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�à¨¬¥­ïï ¨­â¥à¯®«ïæ¨®­­ë©äã­ªâ®à (�; �)�;q ª ¯ à¥ ¯à®áâà ­áâ¢ �¥á®¢ , ¯®«ãç¨¬ ¯à®áâà ­-
áâ¢  BLs;k

p;q, ª®â®àë¥ ¯à¨­ ¤«¥¦ â ª« ááã ¯à®áâà ­áâ¢ �¥á®¢  â®«ìª® ¢ ­¥ª®â®àëå ç áâ­ëå á«ã-
ç ïå, å®à®è® ¨§¢¥áâ­ëx á 60-å £®¤®¢. �¡é¨© á«ãç © ¨áá«¥¤®¢ «áï ¢ [1]{[3], £¤¥ ¤ ­ë ®¯¨á ­¨ï
¯à®áâà ­áâ¢ BLs;k

p;q = (Bs0
p0
; Bs1

p1
)�;q á à §«¨ç­ë¬¨ ¢ à¨ ­â ¬¨ ­®à¬. � â®çª¨ §à¥­¨ï ¬­®£¨å § ¤ ç

á ¬ë¬¨ \ã¤®¡­ë¬¨" ¢ ¯à®áâà ­áâ¢ å Bs
p ï¢«ïîâáï ­®à¬ë, ¨á¯®«ì§ãîé¨¥ ¤¨ää¥à¥­æ¨ «ì­®-

à §­®áâ­ë¥ ª®­áâàãªæ¨¨. � ¤ ­­®¬ á«ãç ¥ íâ® ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ wf . � ¯à¨¬¥à, ®­¨ ¯®-
§¢®«ïîâ ¯®«ãç¨âì \¢­ãâà¥­­¥¥" ®¯¨á ­¨¥ ­®à¬ë ¯à®áâà ­áâ¢  Bs

p ­  ®¡« áâ¨ D. �®¦­® ¯à¥¤-
¯®«®¦¨âì, çâ®  ­ «®£¨ç­ë¥ ª®­áâàãªæ¨¨ ­®à¬ë ¯à®áâà ­áâ¢ BL ¡ã¤ãâ ®¡« ¤ âì â ª¨¬¨ ¦¥
å®à®è¨¬¨ á¢®©áâ¢ ¬¨. � ¤ ­­®© § ¬¥âª¥ ¤ ­® ®¯¨á ­¨¥ ¯à®áâà ­áâ¢ (B)�;q á ¯®¬®éìî à §­®-
áâ¥©.

1. �®à¬ë ¢ ¯à®áâà ­áâ¢ å �¥á®¢ 

�á¯®«ì§ã¥¬ á«¥¤ãîé¨¥ ®¯à¥¤¥«¥­¨ï ­®à¬ ¢ ¯à®áâà ­áâ¢ å �¥á®¢  Bs
p.

1) �ãáâì 0 < s < 1, 1 < p < 1. �á«¨ ` ¨ N | æ¥«ë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬
0 � N < s ¨ ` > s�N , 0 < � � 1, â®

Bs
p(R1) =

�
f : f 2 S0(R1); kf jBs

pk
(1) = kf jLpk+





h�(s�N) ��`
h

@Nf

@xN
jL�p((0; �); Lp(R1))





 <1

�
;

£¤¥ �hf = f(x+ h)� f(x), �`
hf = �`�1

h (�hf), kgjL�pk =
� �R
0

jg(h)jp dh
h

�1=p
([4], c. 227).

2) �ãáâì 0 < p <1, s > 1=p: �á«¨ ` | æ¥«®¥ ç¨á«®, ` > s, â®

kf jBs
pk

(2) = kf jLpk+





� Z

R1

jhj�sp sup
j�j�jhj

j(�`
�f)(�)j

p dh

jhj

�1=p

jLp(R1)




 ([5], c. 132):

3) �ãáâì 0 < p <1, ` > s, wf (h; x) := sup
j�j�h

j�`
�f j, h 2 [0; 1]. �®£¤ 

kf jBs
pk

(3) = kf jLpk+





Z 1

0
(h�swf (h; x))

p dh

h
jLp





:
4) �à¨ �1 < s <1, 1 � p � 1, j = 0; 1; : : :

kf jBs
pk

(4) = k2jsk'j � f jLpk j`pk ([6], c.180).

�à¨ 1 < p <1, s > 1=p ¢á¥ ­®à¬ë k� j Bs
pk

(i), i = 1; 4, íª¢¨¢ «¥­â­ë ¬¥¦¤ã á®¡®©.
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2. �­â¥à¯®«ïæ¨ï ¯à®áâà ­áâ¢ Lp á ¢¥á®¬.

�à®áâà ­áâ¢  �®à¥­æ  Lp;q á ¢¥á®¬

� ª ®¡ëç­®, ¨­â¥à¯®«ïæ¨ï ¢ ª« áá¥ ¯à®áâà ­áâ¢ �¥á®¢  á¢®¤¨âáï ª ¨­â¥à¯®«ïæ¨¨ á®®â¢¥â-
áâ¢ãîé¨å ¡ ­ å®¢ëå áâàãªâãà. �à®áâà ­áâ¢ ¬ �¥á®¢  Bs

p á®®â¢¥âáâ¢ãîâ ¯à®áâà ­áâ¢  Lp. �à¨
¨­â¥à¯®«ïæ¨¨ ¯à®áâà ­áâ¢ Lp ¯®«ãç îâáï ¯à®áâà ­áâ¢  �®à¥­æ .

�ãáâì Lp(X;!; �) | ¯à®áâà ­áâ¢® (Lp) á ¢¥á®¬ !, á®áâ®ïé¥¥ ¨§ äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ­ 
¯à®áâà ­áâ¢¥ X á ¬¥à®© �. �«ï f(x) 2 L1(X;�) + L1(X;�) ¯®«®¦¨¬

�(f; �) = �(fx j x 2 X; j f(x) > �g); 0 < � <1;

¨
f�(t) = inf

�(f;�)�t
�; 0 < t <1:

�ã­ªæ¨ï f�(t) ­ §ë¢ ¥âáï ­¥¢®§à áâ îé¥© à ¢­®¨§¬¥à¨¬®© ¯¥à¥áâ ­®¢ª®© äã­ªæ¨¨ f(x).
�ãáâì 1 < p <1, 1 � q � 1. �à®áâà ­áâ¢  �®à¥­æ  Lp;q á ¢¥á®¬ ! ®¯à¥¤¥«¨¬ à ¢¥­áâ¢®¬

Lp;q(X;!; �) = ff(x) j f 2 L1 + L1; kf j Lp;qk <1g;

£¤¥

kf j Lp;qk =
�Z 1

0

(t1=p(f(x) � (x))�)q
dt

t

�1=p

¯à¨ 1 � q � 1

¨ ¯à¨ q =1

kf j Lp;1k = sup
t
t1=p(f(x) � !(x))�:

�á«¨ �(x) | ¤¥©áâ¢¨â¥«ì­ ï äã­ªæ¨ï ­  X, �(x) 6= 0 ¯. ¢., â® ç¥à¥§ � � � ®¡®§­ ç¨¬ ¬¥àã
(���)(E)=

R
E

�(x)d�. � ¬ ¯®­ ¤®¡¨âáï ¨áá«¥¤®¢ âì ¯à®áâà ­áâ¢® (Lp(!))�;q = (Lp0(!0); Lp1(!1))�;q.

�¤¥áì
Lpi(!i) = Lp;q((0; 1)�R1; h

�si�1=pi ; �2);

£¤¥ i = 0; 1, �2 | «¥¡¥£®¢  ¬¥à  ­  R2, h 2 (0; 1). �«ï ¨­â¥à¯®«ïæ¨¨ ¯à®áâà ­áâ¢ Lp á ¢¥á®¬,
¨á¯®«ì§ãï ä®à¬ã«ã �à¥©â £  [7]

(Lp0(!0; �); Lp1(!1; �))�;q = Lp;q

��
!p1
1

!p0
0

� 1

p1�p0

;

�
!0
!1

� p1p0
p1�p0

�

�
;

¯®«ãç¨¬ à ¢¥­áâ¢®
(Lp(!))�;q = Lp;q((0; 1)�R1; h

�b; h�k�1 � �1 � �1);

£¤¥ k ¨ b | ¯ à ¬¥âàë ¨§ ãà ¢­¥­¨ï ¯àï¬®© s = k� + b, � = 1=p, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨
(1=pi; si).

3. �­â¥à¯®«ïæ¨®­­ë¥ ¯à®áâà ­áâ¢  BL

� [1] ¤ ­® ®¯¨á ­¨¥ ¨­â¥à¯®«ïæ¨®­­®£® ¯à®áâà ­áâ¢ 

(Bs0
p0
(Rn); B

s1
p1
(Rn))�;q = BLs;k

p;q(Rn)

á ­®à¬®©
kf jBLs;k

p;q(Rn)k
(1) = k(f � 'j)

1
j=0 jLp;q(Z+ �Rn; 2

jb; 2jk� � �1)k:

�®«®¦¨¬ Ls;k
p;q = Lp;q(Z+ � Rn; 2jb; 2jk� � �1), £¤¥ Z+ = f0; 1; 2; : : : g, Z+ = f1; 2; : : : g, � |  â®¬¨-

ç¥áª ï ¬¥à  ­  Z, á ¬¥à®©  â®¬ , à ¢­®© ¥¤¨­¨æ¥.
� áá¬®âà¨¬ ¤àã£¨¥ ¢ à¨ ­âë ¨­â¥à¯®«ïæ¨®­­ëå ­®à¬

kf jBLs;k
p;q(Rn)k

(2) = kf jLp;q(R1)k+ kwf (h; x) jLp;q((0; 1)�R1; h
�b; h�k�1�1 � �1)k;
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£¤¥ wf (h; x) := sup
j�j�h

j�`
�f j, h 2 [0; 1]. �ãáâì eLs;k

p;q := Lp;q((0; 1)�R1; h
�b; h�k�1�1 � �1) ¨

kf jBLs;k
p;q(R1)k(3) = kf jLp;q(R1)k+ k(wf (2�j ; x))j=1; 2;::: jLp;q(Z+ �R1; 2jb; 2jk� � �1)k:

4. �ª¢¨¢ «¥­â­®áâì ¨­â¥à¯®«ïæ¨®­­ëå ­®à¬

�¥®à¥¬  1. �à¨ 1 < p < 1, 1 � q � 1, s > 1=p, k 6= 0 ­®à¬ë kf jBLs;k
p;q(R1)k(1),

kf jBLs;k
p;q(R1)k(2) ¨ kf jBLs;k

p;q(R1)k(3) íª¢¨¢ «¥­â­ë.

�§ â¥®à¥¬ë 1 ¨ ¨§¢¥áâ­ëå ¨­â¥à¯®«ïæ¨®­­ëå â¥®à¥¬ ¤«ï ¯à®áâà ­áâ¢ �¥á®¢  ¨ �¨§®àª¨­ {
�à¨¡¥«ï [1] ¬®¦­® ¯®«ãç¨âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2. �ãáâì �1 < s0; s1 < 1, 0 < p0; p1 < 1, 1 � q0; q1; q � 1, 0 < � < 1,
s = (1 � �)s0 + �s1, 1=p = (1 � �)=p0 + �=p1, ¨ k | ã£«®¢®© ª®íää¨æ¨¥­â ¯àï¬®©, ¯à®å®¤ïé¥©

ç¥à¥§ â®çª¨ (1=pi; si), i = 0; 1. �®£¤ 

(Bs0
p0
(R1); Bs1

p1
(R1))�;q = (F s0

p0;q0
(R1); F s1

p1;q1
(R1))�;q = BLs;k

p;q:

�à¨ íâ®¬, ¥á«¨ s > 1=p; 1 < p <1, â® ¬®¦­® ¨á¯®«ì§®¢ âì ­®à¬ë k � jBLk(3) ¨ k � jBLk(2).
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