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�¡« áâì ¯à¨¬¥­¥­¨ï ª« áá¨ç¥áª®£® ¢ à¨ æ¨®­­®£® ¨áç¨á«¥­¨ï ­¥ ®å¢ âë¢ ¥â ­¥ª®â®àë¥  ª-
âã «ì­ë¥ ª« ááë ¢ à¨ æ¨®­­ëå § ¤ ç, ¢ ç áâ­®áâ¨, § ¤ çã ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨®­ «®¢ á ®â-
ª«®­ïîé¨¬áï  à£ã¬¥­â®¬. � á¯à®áâà ­¥­¨¥ ª« áá¨ç¥áª¨å ¬¥â®¤®¢ ­  â ª¨¥ § ¤ ç¨ ®ª § «®áì
¢®§¬®¦­ë¬ ¤«ï ­¥ª®â®àëå á¯¥æ¨ «ì­ëå § ¤ ç (­ ¯à., [1], [2]) ¯à¨ ­ «¨ç¨¨ ¦¥áâª¨å ¨ ­¥ ¢á¥£¤ 
®¯à ¢¤ ­­ëå ®£à ­¨ç¥­¨©.

�¥â®¤ ¨áá«¥¤®¢ ­¨ï ¢ à¨ æ¨®­­ëå § ¤ ç, ¯à¥¤« £ ¥¬ë© ¢ ¤ ­­®© à ¡®â¥, ®á­®¢ ­ ­  à¥¤ãª-
æ¨¨ ¢ à¨ æ¨®­­®© § ¤ ç¨ ª ­¥ª®â®à®© íªáâà¥¬ «ì­®© § ¤ ç¥ ¡¥§ ®£à ­¨ç¥­¨©.

� à¨ æ¨®­­ë¥ § ¤ ç¨ c «¨­¥©­ë¬¨ ®£à ­¨ç¥­¨ï¬¨ ¢ ¢¨¤¥ à ¢¥­áâ¢ ¢ ¯à®áâà ­áâ¢ å, ¨§®-
¬®àä­ëå ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î ¯à®áâà ­áâ¢ L2[a; b] �Rn, ¨§ãç «¨áì ­  �¥à¬áª®¬ �¥¬¨­ à¥
¯® äã­ªæ¨®­ «ì­®{¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ [3]{[5]. � ¨¡®«¥¥ ®¡áâ®ïâ¥«ì­® à áá¬®âà¥­
á«ãç © ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ «  [6]{[8]. �¤¥¨ ã¯®¬ï­ãâëå à ¡®â ¯à¨¢®¤ïâ ª ®¡é¨¬ ¬¥â®¤ ¬
¨áá«¥¤®¢ ­¨ï ¢ à¨ æ¨®­­ëå § ¤ ç ¢ ­®à¬¨à®¢ ­­ëå ¯à®áâà ­áâ¢ å.

�«ï ã¤®¡áâ¢  ç¨â â¥«ï ­ ¯®¬­¨¬ ®á­®¢­ë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï
â¥®à¨¨ íªáâà¥¬ «ì­ëå § ¤ ç.

�ãáâì ­  ­¥ª®â®à®¬ «¨­¥©­®¬ ­®à¬¨à®¢ ­­®¬ ¯à®áâà ­áâ¢¥ B ®¯à¥¤¥«¥­ ¤¢ ¦¤ë ¤¨ää¥-
à¥­æ¨àã¥¬ë© ¯® � â® äã­ªæ¨®­ « f : B ! R. �«ï â ª®£® äã­ªæ¨®­ «  ¯à¨ «î¡ëå z; h 2 B ¨
� 2 R á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

f(z + �h) = f(z) + �hf 0(z); hi +
�2

2
hf 00(z)h; hi + r(�; z; h); (0.1)

£¤¥ lim
�!0

r(�;z;h)

�2
= 0, f 0(z) 2 B�,   ®¯¥à â®à f 00(z) : B ! B� á¨¬¬¥âà¨ç¥áª¨©, â. ¥. hf 00(z)h; gi =

hf 00(z)g; hi ¯à¨ ¢á¥å h; g 2 B. �¨¦¥ ¯à¥¤¯®« £ ¥âáï â ª¦¥ ­¥¯à¥àë¢­®áâì ®¯¥à â®à  f 00(z) ¢
á«¥¤ãîé¥¬ á¬ëá«¥:

lim
h!0

sup
�2[0;1]

h(f 00(z + �h)� f 00(z))h; hi
khk2

= 0: (0.2)

�¯¥à â®à U : B! B� ­ §ë¢ ¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬ (­¨¦¥ ¨á¯®«ì§ã¥âáï ®¡®§­ -
ç¥­¨¥ U � 0), ¥á«¨ hUz; zi � 0 ¯à¨ ¢á¥å z 2 B, ¨ á¨«ì­® ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬ (U � 0),
¥á«¨ hUz; zi � �kzk2 ¯à¨ ¢á¥å z 2 B, £¤¥ � > 0.

�á«®¢¨ï à §à¥è¨¬®áâ¨ íªáâà¥¬ «ì­®© § ¤ ç¨

f(z) �! min (0.3)

ä®à¬ã«¨àãîâáï ¢ ¢¨¤¥ ®¡®¡é¥­­®© â¥®à¥¬ë �¥à¬ : ¥á«¨ z 2 B | à¥è¥­¨¥ § ¤ ç¨ (0.3), â®
f 0(z) = 0 ¨ f 00(z) � 0,   ¥á«¨ f 0(z) = 0 ¨ f 00(z) � 0 ¢ ­¥ª®â®à®© â®çª¥ z 2 B, â® z | à¥è¥­¨¥
§ ¤ ç¨ (0.3) ([9], á. 154). �â¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ äã­ªæ¨®­ « f ¢ë¯ãª«ë©, â® ãá«®¢¨ï f 0(z) = 0,
f 00(z) � 0 ­¥®¡å®¤¨¬ë ¨ ¤®áâ â®ç­ë, çâ®¡ë â®çª  z 2 B ï¢«ï« áì à¥è¥­¨¥¬ § ¤ ç¨ (0.3); ¯à¨
íâ®¬ ¢á¥ ¬¨­¨¬ã¬ë äã­ªæ¨®­ «  f £«®¡ «ì­ë¥.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(96-01-01613, 96-15-96195) ¨ �®­ªãàá­®£® æ¥­âà  äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï.
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�«ï ª¢ ¤à â¨ç­®£® äã­ªæ¨®­ «  f(z) = hUz; zi + hg; zi, £¤¥ U : B ! B� | «¨­¥©­ë© ®¯¥-
à â®à, g 2 B�, ®áâ â®ç­ë© ç«¥­ r(�; z; h) ¢ ¯à¥¤áâ ¢«¥­¨¨ (0.1) ®âáãâáâ¢ã¥â ¨ â¥®à¥¬  �¥à¬ 
ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: â®çª  z 2 B ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (0.3) â®£¤  ¨ â®«ì-
ª® â®£¤ , ª®£¤  (U + U�)z + g = 0 ¨ (U + U�) � 0. 1

1. � §à¥è¨¬®áâì ¢ à¨ æ¨®­­ëå § ¤ ç

�ãáâì W, E | ­¥ª®â®àë¥ «¨­¥©­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢ . � à ¡®â¥ ¨áá«¥¤ã¥âáï
à §à¥è¨¬®áâì ¢ à¨ æ¨®­­ëå § ¤ ç ¢¨¤ 

f(T1x; T2x; : : : ; Tmx) �! min; `x = c; (1.1)

£¤¥ «¨­¥©­ë¥ ®¯¥à â®àë Ti : W ! B, i = 1;m, ` : W ! E ®£à ­¨ç¥­ë, c 2 E,   äã­ªæ¨®­ «
f : Bm ! R ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬ ¯® � â®:

f 0(y)h = hf 0(y); hi =
mX
i=1

f 0i(y1; : : : ; yi; : : : ; ym)hi;

hf 00(y)g; hi =
mX
i=1

mX
j=1

hf 00ij(y1; : : : ; yi; : : : ; yj ; : : : ; ym)gj ; hii;

y = (y1; : : : ; ym) 2 Bm, h = (h1; : : : ; hm) 2 Bm, g = (g1; : : : ; gm) 2 Bm, ¨ ¯à¨ íâ®¬ ®¡« ¤ ¥â
á¢®©áâ¢®¬ (0.2).

�â¬¥â¨¬, çâ® (1.1) ï¢«ï¥âáï § ¤ ç¥© ®âëáª ­¨ï «®ª «ì­®£® ¬¨­¨¬ã¬  äã­ªæ¨®­ «  á ®£à -
­¨ç¥­¨ï¬¨ ¢ ¢¨¤¥ à ¢¥­áâ¢. �­  ¡ã¤¥â à áá¬ âà¨¢ âìáï ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® áãé¥áâ¢ãîâ â ª¨¥
«¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë G : B!W ¨ Y : E!W, çâ® ª ¦¤ë© í«¥¬¥­â x 2W ¯à¥¤-
áâ ¢¨¬ ¢ ¢¨¤¥

x = Gz + Y 
; (1.2)

£¤¥ z 2 B, 
 2 E.
�¯à¥¤¥«¨¬ «¨­¥©­ë¥ ®¯¥à â®àë à ¢¥­áâ¢ ¬¨: Qi

def= TiG : B ! B, Ai
def= TiY : E ! B,

	 def= `G : B! E, q def= `Y : E! E.
� áá¬®âà¨¬ á­ ç «  á«ãç © ®¡à â¨¬®£® ®¯¥à â®à  q. �®«®¦¨¬

Ex
def=

mX
i=1

(Qi �Aiq�1	)�f 0i(T1x; : : : ; Tix; : : : ; Tmx);

U(x) def=
mX
i=1

mX
j=1

(Qi �Aiq�1	)�f 00ij(T1x; : : : ; Tix; : : : ; Tjx; : : : ; Tmx)(Qj �Ajq�1	):

�¥®à¥¬  1. �á«¨ x 2W | à¥è¥­¨¥ § ¤ ç¨ (1:1), â® Ex = 0, `x = c, U(x) � 0. �á«¨ Ex = 0,
`x = c, U(x) � 0 ¤«ï x 2W, â® x | à¥è¥­¨¥ § ¤ ç¨ (1:1).

�®ª § â¥«ìáâ¢®. �®¤áâ ­®¢ª®© (1.2) § ¤ ç  (1.1) ¯à¨¢®¤¨âáï ª ¢¨¤ã

f(Q1z +A1
; : : : ; Qmz +Am
) �! min; 	z + q
 = c: (1.3)

� ª ª ª 
 = q�1c� q�1	z, â® § ¤ ç  (1.3) à¥¤ãæ¨àã¥âáï ª íªáâà¥¬ «ì­®© § ¤ ç¥

J(z) �! min (1.4)

á äã­ªæ¨®­ «®¬ J(z) = f
�
(Q1�A1q�1	)z+A1q�1c; : : : ; (Qm�Amq�1	)z+Amq�1c

�
, ®¯à¥¤¥«¥­­ë¬

­  ¯à®áâà ­áâ¢¥ B. �§ â¥®à¥¬ë �¥à¬  á«¥¤ã¥â, çâ® ¥á«¨ z ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1.4), â®

1� á¨«ã ¨§®¬¥âà¨ç¥áª®£® ¢«®¦¥­¨ï B ¢ B��, ­¥ ®£®¢ à¨¢ ï ®á®¡®, áç¨â ¥¬, çâ® ®¯¥à â®à U� ¤¥©áâ¢ã¥â
¨§ ¯à®áâà ­áâ¢  B ¢ B�.
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hJ 0(z); hi =
mP
i=1



(Qi�Aiq�1	)�f 0i

�
(Q1�A1q�1	)z+A1q�1c; : : : ; (Qi�Aiq�1	)z+Aiq�1c; : : : ; (Qm�

Amq�1	)z +Amq�1c
�
; h
�
= 0, ¯à¨ ¢á¥å h 2 B, â. ¥. J 0(z) =

mP
i=1

(Qi �Aiq�1	)�f 0i
�
(Q1 �A1q�1	)z +

A1q�1c; : : : ; (Qi � Aiq�1	)z + Aiq�1c; : : : ; (Qm � Amq�1	)z + Amq�1c
�
= 0; ¯à¨ç¥¬ J 00(z) =

mP
i=1

mP
j=1

(Qi�Aiq�1	)�f 00ij
�
(Q1�A1q�1	)z+A1q�1c; : : : ; (Qi�Aiq�1	)z+Aiq�1c; : : : ; (Qj�Ajq�1	)z+

Ajq�1c; : : : ; (Qm � Amq�1	)z + Amq�1c
�
(Qj � Ajq�1	) � 0: �­ «®£¨ç­®, ¥á«¨ J 0(z) = 0 ¨

J 00(z) � 0, â® z | à¥è¥­¨¥ § ¤ ç¨ (1.4). � ª ª ª x = Gz + Y 
 = (G � Y q�1	)z + Y q�1c ¨
Tix = (Qi�Aiq�1	)z+Aiq�1c, `x = c, â® ®âáî¤  á«¥¤ãîâ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ® à §à¥è¨¬®áâ¨
§ ¤ ç¨ (1.1) ¢ â®çª¥ x.

�à ¢­¥­¨¥ Ex = 0, £¤¥ E : W ! B, ¥áâ¥áâ¢¥­­® ­ §¢ âì ãà ¢­¥­¨¥¬ �©«¥à  § ¤ ç¨ (1.1),  
á¨áâ¥¬ã ãà ¢­¥­¨©

Ex = 0; `x = c; (1.5)

| ªà ¥¢®© § ¤ ç¥© �©«¥à . �¨­¥©­ë© ®¯¥à â®à U(x) : B ! B� ¡ã¤¥¬ ­ §ë¢ âì ®¯¥à â®à®¬

�ª®¡¨. � ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® à §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ �©«¥à  (1.5)
­¥®¡å®¤¨¬  ¤«ï à §à¥è¨¬®áâ¨ ¢ à¨ æ¨®­­®© § ¤ ç¨ (1.1). �á«¨, ªà®¬¥ â®£®, ®¯¥à â®à �ª®¡¨
U(x) á¨«ì­® ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â® â®çª  x ï¢«ï¥âáï «®ª «ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1.1).

�«¥¤áâ¢¨¥. �á«¨ ®¯¥à â®à Y ï¢«ï¥âáï ¯à ¢ë¬ ®¡à â­ë¬ ®¯¥à â®à®¬ ª `, â® ãà ¢­¥­¨¥
�©«¥à  ¯à¨­¨¬ ¥â ¢¨¤

Ex =
mX
i=1

(Qi �Ai	)�f 0i(T1x; : : : ; Tix; : : : ; Tmx):

�ãáâì Lp[a; b] | ¯à®áâà ­áâ¢® äã­ªæ¨© z : [a; b] ! R, áã¬¬¨àã¥¬ëå ­  [a; b] á® áâ¥¯¥­ìî

p � 1, c ­®à¬®© kzk =
� bR
a
jz(s)jp ds

�1=p
¨W(n)

p [a; b] | ¯à®áâà ­áâ¢® â ª¨å  ¡á®«îâ­® ­¥¯à¥àë¢­ëå

äã­ªæ¨© x : [a; b] ! R, çâ® x(n) 2 Lp[a; b] c ­®à¬®© kxk =
�
jx(a)jp + j _x(a)jp + � � � + jx(n�1)(a)jp +

bR
a
jx(n)(s)jp ds

�1=p
.

�à¨¬¥à 1. � áá¬®âà¨¬ ¢ à¨ æ¨®­­ãî § ¤ çã á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬Z b

a

�
_x2(t)� p(t)x[h1(t)]x[h2(t)]

�
dt �! min; x(�) = '(�); ¥á«¨ � =2 (a; b); (1.6)

£¤¥ p 2 L1[a; b],   äã­ªæ¨¨ h1, h2 : [a; b] ! R, ' : R n (a; b) ! R ¨§¬¥à¨¬ë ¯® �¥¡¥£ã. �áå®¤ï ¨§
¢¨¤  äã­ªæ¨®­ « , ¡ã¤¥¬ ¨áª âì à¥è¥­¨¥ íâ®© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥ W =W

(1)
2 [a; b].

�à¨¢¥¤¥¬ § ¤ çã (1.6) ª ¢¨¤ã (1.1). �«ï íâ®£® ¯®«®¦¨¬B = L2[a; b], E = R2, `x =
�
x(a); x(b)

�
,

c =
�
'(a); '(b)

�
¨ ®¯à¥¤¥«¨¬ «¨­¥©­ë¥ ®¯¥à â®àë (T3x)(t) = _x(t),

(Tix)(t) =

(
x[hi(t)]; ¥á«¨ hi(t) 2 [a; b];

0; ¥á«¨ hi(t) =2 [a; b];

i = 1; 2. �®£¤  § ¤ çã (1.6) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ (1.1)

1
2

Z b

a

�
(T3x)2(t)� p(t)((T1x)(t)(T2x)(t) + '2(t)(T1x)(t) + '1(t)(T2x)(t) + '1(t)'2(t))

�
dt �! min;

`x = c
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¯à¨ ãá«®¢¨¨, çâ® äã­ªæ¨¨ 'i(t) =

(
0; ¥á«¨ hi(t) 2 [a; b];

'[hi(t)]; ¥á«¨ hi(t) =2 [a; b];
¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã

L1[a; b].
� ª ª ª ¤«ï ª ¦¤®£® x 2W(1)

2 [a; b] á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

x(t) =
Z t

a

�
_x(s)�

x(b)� x(a)
b� a

�
ds�

t� a

b� a

Z b

a

�
_x(s)�

x(b)� x(a)
b� a

�
ds+

(b� t)x(a) + (t� a)x(b)
b� a

;

â® ®¯¥à â®àë G, Y ¢ ¯à¥¤áâ ¢«¥­¨¨ (1.2) ¬®¦­® ®¯à¥¤¥«¨âì à ¢¥­áâ¢ ¬¨

(Gz)(t) =
Z t

a

z(s) ds�
t� a

b� a

Z b

a

z(s) ds;
�
Y (�; �)

�
(t) =

(b� t)�+ (t� a)�
b� a

:

�®£¤  ãà ¢­¥­¨¥ �©«¥à  § ¤ ç¨ (1.6) ¯à¨­¨¬ ¥â ¢¨¤

Ex = _x(t)�
1

b� a

Z b

a

_x(s) ds�
1
2

Z b

a

p(s)
�
K2(t; s)(T1x)(s) +K1(t; s)(T2x)(s)

�
ds =

=
1
2

Z b

a

p(s)
�
K2(t; s)'1(s) +K1(t; s)'2(s)

�
ds;

£¤¥

Ki(t; s) =

8>>>><
>>>>:

b� hi(s)
b� a

; ¥á«¨ a � t � hi(s) � b;

�
hi(s)� a

b� a
; ¥á«¨ a � hi(s) < t � b;

0; ¥á«¨ hi(s) =2 [a; b];

  ®¯¥à â®à �ª®¡¨ ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

(Uz)(t) = z(t)�
1

b� a

Z b

a

z(s) ds�
1
2

Z b

a

Z b

a

p(�)
�
K1(t; �)K2(s; �) +K2(t; �)K1(s; �)

�
z(s) d�ds:

� ª ª ª ¯p¨ íâ®¬ hUz; zi = h(I � PKP )z; Pzi, £¤¥ I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à, (Pz)(t) =

z(t)� 1
b�a

bR
a
z(s) ds, (Ky)(t) =

bR
a
K(t; s)y(s) ds, K(t; s) = 1

2

bR
a
p(�)

�
�1(s; �)�2(t; �)+�2(s; �)�1(t; �)

�
d� ,

�i(t; s) =

8>><
>>:
1; ¥á«¨ a � t � hi(s) � b;

0; ¥á«¨ a � hi(s) < t � b;

0; ¥á«¨ hi(s) =2 [a; b];

â®, ­ ¯à¨¬¥à, ãá«®¢¨¥ kPKk � 1 £ à ­â¨àã¥â ¯®«®¦¨â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì ®¯¥à â®à  U .
�â¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ h1 = h2, äã­ªæ¨ï ' ­¥¯à¥àë¢­  ¨ áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï

� 2W
(1)
1 [a; b], çâ® d

dt
�[h1(t)] = p(t), â® ®¡¥ ç áâ¨ ãà ¢­¥­¨ï �©«¥à  ¬®¦­® ¯à®¤¨ää¥à¥­æ¨à®¢ âì

¨ ¯à¥®¡à §®¢ âì ªà ¥¢ãî § ¤ çã �©«¥à  ª íª¢¨¢ «¥­â­®© ª« áá¨ç¥áª®© ¤¢ãåâ®ç¥ç­®© ªà ¥¢®©
§ ¤ ç¥

�x(t) + _�(t)x(t) = 0; x(a) = '(a); x(b) = '(b):

�®«ãç¨âì ¯à¥¤áâ ¢«¥­¨¥ (1.2) ®á®¡¥­­® ¯à®áâ® ¢ á«ãç ¥, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ®¯¥à â®à
� :W! B, çâ® ªà ¥¢ ï § ¤ ç 

�x = z; `x = 


¯à¨ «î¡ëå z 2 H, 
 2 E ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x = Gz + Y 
. �®£¤  ãà ¢­¥­¨¥ �©«¥à 

§ ¤ ç¨ (1.1) ¯à¨­¨¬ ¥â ¢¨¤ Ex =
mP
i=1

Q�i f
0
i(T1x; : : : ; Tix; : : : ; Tmx) = 0,   ®¯¥à â®à �ª®¡¨ U(x) =

mP
i=1

mP
j=1

Q�i f
00
ij(T1x; : : : ; Tix; : : : ; Tjx; : : : ; Tmx)Qj .
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�à¨¬¥à 2. � áá¬®âà¨¬ ¢ à¨ æ¨®­­ãî § ¤ çãZ b

a

�
_xp(t)� �xp(t)

�
dt �! min;

x(a) +
Z b

a
 (s) _x(s) ds = c;

(1.7)

£¤¥ B = Lp[a; b], E = R, W = W(1)
p [a; b], (T1x)(t) = _x(t), (T2x)(t) = x(t),  2 L p

p�1
[a; b], � 2 R,

f(u; v) =
bR
a

�
up(t)��vp(t)

�
dt, `x = x(a)+

bR
a
 (s) _x(s) ds, p æ¥«®¥ ¨ p > 1. � ª ª ª § ¤ ç  _x(t) = z(t),

x(a) = 
 ¯à¨ z 2 Lp[a; b], 
 2 R ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x(t) = 
 +
tR
a
z(s) ds, x 2W

(1)
2 [a; b],

â®, ¯®« £ ï (Gz)(t) =
tR
a
z(t) dt, (Y 
)(t) = 
, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ �©«¥à  § ¤ ç¨ (1.7) ¢ ¢¨¤¥

(Ex)(t) = p

�
_xp�1(t)� �

Z b

t

xp�1(s) ds+ � (t)
Z b

a

xp�1(s) ds
�
= 0;

  ®¯¥à â®à �ª®¡¨ ¨¬¥¥â ¢¨¤

�
U(x)z

�
(t) = _xp�2(t)z(t)� �

Z b

a

Z b

a
K(�; t)xp�2(�)K(�; s)z(s) d� ds;

£¤¥

K(t; s) =

(
1�  (s); ¥á«¨ a � s � t � b;

�  (s); ¥á«¨ a � t < s � b:

�á«¨ ¯à¨ íâ®¬ äã­ªæ¨ï   ¡á®«îâ­® ­¥¯à¥àë¢­ , â®, ¯®«®¦¨¢ t = b ¨ § â¥¬ ¯à®¤¨ää¥à¥­æ¨à®-
¢ ¢ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï �©«¥à , ¯®«ãç¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ (1.7) ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®©
§ ¤ ç¨

(p� 1)�x(t) _xp�2(t) + �xp�1(t) + � _ (t)
Z b

a

xp�1(s) ds = 0;

x(a) +
Z b

a
 (s) _x(s) ds = c; _xp�1(b) = �� (b)

Z b

a
xp�1 ds:

(1.8)

�â¬¥â¨¬ â ª¦¥, çâ® ¯à¨  � 0, � > 0 ¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ®¯¥à â®à  U(x) ®¡¥á¯¥ç¨-
¢ ¥âáï ­¥à ¢¥­áâ¢®¬ b� a � (p�1

�
)1=p �

p sin(�=p)
.

� áá¬®âà¨¬ â¥¯¥àì á¨âã æ¨î ­¥®¡à â¨¬®£® ®¯¥à â®à  q. �ãáâì ®¯¥à â®à q� : E ! E |
®¡®¡é¥­­ë© ®¡à â­ë© ®¯¥à â®à ª ®¯¥à â®àã q, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬ qq�q = q. �¥£ª® ¯à®-
¢¥à¨âì, çâ® ¥á«¨ r ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã §­ ç¥­¨© ®¯¥à â®à  q, â® ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
q
 = r ¨¬¥¥â ¢¨¤ 
 = q�r + (I � q�q)u, £¤¥ u | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¯à®áâà ­áâ¢  E.

� ¢¥­áâ¢ ¬¨

U11(x) =
mX
i=1

mX
j=1

(Qi �Aiq
�	)�f 00ij(T1x; : : : ; Tmx)(Qj �Ajq

�	);

U12(x) =
mX
i=1

mX
j=1

(Qi �Aiq�	)�f 00ij(T1x : : : ; Tmx)(Aj �Ajq�q);

U21(x) =
mX
i=1

mX
j=1

(Ai �Aiq�q)�f 00ij(T1x; : : : ; Tmx)(Qj �Ajq�	);

U22(x) =
mX
i=1

mX
j=1

(Ai �Aiq
�q)�f 00ij(T1x; : : : ; Tmx)(Aj �Ajq

�q)
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®¯à¥¤¥«¨¬ ¬ âà¨ç­ë© ®¯¥à â®à U(x) =
�
U11(x) U12(x)
U21(x) U22(x)

�
: B�E! B� �E�.

�¥®à¥¬  2. �ãáâì q� | ®¡®¡é¥­­ë© ®¡à â­ë© ®¯¥à â®à ª ®¯¥à â®àã q. �®£¤  ¥á«¨ x 2W
| à¥è¥­¨¥ § ¤ ç¨ (1:1), â®

mX
i=1

(Qi�Aiq�	)�f 0i(T1x; : : : ; Tmx)=0;
mX
i=1

(Ai�Aiq�q)�f 0i(T1x; : : : ; Tmx)=0; `x=c; U(x)�0;

¥á«¨ ¤«ï x 2W ¨¬¥¥¬

mX
i=1

(Qi �Aiq
�	)�f 0(T1x; : : : ; Tmx) = 0;

mX
i=1

(Ai �Aiq
�q)�f 0(T1x; : : : ; Tmx) = 0; `x = c; U(x) � 0;

â® x ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (1:1).

�®ª § â¥«ìáâ¢®. �®¤áâ ­®¢ª  (1.2) ¯à¨¢®¤¨â § ¤ çã (1.3) ª ¢¨¤ã (1.1). � ª ª ª 
 = q�c�
q�	z + (I � q�q)u, u 2 E, â® § ¤ ç  (1.1) à¥¤ãæ¨àã¥âáï ª íªáâà¥¬ «ì­®© § ¤ ç¥

'(z; u) �! min (1.9)

á äã­ªæ¨®­ «®¬

'(z; u) = f((Q1�A1q
�	)z+(A1�A1q

�q)u+A1q
�c; : : : ; (Qm�Amq

�	)z+(Am�Amq
�q)u+Amq

�c);

®¯à¥¤¥«¥­­ë¬ ­  ¯àï¬®¬ ¯à®¨§¢¥¤¥­¨¨ ¯à®áâà ­áâ¢ B � E. �â®¡ë § ª®­ç¨âì ¤®ª § â¥«ìáâ¢®,
¤®áâ â®ç­® ¯à¨¬¥­¨âì ª § ¤ ç¥ (1.9) â¥®à¥¬ã �¥à¬ .

� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ �©«¥à  § ¤ ç¨ (1.1) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

Ex �
mX
i=1

(Qi �Aiq�	)�f 0i(T1x; : : : ; Tmx) = 0;

ªà ¥¢ ï § ¤ ç  �©«¥à  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥
mX
i=1

(Qi �Aiq
�	)�f 0i(T1x; : : : ; Tmx) = 0;

mX
i=1

(Ai �Aiq�q)�f 0i(T1x; : : : ; Tmx) = 0; `x = c;

  ®¯¥à â®à �ª®¡¨ U(x) ¬ âà¨ç­ë©.

� ¬¥ç ­¨¥. �á«¨ ®¯¥à â®à q ®¡à â¨¬, â®

U(x) �

0
@

mP
i=1

mP
j=1

(Qi �Aiq�1	)�f 00ij(T1x; : : : ; Tmx)(Qj �Ajq�1	) 0

0 0

1
A ;

ªà ¥¢ ï § ¤ ç  �©«¥à  ¯à¨¢®¤¨âáï ª ¢¨¤ã (1.5) ¨ ¨§ â¥®à¥¬ë 2 á«¥¤ã¥â â¥®à¥¬  1.

�à¨¢¥¤¥¬ ãá«®¢¨ï ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¬ âà¨ç­®£® ®¯¥à â®à  ¢¨¤ 

U =
�
P ��

� P

�
: H�E! H� �E�;

£¤¥ � : H! E�, �� : E! H�,   ®¯¥à â®àë P : H! H�, P : E! E� á¨¬¬¥âà¨ç¥áª¨¥. � ª®© ¢¨¤
¨¬¥¥â ®¯¥à â®à �ª®¡¨ U(x). �®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ®¯¥à â®à  U íª¢¨¢ «¥­â­  ãá«®¢¨î
hPz; zi + 2h�z; 
i + hP
; 
i � 0 ¯à¨ ¢á¥å (z; 
) 2 H�E. � ä¨ªá¨à®¢ ¢ z, ¯®«ãç¨¬ ®â­®á¨â¥«ì­®

 íªáâà¥¬ «ì­®¥ ãà ¢­¥­¨¥ �z + P
 = 0. �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ ®¯¥à â®à P ®¡à â¨¬, â®
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 = �P�1�z, ¨ U � 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  P � 0, P � ��P�1� � 0. �á«¨ ®¯¥à â®à P ­¥
®¡à â¨¬, â® U � 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  P � 0, P ���P�� � 0 ¨ kerP � ker��, �H � PE.

�ãáâì 
 = [a; b]� [p; q], W2(
) | ¯à®áâà ­áâ¢® äã­ªæ¨© u : 
! R, ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥

u(t; s) =
Z t

a

Z s

p
v(�; �) d� d� +

Z t

a
v1(�) d� +

Z s

p
v2(�) d� + 
;

£¤¥ v 2 L2(
), v1 2 L2[a; b], v2 2 L2[p; q], 
 2 R, á ­®à¬®© kuk = (kvk2 + kv1k
2 + kv2k

2 + j
j2)1=2.

�à¨¬¥à 3. �®áâà®¨¬ ãà ¢­¥­¨¥ �©«¥à  ¤«ï § ¤ ç¨ZZ



f
�
t; s; u0t[�(t; s); �(t; s)]; u

0
s[�(t; s); �(t; s)]; u(t; s)

�
dt ds �! min;

u(a; s) = �(s); u(b; s) = �(s); s 2 [p; q];

u(t; p) = �(t); u(t; q) = �(t); t 2 [a; b];

(1.10)

£¤¥ äã­ªæ¨ï f : 
 � R3 ! R ¨¬¥¥â ­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ f 01(t; s; v; w; u)
def=

@f(t;s;v;w;u)
@v

, f 02(t; s; v; w; u)
def= @f(t;s;v;w;u)

@w
, f 03(t; s; v; w; u)

def= @f(t;s;v;w;u)
@u

¨ ®¯¥à â®à
�
F (v; w; u)

�
(t; s) =

f
�
t; s; v(t; s); w(t; s); u(t; s)

�
­¥¯à¥àë¢­® ¤¥©áâ¢ã¥â ¨§ L2

2(
) �W2(
) ¢ L2(
); �; � 2 W
(1)
2 [p; q];

�; � 2 W
(1)
2 [a; b]; �(p) = �(a), �(q) = �(a), �(p) = �(b), �(q) = �(b); äã­ªæ¨¨ (�; �) : 
 ! 


¨§¬¥à¨¬ë ¨

vrai sup
s2[p;q]
e�[a;b]

mesf� 2 [a; b] : �(�; s) 2 eg
mesfeg

<1; vrai sup
t2[a;b]
e�[p;q]

mesf� 2 [p; q] : �(t; �) 2 eg
mesfeg

<1:

�®«®¦¨¬ W = W2(
), B = L2(
), E = f(w; y; v; z) 2 W
(1)2
2 [a; b] � W

(1)2
2 [p; q] : v(p) =

w(a); w(b) = z(p); z(q) = y(b); y(a) = v(q)g ¨ (c)(t; s) =
�
�(t); �(t); �(s); �(s)

�
, (`u)(t; s) =�

u(t; p); u(t; q); u(a; s); u(b; s)
�
. � ª ª ª ª ¦¤ë© x 2W2(
) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

u(t; s) =
Z t

a

Z s

p
u00ts(�; �) d� d� + u(a; s) + u(t; c) � u(a; c);

â®, ¯®« £ ï

(Y (
1; 
2; 
3; 
4))(t; s) = 
1(t) + 
3(s)� 
1(a); (Gu)(t; s) =
Z t

a

Z s

p
u(�; �) d� d�;

¨¬¥¥¬

(q(
1; 
2; 
3; 
4))(t; s) = (
1(t); 
1(t) + 
3(q)� 
1(a); 
3(s); 
1(b)� 
1(a) + 
3(s));

(q�(
1; 
2; 
3; 
4))(t; s) = (
1(t); 0; 
3(s); 0):

�«¥¤®¢ â¥«ì­®, ¢ á«ãç ¥, ª®£¤  ¤«ï äã­ªæ¨®­ «  ¨§ (1.10) áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ï ¯® � â®,
ãà ¢­¥­¨¥ �©«¥à  § ¤ ç¨ (1.10) ¨¬¥¥â ¢¨¤

d

dt

ZZ



�(t; s; �; �)f 01
�
�; �; u0t[�(�; �); �(�; �)]; u

0
s[�(�; �); �(�; �)]; u(�; �)

�
d� d� +

+
d

ds

ZZ



�(t; s; �; �)f 02
�
�; �; u0t[�(�; �); �(�; �)]; u

0
s [�(�; �); �(�; �)]; u(�; �)

�
d� d� +

+
Z b

t

Z q

s
f 03
�
�; �; u0t[�(�; �); �(�; �)]; u

0
s [�(�; �); �(�; �)]; u(�; �)

�
d� d� = 0;
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£¤¥

�(t; s; �; �) =

(
1; ¥á«¨ (t; s) 2 [�(�; �); b] � [p; �(�; �)];

0; ¥á«¨ (t; s) =2 [�(�; �); b] � [p; �(�; �)];

�(t; s; �; �) =

(
1; ¥á«¨ (t; s) 2 [a; �(�; �)] � [�(�; �); q];

0; ¥á«¨ (t; s) =2 [a; �(�; �)] � [�(�; �); q]:

�â¬¥â¨¬, çâ® ¥á«¨ f(t; s; v; w; u) = v2 + w2 + 2g(t; s)u2, �(t; s) = t, �(t; s) = s, â® § ¤ ç  (1.10)
ï¢«ï¥âáï ¨§¢¥áâ­®© § ¤ ç¥© ® à ¢­®¢¥á¨¨ ¬¥¬¡à ­ë. �à¨ íâ®¬ ¢ë¯®«­¥­® ãá«®¢¨¥ (0.2), ®¡¥
ç áâ¨ ãà ¢­¥­¨ï �©«¥à  ¬®¦­® ¯à®¤¨ää¥à¥­æ¨à®¢ âì ¯® t ¨ s ¨ ¯®«ãç¨âì, çâ® ¢ íâ®¬ á«ãç ¥
§ ¤ ç  �©«¥à  á®¢¯ ¤ ¥â á § ¤ ç¥© �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï �ã áá®­ 8>><

>>:
u00tt(t; s) + u00ss(t; s) = g(t; s); (t; s) 2 
;

u(a; s) = �(s); u(b; s) = �(s); s 2 [p; q];

u(t; p) = �(t); u(t; q) = �(t); t 2 [a; b]:

2. �¢ ¤à â¨ç­ë¥ ¢ à¨ æ¨®­­ë¥ § ¤ ç¨

�ãáâì ¯à®áâà ­áâ¢® B £¨«ì¡¥àâ®¢®. � áá¬®âà¨¬ ª¢ ¤à â¨ç­ãî ¢ à¨ æ¨®­­ãî § ¤ çã

mX
i=1

hTix; T
ixi+ hg; T0xi �! min; `x = c; (2.1)

£¤¥ T0, Ti, T i : W ! B, i = 1; : : : ;m, | «¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë, g 2 B. � ª ï
§ ¤ ç  ç áâ® ¢áâà¥ç ¥âáï ¢ ¯à¨«®¦¥­¨ïå. �à ¢­¥­¨¥ �©«¥à  íâ®© § ¤ ç¨ «¨­¥©­®¥,   ®¯¥à â®à
�ª®¡¨ ­¥ § ¢¨á¨â ®â â®çª¨ x. �¯à¥¤¥«¨¬ ®¯¥à â®àë Qi = TiG : B ! B, Qi = TiG : B ! B,
Ai = TiY : E! B, Ai = TiG : B! B, i = 1; : : : ;m, ¨

U11 =
mX
i=1

(Qi �Aiq�	)�(Qi �Aiq
�	) + (Qi �Aiq�	)�(Qi �Aiq

�	);

U12 =
mX
i=1

(Qi �Aiq�	)�(Ai �Aiq�q) + (Qi �Aiq�	)�(Ai �Aiq�q);

U21 =
mX
i=1

(Ai �Aiq�q)�(Qi �Aiq�	) + (Ai �Aiq�q)�(Qi �Aiq�	);

U22 =
mX
i=1

(Aj �Ajq�q)�(Ai �Aiq�q) + (Aj �Ajq�q)�(Ai �Aiq�q);

Lx =
mX
i=1

((Qi �Aiq�	)�Ti + (Qi �Aiq�	)�T i)x; ' = �(Q0 �A0q
�	)�g:

�¥®à¥¬  3. �á«¨ ®¯¥à â®à q ®¡à â¨¬, â® x 2W ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (2:1) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  x ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �©«¥à 

Lx = '; `x = c;

  ®¯¥à â®à �ª®¡¨ U11 ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­. �á«¨ ®¯¥à â®à q ­¥®¡à â¨¬, â® x 2W ï¢«ï-

¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (2:1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë8>>><
>>>:
Lx = ';
mP
i=1

�
(Ai �Aiq�q)�Ti + (Ai �Aiq�q)�T i

�
x = �(A0 �A0q�q)�g;

`x = c;
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  ¬ âà¨ç­ë© ®¯¥à â®à �ª®¡¨

�
U11 U12

U21 U22

�
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­. � ¦¤ë© «®ª «ì­ë© ¬¨-

­¨¬ã¬ § ¤ ç¨ (2:1) ï¢«ï¥âáï £«®¡ «ì­ë¬.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¯à¨¢¥¤¥­­ë¬ ¢ëè¥ ¤®ª § â¥«ìáâ¢ ¬
â¥®à¥¬ 1, 2 ¨ ®á­®¢ ­® ­  ¯à¨¬¥­¥­¨¨ â¥®à¥¬ë �¥à¬  ª ª¢ ¤à â¨ç­®¬ã äã­ªæ¨®­ «ã.

� ¤ ç  (2.1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¥á«¨ ®¯¥à â®à �ª®¡¨ á¨«ì­® ¯®«®¦¨â¥«ì­® ®¯à¥-
¤¥«¥­­ë©. �¯¥ªâà â ª®£® ®¯¥à â®à  ¤¥©áâ¢¨â¥«ì­ë© ¨ ¡®«ìè¥ ­¥ª®â®à®© ¯®«®¦¨â¥«ì­®© ¯®áâ®-
ï­­®©.

�¯¥ªâà ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®£® ®¯¥à â®à  �ª®¡¨ ¤¥©áâ¢¨â¥«ì­ë© ¨ ­¥®âà¨æ â¥«ì­ë©.
�á«¨ â®çª  0 ¯à¨­ ¤«¥¦¨â ¥£® á¯¥ªâàã, â® à¥è¥­¨¥ § ¤ ç¨ �©«¥à  ¬®¦¥â ­¥ áãé¥áâ¢®¢ âì «¨¡®
¡ëâì ­¥ ¥¤¨­áâ¢¥­­ë¬.

�á«¨ ®¯¥à â®à �ª®¡¨ ­¥ ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬, â® äã­ªæ¨®­ « á­¨§ã ­¥
®£à ­¨ç¥­.

�®áâ â®ç­ë¥ ãá«®¢¨ï ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ (  â ª¦¥ á¨«ì­®© ¯®«®¦¨â¥«ì­®©
®¯à¥¤¥«¥­­®áâ¨) ®¯¥à â®à  �ª®¡¨ U ¬®¦­® ¯®«ãç âì á ¯®¬®éìî á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï:
¥á«¨ áãé¥áâ¢ã¥â â ª®© ®£à ­¨ç¥­­ë© á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à U0 : B ! B, çâ® kU0 � Uk �
inf
kzk=1

hU0z; zi, â® ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë©. � ç áâ­®áâ¨, ¥á«¨ ¢ë¯®«­ï¥âáï íää¥ª-

â¨¢­® ¯à®¢¥àï¥¬®¥ ãá«®¢¨¥ kI � Uk � 1 (< 1), â® ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ (á¨«ì­®
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­). �«ï ª ­®­¨ç¥áª®£® äà¥¤£®«ì¬®¢  ®¯¥à â®à  U = I�K, £¤¥ ®¯¥à â®à
K : B ! B ¢¯®«­¥ ­¥¯à¥àë¢­ë©, ãá«®¢¨¥ kKk � 1 (< 1) ¤®áâ â®ç­®¥,   ¢ á«ãç ¥ ¨§®â®­­®áâ¨
®¯¥à â®à  K ¨ ­¥®¡å®¤¨¬®¥ ¤«ï ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ (á¨«ì­®© ¯®«®¦¨â¥«ì­®© ®¯à¥-
¤¥«¥­­®áâ¨) ®¯¥à â®à  U .

�à¨¬¥à 4. � áá¬®âà¨¬ ¢ à¨ æ¨®­­ãî § ¤ çãZZ



�
u00ts

2(t; s) + r(t; s)u2[h(t; s); g(t; s)]
�
dt ds �! min;

u(t; p) = �(t); t 2 [a; b]; u(a; s) = �(s); s 2 [p; q];

(2.2)

£¤¥ 
 = [a; b]� [p; q], r 2 L1(
), � 2W
(1)
2 [a; b], � 2W(1)

2 [p; q], �(a) = �(p), äã­ªæ¨ï (h; g) : 
! 

¨§¬¥à¨¬  ¯® �¥¡¥£ã. �®«®¦¨¬ W = W2(
), B = L2(
), E = f(�; �) 2 W

(1)
2 [a; b] �W

(1)
2 [p; q] :

�(a) = �(p)g, (Gz)(t; s) =
tR
a

sR
p
z(t; s) dt ds,

�
Y (�; �)

�
(t; s) = �(t) +�(s)� �(0). �®£¤  ªà ¥¢ ï § ¤ ç 

�©«¥à  ¯à¨­¨¬ ¥â ¢¨¤

u00ts(t; s) +
ZZ



K(�; �; t; s)r(�; �)u[h(�; �); g(�; �)] d�d� = 0;

u(t; p) = �(t); t 2 [a; b]; u(a; s) = �(s); s 2 [p; q];

£¤¥ K(t; s; �; �) =

(
1; ¥á«¨ � � h(t; s) ¨ � � g(t; s);

0; ¥á«¨ � > h(t; s) ¨«¨ � > g(t; s);
  ®¯¥à â®à �ª®¡¨ à ¢¥­

(Uz)(t; s) = z(t; s) +
ZZ



ZZ



K(�; �; t; s)r(�; �)K(�; �; �; �)z(�; �) d� d� d� d�:

�«¥¤®¢ â¥«ì­®, ãá«®¢¨¥

ZZ



ZZ



� ZZ



K(�; �; t; s)r(�; �)K(�; �; �; �) d�d�
�2

d� d� dt ds < 1
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£ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç¨ (2.2). � ç áâ­®áâ¨, § ¤ ç  (2.2) ®¤­®§­ ç­® à §-
à¥è¨¬ , ¥á«¨ krk2(b� a)(q� p) < 1. �à¨ r(t; s) � r, h(t; s) � t, g(t; s) � s § ¤ ç  (2.2) à §à¥è¨¬ 
¯à¨ ãá«®¢¨¨ jrj(b� a)2(q � p)2 < 6.

�ãáâì «¨­¥©­ ï ªà ¥¢ ï § ¤ ç 

�x = z; `x = 
;

£¤¥ � : W ! B, ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x = Gz + Y 
 ¯à¨ «î¡ëå z 2 B, 
 2 E. �®£¤ 
ãà ¢­¥­¨¥ �©«¥à  § ¤ ç¨ (2.1) ¯à¨­¨¬ ¥â ¢¨¤

Lx =
mX
i=1

(Qi
�T i +Qi�Ti)x = �Q�0g;

  ®¯¥à â®à �ª®¡¨ à ¢¥­ U =
mP
i=1

Qi�Qi + Qi
�Qi. �à¥¤¨ ª¢ ¤à â¨ç­ëå § ¤ ç ®â¬¥â¨¬ \¯à®áâ¥©-

èãî" ¢ à¨ æ¨®­­ãî § ¤ çã

1
2
h�x; �xi + hg; T0xi �! min; `x = c; (2.3)

£¤¥ ®¯¥à â®à �ª®¡¨ ¥¤¨­¨ç­ë©. � ¤ ç  (2.3) ¢á¥£¤  ®¤­®§­ ç­® à §à¥è¨¬ , à¥è¥­¨¥ á®®â¢¥âáâ¢ã-
îé¥© § ¤ ç¨ �©«¥à  à ¢­® x = �GQ�0g+Y c ¨ ¬¨­¨¬ã¬ äã­ªæ¨®­ «  à ¢¥­ hg;Aci� 1

2
hQ�0g;Q

�
0gi.

�â¬¥â¨¬ â ª¦¥, çâ® ¤«ï «î¡®£® á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  U : B! B ¨ «î¡®£® g 2 B ãà ¢-
­¥­¨¥ U�x = g ï¢«ï¥âáï ãà ¢­¥­¨¥¬ �©«¥à  ¢ à¨ æ¨®­­®© § ¤ ç¨

1
2
hU�x; �xi � hg; �xi �! min; `x = c:

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ª¢ ¤à â¨ç­ãî ¢ à¨ æ¨®­­ãî § ¤ çã ¢ ¯à®áâà ­áâ¢¥ W(n)
2 [a; b]Z b

a

� mX
i=1

(Tix)(t)(T ix)(t) + g(t)(T0x)(t)
�
dt �! min; `jx = cj ; j = 1; k; (2.4)

£¤¥ k � n; «¨­¥©­ë¥ ®¯¥à â®àë Ti, T i :W(n)
2 [a; b]! L2[a; b], i = 0;m, ` = (`1; : : : ; `k) :W

(n)
2 [a; b]!

Rk ®£à ­¨ç¥­ë; g 2 L2[a; b], c = (c1; c2; : : : ; ck) 2 Rk.
�ãáâì à¥è¥­¨¥ ¯®«ã®¤­®à®¤­®© ªà ¥¢®© § ¤ ç¨

�x = z; � :W(n)
2 [a; b]! L2[a; b]; `jx = 0; j = 1; n; (2.5)

¨¬¥¥â ¢¨¤ x = Gz,   ®¯¥à â®à Y : Rk ! W
(n)
2 [a; b], ¯à¨ç¥¬ k � k-¬ âà¨æ  `Y ®¡à â¨¬ . �¤¥áì

G | ®¯¥à â®à �à¨­  § ¤ ç¨ (2.5) ([10], á. 50), �®£¤  ¤«ï ª ¦¤®£® x 2 W
(n)
2 [a; b] á¯à ¢¥¤«¨¢®

¯à¥¤áâ ¢«¥­¨¥ (1.2) x = Gz + Y 
, z 2 L2[a; b], 
 2 Rk.
�â¬¥â¨¬, çâ® ¯®¤®¡­ ï ª®­áâàãªæ¨ï, £¤¥ G | ®¯¥à â®à �à¨­  ­¥ª®â®à®© ªà ¥¢®© § ¤ ç¨,  

á¨áâ¥¬  äã­ªæ¨© Y ¡¨®àâ®£®­ «ì­  ª äã­ªæ¨®­ «ã ` (â. ¥. ¬ âà¨æ  `Y ¥¤¨­¨ç­ ï), ¨á¯®«ì§®-
¢ « áì ¢ à ¡®â¥ [6].

�§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ �©«¥à 

Lx = '; `x = c; (2.6)

£¤¥ L def=
mP
i=1

�
(Qi � Aiq�1	)�T i + (Qi � Aiq�1	)�Ti

�
, Qi = TiG, Qi = T iG, Ai = TiG, Ai = T iG,

' = �(Q0 � A0q�1	)�g, ï¢«ï¥âáï à¥è¥­¨¥¬ ¢ à¨ æ¨®­­®© § ¤ ç¨ (2.4), ¥á«¨ ®¯¥à â®à �ª®¡¨

U =
mP
i=1

�
(Qi �Aiq�1	)�(Qi �Aiq�1	) + (Qi �Aiq�1	)�(Qi �Aiq�1	)

�
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­.

�â¬¥â¨¬ â ª¦¥ ¯à¥¤áâ ¢«¥­¨¥ U � L(G� Y q�1	).
� ¯®¬­¨¬, çâ® «¨­¥©­ë© ®¯¥à â®à K : B ! B á § ¬ª­ãâ®© ®¡« áâìî §­ ç¥­¨© ­ §ë¢ ¥âáï

­¥â¥à®¢ë¬, ¥á«¨ à §¬¥à­®áâ¨ ï¤¥à kerK ¨ kerK� ª®­¥ç­ë,   ¢¥«¨ç¨­  indK = dimkerK �
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dimkerK� ­ §ë¢ ¥âáï ¨­¤¥ªá®¬ ®¯¥à â®à  K. �¥â¥à®¢ ®¯¥à â®à ­ã«¥¢®£® ¨­¤¥ªá  ­ §ë¢ ¥âáï
äà¥¤£®«ì¬®¢ë¬.

�¥®à¥¬  4. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

 ) ®¯¥à â®à
mP
i=1

(T �i T
i + T i�Ti) äà¥¤£®«ì¬®¢;

¡) ®¯¥à â®à L ­¥â¥à®¢, ¯à¨ íâ®¬ indL = n;
¢) ®¯¥à â®à �ª®¡¨ U äà¥¤£®«ì¬®¢;
£) § ¤ ç  �©«¥à  (2:6) ­¥â¥à®¢  á ¨­¤¥ªá®¬ ind[L; `] = n � k ¨ à §à¥è¨¬ , ¥á«¨ ¨ â®«ìª®

¥á«¨ ¤«ï «î¡®£® à¥è¥­¨ï ®¤­®à®¤­®© § ¤ ç¨ �©«¥à  Ly = 0, `y = 0 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
mX
i=1

�
hTiy;A

iq�1ci+ hT iy;Aiq�1ci
�
+ hT0y; gi = 0:

�®ª § â¥«ìáâ¢®. � ª ª ª G | ®¯¥à â®à �à¨­ , â® ([10], c. 50) kerG = f0g ¨ indG = �n.
� ª ª ª ®¯¥à â®à G � Y q�1	 ­¥â¥à®¢, ¯à¨ç¥¬ ind(G � Y q�1	) = ind(I � Y q�1`) + indG =

indG,   ®¯¥à â®à U = (G� Y q�1	)�
mP
i=1
(T �i T

i + T i�Ti)(G� Y q�1	) á ¬®á®¯àï¦¥­­ë©, â® indU =

ind
mP
i=1

(T �i T
i + T i�Ti) = indL + indG = 0 ¨ ãâ¢¥à¦¤¥­¨ï  ), ¡), ¢) íª¢¨¢ «¥­â­ë. � «¥¥ ¢ á¨«ã

â®¦¤¥áâ¢  [L(G�Y q�1	); `(G�Y q�1	)] = [U; 0] ¨ à ¢¥­áâ¢  ind[L(G�Y q�1	); `(G�Y q�1	)] =
ind[L; `] � n = ind[U; 0] = �k äà¥¤£®«ì¬®¢®áâì ®¯¥à â®à  U íª¢¨¢ «¥­â­  ­¥â¥à®¢®áâ¨ § ¤ ç¨
[L; `]. �«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (2.6) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢á¥ à¥è¥­¨ï ®¤­®à®¤­®£®
ãà ¢­¥­¨ï U� = 0 ¡ë«¨ ®àâ®£®­ «ì­ë f �LY q�1c ([12], á. 230).

�«¥¤áâ¢¨¥ 1. �á«¨ § ¤ ç  �©«¥à  (2.6) äà¥¤£®«ì¬®¢ , â® n = k.

�«¥¤áâ¢¨¥ 2. �á«¨ § ¤ ç  �©«¥à  (2.6) ­¥â¥à®¢ , â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â-
­ë:

 ) ®¤­®à®¤­ ï § ¤ ç  �©«¥à  (2.6) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥;
¡) § ¤ ç  �©«¥à  (2.6) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå (g; c) 2 L2[a; b]�Rk;
¢) à §¬¥à­®áâì ï¤à  ®¯¥à â®à  L à ¢­  k;
£) à §¬¥à­®áâì ï¤à  ®¯¥à â®à  �ª®¡¨ U à ¢­  k � n.

� ¬¥ç ­¨¥ 1. �á«¨ § ¤ ç  �©«¥à  (2.5) ­¥â¥à®¢  ¨ § ¤ ç  (2.4) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨
«î¡ëå (g; c) 2 L2[a; b]�Rk, â® ¢ à¨ æ¨®­­ ï § ¤ ç  á ¤®¯®«­¨â¥«ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨

Z b

a

� mX
i=1

(Tix)(t)(T ix)(t) + g(t)(T0x)(t)
�
dt �! min; `jx = cj ; j = 1; l;

£¤¥ l � k ¨ äã­ªæ¨®­ «ë `j «¨­¥©­® ­¥§ ¢¨á¨¬ë, â ª¦¥ ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå
(g; c) 2 L2[a; b]�Rn.

� ¬¥ç ­¨¥ 2. �á«¨ ®¯¥à â®à
mP
i=1
(T �i T

i+T i�Ti) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â® ®¯¥à â®à U â ª-
¦¥ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­.

� ¬¥ç ­¨¥ 3. �¯¥ªâàë (ªà®¬¥, ¡ëâì ¬®¦¥â, â®çª¨ 0) ®¯¥à â®à®¢ U ¨ (G� Y q�1	)L á®¢¯ -
¤ îâ.

�à¨¬¥à 5. � áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ W(1)
2 [a; b] § ¤ çã

Z b

a

�
_x2(t)� r(t) _x(t) _x[g(t)]� p(t)x[h(t)]

�
dt �! min;

x(a) = �; x(�) = 0; _x(�) = 0; ¥á«¨ � =2 (a; b);
(2.7)
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£¤¥ p 2 L2[a; b], äã­ªæ¨¨ h; g; r : [a; b] ! R ¨§¬¥à¨¬ë ¯® �¥¡¥£ã, ¯à¨ç¥¬ ®¯¥à â®à ¢­ãâà¥­­¥©
áã¯¥à¯®§¨æ¨¨

(Sz)(t) def=

(
r(t)z[g(t)]; ¥á«¨ g(t) 2 [a; b];

0; ¥á«¨ g(t) =2 [a; b];

®£à ­¨ç¥­ ¢ ¯à®áâà ­áâ¢¥ L2[a; b]. �«ï íâ®£® ¤®áâ â®ç­®, çâ®¡ë [13]

kSk = vrai sup
t2[a;b]

�
jr(t)j lim

mes(e)!0
t2e�[a;b]

�mes q�1(e) \ [a; b])
mes(e)

�1=2�
<1:

�¡®§­ ç¨¢

(Tx)(t) =

(
p(t)x[h(t)]; ¥á«¨ h(t) 2 [a; b];

0; ¥á«¨ h(t) =2 [a; b];

§ ¯¨è¥¬ § ¤ çã (2.7) ¢ ¢¨¤¥Z b

a

�
_x2(t)� _x(t)(S _x)(t)� (Tx)(t)

�
dt �! min; x(a) = �:

�®« £ ï x(t) = � +
tR
a
z(s) ds ¨ ¯à¨¬¥­ïï â¥®à¥¬ã 3, ¯®«ãç¨¬ ãà ¢­¥­¨¥ �©«¥à  íâ®© § ¤ ç¨ ¢

¢¨¤¥

2 _x(t)�
�
(S + S�) _x

�
(t) =

Z b

a

K(s; t)p(s) ds;

£¤¥ (S� _x)(t) = d
dt

bR
a
R(s; t)r(s) _x(s) ds, R(t; s) =

(
1; g(t) 2 [a; s];

0; g(t) =2 [a; s];
K(t; s) =

(
1; h(t) 2 [s; b];

0; h(t) =2 [s; b];
 

®¯¥à â®à �ª®¡¨ à ¢¥­ (Uz)(t) = 2(z(t) � ((S+S�)z)(t)

2
).

�®áâ â®ç­ë¬ ãá«®¢¨¥¬ á¨«ì­®© ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  U ï¢«ï¥âáï ãá«®-
¢¨¥ kSk < 1. �«ï ¯®áâ®ï­­®£® ®âª«®­¥­¨ï g(t) = t � � ®­® ¯à¨­¨¬ ¥â ¢¨¤ vrai sup

t��2[a;b]

jr(t)j < 1.

�¤­ ª® ¢ íâ®¬ á«ãç ¥, ¨á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ á®¯àï¦¥­­®£® ®¯¥à â®à 

(S�z)(t) =

(
r(t+ �)z(t); ¥á«¨ t+ � 2 [a; b];

0; ¥á«¨ t+ � =2 [a; b];

¬®¦­® ¯®«ãç âì â®ç­ë¥ ãá«®¢¨ï á¨«ì­®© ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ®¯¥à â®à  U . � ç áâ-
­®áâ¨, ¥á«¨ � = b�a

3
, â® U � 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â®ç­ ï ¢¥àå­ïï £à ­¨æ  áãé¥áâ¢¥­-

­ëå §­ ç¥­¨© äã­ªæ¨¨ r2(t) + r2(t + �) ­  ¯à®¬¥¦ãâª¥ [a + �; b � � ] ¬¥­ìè¥ 4. �«ï ¯®áâ®ï­-
­®© äã­ªæ¨¨ r íâ®â ªà¨â¥à¨© ¨¬¥¥â ¢¨¤: ¥á«¨ � | â ª®¥ ­ ¨¬¥­ìè¥¥ æ¥«®¥, çâ® b�a

�
< �, â®

U � 0() jrj cos( �
1+�

) � 1.
�§ à §à¥è¨¬®áâ¨ § ¤ ç¨ (2.7) á«¥¤ã¥â à §à¥è¨¬®áâì § ¤ ç¨Z b

a

�
_x2(t)� r(t) _x(t) _x[g(t)]� p(t)x[h(t)]

�
dt �! min;

x(�) = '(�); _x(�) =  (�); ¥á«¨ � =2 (a; b);
(2.8)

£¤¥ äã­ªæ¨¨ ',  : R ! R ­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ­  ¢á¥© ®á¨. �¯¥à â®à �ª®¡¨ U0 § ¤ -

ç¨ (2.8) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ U0 = P �UP , £¤¥ P� = �(t) � 1
b�a

bR
a
�(s) ds. �á«¨ ®¯¥à â®à U áâà®£®

¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â® ®¯¥à â®à U0 äà¥¤£®«ì¬®¢, ¯à¨ç¥¬ dimkerU0 = 1, ¨ § ¤ ç  (2.8) ®¤-
­®§­ ç­® à §à¥è¨¬ . �á«®¢¨¥ kPSk < 1 â ª¦¥ £ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç¨
(2.8). �â¬¥â¨¬, çâ® ¢ à ¡®â¥ [2] ¡ë«  ãáâ ­®¢«¥­  ¢ á«ãç ¥ � = 1, r = 1 à §à¥è¨¬®áâì § ¤ ç¨
¢¨¤  (2.8) ­  ¯à®¬¥¦ãâª¥ [0; 3].
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3. �à®áâà ­áâ¢® à¥è¥­¨© ¢ à¨ æ¨®­­ëå § ¤ ç

�á«¨ § ¤ ç  (2.1) ¢ ¯à®áâà ­áâ¢¥W ­¥ ¨¬¥¥â à¥è¥­¨©, â. ª. äã­ªæ¨®­ « ­¥ ®£à ­¨ç¥­ á­¨§ã,
â® ®­ ®áâ ¥âáï ­¥®£à ­¨ç¥­­ë¬ ¨ ¢ «î¡®¬ à áè¨à¥­¨¨ íâ®£® ¯à®áâà ­áâ¢ . �¤­ ª®, ¥á«¨ äã­ª-
æ¨®­ « ®£à ­¨ç¥­, â. ¥. ®¯¥à â®à U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, ­® ¬¨­¨¬ã¬ ¢ ¯à®áâà ­áâ¢¥ W ­¥
¤®áâ¨£ ¥âáï, â. ¥. á®®â¢¥âáâ¢ãîé ï § ¤ ç  �©«¥à  ­¥ à §à¥è¨¬ , â® ¬¨­¨¬ã¬ ¬®¦¥â ¤®áâ¨£ âìáï
¢ ¡®«¥¥ è¨à®ª®¬ ¯à®áâà ­áâ¢¥.

�à¨¬¥à 6. � à¨ æ¨®­­ ï § ¤ ç Z 1

0
_x2(t) dt+

Z 2

1
(x(t)� 1)2dt �! min; x(0) = 0;

¢ ¯à®áâà ­áâ¢¥ W(1)
2 [0; 2] ­¥ ¨¬¥¥â à¥è¥­¨©, â. ª. § ¤ ç  �©«¥à 

_x(t) = 0; ¥á«¨ t 2 [0; 1]; x(0) = 0;Z 2

t

x(t) dt+ (t� 2)(1 + x(0)) = 0; ¥á«¨ t 2 [1; 2];

¢ íâ®¬ ¯à®áâà ­áâ¢¥ ­¥à §à¥è¨¬ ; ¯à¨ íâ®¬ äã­ªæ¨®­ « § ¤ ç¨, ®ç¥¢¨¤­®, ®£à ­¨ç¥­ á­¨§ã.
�¤­ ª® ¢ ¯à®áâà ­áâ¢¥ W(1)

2 [0; 1] �W
(1)
2 [1; 2]  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© á à §àë¢®¬ ¢

â®çª¥ 1 íâ  ¢ à¨ æ¨®­­ ï § ¤ ç  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

x(t) =

(
0; ¥á«¨ t 2 [0; 1];

1; ¥á«¨ t 2 [1; 2]:

�â­®á¨â¥«ì­ ï á¢®¡®¤  ¢ ¢ë¡®à¥ ¯à®áâà ­áâ¢  à¥è¥­¨© ¢ à¨ æ¨®­­®© § ¤ ç¨ ¬®¦¥â ¯à¨¢¥-
áâ¨ ª ­¥®¦¨¤ ­­ë¬ ¯®á«¥¤áâ¢¨ï¬. �¥ª®â®àë¥ ¢®§¬®¦­ë¥ íää¥ªâë ¨««îáâà¨àã¥â

�à¨¬¥à 7. � áá¬®âà¨¬ áâ ­¤ àâ­ãî § ¤ çã ¢ à¨ æ¨®­­®£® ¨áç¨á«¥­¨ï

Z b

a

�
( _x2(t)� 2g(t) _x(t)� 2x(t)

�
dt �! min; x(a) = 0; x(b) = 0; (3.1)

£¤¥ g 2 L2[a; b].
�« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå

äã­ªæ¨©. �«ï íâ®£® äã­ªæ¨ï g â ª¦¥ ¤®«¦­  ¡ëâì ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®©. �à ¢­¥­¨¥
�©«¥à , ¯®«ãç¥­­®¥ ¬¥â®¤®¬ ¢ à¨ æ¨¨, ¨¬¥¥â ¢¨¤�2(�x(t)� _g(t)+1) = 0. � ª ª ª ãá«®¢¨ï �ª®¡¨ ¨

�¥¦ ­¤à  §¤¥áì ¢ë¯®«­¥­ë, â® § ¤ ç  (3.1) ¨¬¥¥â ¢ â®çª¥ x(t) =
tR
a

g(t) dt� t�a
b�a

bR
a

g(t) dt+ (b�t)(t�a)

2

á¨«ì­ë© ¬¨­¨¬ã¬. � ©¤¥¬ ¥é¥ âà¨ à¥è¥­¨ï § ¤ ç¨ (3.1).

1. �ã¤¥¬ ¨áª âì à¥è¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ W(1)
2 [a; b]. �á¯®«ì§ãï ¯®¤áâ ­®¢ªã x(t) =

tR
a
z(s) ds�

t�a
b�a

bR
a

z(s) ds, ¯®«ãç¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ �©«¥à 

_x(t)�
1

b� a

Z b

a

_x(s) ds� g(t) +
1

b� a
g(s) ds+ t�

a+ b

2
= 0; x(a) = 0; x(b) = 0

à ¢­® x(t) =
tR
a
g(s) ds � t�a

b�a

bR
a
g(s) ds + (b�t)(t�a)

2
,   ®¯¥à â®à �ª®¡¨ (Uz)(t) = z(t) � 1

b�a

bR
a
z(s) ds

¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­. �«¥¤®¢ â¥«ì­®, § ¤ ç  (4.2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ¨ ¬¨­¨¬ã¬

äã­ªæ¨®­ «  à ¢¥­ �
bR
a

�
g(t) � 1

b�a

bR
a
g(s) ds� t+ a+b

2

�2
dt.
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2. � áá¬®âà¨¬ â¥¯¥àì § ¤ çã (3.1) ¢ ¯à®áâà ­áâ¢¥ äã­ªæ¨©W(1)
2 [a; � ]�W(1)

1 [�; b] á à §àë¢®¬

¢ ä¨ªá¨à®¢ ­­®© â®çª¥ � 2 (a; b). �®« £ ï x(t) =
tR
a

z(s) ds� ��(t)
bR
a

z(s) ds, £¤¥

��(t) =

(
0; ¥á«¨ t < � ;

1; ¥á«¨ t � �;

¨¬¥¥¬ U = I,   à¥è¥­¨¥ § ¤ ç¨ �©«¥à 

_x(t)� g(t) + t� � = 0; x(a) = 0; x(b) = 0

¢ ¯à®áâà ­áâ¢¥ W(1)
2 [a; � ]�W

(1)
1 [�; b] à ¢­®

x(t) =
Z t

a

g(t) dt� �� (t)
Z b

a

g(t) dt +
(2� � t� a)(t� a)

2
� ��(t)

(2� � b� a)(b� a)
2

:

�«¥¤®¢ â¥«ì­®, ¬¨­¨¬ã¬ äã­ªæ¨®­ «  à ¢¥­ �
bR
a
(g(t) � t + �)2 dt. � ª ¢¨¤­®, §¤¥áì à¥è¥­¨¥

¢ à¨ æ¨®­­®© § ¤ ç¨ § ¢¨á¨â ®â â®çª¨ à §àë¢  � , â. ¥. ®â ¢ë¡®à  ¯à®áâà ­áâ¢  W. � á«ãç ¥

� = 1
2
(b + a) � 1

b�a

bR
a
g(s) ds íâ® à¥è¥­¨¥ ­¥ ¨¬¥¥â â®çª¨ à §àë¢  ¨ ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã

W
(1)
2 [a; b].
3. � ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï à áá¬®âà¨¬ â¥¯¥àì § ¤ çã (3.1) ¢ ¯à®áâà ­áâ¢¥W(2)

2 [a; b],
¡®«¥¥ ã§ª®¬, ç¥¬ W

(1)
2 [a; b]. �®« £ ï

x(t) = �

Z t

a

(b� t)(s� a)
b� a

z(s) ds�
Z b

t

(b� s)(t� a)
b� a

z(s) ds

(íâ® ®¡é¥¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ �x(t) = z(t), x(a) = 0, x(b) = 0), ¯®«ãç¨¬, çâ® § ¤ ç  �©«¥à 
¨¬¥¥â ¢¨¤ Z b

a

K(t; s)
�
_x(s)� g(s)

�
ds+

1
2
(b� t)(t� a) = 0; x(a) = 0; x(b) = 0;

K(t; s) =

8>><
>>:
�
b� t

b� a
; ¥á«¨ s � t;

t� a

b� a
; ¥á«¨ s > t;

  ®¯¥à â®à �ª®¡¨ U à ¢¥­ (Uz)(t) = t�a
b�a

R b
t (b�s)z(s) ds+

b�t
b�a

R t
a(s�a)z(s) ds. � íâ®¬ á«ãç ¥ ãà ¢-

­¥­¨¥ �©«¥à  ¯®«ãç¨«®áì ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë¬,   ®¯¥à â®à U ¨­â¥£à «ì­ë¬ ¨ ¢¯®«­¥
­¥¯à¥àë¢­ë¬.

�â¬¥â¨¬, çâ® ¢ ¯¥à¢®© ¨ ¢â®à®© á¨âã æ¨ïå ®¯¥à â®à �ª®¡¨ ¡ë« äà¥¤£®«ì¬®¢. �¯¥à â®à
U ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë©, â. ª. â®çª¨ ¥£® á¯¥ªâà  1

k2
(b�a)2

�2
, k = 1; : : : , ­¥®âà¨æ â¥«ì­ë.

�à¨ íâ®¬ à¥è¥­¨¥ § ¤ ç¨ �©«¥à  áãé¥áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ W(2)
2 [a; b] â®«ìª® ¯à¨ ãá«®¢¨¨, çâ®

äã­ªæ¨ï g 2W(1)
2 [a; b]  ¡á®«îâ­® ­¥¯à¥àë¢­ .
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