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�¢¥¤¥¨¥. �  ï áâ âìï ¯®á¢ïé¥  ª¢ ¤à âãàë¬ ¬¥â®¤ ¬ à¥è¥¨ï á¨£ã«ïà®£® ¨â¥-
£à «ì®£® ãà ¢¥¨ï (á. ¨. ã.) �¥®¤®àá¥ 
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£¤¥ �|ç¨á«®¢®© ¯ à ¬¥âà, �(s), y(s) | ¨§¢¥áâë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨,   '(s) | ¨áª®¬ ï
äãªæ¨ï ¨ á¨£ã«ïàë© ¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã
( ¯à., [1]). �â® ãà ¢¥¨¥ ¢áâà¥ç ¥âáï ( ¯à., [2]) ¢ â¥®à¨¨ ª®ä®à¬ëå ®â®¡à ¦¥¨© ¨ ¢ àï¤¥
¯à¨ª« ¤ëå § ¤ ç. �¬¥îâáï ¬®£®ç¨á«¥ë¥ à¥§ã«ìâ âë ¯® ¯à¨¡«¨¦¥ë¬ ¬¥â®¤ ¬ à¥è¥¨ï
ãà ¢¥¨ï (1) ( ¯à., [2]{[6],   â ª¦¥ [7]).

1. � áâ âì¥ [7]   ®á®¢¥ â¥®à¨¨ ¬®®â®ëå ®¯¥à â®à®¢ [8] ¤®ª § ë â¥®à¥¬ë áãé¥áâ¢®-
¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï ãà ¢¥¨ï (1). �ãªæ¨î '(s) ¡ã¤¥¬ ¨áª âì ¢ ¢¥é¥áâ¢¥®¬
¯à®áâà áâ¢¥ 2�-¯¥à¨®¤¨ç¥áª¨å ª¢ ¤à â¨ç®-áã¬¬¨àã¥¬ëå äãªæ¨© L2 = L2(0; 2�).

�¥¬¬  ([7], â¥®à¥¬  2). �ãáâì � 2 R ¨ �(s) | ¯®«®¦¨â¥«ì ï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã-

¥¬ ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ ¬

M > �0(s)=�(s) > m > 0 8s 2 R:

�®£¤  ãà ¢¥¨¥ (1) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y(s) 2 L2 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '� 2 L2 .

2. � ¯à¨«®¦¥¨ïå ( ¯à., [9]{[12]) ¡®«ìè®¥ § ç¥¨¥ ¨¬¥îâ ª¢ ¤à âãàë¥ ¬¥â®¤ë à¥è¥¨ï
á. ¨. ã., ®á®¢ ë¥    ¯¯à®ªá¨¬ æ¨¨ á¨£ã«ïàëå ®¯¥à â®à®¢ ª®¥ç®¬¥àë¬¨ ®¯¥à â®à ¬¨,
¯®à®¦¤ ¥¬ë¬¨ ª¢ ¤à âãàë¬¨ ä®à¬ã« ¬¨ ¤«ï ¨â¥£à «®¢ ¨§ (1). � áá¬®âà¨¬ âà¨ ¨§ â ª¨å
¬¥â®¤®¢, ®á®¢ ëx    ¯¯à®ªá¨¬ æ¨¨ âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¨ á¯« © ¬¨.

2.1. �¢¥¤¥¬   [0; 2�] à ¢®®âáâ®ïé¨¥ ã§«ë sj = 2j�
N
, j = 0; N , N 2 N, ¨ ¯à¨¡«¨¦¥®¥

à¥è¥¨¥ ãà ¢¥¨ï (1) á ¥¯à¥àë¢ë¬¨ ª®íää¨æ¨¥â ¬¨ ln�(s) ¨ y(s) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
¯®«¨®¬  ([9]{[12])

'n(s) =
2
N

NX
j=1

cj�n(s� sj); n = [N=2]; (2)

£¤¥ [t] | æ¥« ï ç áâì ç¨á«  t > 0,   �n(s) | ®¡ëç®¥ ¨«¨ ¦¥ ¬®¤¨ä¨æ¨à®¢ ®¥ ï¤à® �¨à¨å«¥
¯®àï¤ª  n (n+ 1 2 N):
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�à¨¡«¨¦¥ë¥ § ç¥¨ï ck = 'n(sk), k = 1; n, ¨áª®¬®© äãªæ¨¨ '(s) ¢ ã§« å sk ®¯à¥¤¥«ïîâáï
á®£« á® [9]{[12] ¨§ á¨áâ¥¬ë ¥«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

cj +
�

N

NX
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ln�(ck)j�k = y(sj); j = 1; N; (3)
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r = f0; r ç¥â® ; �2 ctg r�

N
; r ¥ç¥â® g; N = 2n:

� «¥¥ á. ¨. ã. (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ®¯¥à â®à®¥ ãà ¢¥¨¥

K' � '+ �IB' = y ('; y 2 L2);

I' � I('; s) =
1
2�

Z 2�

0
'(�) ctg

� � s

2
d�; B' � ln�('(s)):

�¥®à¥¬  1. �á«¨ ¢ ãá«®¢¨ïå «¥¬¬ë äãªæ¨¨ �(s) ¨ y(s) â ª®¢ë, çâ® â®ç®¥ à¥è¥¨¥ ãà ¢-
¥¨ï (1) '(s) 2 C2� ¨ äãªæ¨ï (B')(s) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¨{�¨¯è¨æ , â® ¯à¨ «î¡ëå

 âãà «ìëå n á¨áâ¥¬  (3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¨ ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (2) áå®-
¤ïâáï ª â®ç®¬ã à¥è¥¨î ãà ¢¥¨ï (1) ¢ L2 á® áª®à®áâìî

k'� 'nk 6 2Ep(')C +m�1M j�j kI(B' � LnB')kC ; n = [N=2]; N 2 N;

£¤¥ Ep(')C |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ '(s) 2 C2� âà¨£®®¬¥âà¨ç¥áª¨¬¨

¯®«¨®¬ ¬¨ áâ¥¯¥¨ p = [(N � 1)=2],  

Ln(f ; s) =
2
N

NX
k=1

�n(s� sk)f(sk); f(s) 2 C2�;

| ®¯¥à â®à � £à ¦ .

�«¥¤áâ¢¨¥. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 äãªæ¨¨ �(s) ¨ y(s) â ª®¢ë, çâ® â®ç®¥ à¥è¥¨¥
ãà ¢¥¨ï (1) '(s) 2 H(r)

� , r > 0, 0 < � 6 1, â® ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (2) áå®¤ïâáï ª â®ç®¬ã
à¥è¥¨î ãà ¢¥¨ï (1) ¢ L2 ¨ C2� á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

k'� 'nk = O(n�r��); r + � > 0;

k'� 'nkC = O(n�r��+1=2); r + � > 1=2:

2.2. �à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã. (1) ¨é¥¬ ¢ ¢¨¤¥ á¯« ©  ã«¥¢®£® ¯®àï¤ª  ([10]{[12])

'n(s) =
nX

k=1

�n�k(s); �k 2 R; sk =
2k�
n

; k = 0; n; n 2 N; (4)

£¤¥ �k(s) | å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ «®¢ (sk�1; sk], k = 1; n,   ¥¨§¢¥áâë¥ ª®íä-
ä¨æ¨¥âë �k = 'n(sk) ®¯à¥¤¥«ïîâáï ¨§ ����

�j + �
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k=1

ln�(�k)j�k = y(sj); j = 1; n; sj =
2j � 1
n

� = sj�1=2; (5)
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1
�
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�����sin sk�j+1=2sin sk�j�1=2

����� : (6)
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�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (5), (6) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N,

  ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (4) áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î á® áª®à®áâìî

k' � 'nk 6 !('; 2�=n)C +m�1M j�j kI(B' � S0
nB')kC ;

£¤¥ !('; 2�=n)C | ®¡ëçë© ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ '(s) 2 C2�,  

S0
n(f ; s) =

nX
j=1

f(sj)�j(s); f(s) 2 C2�; n 2 N;

¯à¨ç¥¬ ã§«ë ª®««®ª æ¨¨ sj ®¯à¥¤¥«¥ë ¢ (5).

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 äãªæ¨¨ �(s) ¨ y(s) â ª®¢ë, çâ® â®ç®¥ à¥è¥¨¥
ãà ¢¥¨ï (1) '(s) 2 H(r)

� , r > 0, 0 < � 6 1. �®£¤  ¬¥â®¤ á¯« ©-ª¢ ¤à âãà ã«¥¢®£® ¯®àï¤ª 
áå®¤¨âáï ¢ áà¥¤¥¬ ¨ à ¢®¬¥à® á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

k'� 'nk =
(
O(n�r��); 0 < r + � 6 1;

O(n�1); r + � > 1;

k'� 'nkC =

(
O(n�r��+1=2); 1

2
< r + � 6 1;

O(n�1=2); r + � > 1:

2.3. �¥¯¥àì ( ¯à., [11], [12]) ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ á. ¨. ã. (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« © 
¯¥à¢®© áâ¥¯¥¨

'n(s) =
nX

k=1

�k�k(s); n 2 N; (7)

£¤¥ f�k(s)gn1 | äã¤ ¬¥â «ìë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ á¯« ©ë ¯¥à¢®© áâ¥¯¥¨ ¤«ï á¥âª¨ ã§«®¢
sk = 2k�

n
, k = 0; n : �k(s) = f0 ¯à¨ s 6 sk�1 ¨ s > sk+1; (s� sk�1)=� ¯à¨ sk�1 6 s 6 sk; (sk+1 � s)=�

¯à¨ sk 6 s 6 sk+1g, � = 2�=n. �¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë �k ®¯à¥¤¥«¨¬ ([11], á. 152) ¨§ ����
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ln�(�k)j�k = y(sj); j = 1; n; (8)
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�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (8), (9) ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N,

  ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï (7) áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î á® áª®à®áâìî

k'� 'nk 6 !('; 2�=n)C +
p
3m�1M j�j kI(B' � S1

nB')kC ;
£¤¥

S1
n(f ; s) =

nX
j=1

f(sj)�j(s); f(s) 2 C2�; n 2 N:

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 3 äãªæ¨¨ �(s) ¨ y(s) â ª®¢ë, çâ® â®ç®¥ à¥è¥¨¥
ãà ¢¥¨ï (1) '(s) 2 H(r)

� , r > 0, 0 < � 6 1. �®£¤  ¬¥â®¤ á¯« ©-ª¢ ¤à âãà ¯¥à¢®£® ¯®àï¤ª 
áå®¤¨âáï ¢ áà¥¤¥¬ ¨ à ¢®¬¥à® á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

k'� 'nk =
(
O(n�r��); 0 < r + � 6 2;

O(n�2); r + � > 2;

k'� 'nkC =

(
O(n�r��+1=2); 1

2
< r + � 6 2;

O(n�3=2); r + � > 2:
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�à¨ ®¡®á®¢ ¨¨ ãª § ëå ª¢ ¤à âãàëå ¬¥â®¤®¢ ¡ë«¨ ¨á¯®«ì§®¢ ë à¥§ã«ìâ âë à ¡®â
[6]{[14].

� ¬¥ç ¨¥ 1. �¥®à¥¬ë 1{3 ¨ à¥§ã«ìâ âë ([9], x 7, £«. 2) ¯®§¢®«ïîâ ¯®áâà®¨âì áå®¤ïé¨¥áï ¢
L2(0; 2�) áå¥¬ë ª¢ ¤à âãà®-¨â¥à æ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï á. ¨. ã. (1).

� ¬¥ç ¨¥ 2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¨§ [7] á¯à ¢¥¤«¨¢ë à¥§ã«ìâ âë,   «®£¨çë¥ ¯®«ãç¥-
ë¬ ¢ëè¥.
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