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�ãáâì S | ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ ¡¥§ ­ã«ï. �¡®§­ ç¨¬ ç¥à¥§ S0 ã¯®àï¤®ç¥­­ë© £àã¯¯®-
¨¤, ¢®§­¨ª îé¨© ¢ à¥§ã«ìâ â¥ ¯à¨á®¥¤¨­¥­¨ï ª S ­ã«¥¢®£® í«¥¬¥­â . �§¢¥áâ­®, çâ® ¯à¨á®¥¤¨-
­¥­¨¥ ­ã«ï ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã ®áãé¥áâ¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ á¯®á®¡®¬ á â®ç­®áâìî
¤® ¨§®¬®àä¨§¬ . � ¤ ­­®© áâ âì¥ ¡ã¤¥â ãáâ ­®¢«¥­®, çâ® ¤¢  ã¯®àï¤®ç¥­­ëå £àã¯¯®¨¤  S ¨ T
¨§®¬®àä­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨§®¬®àä­ë £àã¯¯®¨¤ë S0 ¨ T 0, ¯®«ãç ¥¬ë¥ ¨§ S ¨ T
¯à¨á®¥¤¨­¥­¨¥¬ ­ã«¥¢®£® í«¥¬¥­â  (á¨¬¢®«¨ç¥áª¨ S �= T â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  S0 �= T 0).
�®«¥¥ â®£®, ¯®«ãç¥­® ®¯¨á ­¨¥ 0-¯à®áâëå ã¯®àï¤®ç¥­­ëå ¯®«ã£àã¯¯ S, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â
â ª ï ã¯®àï¤®ç¥­­ ï ¯®«ã£àã¯¯  T , çâ® S �= T 0. �â® ®¯¨á ­¨¥ ¯à®¢®¤¨âáï ­  ï§ëª¥ «¥¢ëå (á®-
®â¢¥âáâ¢¥­­® ¯à ¢ëå) ¤¥«¨â¥«¥© ­ã«ï ¨ ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢. � ª®­¥æ, ¤®ª §ë¢ ¥âáï, çâ®
å®âï ¯à¨á®¥¤¨­¥­¨¥ ­ã«ï ª £àã¯¯®¨¤ã ¬®¦¥â ¡ëâì ®áãé¥áâ¢«¥­® á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ 
¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬, â ª ï ¥¤¨­áâ¢¥­­®áâì ­ àãè ¥âáï ¯à¨ ¯à¨á®¥¤¨­¥­¨¨ ®¡®¡é¥­­®£® ­ã«ï
ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã.

1. �á«¨ (S; �;�) | ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ ¨ 0 ï¢«ï¥âáï í«¥¬¥­â®¬ S, â® 0x = x0 = 0 ¨
0 � x ¤«ï ¢á¥å x 2 S [1]. �ãáâì (S; �;�), (T; �;�) | ã¯®àï¤®ç¥­­ë¥ £àã¯¯®¨¤ë,   f : S ! T
| ®â®¡à ¦¥­¨¥ S ¢ T . f ­ §ë¢ ¥âáï ¨§®â®­­ë¬, ¥á«¨ x � y ¢«¥ç¥â f(x) � f(y); ®¡à â­®
¨§®â®­­ë¬, ¥á«¨ ¤«ï ¢á¥å x; y 2 S f(x) � f(y) ¢«¥ç¥â x � y; £®¬®¬®àä¨§¬®¬, ¥á«¨ ®­® ¨§®â®­­®
¨ ¤«ï ¢á¥å x; y 2 S f(xy) = f(x) � f(y); ¨§®¬®àä¨§¬®¬, ¥á«¨ ®­® ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬,
®â®¡à ¦¥­¨¥¬ \­ " ¨ ®¡à â­® ¨§®â®­­®. �àã¯¯®¨¤ë S ¨ T ­ §ë¢ îâáï ¨§®¬®àä­ë¬¨ (S �= T ),
¥á«¨ ¬¥¦¤ã ­¨¬¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬. � ¦¤®¥ ®¡à â­® ¨§®â®­­®¥ ®â®¡à ¦¥­¨¥ ï¢«ï¥âáï
1{1-®â®¡à ¦¥­¨¥¬. �¥©áâ¢¨â¥«ì­®, ¥á«¨ x; y 2 S ¨ f(x) = f(y), â®, ¯®áª®«ìªã f(x) � f(y), ¨¬¥¥¬
x � y. � ª ª ª f(y) � f(x), ¨¬¥¥¬ â ª¦¥ y � x. �«¥¤®¢ â¥«ì­®, x = y [2].

�ãáâì (S; �;�) | ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ ¡¥§ ­ã«ï ¨ S0 = S [ f0g, £¤¥ 0 =2 S. �¯à¥¤¥«¨¬
®¯¥à æ¨î ã¬­®¦¥­¨ï \�" ¨ ¯®àï¤®ª \�0" ­  S0 á«¥¤ãîé¨¬ ®¡à §®¬:

a � b =

(
a � b; ¥á«¨ a; b 2 S;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥;

�0=� [f(0; x) : x 2 S0g:

�®£¤  (S0; �;�) áâ ­®¢¨âáï ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ ¨ 0 | ­ã«¥¢ë¬ í«¥¬¥­â®¬ S0. �­®¦¥-
áâ¢® S ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ S0. �ç¥¢¨¤­®, ¥á«¨ a; b 2 S, â® a � b = ab 2 S. �á«¨ (S; �;�) |
ã¯®àï¤®ç¥­­ ï ¯®«ã£àã¯¯ , â® (S0; �;�) â ª¦¥ ï¢«ï¥âáï ã¯®àï¤®ç¥­­®© ¯®«ã£àã¯¯®©.

�®ª ¦¥¬, çâ® ¯à¨á®¥¤¨­¥­¨¥ ­ã«ï ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã (S; �;�) ¢®§¬®¦­® á â®ç­®áâìî
¤® ¨§®¬®àä¨§¬  ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬. �«ï íâ®£® à áá¬®âà¨¬ ­®¢ë© £àã¯¯®¨¤ (S�; �;��), £¤¥

a � b =

(
ab; ¥á«¨ a; b 2 S;

� ¢ ¯à®â¨¢­®¬ á«ãç ¥,

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ á¯¥æ¨ «ì­®£® ¨áá«¥¤®¢ â¥«ìáª®£® £à ­â  ò 70/4/4205 �ä¨­áª®£®
ã­¨¢¥àá¨â¥â .
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¨
��=� [f(�; x) j x 2 S�g:

�®ª ¦¥¬, çâ® (S�; �;��) �= (S0; �;�0). �«ï íâ®£® à áá¬®âà¨¬ ®â®¡à ¦¥­¨e ' : (S0; �;�0) !
(S�; �;��), £¤¥

'(x) =

(
x; ¥á«¨ x 2 S;

�; ¥á«¨ x = 0:

� ª¨¬ ®¡à §®¬, ' | ®â®¡à ¦¥­¨¥ ­  ¢á¥ ¬­®¦¥áâ¢® S�.
1) �â®¡à ¦¥­¨¥ ' ¢áî¤ã ¨ ª®àà¥ªâ­® ®¯à¥¤¥«¥­®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2 S0. �á«¨ x 2 S,

â® '(x) = x 2 S � S0. �á«¨ ¦¥ x = 0, â® '(x) = � 2 S0. �à®¬¥ â®£®, ¥á«¨ x; y 2 S0 ¨ x = y, â®
x 2 S ! '(x) = x, '(y) = y, ¯®íâ®¬ã '(x) = '(y). �á«¨ ¦¥ x =2 S, â® x = 0 ¨ '(x) = � = '(y).

2) ' | £®¬®¬®àä¨§¬. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x; y 2 S0. �®ª ¦¥¬, çâ® '(x � y) = '(x) � '(y).
�®§¬®¦­ë á«¥¤ãîé¨¥ á«ãç ¨.

A) �á«¨ x; y 2 S, â® '(x) = x, '(y) = y, x � y = xy 2 S, '(x � y) = xy, x � y = xy ¨
'(x � y) = '(x) � '(y).

B) �á«¨ x 2 S, y = 0, â® '(x) = x, '(y) = �, x � y = 0, '(x � y) = � ¨ '(x) �'(y) = � = '(x � y).
C) �á«¨ x = 0, â® '(x) = �, x � y = 0, '(x � y) = �. � ª ª ª y 2 S0, ¨¬¥¥¬ '(y) = S�. �¥¯¥àì

'(x) � '(y) = � = '(x � y).
�ãáâì â¥¯¥àì x �0 y. �®ª ¦¥¬, çâ® '(x) �� '(y).
A) �ãáâì x 2 S. � ª ª ª (x; y) 2�0, ¨¬¥¥¬ (x; y) 2� ¨«¨ (x; y) = (0; t), £¤¥ t 2 S0. �®áª®«ìªã

x 2 S, â® x 6= 0. � ª¨¬ ®¡à §®¬, ¨¬¥¥¬ (x; y) 2����. � ª ª ª x; y 2 S, ¨¬¥¥¬ '(x) = x, '(y) = y.
�®íâ®¬ã '(x) �� '(y).

B) �ãáâì x = 0. �®£¤  '(x) = �. � ª ª ª y 2 S0, ¨¬¥¥¬ '(y) 2 S�. T®£¤  � �� '(y). �®íâ®¬ã
'(x) �� '(y).

3) ' ï¢«ï¥âáï ®¡à â­® ¨§®â®­­ë¬ ®â®¡à ¦¥­¨¥¬. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x; y 2 S0 ¨
'(x) �� '(y). �®ª ¦¥¬, çâ® x �0 y.

A) �ãáâì x 2 S. �®£¤  '(x) = x. � ª ª ª '(x) �� '(y) ¨ '(x) 6= � (¢ ¯à®â¨¢­®¬ á«ãç ¥ x 2 S
¨ x = �, çâ® ­¥¢®§¬®¦­®), ¨¬¥¥¬ '(x) � '(y) ¨ '(y) 2 S. �á«¨ y =2 S, â® y = 0, '(y) = � ¨ � 2 S.
�à®â¨¢®à¥ç¨¥. �®íâ®¬ã y 2 S, '(y) = y, x � y ¨ x �0 y (¯®áª®«ìªã ���0).

B) �á«¨ x = 0, â® x = 0 �� y ¯® ®¯à¥¤¥«¥­¨î.
4) �áâ ¥âáï ¯®ª § âì, çâ® ' ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬ \­ ". �¥©áâ¢¨â¥«ì­®, ¯ãáâì y 2 S�. �á«¨

y 2 S, â® y 2 S0 ¨ '(y) = y. �á«¨ ¦¥ y = �, â® '(0) = �, £¤¥ 0 2 S0.
�¨¦¥ ¤«ï ã¯®àï¤®ç¥­­ëå £àã¯¯®¨¤®¢ (S; �;�) ¨ (T; �;�) ç¥à¥§ (S0; �;�0) ¨ (T �; �;��) ®¡®-

§­ ç¨¬ £àã¯¯®¨¤ë, ª®â®àë¥ ¯®«ãç îâáï ¨§ S ¨ T á®®â¢¥âáâ¢¥­­® ¯à¨á®¥¤¨­¥­¨¥¬ ­ã«¥¢ëå
í«¥¬¥­â®¢. �á«¨ (S; �;�) ¨§®¬®àä­® (T; �;�) ¯®¤ ®â®¡à ¦¥­¨¥¬ f , â® íâ® § ¯¨áë¢ ¥¬ ª ª
(S; �;�) �=

f
(T �; �;��).

�à¥¤«®¦¥­¨¥ 1. �ãáâì (S; �;�) ¨ (T; �;�) | â ª¨¥ ã¯®àï¤®ç¥­­ë¥ £àã¯¯®¨¤ë, çâ®

(S; �;�) �=
f
(T; �;�). �®£¤  (S0; �;�0) �= (T �; �;��).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥

' : (S0; �;�0)! (T �; �;��) j x!

(
f(x); ¥á«¨ x 2 S;

�; ¥á«¨ x = 0:

1) �â®¡à ¦¥­¨¥ ' ®¯à¥¤¥«¥­® ª®àà¥ªâ­®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2 S0. �®£¤  ¥á«¨ x 2 S,
â® '(x) = f(x) 2 T � T �. �á«¨ ¦¥ x = 0, â® '(x) = � 2 T �. �ãáâì â¥¯¥àì x; y 2 S0 ¨ x = y.
�á«¨ x 2 S, â® '(x) = f(x), '(y) = f(y), f(x) = f(y). �®íâ®¬ã '(x) = '(y). �á«¨ x = 0, â®
'(x) = � = '(y).

2) �®ª ¦¥¬, çâ® ' ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬. �¥©áâ¢¨â¥«ì­®, ¯ãáâì x; y 2 S0. � áá¬®âà¨¬
­¥áª®«ìª® á«ãç ¥¢.
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A) �á«¨ x; y 2 S, â® x�y = xy, '(x�y) = '(xy), xy 2 S ¨ '(xy) = f(xy) = f(x)�f(y), ¯®áª®«ìªã
f ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬. � ª ª ª f(x); f(y) 2 T , â® f(x)�f(y) = f(x)�f(y). � ª ª ª x; y 2 S,
¨¬¥¥¬ '(x) = f(x), '(y) = f(y). �®íâ®¬ã '(x�y) = '(xy) = f(x)�f(y) = f(x)�f(y) = '(x)�'(y).

B) �á«¨ x = 0 ¨ y 2 S0, â® x � y = 0, '(x � y) = �. � ª ª ª x = 0, ¨¬¥¥¬ '(x) = � ¨, ¯®áª®«ìªã
y 2 S0, ¨¬¥¥¬ '(y) 2 T �. �®íâ®¬ã '(x) � '(y) = � ¨ '(x � y) = '(x) � '(y).

C) �ãáâì x 2 S0, y = 0. � íâ®¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢®  ­ «®£¨ç­® á«ãç î B).
�áâ ¥âáï ¯®ª § âì, çâ® ¥á«¨ x �0 y, â® '(x) �� '(y).
A) �á«¨ x = 0, â® '(x) = �. � ª ª ª y 2 S0, ¨¬¥¥¬ '(y) 2 T �. �®íâ®¬ã '(x) �� '(y).
B) �ãáâì x 6= 0. �®£¤  x � y, ¯®áª®«ìªã (x; y) 2�0. �®íâ®¬ã f(x) � f(y). �® ����, ¯®íâ®¬ã

f(x) �� f(y). � ª ª ª x; y 2 S, ¨¬¥¥¬ '(x) = f(x), '(y) = f(y). �«¥¤®¢ â¥«ì­®, '(x) �� '(y).
3) ' ï¢«ï¥âáï ®¡à â­® ¨§®â®­­ë¬ ®â®¡à ¦¥­¨¥¬. �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¤«ï x; y 2 S0 á¯à -

¢¥¤«¨¢® '(x) �� '(y).
A) �á«¨ x = 0, â® x �0 y, â. ª. y 2 S0.
B) �ãáâì x 6= 0. �®£¤  '(x) = f(x) 2 T , ¯®áª®«ìªã x 2 S. � ª ª ª � 2 T , ¨¬¥¥¬ '(x) 6= �.

� á¨«ã '(x) �� '(y) ¨ '(x) 6= � ¨¬¥¥¬ '(x) � '(y), ¯®íâ®¬ã '(y) 2 T . �á«¨ y = 0, â® '(y) = �
¨ � 2 T , çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã y 6= 0 ¨ '(y) = f(y). �® â®£¤  f(x) = '(x) � '(y) = f(y).
�âáî¤ , ¯®áª®«ìªã f ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬, x � y. � ª ª ª ���0, ¨¬¥¥¬ x �0 y.

4) �®ª ¦¥¬, çâ® ' ®â®¡à ¦ ¥â S0 ­  ¢á¥ ¬­®¦¥áâ¢® T �. �ãáâì y 2 T �. �á«¨ y 2 T , â®
áãé¥áâ¢ã¥â x 2 S â ª®©, çâ® f(x) = y. � ª ª ª x 2 S, ¨¬¥¥¬ '(x) = f(x). �«ï x 2 S0 ¨¬¥¥¬
'(x) = y. �ãáâì y = �. �®£¤  0 2 S0 ¨ '(0) = �. �

�à¥¤«®¦¥­¨¥ 2. �ãáâì (S; �;�) ¨ (T; � �) | â ª¨¥ ã¯®àï¤®ç¥­­ë¥ £àã¯¯®¨¤ë, çâ®

(S0; �;�0) �=
'
(T �; �;��). �®£¤  (S; �;�) �= (T; �;�).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ f : (S; �;�) ! (T; �;�), £¤¥ x ! '(x). �¬¥¥¬
'(0) = �. �¥©áâ¢¨â¥«ì­®, â. ª. � 2 T �, â® '(y) = � ¤«ï ­¥ª®â®à®£® y 2 S0. �¬¥¥¬ 0 � y = 0,
¯®íâ®¬ã

'(0) = '(0 � y) = '(0) � '(y) = '(0) � � = �:

�á«¨ x 2 S0 ¨ '(x) = �, â® x = 0. �¥©áâ¢¨â¥«ì­®, ¯® ¤®ª § ­­®¬ã à ­¥¥ ¨¬¥¥¬ '(x) = '(0),
®âáî¤  x = 0, â. ª. ' ï¢«ï¥âáï 1{1-®â®¡à ¦¥­¨¥¬.

�®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ f ®¯à¥¤¥«¥­® ª®àà¥ªâ­®. �ãáâì x 2 S. �®£¤  f(x) = '(x) 2 T � =
T [ f�g. �á«¨ '(x) = �, â® ¯® ¯à¥¤ë¤ãé¥¬ã x = 0 ¨ 0 2 S, çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã '(x) 2 T .
�ãáâì â¥¯¥àì x; y 2 S ¨ x = y. � ª ª ª x; y 2 S, ¨¬¥¥¬ f(x) = '(x), f(y) = '(y). �® x 2 S0,
¯®íâ®¬ã '(x) = '(y), ®âªã¤  f(x) = f(y).

�á«¨ x; y 2 S, â® f(xy) = f(x) � f(y). �¥©áâ¢¨â¥«ì­®, f(x) = '(x) 2 T , f(y) = '(y) 2 T . � ª
ª ª xy 2 S, â® f(x; y) = '(x; y). �à®¬¥ â®£®, x � y = xy 2 S, '(x � y) = '(xy). � ¤àã£®© áâ®à®­ë,
'(x � y) = '(x) � '(y). �¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã '(x); '(y) 2 T , â® '(x) � '(y) = '(x) � '(y) =
'(x � y). �®íâ®¬ã

f(xy) = '(xy) = '(x � y) = '(x) � '(y) = f(x) � f(y):

�ãáâì â¥¯¥àì x � y. � ª ª ª ���0, â® x �0 y. � ª ª ª '(x) �� '(y) ¨ '(x) 2 T , â® '(x) 6= �.
�âáî¤  '(x) � '(y). �à®¬¥ â®£®, f(x) = '(x) ¨ f(y) = '(y). �®íâ®¬ã f(x) � f(y).

�â®¡ë ¯®ª § âì, çâ® f ®¡à â­® ¨§®â®­­®, ¯à¥¤¯®«®¦¨¬, çâ® f(x) � f(y) ¤«ï x; y 2 S. �¬¥-
¥¬ f(x) = '(x), f(y) = '(y), ¯®íâ®¬ã '(x) � '(y). �âáî¤  á­®¢  '(x) �� '(y). �§ ®¡à â­®©
¨§®â®­­®áâ¨ ' ¢ëâ¥ª ¥â x �� y. � ª ª ª x 2 S ¨ 0 =2 S, â® x 6= 0. �âáî¤  x � y.

�áâ ¥âáï ¯®ª § âì, çâ® f ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬ \­ ". �ãáâì y 2 T . �®£¤  '(x) = y ¤«ï
­¥ª®â®à®£® x 2 S0. �á«¨ x = 0, â® '(x) = '(0) = � ¯® à ­¥¥ ãáâ ­®¢«¥­­®¬ã. �âáî¤  y = � ¨
y =2 T , çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã x 6= 0 ¨, á«¥¤®¢ â¥«ì­®, x 2 S. �®£¤  f(x) = '(x) = y.

2. � íâ®¬ ¯ã­ªâ¥ ¯®«ãç¨¬ ®¯¨á ­¨¥ ã¯®àï¤®ç¥­­ëå £àã¯¯®¨¤®¢ ¡¥§ ­ã«ï, ¤«ï ª®â®àëå áã-
é¥áâ¢ã¥â â ª®© ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ T , çâ® S �= T 0. (�áî¤ã ç¥à¥§ T 0 ®¡®§­ ç ¥âáï ã¯®àï-
¤®ç¥­­ë© £àã¯¯®¨¤, ¯®áâà®¥­­ë© ¢ ¯. 1 ¯® £àã¯¯®¨¤ã T .)
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� ¬¥ç ­¨¥ 1. �ãáâì (S; �) ¨ (T; �) | £àã¯¯®¨¤ë á ­ã«ï¬¨ 0S ¨ 0T á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã
f(0S) = 0T â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  0T 2 f(S). � ç áâ­®áâ¨, ¥á«¨ f ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬,
â® f(0S) = 0T .

�¥©áâ¢¨â¥«ì­®, ¯ãáâì f(x) = 0T ¤«ï x 2 S. �®£¤ 

f(0S) = f(x � 0S) = f(x) � f(0S) = 0T � f(0S) = 0T :

�à¥¤«®¦¥­¨¥ 3. �ãáâì (S; �;�) | ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ á ­ã«¥¬ 0S. �®£¤  á«¥¤ãîé¨¥

ãá«®¢¨ï íª¢¨¢ «¥­â­ë:
1) áãé¥áâ¢ã¥â â ª®© ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ (T; �;�T ), çâ® S �f T

0;
2) ¬­®¦¥áâ¢® S n f0Sg ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ S.

�®ª § â¥«ìáâ¢®. 1)) 2). �ãáâì S �=f T
0, £¤¥ T 0 ¯®«ãç ¥âáï ¨§ £àã¯¯®¨¤  (T; �;�T ) ¯à¨á®-

¥¤¨­¥­¨¥¬ ­ã«ï. �®£¤  T 0 = T[f0g, 0 =2 T , ®¯¥à æ¨ï � ¨ ¯®àï¤®ª �0 ­  T 0 ®¯à¥¤¥«¥­ë á«¥¤ãîé¬
®¡à §®¬:

a � b =

(
a � b; ¥á«¨ a; b 2 T ;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥;

�0=�T [f(0; x) j x 2 T 0g:

�®ª ¦¥¬ á­ ç « , çâ® S n f0Sg 6= ?. �ãáâì b 2 T . � ª ª ª b 2 T 0 ¨ f | ®â®¡à ¦¥­¨¥ \­ ",
â® áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â a 2 S, çâ® f(a) = b. �á«¨ a = 0S, â® á®£« á­® § ¬¥ç ­¨î 1 ¨¬¥¥¬
f(a) = f(0S) = 0 ¨ b = 0 2 T , çâ® ­¥¢®§¬®¦­®. �­ ç¨â, a 6= 0S ¨ a 2 S n f0Sg.

�ãáâì â¥¯¥àì x; y 2 S n f0Sg. �®£¤  x � y 2 S. �á«¨ x � y = 0S, â® á®£« á­® § ¬¥ç ­¨î 1
f(xy) = f(0S) = 0. �®£¤  f(xy) = f(x) � f(y) = 0. �á«¨ f(x) 6= 0 ¨ f(y) 6= 0, â® f(x); f(y) 2 T ¨
0 = f(x) � f(y) = f(x) � f(y) 2 T , çâ® ­¥¢®§¬®¦­®. �«¥¤®¢ â¥«ì­®, «¨¡® f(x) = 0, «¨¡® f(y) = 0.
�® â®£¤  á®£« á­® § ¬¥ç ­¨î 1 f(x) = f(0S) ¨«¨ f(y) = f(0S), ®âªã¤  x = 0S, ¨«¨ y = 0S.
�à®â¨¢®à¥ç¨¥.

2) ) 1). �ãáâì â¥¯¥àì T = S n f0g ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ S á ®¯¥à æ¨ï¬¨ \�" ¨ ¯®àï¤ª 
�T=� \fT � T ). � áá¬®âà¨¬ ¬­®¦¥áâ¢® T 0 = T [ f0g, 0 =2 T , ¨ ­  ­¥¬ ®¯à¥¤¥«¨¬ ã¬­®¦¥­¨¥
\�" ¨ ¯®àï¤®ª \�0":

a � b =

(
ab; ¥á«¨ a; b 2 T ;

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥;

�0=�T [f(0; x) j x 2 T 0g = (� \(T � T )) [ f(0; x) j x 2 T 0g:

�¥£ª® ¯à®¢¥à¨âì, çâ® ®â®¡à ¦¥­¨¥ f : (S; �;�) ! (T 0; �;�0), £¤¥ f(x) = x, ¥á«¨ x 2 S n f0Sg, ¨
f(x) = 0, ¥á«¨ x = 0S , ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¬¥¦¤ã S ¨ T 0. �

� ¬¥ç ­¨¥ 2. �á«¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ 2)) 1) ¢ ¯à¥¤«®¦¥­¨¨ 3 ¯à¥¤¯®«®¦¨âì, çâ® 0 = 0S
(íâ® ¢®§¬®¦­®, ¯®áª®«ìªã 0S =2 T ), â® T 0S = S, � = � ¨ �0S

=�, â. ¥. ®¯¥à æ¨¨ ã¬­®¦¥­¨ï ¨
¯®àï¤ª  ­  T 0S ¨ S á®¢¯ ¤ îâ.

�¥©áâ¢¨â¥«ì­®, ¨¬¥¥¬ T 0S = T [ f0Sg = (S n f0Sg) [ f0Sg = S. �ãáâì a; b 2 T 0. �á«¨ a; b 2 T ,
â® a � b = ab. �á«¨ a = 0 ¨«¨ b = 0, â® a � b = 0 ¨ ab = a � b, â. ª. ab = 0. �®«¥¥ â®£®,

�0S
=�T [f(0S ; x) j x 2 Sg ��t [ �= (� \(T � T ))[ �=� :

�¡à â­®, ���0S
. �¥©áâ¢¨â¥«ì­®, ¯ãáâì (a; b) 2�. �á«¨ a; b 2 T , â®

(a; b) 2� \(T � T ) � (� \(T � T )) [ f(0S ; x) j x 2 Sg =�0S
:

�ãáâì a =2 T = S n f0Sg. � ª ª ª a 2 S, ¨¬¥¥¬ a = 0S ¨

(a; b) 2 f(0S ; x) j x 2 Sg ��T [f(0S ; x) j x 2 Sg =�0S
:

�­ «®£¨ç­® ¤«ï b =2 T .
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�ãáâì S ï¢«ï¥âáï £àã¯¯®¨¤®¬. �¥­ã«¥¢®© í«¥¬¥­â a 2 S ­ §ë¢ ¥âáï «¥¢ë¬ ¤¥«¨â¥«¥¬ 0,
¥á«¨ a � b = 0 ¤«ï ­¥ª®â®à®£® b 2 S, b 6= 0. �¥­ã«¥¢®© í«¥¬¥­â a 2 S, a 6= 0, ­ §ë¢ ¥âáï ¯à ¢ë¬
¤¥«¨â¥«¥¬ ­ã«ï, ¥á«¨ b � a = 0 ¤«ï b 2 S, b 6= 0. �á«¨ £àã¯¯®¨¤ S ¨¬¥¥â «¥¢ë¥ (á®®â¢¥âáâ¢¥­­®
¯à ¢ë¥) ¤¥«¨â¥«¨ ­ã«ï, â®, ®ç¥¢¨¤­®, S ¨¬¥¥â ¨ ¯à ¢ë¥ (á®®â¢¥âáâ¢¥­­® «¥¢ë¥) ¤¥«¨â¥«¨ ­ã«ï.

�¥£ª® ¯à®¢¥à¨âì, çâ® S0 ­¥ ¨¬¥¥â «¥¢ëå ¨«¨ ¯à ¢ëå ¤¥«¨â¥«¥© ­ã«ï. �¥©áâ¢¨â¥«ì­®, ¥á«¨
a 2 S0, a 6= 0 ¨ a � b = 0 ¤«ï ­¥ª®â®à®£® b 2 S0, b 6= 0, â® a; b 2 S ¨ a � b = ab 2 S ¨ 0 2 S, çâ®
­¥¢®§¬®¦­®.

� ¬¥ç ­¨¥ 3. �ãáâì (S; �) | £àã¯¯®¨¤ á 0 ¨ S 6= f0g. �®£¤  ¬­®¦¥áâ¢® S n f0g ï¢«ï¥âáï
¯®¤£àã¯¯®¨¤®¬ S â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  S ­¥ á®¤¥à¦¨â «¥¢ëå ¨«¨ ¯à ¢ëå ¤¥«¨â¥«¥© ­ã«ï.

�¥©áâ¢¨â¥«ì­®, ¯ãáâì a| «¥¢ë© ¤¥«¨â¥«ì ­ã«ï. �®£¤  a�b = 0 ¤«ï ­¥ª®â®à®£® b 2 S, b 6= 0. �
¤àã£®© áâ®à®­ë, ¯®áª®«ìªã a; b 2 Snf0g ¨ Snf0g ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ S, ¨¬¥¥¬ a �b 2 Snf0g.
�à®â¨¢®à¥ç¨¥.

� ®¡®à®â, ¥á«¨ a ­¥ á®¤¥à¦¨â ¤¥«¨â¥«¥© ­ã«ï, â® S n f0g ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬ S. �¥©-
áâ¢¨â¥«ì­®, ¯ãáâì a 2 S, a 6= 0. �ãáâì â ª¦¥ b 2 S n f0g. �®£¤  a � b 2 S. �á«¨ a � b = 0, â® a
ï¢«ï¥âáï «¥¢ë¬ ¤¥«¨â¥«¥¬ ­ã«ï. �®íâ®¬ã a � b 2 S n f0g.

�ãáâì S | ¯®«ã£àã¯¯  á 0. �¡®§­ ç¨¬ ç¥à¥§NS á®¢®ªã¯­®áâì ¢á¥å ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢
S (áà. â ª¦¥ á [3]). �¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ á 0 ­ §ë¢ ¥âáï 0-¯à ¢ë¬, ¥á«¨ 1) S2 6= f0g ¨
2) ¥¤¨­áâ¢¥­­ë¬¨ ¨¤¥ « ¬¨ S ï¢«ïîâáï ¬­®¦¥áâ¢  f0g ¨ S.

�¥¬¬  ([4], á«¥¤áâ¢¨ï 1, 2 ¨ ¯à¥¤«®¦¥­¨¥ 2). �ãáâì (S; �;�) | ã¯®àï¤®ç¥­­ ï £àã¯¯  á 0
â ª ï, çâ® S 6= f0g. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥­â­ë:

1) S ï¢«ï¥âáï 0-¯à®áâë¬ £àã¯¯®¨¤®¬;
2) (S � a � S] = S ¤«ï ¢á¥å a 2 S n f0g;
3) ¤«ï ¢á¥å a; b 2 S n f0g áãé¥áâ¢ãîâ x; y 2 S â ª¨¥, çâ® b � xay;
4) ¤«ï ¢á¥å a 2 S n f0g ¨ ¢á¥å b 2 S áãé¥áâ¢ãîâ x; y 2 S â ª¨¥, çâ® b � xay.

�à¥¤«®¦¥­¨¥ 4. �ãáâì (S; �;�) | ã¯®àï¤®ç¥­­ ï 0-¯à®áâ ï £àã¯¯  á 0 ¨ NS = f0g. �®£¤ 
S ­¥ á®¤¥à¦¨â «¥¢ëå ¨«¨ ¯à ¢ëå ¤¥«¨â¥«¥© ­ã«ï.

�®ª § â¥«ìáâ¢®. �ãáâì a | «¥¢ë© ¤¥«¨â¥«ì ­ã«ï. �®£¤  a 6= 0 ¨ a � b = 0 ¤«ï b 2 S n f0g.
� ª ª ª a 2 S n f0g, b 2 S ¨ S 0-¯à®áâ ï, â® ¯® «¥¬¬¥ b � xay ¤«ï ­¥ª®â®àëå x; y 2 S. � ª¨¬
®¡à §®¬, (bxa)2 = bx(ab)xa = 0 ¨ bxa 2 TS = f0g. �âáî¤  bxa = 0, b2 � bxay = 0, b 2 NS = f0g ¨
b = 0. �à®â¨¢®à¥ç¨¥. �

� ¬¥ç ­¨¥ 4. �ãáâì S | ¯®«ã£àã¯¯  á 0, ­¥ á®¤¥à¦ é ï «¥¢ëå (á®®â¢¥âáâ¢¥­­® ¯à ¢ëå)
¤¥«¨â¥«¥© ­ã«ï. �®£¤  Ns = f0g.

�¥©áâ¢¨â¥«ì­®, ¨¬¥¥¬ f0g � NS. �ãáâì f0g � NS, a 2 NS ¨ a 6= 0. �ãáâì n | â ª®¥ ­ âã-
à «ì­®¥ ç¨á«®, çâ® an = 0. � áá¬®âà¨¬ ¬­®¦¥áâ¢® Ka = fm 2 N : am = 0g.

�®áª®«ìªã ? 6= Ka � N (n 2 Ka), â® áãé¥áâ¢ã¥â n0 2 N â ª®¥, çâ®

n0 2 Ka ¨ ¤«ï «î¡®£® m 2 Ka ¨¬¥¥¬ n0 � m: (�)

� ª ª ª n0 2 Ka, ¨¬¥¥¬ n0 2 N ¨ an0 = 0. �á«¨ n0 = 1, â® a = 0, çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã n0 � 0,
n0� 1 � 1 ¨ n0� 1 2 N . �®£¤  an0�1 2 S. �á«¨ an0�1 = 0, â® á®£« á­® (�) ¨¬¥¥¬ n0 � n0� 1 2 K0,
çâ® ­¥¢®§¬®¦­®. � ª¨¬ ®¡à §®¬, an0�1 6= 0. � ª ª ª an0 = 0, ¨¬¥¥¬ a � an0�1 = 0, £¤¥ a 6= 0,
an0�1 6= 0. � ª¨¬ ®¡à §®¬, a ï¢«ï¥âáï «¥¢ë¬ ¤¥«¨â¥«¥¬ ­ã«ï. �à®â¨¢®à¥ç¨¥.

� ¬¥â¨¬ â ª¦¥, çâ® ¥á«¨ ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ S ï¢«ï¥âáï 0-¯à®áâë¬, â® S 6= f0g. �¥©-
áâ¢¨â¥«ì­®, ¥á«¨ S = f0g, â® S2 = f0g. �à®â¨¢®à¥ç¨¥.

�§ ¯à¥¤«®¦¥­¨© 3, 4 ¨ § ¬¥ç ­¨© 3, 4 á«¥¤ã¥â

�¥®à¥¬ . �ãáâì S | ã¯®àï¤®ç¥­­ ï 0-¯à®áâ ï ¯®«ã£àã¯¯  á 0. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï

íª¢¨¢ «¥­â­ë:

1) NS = f0g;
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2) S ­¥ á®¤¥à¦¨â «¥¢ëå (á®®â¢¥âáâ¢¥­­® ¯à ¢ëå) ¤¥«¨â¥«¥© ­ã«ï ;
3) S n f0g ï¢«ï¥âáï ¯®«ã£àã¯¯®© S;
4) cãé¥áâ¢ã¥â ã¯®àï¤®ç¥­­ ï ¯®«ã£àã¯¯  (T; �;�T ) â ª ï, çâ® S �= T 0.

3. � ¯. 1 ¬ë ¢¨¤¥«¨, çâ® ¯à¨á®¥¤¨­¥­¨¥ ­ã«ï ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã ¡¥§ ­ã«ï ï¢«ï¥â-
áï á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¥¤¨­áâ¢¥­­ë¬. � [5] � ® �­£«¨­ à áá¬ âà¨¢ ¥â ã¯®àï¤®ç¥­­ë¥
¯®«ã£àã¯¯ë á ®¡®¡é¥­­ë¬ ­ã«¥¬. �.�­£«¨­ ­ §ë¢ ¥â í«¥¬¥­â 0 ã¯®àï¤®ç¥­­®£® £àã¯¯®¨¤ 
(S; �;�) \®¡®¡é¥­­ë¬ ­ã«¥¬", ¥á«¨ ¤«ï «î¡®£® í«¥¬¥­â  x 2 S á¯à ¢¥¤«¨¢® 0 � x = x � 0 = 0 ¨
¥á«¨ 0 ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ í«¥¬¥­â®¬ S (â. ¥. ­¥ áãé¥áâ¢ã¥â â ª®£® x 2 S, çâ® x < 0; ¤àã£¨¬¨
á«®¢ ¬¨, ¥á«¨ x 2 S ¨ x � 0, â® x = 0). �áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ¢®¯à®á: ï¢«ï¥âáï «¨ ¯à¨á®¥¤¨-
­¥­¨¥ ®¡®¡é¥­­®£® ­ã«ï ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã S ¡¥§ ®¡®¡é¥­­®£® ­ã«ï ¥¤¨­áâ¢¥­­ë¬ á
â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ ? �¨¦¥ ¡ã¤¥â ¤®ª § ­®, çâ® ¢ ®â«¨ç¨¥ ®â á«ãç ï ¯à¨á®¥¤¨­¥­¨ï ­ã«ï
ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã ¯à¨á®¥¤¨­¥­¨¥ ®¡®¡é¥­­®£® ­ã«ï ª ã¯®àï¤®ç¥­­®¬ã £àã¯¯®¨¤ã ­¥
ï¢«ï¥âáï ¢ ®¡é¥¬ á«ãç ¥ ¥¤¨­áâ¢¥­­ë¬ ¤ ¦¥ á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬ .

�ãáâì (S; �;�) | ã¯®àï¤®ç¥­­ë© £àã¯¯®¨¤ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯ ) ¡¥§ ®¡®¡é¥­­®£® ­ã-
«ï. � áá¬®âà¨¬ í«¥¬¥­â 0, ª®â®àë© ­¥ ¯à¨­ ¤«¥¦¨â S, ¨ ®¯à¥¤¥«¨¬ S0 = S[f0g. �  ¬­®¦¥áâ¢¥
S0 ®¯à¥¤¥«¨¬ ®¯¥à æ¨î \�" ¨ ®â­®è¥­¨¥ \�0" á«¥¤ãîé¨¬ ®¡à §®¬:

a � b =

(
ab; ¥á«¨ a; b 2 S

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥
(a; b 2 S0);

�0=� [f(0; 0g:

�¥£ª® ¢¨¤¥âì, çâ® (S0; �;�0) ï¢«ï¥âáï ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯-
¯®©) ¨ 0 ï¢«ï¥âáï ®¡®¡é¥­­ë¬ ­ã«¥¬ ¤«ï S0. �¥¯¥àì ®¯à¥¤¥«¨¬ ®â­®è¥­¨¥ \�0" ­  (S0; �)
á«¥¤ãîé¨¬ ®¡à §®¬: �0=� [f(0; x) : x 2 S0g. �ë ã¦¥ ¢¨¤¥«¨ ¢ ¯. 1, çâ® (S0; �;�0) ï¢«ï¥âáï
ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯®©), 0 ¢ ­¥© ï¢«ï¥âáï ­ã«¥¬ ¨, á«¥¤®-
¢ â¥«ì­®, ¨ ®¡®¡é¥­­ë¬ ­ã«¥¬. � ª¨¬ ®¡à §®¬, (S0; �;�0) ¨ (S0; �;�0) | ¤¢  ã¯®àï¤®ç¥­­ëå
£àã¯¯®¨¤  ¨ ¢ ®¡®¨å ¨§ ­¨å 0 ï¢«ï¥âáï ®¡®¡é¥­­ë¬ ­ã«¥¬. �¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® ¬¥¦¤ã
íâ¨¬¨ £àã¯¯®¨¤ ¬¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬

f : (S0; �;�0)! (S0; �;�0):

�ãáâì x | í«¥¬¥­â S0 â ª®©, çâ® f(x) = 0. �®£¤  f(0) � f(x) = f(0) � 0 = 0 ¨ f(0) � f(x) =
f(0 � x) = f(0). �®íâ®¬ã f(0) = 0.

�ãáâì x 2 S. � ª ª ª x 2 S0 ¨ f ï¢«ï¥âáï ®â®¡à ¦¥­¨¥¬ \­ ", â® áãé¥áâ¢ã¥â í«¥¬¥­â y 2 S0

â ª®©, çâ® f(y) = x. �¬¥¥¬ f(0) = 0 �0 x = f(y) (â. ª. 0 ï¢«ï¥âáï ­ã«¥¬ ¢ (S0; �;�0)). �®
®¯à¥¤¥«¥­¨î f ¨¬¥¥¬ 0 �0 y, â. ¥. (0; y) 2�0=� [f(0; 0)g. �á«¨ (0; y) 2�, â®, ¯®áª®«ìªã �� S�S,
¨¬¥¥¬ 0 2 S, çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã (0; y) = (0; 0) ¨ y = 0. �®£¤  ¨¬¥¥¬ 0 = f(0) = f(y) = x 2
S ¨ 0 2 S. �­®¢  ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥.

� ¬¥ç ­¨¥ 5. �á«¨ (S; �) ï¢«ï¥âáï £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯®©) ¨ 0 =2 S, â®
¬­®¦¥áâ¢® S0 = S [ f0g á ®¯¥à æ¨ï¬¨ ã¬­®¦¥­¨ï \�" ¨ ¯®àï¤ª  \�0", ª®â®àë¥ ®¯à¥¤¥«¥­ë
­¨¦¥, ï¢«ï¥âáï ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯®©) ¨ 0 ¢ ­¥¬ ï¢«ï¥âáï
®¡®¡é¥­­ë¬ ­ã«¥¬;

a � b =

(
ab; ¥á«¨ a; b 2 S

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥
(a; b 2 S0);

�0= 1S0 (= f(x; x) j x 2 S0g):

�ãáâì â¥¯¥àì (S; �;�) ï¢«ï¥âáï ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯®©) ¡¥§
®¡®¡é¥­­®£® ­ã«ï ¨ 0 =2 S. �®£¤  ¬­®¦¥áâ¢® S0 = S [ f0g á ®¯¥à æ¨¥© ã¬­®¦¥­¨ï \�" ¨ ¯®àï¤-
ª  \�0", ª®â®àë¥ ®¯à¥¤¥«ïîâáï ­¨¦¥, áâ ­®¢¨âáï ã¯®àï¤®ç¥­­ë¬ £àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­®
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¯®«ã£àã¯¯®©) á ®¡®¡é¥­­ë¬ ­ã«¥¬ 0.

a � b =

(
ab; ¥á«¨ a; b 2 S

0 ¢ ¯à®â¨¢­®¬ á«ãç ¥
(a; b 2 S0);

�0=� [f(0; 0)g:

�á«¨ ¦¥ (S; �) ï¢«ï¥âáï £àã¯¯®¨¤®¬ (¯®«ã£àã¯¯®©) ¨ �= 1S , â® (S; �;�) ï¢«ï¥âáï ã¯®àï¤®ç¥­­ë¬
£àã¯¯®¨¤®¬ (á®®â¢¥âáâ¢¥­­® ¯®«ã£àã¯¯®©) ¨ �0=�0.

�à¨¬¥à ¯à¨á®¥¤¨­¥­¨ï ­ã«ï ¨ ®¡®¡é¥­­®£® ­ã«ï ª ª®­¥ç­®© ã¯®àï¤®ç¥­­®© ¯®«ã£àã¯¯¥.
� áá¬®âà¨¬ ®¯à¥¤¥«¥­­ãî ¢ [6] ã¯®àï¤®ç¥­­ãî ¯®«ã£àã¯¯ã S = fa; b; c; d; eg, £¤¥ ®¯¥à æ¨ï

ã¬­®¦¥­¨ï \�" ¨ ®â­®è¥­¨¥ \�" ®¯à¥¤¥«¥­ë á«¥¤ãîé¨¬ ®¡à §®¬:

� ¡«¨æ  1
� a b c d e
a a b c d c
b a b c d a
c a b c d c
d d d d d d
e a b c d c

�:= f(a; a); (a; d); (b; b); (b; d); (c; a); (c; c); (c; d); (c; e); (d; d); (e; e)g:

�à¨¢¥¤¥¬ ¯®ªàë¢ îé¥¥ ®â­®è¥­¨¥ � ¨ ¨§®¡à ¦¥­¨¥ S

�= f(a; d); (b; d)(c; a); (c; e)g:

�ãáâì 0 =2 S ¨ S0 = fa; b; c; d; e; 0g. �­®¦¥áâ¢® S0 á ®¯à¥¤¥«¥­­ë¬¨ ­¨¦¥ ®¯¥à æ¨¥© ã¬­®-
¦¥­¨ï \�" ¨ ®â­®è¥­¨¥¬ \�0" ï¢«ï¥âáï ã¯®àï¤®ç¥­­®© ¯®«ã£àã¯¯®© ¨ 0 ï¢«ï¥âáï ­ã«¥¢ë¬
í«¥¬¥­â®¬ (S0; �;�0).

� ¡«¨æ  2
� a b c d e 0
a a b c d c 0
b a b c d a 0
c a b c d c 0
d d d d d d 0
e a b c d c 0
0 0 0 0 0 0 0

�0=� [f(0; x) j x 2 S0g:

�¥¯¥àì ¯®ªàë¢ îé¥¥ ®â­®è¥­¨¥ \�0" ¨ ¨§®¡à ¦¥­¨¥ (S0; �;�0) ¢ë£«ï¤ïâ á«¥¤ãîé¨¬ ®¡à §®¬:

�0= f(a; d); (b; d); (c; a); (c; e); (0; b)(0; c)g:
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�­®¦¥áâ¢® S0 á â®© ¦¥ ®¯¥à æ¨¥© ã¬­®¦¥­¨ï, ª®â®à ï ¯à¨¢¥¤¥­  ¢ â ¡«. 2, ¨ ¯®àï¤ª®¬
�0=� [f(0; 0g ï¢«ï¥âáï ã¯®àï¤®ç¥­­®© ¯®«ã£àã¯¯®©, ¢ ª®â®à®© 0 ï¢«ï¥âáï ®¡®¡é¥­­ë¬ ­ã«¥¬.
�®ªàë¢ îé¥¥ ®â­®è¥­¨¥ �0 ¨ ¨§®¡à ¦¥­¨¥ ¤«ï (S0; �;�0) â¥¯¥àì ¢ë£«ï¤ïâ â ª¨¬ ®¡à §®¬:

�0= f(a; d)(b; d)(c; a)(c; e)g:
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