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1. �¡®§ ç¨¬ G = GN = [��; �]N , N = 1; 2; : : : ; Lp = Lp(G), p � 1, L(ln+ L)N = L(ln+ L)N (G)
| c®®â¢¥âáâ¢¥® ª« ááë äãªæ¨©, ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã   G, 2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®©
¯¥à¥¬¥®© xj ¨ â ª¨å, çâ®

kfkp =
�Z

GN

jf(x)jpdx
�1=p

<1;

Z
GN

jf(x)j(ln+ jf(x)j)Ndx <1;

L(GN) = L1(GN). �ãáâì ZN | æ¥«®ç¨á«¥ ï à¥è¥âª  ¢ RN ¨ ZN
+ | ¬®¦¥áâ¢® ¢á¥å ¥¥ í«¥¬¥-

â®¢ m á ¥®âà¨æ â¥«ìë¬¨ ª®¬¯®¥â ¬¨ mj ,

�m = fl 2 ZN
+ : 0 � lj � mj ; j = 1; : : : ; Ng;

�m;k = fl 2 ZN
+ : kj � lj � mj ; k 2 ZN

+ ; j = 1; : : : ; Ng:

� ¦¤®© f 2 L(GN) á®¯®áâ ¢¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¯àï¬®ã£®«ìëå ç áâ¨çëå áã¬¬ ¥¥ àï¤ 
�ãàì¥, á®¯àï¦¥®£® ¯® r (¤«ï ®¯à¥¤¥«¥®áâ¨ ¯¥à¢ë¬ r) ¯¥à¥¬¥ë¬

eSrm(f) = eSrm(f;x) = X
k2�m

ck(f)
� rY

�=1

(�isgn k�)
�
exp(ik � x);

£¤¥

ck(f) =
1

(2�)N

Z
GN

f(t) exp(�ik � t)dt;

¯à¨ r = 0 ¨¬¥¥¬ (¯® ®¯à¥¤¥«¥¨î) ç áâ¨çë¥ áã¬¬ë Sm(f) ®¡ëª®¢¥®£® (ªà â®£®) àï¤ 
�ãàì¥; á¨¬¢®«®¬ k � x ®¡®§ ç ¥âáï áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ RN .

�ã¬¬ë �ãàì¥ äãªæ¨© f 2 L(ln+ L)N�1 ¨ ¨å à §«¨çë¥ áà¥¤¨¥ ¤®áâ â®ç® å®à®è® ¨§-
ãç¥ë (á¬.,  ¯à., [1], £«. 17, ¯¯. 2, 3; [3], [4]); ¢ ¬¥ìè¥© áâ¥¯¥¨ ¨§¢¥áâ® (á¬.,  ¯à. [5], £«. 4,
¯. 5) ¯®¢¥¤¥¨¥ á®¯àï¦¥ëå áã¬¬ ¨ ¨å áà¥¤¨å; ¢ ®¡®¨å á«ãç ïå, ®¤ ª®, ®áâ ¥âáï àï¤ ¨â¥à¥á-
ëå ¢®¯à®á®¢. � ª,  ¯à¨¬¥à, áã¯à¥¬ã¬ ¯®á«¥¤®¢ â¥«ì®áâ¨, ¬ ¦®à â®© ¤«ï áà¥¤¨å �¥§ à®,
®æ¥¨¢ ¥âáï á¢¥àåã ¬ ªá¨¬ «ì®© äãªæ¨¥© � à¤¨{�¨ââ«¢ã¤  (á¬.,  ¯à., [3]); á¯à ¢¥¤«¨¢  «¨
â ª ï ®æ¥ª  ¨ á¨§ã? �®¦® «¨, ¯¥à¥å®¤ï ®â \sup" ª \lim sup", ã«ãçè¨âì ®æ¥ªã á¢¥àåã ¤®
jf(x)j ¢ á«ãç ¥ áà¥¤¨å ¤®áâ â®ç® ®¡é¥£® ¢¨¤ ? �®á«¥¤¨© ¢®¯à®á, «î¡®¯ëâë© á ¬ ¯® á¥¡¥,
á¢ï§  â ª¦¥ á ¥ª®â®àë¬¨ ¯à¨«®¦¥¨ï¬¨ (á¬. [6] ¨ ¯¯. 10, 11 ¨¦¥). �§ à¥§ã«ìâ â®¢ ¤ ®©
à ¡®âë (¯¯. 7, 8, 12) ¢ëâ¥ª îâ, ¢ ç áâ®áâ¨, ¯®«®¦¨â¥«ìë¥ ®â¢¥âë   ¯®áâ ¢«¥ë¥ ¢®¯à®áë.

� ¯. 2 ¢¢®¤ïâáï ®¡®¡é¥®¥ ï¤à® � ««¥-�ãáá¥  ¨ á®®â¢¥âáâ¢ãîé¥¥ á®¯àï¦¥®¥ ï¤à® ¨
ãáâ  ¢«¨¢ îâáï ¨å ®æ¥ª¨. � ¯. 3 ¤®ª §   ®æ¥ª  (ç¥à¥§ jf(x)j) ¢¥àå¥£® ¯à¥¤¥«  ¯®á«¥¤®-
¢ â¥«ì®áâ¨, ¬ ¦®à â®© ¤«ï ®¡®¡é¥ëå (®¤®¬¥àëå) áã¬¬ � ««¥-�ãáá¥ ,   N -¬¥àë©
¢ à¨ â ãáâ ®¢«¥ ¢ ¯. 7; ¯à¨ íâ®¬ ¢ëïáï¥âáï å à ªâ¥à â®ç¥ª, ¢ ª®â®àëå ãª § ë¥ ãâ¢¥à-
¦¤¥¨ï ¨¬¥îâ ¬¥áâ®. � «®£ íâ¨å à¥§ã«ìâ â®¢ ¤«ï á®¯àï¦¥ëå ªà âëå áã¬¬ à áá¬®âà¥ ¢
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¯. 8. � ¯¯. 9 ¨ 10 ¨§ãç¥ë ªã¡¨ç¥áª¨¥ ¨ ¯àï¬®ã£®«ìë¥ áã¬¬ë �ãàì¥,   ¢ ¯. 11 | â ª  §ë¢ ¥¬ ï
(V; 0)-áã¬¬¨àã¥¬®áâì. � ª®¥æ, ç áâë© á«ãç © áà¥¤¨å �¥§ à® ¨áá«¥¤®¢  ¢ ¯. 12.

2. �¡®¡é¥ë¥ ï¤à  � ««¥-�ãáá¥  ¨ ¨å ¬ ¦®à âë. �ãáâì D�(t) ¨ eD�(t) | ï¤à® �¨à¨å«¥
¨ á®¯àï¦¥®¥ ï¤à® �¨à¨å«¥ á®®â¢¥âáâ¢¥® ([2], á. 86), A�

� | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë,
®¯à¥¤¥«¥¨ï ¨ á¢®©áâ¢  ª®â®àëå á¬. ¢ ([2], á. 130{131),

v�m;k(t) =
1

A�
m�k

mX
�=k

A��1
m��D�(t); ev�m;k(t) =

1
A�
m�k

mX
�=k

A��1
m��

eD�(t) (2.1)

| ®¡®¡é¥®¥ ¨ á®¯àï¦¥®¥ ®¡®¡é¥®¥ ï¤à  � ««¥-�ãáá¥  [4], k = 0; : : : ;m; ¯à¨ � = 1
¯®«ãç ¥¬ \®¡ëç®¥" ï¤à® (á®¯àï¦¥®¥ ï¤à®) � ««¥-�ãáá¥ . �à¨ k = 0, 0 < � � 1 ¨¬¥¥¬ ï¤à®
�¥§ à® (á®¯àï¦¥®¥ ï¤à® �¥§ à®) ([2], á. 157). �¡®§ ç¨¬

eev�m;k(t) =
1
2
ctg

t

2
� ev�m;k(t): (2.2)

�¥¬¬  2.1. �«ï ¢á¥å k = 0; : : : ;m, 0 < � � 1 ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

jv�m;k(t)j+ jev�m;k(t)j � C�(m+ 1); 0 � t � �; (2.3)

jv�m;k(t)j+ jev�m;k(t)j+ jeev�m;k(t)j � C�

1
t
; 0 < t � �; (2.4)

jv�m;k(t)j+ jeev�m;k(t)j � C�

1
t�+1(m� k + 1)�

; 0 < t � �; (2.5)

¯®áâ®ïë¥ C > 0 §¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ à §«¨çë ¨ § ¢¨áïâ «¨èì ®â ï¢® ãª § ëå ¨¤¥ªá®¢.

�¥à ¢¥áâ¢  (2.3), (2.4) ¢ëâ¥ª îâ ¨§ ¨§¢¥áâëå ([2], á. 89) ®æ¥®ª á¢¥àåã (á®®â¢¥âáâ¢ãîé¨¬¨
¯à ¢ë¬¨ ç áâï¬¨ (2.3) ¨ (2.4)) ï¤¥à D�(t) ¨ eD�(t),   ®æ¥ª  (2.5) ¯®«ãç ¥âáï ¯® ¬¥â®¤ã ([2],
á. 88{89;   â ª¦¥ ¢ëâ¥ª ¥â ¨§ ®æ¥ª¨ (8) à ¡®âë [4]).

�®«®¦¨¬

w�
m;k(t) =

8<
:jev

�
m;k(t)j; 0 � t � 1

m+1
;

jeev�m;k(t)j;
1

m+1
< t � �;

(2.6)

w�;�
m;k(t) =

8>><
>>:
m+ 1; 0 � t � 1

m+1
;

1
t
; 1

m+1
< t � 1

m�k+1
;

1
t�+1(m�k+1)�

; 1
m�k+1

< t � �;

(2.7)

¨ ¨§ á®®¡à ¦¥¨© ç¥â®áâ¨ jv�m;k(t)j, jev�m;k(t)j, jeev�m;k(t)j ¤®®¯à¥¤¥«ï¥¬ w
�;�
m;k(t) ç¥âë¬ ¨

2�-¯¥à¨®¤¨ç¥áª¨¬ ®¡à §®¬.

�¥¬¬  2.2. �«ï ¢á¥å k = 0; : : : ;m, 0 < � � 1, 0 � t � �, 0 < � < � ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

jv�m;k(t)j+ w�
m;k(t) � C�w

�;�
m;k(t); (2.8)

�w
�;�
m;k(�) � 1; (2.9)Z �

0
w
�;�
m;k(t)dt � C� ln

3(m+ 1)
m� k + 1

: (2.10)

�æ¥ª¨ (2.8), (2.10) ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª îâ ¨§ «¥¬¬ë 2.1 ¨ ®¯à¥¤¥«¥¨ï (2.7); ¤ «¥¥,
(2.9) ¨¬¥¥â ¬¥áâ®, â. ª. �(m+1) � 1, ¥á«¨ � � 1

m+1
; �� 1

�
=1, ¥á«¨ 1

m+1
< � � 1

m�k+1
¨ �

(m�k+1)���+1
� 1,

¥á«¨ 1
m�k+1

� �, â ª çâ® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 2.2 ãáâ ®¢«¥®.
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3. �¤®¬¥àë¥ ®¡®¡é¥ë¥ áã¬¬ë � ««¥-�ãáá¥ .�ãáâì Sm(f) = Sm(f; x) ¨ eSm(f) = eSm(f; x)
| ç áâ¨çë¥ áã¬¬ë m-£® ¯®àï¤ª  àï¤  �ãàì¥ ¨ á®¯àï¦¥®£® àï¤  �ãàì¥ á®®â¢¥âáâ¢¥®,  

V �
m;k(f) = V �

m;k(f; x) =
1

A�
m�k

mX
�=k

A��1
m��S�(f; x); � 2 (0; 1]; (3.1)

eV �
m;k(f) = eV �

m;k(f; x) =
1

A�
m�k

mX
�=k

A��1
m��

eS�(f; x); � 2 (0; 1]; (3.2)

| á®®â¢¥âáâ¢ãîé¨¥ ®¡®¡é¥ë¥ áã¬¬ë � ««¥-�ãáá¥ ,

ef�(x) = 1
�

Z
��jtj��

f(x� t)
1
2
ctg

t

2
dt:

�¡®§ ç¨¬

V �;�(f; x) = lim sup
m!1

�
sup

0�k�m

�
ln

3m
m� k + 1

��1 Z �

��

jf(x� t)j jv�m;k(t)jdt
�
;

��
m;k(f; x) = eV �

m;k(f; x)� ef 1
m+1

(x);

��
� (f; x) = lim sup

m!1

�
sup

0�k�m

�
ln

3m
m� k + 1

��1
j��

m;k(f; x)j
�
:

�¥®à¥¬  3.1. � ª ¦¤®© â®çª¥ �¥¡¥£  äãªæ¨¨ f ¨¬¥îâ ¬¥áâ® ®æ¥ª¨

V �;�(f; x) � C�jf(x)j; � 2 (0; 1]; (3.3)

��
� (f; x) � C�jf(x)j; � 2 (0; 1]: (3.4)

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï à §¢¨â¨¥¬ ¨¤¥© ([2], á. 151{152), ¯à¨ íâ®¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï
â¥¬, çâ® ª ¦¤ ï â®çª  �¥¡¥£  ([2], á. 111) äãªæ¨¨ f á«ã¦¨â â ª®¢®© ¨ ¤«ï äãªæ¨¨ jf j ¢ á¨«ã
¥à ¢¥áâ¢ 

��jf(x+ t)j � jf(x)j
�� � jf(x+ t)� f(x)j.

� áá¬®âà¨¬ á«ãç © (3.4), ¤®ª § â¥«ìáâ¢® (3.3)   «®£¨ç®. � ¯¨á ¢ (3.2) ¢ ¨â¥£à «ì®¬
¢¨¤¥, ¯®«ãç¨¬

��
m;k(f; x) =

1
�

Z
jtj� 1

m+1

f(x� t)ev�m;k(t)dt�
1
�

Z
1

m+1
�jtj��

f(x� t)eev�m;k(t)dt:

�®£« á® (2.6)

�j��
m;k(f; x)j �

Z �

��

(jf(x� t)j � jf(x)j)w�
m;k(t)dt+ jf(x)j

Z �

��

w�
m;k(t)dt:

�®«®¦¨¬ �x(t) = jf(x� t)j+ jf(x+ t)j � 2jf(x)j, â®£¤  ¢ á¨«ã ç¥â®áâ¨ w�
m;k(t) ¨¬¥¥¬

�j��
m;k(f; x)j �

Z �

0

j�x(t)jw
�
m;k(t)dt+ 2jf(x)j

Z �

0

w
�;�
m;k(t)dt: (3.5)

�® ®¯à¥¤¥«¥¨î â®çª¨ �¥¡¥£  äãªæ¨¨ jf j ([2], á. 111) ¤«ï ¯à®¨§¢®«ì®£® " > 0 áãé¥áâ¢ã¥â
¥ª®â®à®¥ � = �x â ª®¥, çâ®

 (x; t) =
Z t

0
j�x(�)jd� � "t (3.6)
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¯à¨ ¢á¥å 0 � t � �. �â¥£à¨àãï ¤¢ ¦¤ë ¯® ç áâï¬, ¨á¯®«ì§ãï (3.6) ¨ ¥¢®§à áâ ¨¥ ¬ ¦®à âë
(2.7), ¨¬¥¥¬Z �

0

j�x(t)jw
�;�
m;k(t)dt = w�;�

m;k(�) (x; �) +
Z �

0

 (x; t)d[�w�;�
m;k(t)] �

� "(�w�;�
m;k(�)) +

Z �

0

td[�w�;�
m;k(t)] = "

Z �

0

w�;�
m;k(t)dt: (3.7)

� «¥¥, Z �

�

j�x(t)jw�
m;k(t)dt � C�

1
��+1(m� k + 1)�

Z �

�

j�x(t)jdt: (3.8)

�â  ®æ¥ª  ¢¥à  ¢ á¨«ã (2.6) ¨ (2.5), ¥á«¨ 1
m+1

� �; ¥á«¨ ¦¥ � < 1
m+1

, â® ¢ ¨â¥£à «¥ ¯® [�; 1
m+1

)
¨¬¥¥¬

w�
m;k(t) = j eV �

m;k(t)j � C�

1
��+1(m+ 1)�

� C�

1
��+1(m� k + 1)�

:

T®£¤  ª ª ¤«ï [ 1
m+1

; �] á®åà ï¥âáï ®æ¥ª  ¢¨¤  (3.8). �®íâ®¬ã (3.8) ®áâ ¥âáï ¢¥à®© ¨ ¤«ï
� < 1

m+1
.

�®£« á® (3.5), (3.7), (3.8) ¯®«ãç ¥¬

�j��
m;k(f; x)j � ("+ 2jf(x)j)

Z �

0

w
�;�
m;k(t)dt+

C�

��+1(m� k + 1)�

Z �

�

j�x(t)jdt: (3.9)

�®¤¥«¨¬ ®¡¥ ç áâ¨ (3.9)   ln 3(m+1)
m�k+1

¨ § ¬¥â¨¬, çâ® (m � k + 1)� ln 3(m+1)
m�k+1

� ln 3(m+ 1) ¯à¨
k 2 f0; : : : ;mg; ¢ íâ®¬ ¬®¦® ã¡¥¤¨âìáï,  å®¤ï  ¨¬¥ìè¥¥ (¯® k) § ç¥¨¥ «¥¢®© ç áâ¨ ¯®-
á«¥¤¥£® ¥à ¢¥áâ¢ . � á¨«ã (2.10) ¯®«ãç ¥¬�

ln
3(m+ 1)
m� k + 1

��1
j��

m;k(f; x)j � C�

�
"+ jf(x)j+

1
��+1 ln 3(m+ 1)

Z �

0
j�x(t)jdt

�
:

�®áª®«ìªã Z �

0

j�x(t)jdt � 2
�Z �

��

jf(t)jdt+ �jf(x)j
�
;

â® ¤«ï ¤®áâ â®ç® ¡®«ìè¨å m ¨¬¥¥¬

sup
0�k�m

�
ln

3m
m� k + 1

��1
j��

m;k(f; x)j � C�

�
"+ jf(x)j+

jf(x)j+ kfk1
��+1 ln 3(m+ 1)

�
;

®âªã¤  ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ " ¨ ¢ëâ¥ª ¥â ®æ¥ª  (3.3). �

4. �¡®§ ç¥¨ï. �à âë¥ ®¡®¡é¥ë¥ áã¬¬ë � ««¥-�ãáá¥  ®¯à¥¤¥«ïîâáï ¢ ¢¨¤¥

eV �;rm;k(f;x) =
X

l2�m;k

� NY
j=1

A
�j�1
mj�lj

A
�j
mj�kj

�eSrl (f;x); (4.1)

r 2 f0; : : : ; Ng, kj = 0; 1; : : : ;mj , mj = 1; 2; : : : ; j 2 f1; : : : ; Ng.
�®«®¦¨¬ V �m;k(f;x) = eV �;0m;k(f;x), G0 = ft : 0 � tj � �, j = 1; : : : ; Ng,

G(h) = ft : 0 < jtj j � hj ; 0 < hj � �; j = 1; : : : ; Ng; G0(h) = G(h)
\
G0;

	(x;h) =
Z
G0(h)

�(x; t)dt

¤«ï ¢áïª®© äãªæ¨¨ � � 0 ¯¥à¥¬¥ëå x ¨ t, ª®â®à ï áã¬¬¨àã¥¬    G ª ª äãªæ¨ï ®â t ¯à¨
¯®çâ¨ ¢á¥å (¯. ¢.) x.
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�ãáâì

fh(x) =
1

mesG(h)

Z
G(h)

jf(x� t)jdt (4.2)

¨ f�(x) = sup
h

fh(x) | ¬ ªá¨¬ «ì ï äãªæ¨ï � à¤¨{�¨ââ«¢ã¤ . �®¦¥áâ¢ M� â®ç¥ª ¨§ G, ¢

ª®â®àëå áãé¥áâ¢ã¥â f�(x), ¨ M� â®ç¥ª �¥¡¥£  äãªæ¨¨ f , ¢ ª®â®àëå

lim
�!0

1
mesG(h)

Z
G(h)

jf(x� t)� f(x)jdt = 0 (� = max
j2f1;:::;Ng

hj);

à á¯®«®¦¥ë ¯®çâ¨ ¢áî¤ã ¢ G (íâ® ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ [1], £«. 17, ¯. 2) ¤«ï ¢áïª®© f 2

L(ln+ L)N�1; § ¬¥â¨¬, ª ª ¨ ¢ëè¥, çâ® «î¡ ï â®çª  �¥¡¥£  äãªæ¨¨ f á«ã¦¨â â ª®¢®© ¨ ¤«ï
jf j. �®«®¦¨¬ M =M�

T
M�. �«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ Tm ®¡®§ ç¨¬ � = min

j2f1;:::;Ng
mj ¨

lim sup
�!1

Tm = lim
�!1

sup
m0
1
�m1;:::;m0

N
�mN

Tm0
1
:::m0

N
;

L�m;k =
1
�N

Z
G

� NY
j=1

jv
�j
mj ;kj

(tj)j
�
dt; �m;k =

NY
j=1

ln
3mj

mj � kj + 1
;

V
�;+
m;k (f;x) =

1
�N

Z
G
jf(x� t)j

� NY
j=1

jv
�j
mj ;kj

(tj)j
�
dt; (4.3)

V �;�(f;x) = lim sup
�!1

(sup
k

f��1m;kV
�;+
m;k (f;x)g);

V �;��(f;x) = sup
m

sup
k

f��1m;kV
�;+
m;k (f;x)g;

á®®â¢¥âáâ¢ãîé¨¥ áã¯à¥¬ã¬ë ¡¥àãâáï ¯® ¢á¥¬ m, k ¨§ ¬®¦¥áâ¢ § ç¥¨©, ãª § ëå ¢ëè¥.
�ãáâì â ª¦¥ Pr = f1; : : : ; rg, r 2 f1; : : : ; Ng, Ps;r | «î¡®© ¢®§à áâ îé¨© ª®àâ¥¦ ¤«¨ë s,
á®áâ ¢«¥ë© ¨§ í«¥¬¥â®¢ ¬®¦¥áâ¢  Pr = f1; : : : ; rg, Ps;r = Pr n Ps;r, G(Qr;s) = ftr;s : �j �
jtj j � �g, £¤¥ j 2 Ps;r,

ef(x;Qr;s) =
1
�s

Z
G(Qr;s)

f(x� tr;s)
Y

j2Ps;r

1
2
ctg

tj

2
dtj ;

¢¥ªâ®àë Qr;s ¨ tr;s ¨¬¥îâ ª®¬¯®¥âë �j > 0 ¨ tj á®®â¢¥âáâ¢¥® ¤«ï ¢á¥å j 2 Ps;r ¨ ã«¥¢ë¥ |
®áâ «ìë¥ N�s ª®¬¯®¥â; ¢ á«ãç ¥ �j = 1

mj+1
, j 2 Ps;r, ¯¨è¥¬ 1

mr;s+1
¢¬¥áâ® Qr;s. �§¢¥áâ® ([7];

[5], £«. 4, ¯. 6), çâ® ¤«ï ª ¦¤®© f 2 L(ln+ L)N�1 ¯®çâ¨ ¢áî¤ã áãé¥áâ¢ã¥â ª ¦¤ ï ¨§ á®¯àï¦¥ëå
äãªæ¨©

efr;s(x) = lim
�!1

ef�x; 1
mr;s + 1

�

¨ á®®â¢¥âáâ¢ãîé¨å ¬ ªá¨¬ «ìëå äãªæ¨©

ef�r;s(x) = sup
m

���� ef
�
x;

1
mr;s + 1

�����: (4.4)

5. �áâ ®¢¨¬ á«¥¤ãîé¥¥ ¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  5.1. �ãáâì ¤«ï § ¤ ®© �(x; t) áãé¥áâ¢ã¥â äãªæ¨ï �(x) â ª ï, çâ® ¯à¨ ¯. ¢. x,

¥ª®â®à®¬ � > 0 ¨ ª ¦¤®¬ hj, 0 < hj � �, ¢ë¯®«¥® á®®â®è¥¨¥

	(x;h) �
� NY

j=1

hj

�
�(x); (5.1)
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¯à¨ íâ®¬ ãª § ®¥ � ¬®¦¥â § ¢¨á¥âì ®â ¢ë¡à ëå x ¨ �(x). �®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥ª 

Z
G0(f�;:::;�g)

�(x; t)
� NY

j=1

w
�j ;�
mj ;kj

(tj)
�
dt � C

�;N�m;k�(x): (5.2)

�®ª § â¥«ìáâ¢®. �à®¨â¥£à¨àã¥¬ ¯® ç áâï¬ ¢ «¥¢®© ç áâ¨ (5.2) ¯®á«¥¤®¢ â¥«ì® ¯®
N -©; : : : , ¯¥à¢®© ¯¥à¥¬¥®© (á¬. (3.7)). �¥¢ ï ç áâì (5.2) ®¡à â¨âáï ¢ 2N á« £ ¥¬ëå; ¤®áâ â®ç®
à áá¬®âà¥âì á« £ ¥¬®¥ ¢¨¤ � L�1Y

j=1

wj(�)
� Z �

0
� � �

Z �

0
	(x; �; : : : ; �; tL; : : : ; tN)

NY
j=L

d[�wj ]; (5.3)

§¤¥áì L = 1; : : : ; N + 1; ¯à®¨§¢¥¤¥¨ï ¢¨¤ 
BQ

j=A
Tj ¯à¨ B < A à ¢ë (¯® ®¯à¥¤¥«¥¨î) ¥¤¨¨æ¥;

wj = wj(tj) | ªà âª ï ä®à¬  § ¯¨á¨ w�j ;�
mj ;kj

(tj).
�ç¨âë¢ ï ®æ¥ªã (5.1), (5.3) ¥ ¯à¥¢®áå®¤¨â

�(x)
� L�1Y

j=1

�wj(�)
� Z �

0

� � �

Z �

0

NY
j=L

tjd[�wj ]: (5.4)

�®¢  ¨â¥£à¨àãï ¯® ç áâï¬ ¢ (5.4), ¯®«ãç¨¬ 2N�L+1 á« £ ¥¬ëå; ¢ á¢®î ®ç¥à¥¤ì, ¤®áâ â®ç®
à áá¬®âà¥âì

�(x)
� P�1Y

j=1

�wj(�)
� NY

j=P

Z �

0
wj(tj)dtj (P = 1; : : : ; N): (5.5)

�á¯®«ì§ãï â¥¯¥àì (2.9) ¨ (2.10), ¨¬¥¥¬ (5.5), ¥ ¯à¥¢®áå®¤ïé¨¬ ¯à ¢®© ç áâ¨ (5.2).

6. �¥®à¥¬  6.1. �ãáâì f 2 L(ln+ L)N�1. �®£¤  ¤«ï ¢á¥å � 2 (0; 1]N ¨ ¢á¥å x 2 G ¨¬¥¥¬

V �;��(f;x) � C
�;Nf�(x): (6.1)

�®ª § â¥«ìáâ¢®. �¥à¥©¤¥¬ ¢ ªà â®¬ ¨â¥£à «¥ (4.3) ª ®¡« áâ¨ ¨â¥£à¨à®¢ ¨ï G0, § ¬¥-
ïï tj ¢ ª ¦¤®¬ ¨§ \®¤®¬¥àëå" ¨â¥£à «®¢ ¯® [��; 0]   (�tj) ¨ ¯®«ì§ãïáì ¯à¨ íâ®¬ ç¥â®áâìî
¢á¥å w�j ;�

mj ;kj
(tj). � ¨â®£¥ ¯®«ãç ¥¬ ¢ëà ¦¥¨¥ ¢¨¤  «¥¢®© ç áâ¨ (5.2) á � = � ¨

�(x; t) =
X
�

jf(x� t�)j;

áã¬¬¨à®¢ ¨¥ ¯à®¨§¢®¤¨âáï ¯® ¢á¥¢®§¬®¦ë¬ � = (�1; : : : ; �N) á �j = �1; t� = (�1t1; : : : ; �N tN).
�®áª®«ìªã â¥¯¥àì

	(x;h) =
Z
G0(h)

�X
�

jf(x� t�)j
�
dt �

� NY
j=1

hj

�
2Nf�(x);

â® ¢ë¯®«¥® ãá«®¢¨¥ (5.1). � ç¨â, ¨§ á®®â®è¥¨ï (5.2) á«¥¤ã¥â, çâ® ¯à¨ ¢¢¥¤¥ëå �,
m, k

V
�;+
m;k (f;x) � C

�;N�m;kf�(x);

¨ (6.1) ãáâ ®¢«¥®. �

7. �¥®à¥¬  7.1. �ãáâì f 2 L(ln+ L)N�1. �®£¤  ¤«ï ¢á¥å � 2 (0; 1]N ¨ ¯. ¢. x 2 G (  ¨¬¥®,

x 2M) ¨¬¥¥â ¬¥áâ® ®æ¥ª 

V �;�(f;x) � C
�;N jf(x)j: (7.1)
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�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ (4.3) ¢ ¢¨¤¥

V
�;+
m;k (f;x) =

1
�N

Z
G

(jf(x� t)j � jf(x)j)
� NY

j=1

jv
�j
mj ;kj

(tj)j
�
dt+ L�m;kjf(x)j (7.2)

¨ ¯¥à¥©¤¥¬ ¢ (7.2) ª ¨â¥£à¨à®¢ ¨î ¯® G0. �ë¡¥à¥¬ ¨ § ä¨ªá¨àã¥¬ ¯® ¯à®¨§¢®«ì®¬ã " > 0
â ª®¥ � > 0, çâ® ¢ë¯®«¥® ãá«®¢¨¥ (5.1) á

�(x; t) =
����X

�

jf(x� t�)j � 2N jf(x)j
����

¨ �(x) = "; ãª § ë© ¢ë¡®à ¢®§¬®¦¥ ¢ ª ¦¤®© â®çª¥ �¥¡¥£  x äãªæ¨¨ jf j. �®£¤  ¨â¥£à «
¢ (7.2) ¥áâì áã¬¬ , ª®â®à ï á®áâ®¨â ¨§

 ) ¨â¥£à «  ¯® G0(f�; : : : ; �g), ª®â®àë© ¥ ¯à¥¢®áå®¤¨â "L�m;k á®£« á® «¥¬¬¥ 5.1;
¡) 2N�1 ¨â¥£à «®¢ ¯® ¢á¥¢®§¬®¦ë¬ N -¬¥àë¬ ¯àï¬®ã£®«ì¨ª ¬ ¢¨¤  G(QN;N), £¤¥ å®âï

¡ë ®¤® �j = �,   ®áâ «ìë¥ �i = 0. �á®, çâ®,  ¯à¨¬¥à,

Z �

�

dt1

Z �

0

dt2 � � �

Z �

0

�(x; t)
� NY

j=1

jv
�j
mj ;kj

(tj)j
�
dtN �

�
C
�

��1+1(m1 � k1 + 1)�1

Z
G0

�(x; t)
� NY

j=2

w
�j
mj ;kj

(tj)
�
dt �

�
C
�;N

��1+1(m1 � k1 + 1)�1

� NY
j=2

ln
3(mj + 1)
mj � kj + 1

�
f�(x); (7.3)

¥á«¨ ¯à¨¬¥¨âì «¥¬¬ã 5.1 ¨ à ááã¦¤¥¨ï ¯. 6. �®á«¥ ¤¥«¥¨ï   �m;k «¥¢ ï ç áâì (7.3) ¥ ¯à¥¢®á-
å®¤¨â C�;N

��1+1 ln 3(m1+1)
f�(x) ¨ áâà¥¬¨âáï ª ã«î á à®áâ®¬ m1. �«¥¤®¢ â¥«ì®, ãª § ®¥ à §¡¨¥¨¥

¨â¥£à «®¢   á« £ ¥¬ë¥ ¢ (7.2) ¯à¨¢®¤¨â ª ®æ¥ª¥

V �;�(f;x) � "+ C
�;N jf�(x)j;

®âªã¤  ¢¢¨¤ã ¯à®¨§¢®«ì®áâ¨ " ¨ ¢ëâ¥ª ¥â (7.1).

8. �¥®à¥¬  8.1. �ãáâì f 2 L(ln+ L)N�1. �®£¤  ¤«ï ¢á¥å � 2 (0; 1]N , r = 1; : : : ; N ¨ ¯. ¢.

x 2 G ¨¬¥¥â ¬¥áâ® ®æ¥ª 

lim sup
�!1

��1m;k

���� eV �;rm;k(f;x)� ef�x; 1
mr;r + 1

����� �
� C

�;N

�
jf(x)j+

X
Pr;s2Pr

lim
�!1

� Y
j2Pr;s

ln�1
3mj

mj � kj + 1

� ef�r;s(x)
�
: (8.1)

�ã¬¬¨à®¢ ¨¥ ¢ ¯à ¢®© ç áâ¨ (8:1) ¯à®¨áå®¤¨â ¯® ¢á¥¬ ª®àâ¥¦ ¬ Pr;s, ª®£¤  s ¯à®¡¥£ ¥â § -

ç¥¨ï s = 1; : : : ; r�1; § ç¥¨ï ¦¥ ª ¦¤®£® ¨§ kj 2 f0; : : : ;mjg ®áâ îâáï «¨¡® ä¨ªá¨à®¢ ë¬¨,

«¨¡® § ¢¨áïâ ®â á®®â¢¥âáâ¢ãîé¥£® mj.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ (4.1) ¢ ¨â¥£à «ì®¬ ¢¨¤¥

eV �;rm;k(f;x) =
1
�N

Z
G

f(x� t)
� rY

j=1

ev�jmj ;kj
(tj)

�� NY
j=r+1

v
�j
mj ;kj

(tj)
�
dt;

¨ ª ¦¤ë© ¨§ ¨â¥£à «®¢ ¯® [��; �] à §®¡ê¥¬   ¤¢ : ¯® tj â ª¨¬, çâ® jtj j � 1
mj+1

¨ 1
mj+1

� jtj j � �;
¢ ¯®á«¥¤¥¬ á«ãç ¥ ¯à¥¤áâ ¢¨¬

ev�jmj ;kj
(tj) =

1
2
ctg

tj

2
� eev�jmj ;kj

(tj); j = 1; : : : ; r;
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¨ ¯®«ãç¨¬ á®®â¢¥âáâ¢ãîé¨¥ à §®áâ¨ ¨â¥£à «®¢. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ®æ¥¨¢ ¥¬®¥ ãª«®-
¥¨¥ (á¬. «¥¢ãî ç áâì (8.1)) ¬®¦® § ¬¥¨âì  

Z �

��

dts+1 � � �

Z �

��

�
sup

m1;:::;ms

����
Z
G( 1

mr;s+1
)

f(x� t)
Y

j2Pr;s

ctg
tj

2
dtj

����
�� NY

j=s+1

w
�j
mj ;kj

(tj)
�
dtN ; (8.2)

¤«ï ®¯à¥¤¥«¥®áâ¨ ¢ë¡à  ª®àâ¥¦ Pr;s = f1; : : : ; sg, s = 1; : : : ; r � 1. �î¡ ï ¨§ ¬ ªá¨¬ «ìëå
äãªæ¨© ¢¨¤  (4.4) áã¬¬¨àã¥¬    G, ¥á«¨ f 2 L(ln+ L)N�1 (®¡®á®¢ ¨¥ íâ®£® ä ªâ , ¯à¨¢¥-
¤¥®¥ ¢ [7] ¤«ï N = 2 ¯à®å®¤¨â ¨ ¯à¨ «î¡®¬ N � 2); § ç¨â, ¢ ¤ «ì¥©è¨å à ááã¦¤¥¨ïå
¬®¦® ¯®¢â®à¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 7.1. �á®¡¥®áâìî á«ã¦¨â «¨èì ¬®¬¥â ¤¥«¥¨ï  
�m;k; â ª,  ¯à¨¬¥à, ®æ¥ª  ¤«ï (8.2) ¯à¨¢®¤¨â ª á« £ ¥¬®¬ã

C
�;N

1
�m;k

� Y
j2Pr;s

ln
3(mj + 1)
mj � kj + 1

� ef�r;s(x) � C
�;N

� Y
j2Pr;s

ln�1
3mj

mj � kj + 1

� ef�r;s(x); (8.3)

¢ëà ¦¥¨ï ¢¨¤  ¯à ¢®© ç áâ¨ (8.3), á®®â¢¥âáâ¢ãîé¨¥ ¢á¥¢®§¬®¦ë¬ ª®àâ¥¦ ¬ ¤«¨ë s � r�1
¨ ¯®à®¦¤ îâ, â ª¨¬ ®¡à §®¬, ¯à ¢ãî ç áâì (8.1). �

9. �ã¡¨ç¥áª¨¥ á®¯àï¦¥ë¥ ç áâë¥ áã¬¬ë. � áá¬®âà¨¬ eSrm(f;x) ¢ á«ãç ¥ m1 = m2 = � � � =
mN = � ¨ ¯®«®¦¨¬ eSr��(f;x) = sup

�
j eSrm(f;x)j:

�¥®à¥¬  9.1. �à¨ ¢á¥å r = 0; 1; : : : ; N ¨¬¥îâ ¬¥áâ® ®æ¥ª¨Z
G

( eSr��(f;x))pdx � CN;r;p

Z
G

jf(x)jpdx; p > 1;Z
G

eSr��(f;x)dx � CN;r

�
1 +

Z
G

jf(x)j(ln+ jf(x)j)N+1dx

�
: (9.1)

�®ª § â¥«ìáâ¢®. �â®â à¥§ã«ìâ â ¯à¨ r = 0 ãáâ ®¢«¥ ¢ [8] (á¬. â ª¦¥ [9]). �£® ¤®ª § -
â¥«ìáâ¢® ¯à®å®¤¨â ¨ ¯à¨ r 2 f1; : : : ; Ng ¯®áª®«ìªã ®á®¢ ® â®«ìª®   ®£à ¨ç¥®áâ¨ ®à¬
®¯¥à â®à  [8] (s�g)(x) = sup

�
j(s�g)(x)j, £¤¥

(s�g)(x) =
Z
R�

g(t1 : : : t� ; x�+1 : : : xN)
� �Y

j=1

e�i�tj

xj � tj
dtj

�
; (9.2)

¤¥©áâ¢ãîé¥£® ¨§ Lp ¢ Lp, p > 1; R = (�1;1) ¨«¨ ¨§ L(ln+ L)�+1 ¢ L, ¯à¨ç¥¬ ¢ à®«¨ g ¬®¦¥â
¢ëáâã¯ âì ª ª á ¬  äãªæ¨ï f , â ª ¨ á®¯àï¦¥ ï ¯®  ¡®àã ¯¥à¥¬¥ëå x�+1; : : : ; xN äãªæ¨ïef(x); ¤«ï ®¯à¥¤¥«¥®áâ¨ ¢ë¡à ë ¯®á«¥¤¨¥ N � � ¯¥à¥¬¥ëå.

�¥©áâ¢¨â¥«ì®, à áá¬®âà¥¨¥ eSrm(f;x) á¢®¤¨âáï ª ¨â¥£à « ¬ ¢¨¤  (§ ç¥¨ï � ®¯à¥¤¥«ïîâ-
áï § ¤ ë¬ r)

F�(x) =
Z
G�

� �Y
j=1

eeD�(tj)dtj

�Z
GN��

f(x� t)
� NY

j=�+1

ctg
tj

2
dtj

�
(9.3)

¨ ¢ á¨«ã ã¯®¬ïãâëå [8] ®æ¥®ª ¤«ï (9.2) ¨¬¥¥¬

Z
G�

sup
�
jF�(x)jdt1 : : : dt� � CN;�

�
1 +

Z
G�

j efr;N��(x)j ln+ j efr;N��(x)j
��+1

dx1 : : : dx� : (9.4)
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� «ì¥©è¥¥ ¨â¥£à¨à®¢ ¨¥ ¯à ¢®© ç áâ¨ (9.4) ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ãZ
GN��

j efr;N��(x)j(ln+ j efr;N��(x)j)�+1dx�+1 : : : dxN �

� CN;�

�
1 +

Z
G�

jf(x)j(ln+ jf(x)j)�+1(ln+ jf(x)j)N��dx�+1 : : : dxN

�
; (9.5)

á¯à ¢¥¤«¨¢®¬ã ¢ á¨«ã ®æ¥ª¨ (45) à ¡®âë [7], ¯à¨¬¥¥®© N � � à §. �§ (9.4) ¨ (9.5) ¢ëâ¥ª ¥â
®æ¥ª  Z

G

sup
�
jF�(x)jdx � CN;�

�
1 +

Z
G

jf(x)j(ln+ jf(x)j)N+1dx

�
: �

10. �àï¬®ã£®«ìë¥ áã¬¬ë �ãàì¥. �¨ á®®â¢¥âáâ¢ãîâ á«ãç î �1 = � � � = �N = 1 ¨ k1 =
m1; : : : ; kN = mN ¢ (4.1). �®£¤  ¤«ï ¯. ¢. x ¯à ¢ ï ç áâì (8.1) ®¡à é ¥âáï ¢ CN jf(x)j,   «¥¢ ï |
¢

S�;r(f;x) = lim sup
�!1

� NY
j=1

ln�1mj

�
j eSrm(f;x)j:

�âáî¤  ¡ã¤¥â á«¥¤®¢ âì ãâ¢¥à¦¤¥¨¥  ) á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  10.1.  ) �ãáâì f 2 L(ln+ L)N�1, r = 0; 1; : : : ; N . �®£«  ®æ¥ª 

S�;r(f;x) � CN jf(x)j (10.1)

¨¬¥¥â ¬¥áâ® ¯®çâ¨ ¢áî¤ã ¢ G.

¡) �á«¨ f 2 L(ln+ L)2
T
L(ln+ L)N�1, N = 2; 3; : : : , â® ¯®çâ¨ ¢áî¤ã ¢ G

lim
mi!1

�
lim

min
j 6=i

mj!1

�Y
j 6=i

ln�1mj

�
Sm(f;x)

�
= 0; i = 1; : : : ; N: (10.2)

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ ¡) ¯à¨ N = 2 ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢ [8], ¤®ª ¦¥¬ ¥£® ¯à¨
N = 3; 4; : : : ; f 2 L(ln+ L)N�1, ¢ë¡à ¢ ¤«ï ®¯à¥¤¥«¥®áâ¨ i = 1. �®«®¦¨¬ x00 = (x2; : : : ; xN ), â ª
çâ® â¥¯¥àì x = (x1;x00),

Sm1
(f; x1;x00) =

Z �

��

f(x1;�t1;x00)Dm1
(t1)dt1;

S��;1(f; x1;x00) = sup
m1

jSm1
(f; x1;x00)j; (10.3)

â®£¤ 

jSm(f;x)j �
1
�N

Z
GN�1

jSm1
(f ;x1;x

00 � t00)j
NY
j=2

jDmj
(tj)jdtj : (10.4)

�áâ ®¢¨¬ á¯¥à¢ , çâ® ¯à¨ «î¡®¬ § ç¥¨¨ m1 ¨ ¯. ¢. x1 Sm1
(f; x1;x00) 2 L(ln

+
L)N�2 ª ª äãª-

æ¨ï ®â x00. �«ï íâ®£® § ¬¥â¨¬, çâ® (¨¤¥¨ [2], á. 423),

Dm(t) = sin
��
m+

1
2

�
(t� x) +

�
m+

1
2

�
x

�
ctg

t

2
+
1
2
tg
t

4
sin
�
m+

1
2

�
t; m = m1; t = t1;

(10.5)

¯à¥®¡à §ã¥¬ ¯¥à¢ë© ¨§ á¨ãá®¢ áã¬¬ë ¢ (10.5), § â¥¬ ã¬®¦¨¬ ¯®«ãç¥®¥ ¢ ¯à ¢®© ç áâ¨ (10.5)
¢ëà ¦¥¨¥ ¨§ âà¥å á« £ ¥¬ëå   äãªæ¨î f ¨ § ¯¨è¥¬ Sm1

(f ;x1;x00) ¢ ¢¨¤¥ á®®â¢¥âáâ¢ãîé¥©
áã¬¬ë ¨â¥£à «®¢. �á«¨ ®¡®§ ç¨âì

fm1
(x1 � t1;x

00) = f(x1 � t1;x
00) sin

�
m1 +

1
2

�
(x1 � t1);
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â® ¤®áâ â®ç® ¯à®¢¥à¨âì ¯à¨ ¤«¥¦®áâì ª« ááã L(ln+ L)N�2 ª ¦¤®© ¨§ á«¥¤ãîé¨å äãªæ¨©
(ª ª äãªæ¨© ®â x00):Z �

��

fm1
(x1 � t1;x

00)
1
2
ctg

t1

2
dt1;

1
�

Z �

��

jfm1
(x1 � t1;x

00)jdt1:

�¥à¢ ï ¨§ ¨å | íâ® á®¯àï¦¥ ï äãªæ¨ï efm1
(x1;x00),   ¢â®à ï ¥ ¯à¥¢®áå®¤¨â \®¤®¬¥à®©"

¬ ªá¨¬ «ì®© äãªæ¨¨ � à¤¨{�¨ââ«¢ã¤  f�;1(x1;x00), à áá¬ âà¨¢ ¥¬®© ¤«ï fm1
ª ª äãªæ¨¨

®â x1. � «¥¥, ª ª ¨ ¢ ¯. 9, ¨¬¥¥¬Z �

��

j efm1
(x1;x00)j(ln

+ j efm1
(x1;x00)j)N�2dx1 �

� CN

�
1 +

Z �

��

jfm1
(x1;x00)j(ln

+ jfm1
(x1;x00)j)N�1dx1

�
: (10.6)

�®áª®«ìªã jfm1
(x1;x00)j � jf(x1;x00)j, â®, ¨â¥£à¨àãï ¯® GN�1 ®¡¥ ç áâ¨ ¥à ¢¥áâ¢  (10.6), ¯®-

«ãç ¥¬ Z
G

j efm1
(x)j(ln+ j efm1

(x)j)N�2dx � CN

�
1 +

Z
G

jf(x)j(ln+ jf(x)j)N�1dx
�
; (10.7)

¨ â®ç® â ª ï ¦¥ ®æ¥ª  ¢¥à  ¤«ï ¨â¥£à « , á®¤¥à¦ é¥£® f1;�(x1;x00) ¢¬¥áâ® á®¯àï¦¥®©
äãªæ¨¨. �§ (10.7) ¢ëâ¥ª ¥â, çâ® ¤«ï ¯. ¢. x1 ¨ ¢á¥å m1 ª®¥ç¥ ¨â¥£à «Z

GN�1

jSm1
(f ;x1;x

00)j(ln+ jSm1
(f ;x1;x

00)j)N�2dx00;

çâ® ¨ ãâ¢¥à¦¤ «®áì.
�¥¯¥àì ¢ á¨«ã (10.4) ¨ (7.1) ¯à¨ �00 = min(m2; : : : ;mN )

lim sup
�00!1

� NY
j=2

ln�1mj

�
jSm(f;x)j � CN jSm1

(f ;x1;x
00)j

¨ â®£¤ 

S�(f ;x1;x00) = lim sup
m1!1

�
lim sup
�00!1

� NY
j=2

ln�1(mj + 1)
�
jSm(f;x)j

�
� CNS��;1(f ;x1;x00): (10.8)

�à¨¬¥ïï à¥§ã«ìâ â [8], ¨¬¥¥¬Z �

��

S��;1(f ;x1;x00)dx1 � C

�
1 +

Z �

��

jf(x1;x00)j(ln
+ jf(x1;x00)j)2dx1

�

¨, ¯®á«¥ ¨â¥£à¨à®¢ ¨ï ®¡¥¨å ç áâ¥© íâ®£® ¥à ¢¥áâ¢  ¯® GN�1, ¢ á¨«ã (10.8) ¯®«ãç ¥¬Z
G
S�(f ;x1;x

00)dx1dx
00 � CN

�
1 +

Z
G
jf(x)j(ln+ jf(x)j)2dx

�
; (10.9)

¯à¨ç¥¬ ¯à ¢ ï ç áâì (10.9) ª®¥ç  ¢ á¨«ã ãá«®¢¨ï ¯. ¡) â¥®à¥¬ë. �âáî¤  ¢ëâ¥ª ¥â, çâ®
S�(f ;x1;x00) = Ox(1) ¯®çâ¨ ¢áî¤ã ¢ G ¨, ¤ «¥¥, á®£« á® áâ ¤ àâë¬ à ááã¦¤¥¨ï¬ ( ¯à.,
[2]) ¬®¦® ¯¥à¥©â¨ ®â Ox(1) ª ox(1). �®®â®è¥¨¥ (10.2) ãáâ ®¢«¥®. �

� ¬¥ç ¨¥ 1. � á«ãç ¥ f 2 Lp, p > 1, ¤¢ãªà âë© ¯à¥¤¥« ¢ (10.2) ¬®¦® § ¬¥¨âì  
¢¥àå¨© ¯à¥¤¥« ¯à¨ �!1, â. ¥. ¯®çâ¨ ¢áî¤ã ¢ G

Sm(f;x) = o

�
1

ln(max
j
mj)

NY
j=1

lnmj

�
; �!1: (10.10)
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�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥¨ï á ç «  ãáâ  ¢«¨¢ ¥¬ (¯®«ì§ãïáì à¥§ã«ìâ â®¬ [8]),
çâ® ¯à¨ ¯. ¢. x1 S��;1(f ;x1;x00) 2 Lp ª ª äãªæ¨ï ®â x00. � â¥¬ § ¯¨áë¢ ¥¬   «®£ (10.4) á
äãªæ¨¥© (10.3)   ¬¥áâ¥ Sm1

¨ ¨á¯®«ì§ã¥¬ à¥§ã«ìâ â (7.1), ¢§ï¢ (¢¬¥áâ® ¤¢ãªà â®£® ¯à¥¤¥« )
¢¥àå¨© ¯à¥¤¥« ¯à¨ �!1 ¢ á®®â®è¥¨¨-  «®£¥ (10.8). �áâ ¥âáï ¢§ ¬¥ (10.9) ¨á¯®«ì§®¢ âì
Lp-®æ¥ªã.

� ¬¥ç ¨¥ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë ¥ ¨§¬¥¨âáï (á¬. ¯. 9), ¥á«¨ ¢ (10.3) § ¬¥¨âì
Dm1

(t1)   eDm1
(t1).

� ¬¥ç ¨¥ 3. �«ï f 2 Lp; N = 3; 4; : : : ®æ¥ª  (10.10) «ãçè¥ à ¥¥ ¨§¢¥áâ®© ([3], ¯. 5).

11. (V; 0)-áà¥¤¨¥. � ª  §ë¢ ¥¬ (¯®   «®£¨¨ á [6]) ¯®á«¥¤®¢ â¥«ì®áâì ¢¨¤ 

V
�
0;r

m;k0(f;x) =
m1X

�1=k1

� � �
mlX

�l=kl

� lY
j=1

A
�j�1
mj�lj

A
�j
mj�kj

�eSr�1:::�lm:::m(f;x); r 2 f1; : : : ; N � lg;

£¤¥ \á®¯àï¦¥¨¥" ¨¬¥¥â ¬¥áâ® ¯® «î¡®¬ã  ¡®àã (ª®àâ¥¦ã ¤«¨ë r), ¢ë¡à ®¬ã ¨§ ¯®á«¥¤¨å
N � l ¯¥à¥¬¥ëå, l = 1; : : : ; N � 1; k0 = (k1 : : : kl), kj = 0; : : : ;mj ; �0 = (�1 : : : �l), �j > 0;
j = 1; : : : ; l. �ãáâì �0 = maxfm1; : : : ;mlg,

W�
0;r

� (f;x) = lim sup
�!1

�
sup
k0
jV
�
0;r

m;k0(f;x)j
� lY

j=1

ln�1
3mj

mj � kj + 1

��
;

cW�
0;r

� (f;x) = lim sup
m!1

�
lim sup
�0!1

�
sup
k0
jV
�
0;r

m;k0(f;x)j
� lY

j=1

ln�1
3mj

mj � kj + 1

���
:

�¥®à¥¬  11.1. 1) �à¨ ¢á¥å �0 2 (0; 1]l ¨¬¥¥â ¬¥áâ® ®æ¥ª Z
G
(W�

0;r
� (f;x))pdx � C

�
0;N;r;l;p

Z
G
jf(x)jpdx; p > 1: (11.1)

2) �á«¨ �0 2 (0; 1]l, f 2 L(ln+ L)l
T
L(ln+ L)N�l+1, â®Z

G

cW�
0;r

� (f;x)dx � C
�
0;N;r;l

�
1 +

Z
G

jf(x)j(ln+ jf(x)j)N�l+1dx
�
: (11.2)

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï (11.1) ¯®¢â®àï¥â à ááã¦¤¥¨ï, ¯à¨¬¥¥ë¥ ¢ ®¡®á®¢ ¨¨ § -
¬¥ç ¨ï 1; ãâ¢¥à¦¤¥¨¥ (11.2) ¤®ª §ë¢ ¥âáï   «®£¨ç® ¯. ¡) â¥®à¥¬ë 10.1.

�¥§ã«ìâ â â¥®à¥¬ë 11.1 ¬®¦¥â ¡ëâì ãâ®ç¥ ¢ á«¥¤ãîé¥¬ ç áâ®¬ á«ãç ¥.

�¥®à¥¬  11.2. �à¨ l = 1, �1 2 (0; 1] ¨¬¥¥â ¬¥áâ® ®æ¥ª Z
G

W �1;r
� (f;x)dx � C�1;N;r

�
1 +

Z
G

jf(x)j(ln+ jf(x)j)Ndx
�
: (11.3)

�®ª § â¥«ìáâ¢®. �â® ãâ¢¥à¦¤¥¨¥ ¨§¢¥áâ® [6] ¯à¨ N = 2, k1 = 0, r = 0; ¤®ª ¦¥¬ ¥£® ¢
®¡é¥¬ á«ãç ¥. �®¦® áç¨â âì ª®¥çë¬ § ç¥¨¥ ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (11.3). �®   «®£¨¨
á (10.3) ®¡®§ ç¨¬

S��;N�1(f ;x) = S��;N�1(f ;x1;x00) = sup
m

����
Z
GN�1

f(x1;x00 � t00)
NY
j=2

Dm(tj)dtj

����: (11.4)

� á¨«ã ¥à ¢¥áâ¢  (9.1) ¯à¨ ¯. ¢. x1 ¨¬¥¥¬Z
GN�1

S��;N�1(f ;x1;x
00)dx00 � CN;r

�
1 +

Z
GN�1

jf(x1;x
00)j(ln+ jf(x1;x

00)j)Ndx00
�

(11.5)
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¨, á«¥¤®¢ â¥«ì®, (11.4) ¯à¨ ¤«¥¦¨â ª« ááã L(GN�1) ª ª äãªæ¨ï ®â x00. �¥¯¥àì ¬®¦® ¯à®-
¨â¥£à¨à®¢ âì ®¡¥ ç áâ¨ (11.5) ¯® x1 ¨ § â¥¬ ¯¥à¥¬¥¨âì ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï. �®£¤  ¯à¨
¯. ¢. x00 (11.4) ®ª §ë¢ ¥âáï ¯à¨ ¤«¥¦ é¥© ¨ ª« ááã L(G1) ª ª äãªæ¨ï ®â x1. � ç¨â, ª ¯à ¢®©
ç áâ¨ ¥à ¢¥áâ¢ 

W �1;r
� (f;x) �

1
�

Z �

��
S��;N�1(f ;x1;x

00)w�1;�
m1;k1

(t1)dt1

¯à¨¬¥¨¬  ®æ¥ª  (3.3): ¤«ï ¯. ¢. x

W �1;r
� (f;x) � C�1;N;rS��;N�1(f ;x): (11.6)

�®áª®«ìªã ¤«ï ¨â¥£à «  äãªæ¨¨ S��;N�1(f ;x) ã¦¥ ¯®«ãç¥  ®æ¥ª  á¢¥àåã ¢ ¢¨¤¥ ¯à ¢®©
ç áâ¨ (11.3), â® à¥§ã«ìâ â â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ á®®â®è¥¨ï (11.6). �

12. �à¥¤¨¥ �¥§ à® ��;rm (f;x). �¨ á®®â¢¥âáâ¢ãîâ á«ãç î k1 = � � � = kN = 0 ¢ (4.1). �§ (8.1)
áâ ¤ àâë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¨§¢¥áâ®¥ ([5], £«. 4., ¯¯. 5, 6) ãâ¢¥à¦¤¥¨¥ ® áå®¤¨¬®áâ¨ ��;rm (f;x)
ª efr;r(x) ¯®çâ¨ ¢áî¤ã ¢ G, ¥á«¨ f 2 L(ln+ L)N�1. �«ï r = 0 ¨¬¥¥¬ áå®¤¨¬®áâì ª f(x). �§ãç¨¬
íâ®â á«ãç © ¯®¤à®¡¥¥. �¡®§ ç¨¬ (á¬. (4.3)) ��;+m (f;x) = V

�;+
m;0 (f;x); �

�;��(f;x) = sup
m

��;+m (f;x).

�¥®à¥¬  12.1. � ª ¦¤®© â®çª¥ x 2M� ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥

��;��(f;x) � f�(x): (12.1)

�®áâ®ïë¥ ¢ ®æ¥ª å á¨§ã ¨ á¢¥àåã ¢ (12:1) § ¢¨áïâ «¨èì ®â N ¨ �, � 2 (0; 1]N .

�®ª § â¥«ìáâ¢®. �®£« á® (6.1) ¤®áâ â®ç® ãáâ ®¢¨âì «¨èì ®æ¥ªã á¨§ã. �  ¡ã¤¥â ¢ë-
â¥ª âì ¨§ á«¥¤ãîé¥£® ¢á¯®¬®£ â¥«ì®£® ãâ¢¥à¦¤¥¨ï, ¨¬¥îé¥£® ¨ á ¬®áâ®ïâ¥«ìë© ¨â¥à¥á.

�¥¬¬  12.1. �«ï ª ¦¤®£® h (á¬. (4:2)) áãé¥áâ¢ãeâ â ª®¥ m, çâ® ¯à¨ «î¡ëå à áá¬ âà¨-

¢ ¥¬ëå k ¨ � ¨¬¥¥â ¬¥áâ® ®æ¥ª 

V
�;+
m;k (f;x) � C

�;Nfh(x): (12.2)

�®ª § â¥«ìáâ¢® «¥¬¬ë. �¨ªá¨àã¥¬ j 2 f1; : : : ; Ng ¨ ¢ë¡¨à ¥¬ m = mj = 0 (â®£¤  ¨
k = kj = 0) ¢ á«ãç ¥ h = hj �

�
4
; â¥¯¥àì ¯à¨ ª ¦¤®¬ � = �j

jv�m;k(t)j = 1 �
�

4
1
h
: (12.3)

� á«ãç ¥ ¦¥ 0 < h < �
4
¯®«®¦¨¬

�

2h
� 2 < m �

�

2h
� 1: (12.4)

�®£¤  ¤«ï jtj � h ¨¬¥¥¬

v�m;k(t) =
mX
�=k

A��1
m��

A�
m�k

sin(� + 1
2
)t

sin 1
2
t

�
mX
�=k

A��1
m��

A�
m�k

2
�
(� + 1

2
)jtj

1
2
jtj

�
2

�A�
m�k

mX
�=k

A��1
m��(� + 1) =

=
2

�A�
m�k

mX
�=k

(A�
m�� �A�

m���1)(� + 1) =
2

�A�
m�k

�
A�
m�k(k + 1) +

mX
�=k+1

A�
m��

�
=

=
2
�

�
k + 1 +

A�+1
m�k�1

A�
m�k

�
=

2
�

(�+ 1)(k + 1) +m� k

(�+ 1)
: (12.5)

�à¨ ¯®«ãç¥¨¨ (12.5) ¨á¯®«ì§®¢ ë ¨§¢¥áâë¥ ([2], á. 130{131) á¢®©áâ¢  ¡¨®¬¨ «ìëå ª®íää-
æ¨¥â®¢ ¨ ¯à¥®¡à §®¢ ¨¥ �¡¥«ï.
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�®£« á® (12.5) ¨ (12.4) ¯à¨ jtj � h á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

v�m;k(t) �
2

�(�+ 1)
(m+ 1) �

2
�(�+ 1)

� � 2h
2h

�
1

2(� + 1)h
: (12.6)

�«¥¤®¢ â¥«ì®, ¨§ (12.3) ¨ (12.6) ¢ëâ¥ª ¥â ®æ¥ª 

jv�m;k(t)j � C�

1
h
; jtj � h; (12.7)

á ¯®áâ®ï®© C� = min(�
4
; 1
2(�+1)

). �¥¯¥àì á®£« á® (4.3) ¨ (12.7) ¤«ï ª ¦¤®£® ¢ë¡à ®£® h

 ©¤¥® â ª®¥ m, çâ®

V
�;+
m;k (f;x) �

1
�N

Z
Gh

jf(x� t)j
� NY

j=1

jv
�j
mj ;kj

(tj)j
�
dt � C

�;Nfh(x)

¯à¨ ¢á¥å k ¨ �.

�§ á®®â®è¥¨ï (12.2) ¯à¨ ª ¦¤®¬ k á«¥¤ã¥â ®æ¥ª 

C
�;Nfh(x) � sup

m

V
�;+
m;k (f;x); (12.8)

â ª çâ®, ¢ ç áâ®áâ¨, C
�;Nfh(x) � ��;��(f;x). �¥®à¥¬  12.1 ¤®ª §  .

13. � § ª«îç¥¨¥ ®â¬¥â¨¬ á«¥¤ãîé¥¥ à §«¨ç¨¥ ¢ ¯®¢¥¤¥¨¨ V �;�(f;x) ¨ V �;��(f;x): á®®â®-
è¥¨¥ Z

GN

(V �;�(f;x))p!(x)dx � C
�;N;p

Z
GN

jf(x)jp!(x)dx; p > 1;

¨¬¥¥â ¬¥áâ® (ª ª íâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë 6.1) ¤«ï ¢áïª®© áã¬¬¨àã¥¬®©   GN äãªæ¨¨ (¢¥á )
!(x) � 0. � ¬¥  ¦¥ V �;�(f;x)   V �;��(f;x) ¢ á¨«ã (12.8) ¨ ¨§¢¥áâëå à¥§ã«ìâ â®¢ [10] ¥®¡-
å®¤¨¬® ¯®¢«¥ª«  ¡ë ( ¯à., ¯à¨ N = 1) §  á®¡®î ¢ë¯®«¨¬®áâì Ap-ãá«®¢¨ï [10]   ¢¥á®¢ãî
äãªæ¨î.

�â¬¥â¨¬ â ª¦¥, çâ® ®á®¢ë¥ à¥§ã«ìâ âë à ¡®âë ¯®«ãç¥ë à §¢¨â¨¥¬ ¥ª®â®àëå (¨á¯®«ì-
§®¢ ëå ¢ [3] ¨ [11]) ¨¤¥© �.�. �á¨«¥ª¥à , ª®â®à®¬ã  ¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¡« £®¤ à®áâì.
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