, â® xk ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1). �à®æ¥áá   íâ®¬ § -
ª ç¨¢ ¥âáï. �ãáâì !�k+1(xk; zk; vk) < 0. �á«¨ J"k(xk) = ; «¨¡® ¢ë¯®«ïîâáï ¥à ¢¥-
áâ¢  ujk > jfj(xk)j, j 2 J"k(xk), â® ¯®« £ ¥¬ "k+1 = "k, ¢ ¯à®â¨¢®¬ á«ãç ¥ ¯à¨¨¬ ¥¬
"k+1 = minf"k; j!�k+1(xk; zk; vk)jg.

4. � å®¤¨¬ ¢¥«¨ç¨ã è £ 

tk = maxft = 2�l j ��k+1(xk + tsk) � ��k+1(xk) + t!�k+1(xk; zk; vk); l = 0; 1; : : : g: (26)

5. �ëç¨á«ï¥¬ xk+1 = xk + tksk. �¥à¥å®¤¨¬   è £ 2.

�à¨áâã¯ ï ª   «¨§ã  «£®à¨â¬ , ¯®ª ¦¥¬, çâ® ¢ë¡®à è £    ª ¦¤®© ¨â¥à æ¨¨ ®áãé¥áâ¢«ï-
¥âáï §  ª®¥ç®¥ ç¨á«® ¯à®¡.

�§ (9) á«¥¤ã¥â, çâ® ä¨£ãà¨àãîé¥¥ ¢ (26) ¥à ¢¥áâ¢® ¢ë¯®«ï¥âáï ¤«ï ¢á¥å § ç¥¨©
t 2 [0; tk], £¤¥

tk = min
�
1;
(1� )j!�k+1(xk; zk; vk)j
O(ksk(xk; zk; vk)k2)

�
: (27)

�âáî¤  ¢ëâ¥ª ¥â ª®¥ç®áâì ¯à®æ¥¤ãàë ¤à®¡«¥¨ï ¯à¨ ¢ë¡®à¥ è £  ¨§ ãá«®¢¨ï (26) ¨ ¥à ¢¥-
áâ¢®

tk > 0:5 tk: (28)

�á«¨ ¢ëà ¡ âë¢ ¥¬ ï  «£®à¨â¬®¬ ¯®á«¥¤®¢ â¥«ì®áâì fxkg ª®¥ç , â® ¯®á«¥¤ïï ¥¥ â®çª 
ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1).

�å®¤¨¬®áâì  «£®à¨â¬  ¢ á«ãç ¥ ¡¥áª®¥ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fxkg ãáâ  ¢«¨¢ ¥â
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�¥®à¥¬ . �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fxkg ®£à ¨ç¥ . �®£¤  «î¡ ï ¥¥ ¯à¥¤¥«ì ï â®çª 

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1). �à¨ íâ®¬ áãé¥áâ¢ãîâ â ª®¥ ç¨á«® "� > 0 ¨ ®¬¥à k1, çâ®
"k = "�, k � k1.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢ ç «¥ ¢â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë. �®áª®«ìªã ¯®á«¥¤®¢ -
â¥«ì®áâì "k ¬®®â®® ¥ ¢®§à áâ ¥â ¨ ®£à ¨ç¥ , áãé¥áâ¢ã¥â lim

k!1
"k = e"k � 0. �®áâ â®ç®

¯®ª § âì, çâ® ¬®¦¥áâ¢® N1 = fk 2 N j "k+1 = "kg ª®¥ç®. �¤¥áì N | ¬®¦¥áâ¢®  âãà «ìëå
ç¨á¥«.

�à¥¤¯®« £ ï ¯à®â¨¢®¥, à áá¬®âà¨¬ ¢®§¬®¦ë¥ á«ãç ¨.
a) e"k > 0. �®£¤  "k � e"k > 0, k 2 N . �§ ¥¯à¥àë¢®áâ¨ äãªæ¨© P (x), R(x), z(x), v(x)

¯à¨ ä¨ªá¨à®¢ ®¬ ¬®¦¥áâ¢¥ J"(x) á ãç¥â®¬ ª®¥ç®áâ¨ ¬®¦¥áâ¢  J á«¥¤ã¥â ®£à ¨ç¥®áâì
¢¥«¨ç¨ s(xk; z(xk); v(xk)). �§ á®®â®è¥¨© (27), (28)

tk > C1j!�k+1(xk; zk; vk)j: (29)

�¡ê¥¤¨ïï (26), (29), ¯®«ãç ¥¬

��k+1(xk+1) � ��k+1(xk)�C1!
2
�k+1

(xk; zk; vk): (30)

�ãáâì xk, k 2 N1, áå®¤¨âáï. �®ª ¦¥¬, çâ® lim
k2N1

!�k+1(xk; zk; vk) = 0. �«ï íâ®£® à áá¬®âà¨¬ ¯®á«¥-

¤®¢ â¥«ì®áâì Bk. �®£« á® (24) ¯®á«¥¤®¢ â¥«ì®áâì Bk ¬®®â®® ¥ ¢®§à áâ ¥â, ®£à ¨ç¥ 
á¨§ã ¨, á«¥¤®¢ â¥«ì®, áå®¤¨âáï. �ãáâì lim

k!1
Bk = B � 0. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) B > 0. �ã¤¥¬ áç¨â âì, çâ® xk0 , xk00 | ¤¢¥ á®á¥¤¨¥ â®çª¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ N1. �æ¥-
¨¬ ¨§¬¥¥¨¥ § ç¥¨ï äãªæ¨¨ ��(x)   ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ N1. �á¯®«ì§ãï (30), ¨¬¥¥¬

��
k00
(xk00) � ��

k00
(xk00�1)� C1!

2
�
k00
(xk00�1; zk00�1; vk00�1) � ��

k00
(xk00�1) � � � �

� � � � ��
k0+1

(xk0)� C1!
2
�
k0+1

(xk0 ; zk0 ; vk0) � ��
k0
(xk0)� C1!

2
�
k0+1

(xk0 ; zk0 ; vk0):

�¥à¥å®¤ï ¢ ®¡¥¨å ç áâïå ¯®á«¥¤¥£® ¯®«ãç¥®£® ¥à ¢¥áâ¢  ª ¯à¥¤¥«ã ¯® k 2 N1 ¨ ãç¨âë¢ ï,
çâ® B > 0, ¨¬¥¥¬ lim

k2N1

!�k(xk; zk; vk) = 0.

2) B = 0. �®£¤  á®£« á® (24) ¯®«ãç ¥¬

lim
k2N

Bk = lim
k2N

�
hf+(xk); v(Bk) + f(xk)i

!(xk; zk; vk)
= 0;

®âªã¤  á«¥¤ã¥â á ãç¥â®¬ ®£à ¨ç¥®áâ¨ !(xk; zk; vk), çâ® lim
k2N

hf+(xk); v(Bk) + f(xk)i = 0. � «¥¥,
¯¥à¥å®¤ï ¢ ¥à ¢¥áâ¢¥

0 < !(xk; zk; vk) = �g2(xk)�
X
j2J1

u2j(xk) +
X
j2J2

uj(xk)fj(xk)

ª ¯à¥¤¥«ã ¯® k, ¯®«ãç ¥¬ lim
k2N

!�k(xk; zk; vk) = 0. �® "k+1 = j!�k(xk; zk; vk)j, k 2 N1, ¨, á«¥¤®¢ -

â¥«ì®, lim
k2N1

"k = 0, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î e" > 0.

¡) e" = 0. � ª ª ª "k+1 = j!�k(xk; zk; vk)j, k 2 N1, â®

lim
k2N1

!�k(xk; zk; vk) = 0: (31)

�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦¥¬ áç¨â âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fxkgk2N1
áå®¤¨âáï,

lim
k2N1

xk = ex; lim
k2N1

zk = ez; lim
k2N1

vk = ev
¨ ¬®¦¥áâ¢® J"(xk) = I ¥ § ¢¨á¨â ®â ®¬¥à  ¨â¥à æ¨¨ k 2 N1.

�§ á®®â®è¥¨ï (31) á ãç¥â®¬ ¥¯à¥àë¢®áâ¨ z(x), v(x), !(x; z; v) ¢ëâ¥ª ¥â !I(ex; ez; ev) = 0, £¤¥
äãªæ¨ï !I(ex; ez; ev) ®¯à¥¤¥«ï¥âáï   «®£¨ç® !�(ex; ez; ev) § ¬¥®© ¬®¦¥áâ¢  J"(x)   I. � á¨«ã
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ãá«®¢¨ï 5 â®çª  x 2 
 ã¤®¢«¥â¢®àï¥â ¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ ¬¨¨¬ã¬ : áãé¥áâ¢ãîâ â ª¨¥
ç¨á«  �j � 0, j 2 I, çâ®

f0(x) +
X
j2I

�jf 0j(x) = 0; �jfj(x) = 0; j 2 I: (32)

�à¨ íâ®¬ � = uI(ex), £¤¥ � = �j, j 2 J , ¢¥ªâ®à uI(x) ®¯à¥¤¥«ï¥âáï   «®£¨ç® u(x) á § ¬¥®©
J"(xk)   I.

� ª ª ª lim
k2N1

"k = 0, â® ¤«ï k 2 N1 ¢ë¯®«ï¥âáï ¢ª«îç¥¨¥ I = J"(xk) � J(xk). �®¯®áâ -

¢«ïï á®®â®è¥¨ï (2) ¨ (32) á ãá«®¢¨¥¬ 5, § ª«îç ¥¬, çâ® I = J(ex) ¨ ujI(ex) > 0, j 2 J . � á¨«ã
á®®â®è¥¨ï lim

k2N1

fj(xk) = 0, j 2 I, ¨ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ u(x) ¯à¨ ä¨ªá¨à®¢ ®¬ ¬®¦¥-

áâ¢¥ J"(xk) ¤«ï ¤®áâ â®ç® ¡®«ìè¨å ®¬¥à®¢ k 2 N1 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢  ujk > jfj(xk)j,
j 2 J"(xk). � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢® N1 á®¤¥à¦¨â «¨èì ª®¥ç®¥ ç¨á«® í«¥¬¥â®¢, çâ® ¯à®-
â¨¢®à¥ç¨â  è¥¬ã ¯à¥¤¯®«®¦¥¨î. �«¥¤®¢ â¥«ì®,  ç¨ ï á ¥ª®â®à®£® ®¬¥à  k1, § ç¥¨¥
"k ¯¥à¥áâ ¥â ¬¥ïâìáï.

�ãáâì â¥¯¥àì xk, k 2 N2, | ¯à®¨§¢®«ì ï áå®¤ïé ïáï ¯®á«¥¤®¢ â¥«ì®áâì ¨ lim
k2N2

xk = x.

�®áª®«ìªã "k = "� > 0, k � k1, â® ¯® ¤®ª § ®¬ã ¢ ¯. a) ¢ë¯®«ï¥âáï ¯à¥¤¥«ì®¥ á®®â®è¥¨¥
lim
k2N2

!�k(xk; zk; vk) = 0. �®á«¥¤¥¥ á®£« á® á«ãç î ¡) ®§ ç ¥â, çâ® â®çª  x ï¢«ï¥âáï à¥è¥¨¥¬

§ ¤ ç¨ (1).

� ª«îç¥¨¥

� à ¡®â¥ ¯à¥¤« £ ¥âáï ¤ «ì¥©è¥¥ à §¢¨â¨¥ ¥¤¨®£® ¯®¤å®¤  ª ¯®áâà®¥¨î ¬¥â®¤®¢ à¥è¥-
¨ï § ¤ ç¨ ¥«¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï (1)   ®á®¢¥ ¯®ïâ¨ï ¯à¨¢¥¤¥®£®  ¯à ¢«¥¨ï,
¯à¥¤«®¦¥®£® ¢ à ¡®â å [1]{[5]. � àï¤ã á ¬¥â®¤ ¬¨ â®çëå èâà äëå äãªæ¨© [1], ¢®§¬®¦ëå
 ¯à ¢«¥¨© [2] ¨ ¬¥â®¤ ¬¨ ¤¨ää¥à¥æ¨àã¥¬ëå èâà äëå äãªæ¨© [3] ¨ ¬®¤¨ä¨æ¨à®¢ ®©
äãªæ¨¨ � £à ¦  [4] ¢ ¥¤¨ãî áå¥¬ã ¬¥â®¤®¢ ¯à¨¢¥¤¥ëå  ¯à ¢«¥¨© ¢ª«îç¥ ®¢ë© ¬¥â®¤
¢¥è¨å æ¥âà®¢, ¨á¯®«ì§ãîé¨© ¢¥èîî äãªæ¨î à ááâ®ï¨ï (3). �à¥¤«®¦¥ë©  «£®à¨â¬
¬¥â®¤  ¢¥è¨å æ¥âà®¢ ®á®¢    á¯¥æ¨ «ì®¬ á¯®á®¡¥ ¯®áâà®¥¨ï ¨¤¥ªá®£® ¬®¦¥áâ¢ 
\à ¡®ç¨å" ®£à ¨ç¥¨© ¨ ¯à®æ¥¤ãà¥ ¯¥à¥áç¥â  èâà ä®£® ¯ à ¬¥âà  ¢ ¨â¥à æ¨®ëå â®çª å.

�®ª § ®, çâ® ¯à¨ ®¯à¥¤¥«¥®¬ ¢ë¡®à¥ ¯ à ¬¥âà®¢, ¢ à ¬ª å ¥¤¨®© áå¥¬ë ¬®£ãâ ¡ëâì
à¥ «¨§®¢ ë ¨§¢¥áâë© ¬¥â®¤ ¢¥è¨å æ¥âà®¢ [6] ¨ ¬¥â®¤ à¥ªãàá¨¢®£® ª¢ ¤à â¨ç®£® ¯à®-
£à ¬¬¨à®¢ ¨ï, ®á®¢ ë©   ¢¥è¥© äãªæ¨¨ à ááâ®ï¨ï (3), ª®â®àë© ¨á¯®«ì§ã¥âáï ¯à¨
à¥è¥¨¨ ¢ëà®¦¤¥ëå § ¤ ç.

�§«®¦¥ë© ¬¥â®¤ à¥ «¨§®¢  ¯à®£à ¬¬® ¨ ¢ª«îç¥ ¢ ®¯â¨¬¨§ æ¨®ãî ¤¨ «®£®¢ãî á¨-
áâ¥¬ã ��¨� [7].

�« £®¤ à®áâì

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à®áâì ¯à®ä¥áá®àã �. �à®áá¬ ã §  ¯«®¤®â¢®à®¥ ®¡áã¦¤¥¨¥ à -
¡®âë,   â ª¦¥ à¥æ¥§¥â ¬ §  § ¬¥ç ¨ï, á¯®á®¡áâ¢®¢ ¢è¨¥ ãáâà ¥¨î ¥â®ç®áâ¥© ¨ ã«ãçè¥-
¨î ¨§«®¦¥¨ï à¥§ã«ìâ â®¢.
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