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� ¤ ­­®© áâ âì¥ ¨§ãç îâáï ª®­ä®à¬­ë¥ ¨  ää¨­­ë¥ á¢ï§­®áâ¨, ¨­¤ãæ¨àã¥¬ë¥ ­¥¢ëà®¦¤¥­-
­®© ­®à¬ «¨§ æ¨¥© n-¬¥à­®£® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn; ­ ©¤¥­® ¯®«¥ ¨­¢ à¨ ­â­ëå æ¨-
ª«¨¤ � à¡ã, ®¯à¥¤¥«ï¥¬®¥ ­®à¬ «¨§ æ¨¥© (­¥ ®¡ï§ â¥«ì­® ­¥¢ëà®¦¤¥­­®©) ¯à®áâà ­áâ¢  Cn.

�­¤¥ªáë ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:

�; �; � = 0; n+ 1; i; j; k; l; s; t = 1; n:

1. � áá¬®âà¨¬ ª®­ä®à¬­®¥ (¯á¥¢¤®ª®­ä®à¬­®¥ ¨­¤¥ªá  l 6= 0 ¨«¨ á®¡áâ¢¥­­® ª®­ä®à¬­®¥,
l = 0) ¯à®áâà ­áâ¢® Cn, n � 2, [1], [2]; ®â­¥á¥¬ ¥£® ª ¯®¤¢¨¦­®¬ã ¯®«ã¨§®âà®¯­®¬ã [3] à¥¯¥àã
R = fA�g, á®áâ®ïé¥¬ã ¨§ â®ç¥ª A0, An+1 ¨ n £¨¯¥àáä¥à Ai, ¯à®å®¤ïé¨å ç¥à¥§ íâ¨ â®çª¨. �á«¨
áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï (A�A�) í«¥¬¥­â®¢ ¢ë¡à ­­®£® à¥¯¥à  ®¡®§­ ç¨âì ç¥à¥§ g��, â® [1], [2]

kg��k =









0 0 1
0 gij 0
1 0 0








 ; g�� = g��: (1)

�î¡ãî £¨¯¥àáä¥àã P 2 Cn ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ æ¨¨ í«¥¬¥­â®¢
à¥¯¥à 

P = x0A0 + xiAi + xn+1An+1:

�àã¯¯  ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© L ¯à®áâà ­áâ¢  Cn ¨§®¬®àä­  ¯®¤£àã¯¯¥ £àã¯¯ë ¯à®-
¥ªâ¨¢­ëå ¯à¥®¡à §®¢ ­¨© ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn+1,   ¨¬¥­­®, ¨§®¬®àä­  áâ æ¨®­ à­®©
¯®¤£àã¯¯¥ £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2

n � Pn+1, ­  ª®â®àãî ®â®¡à ¦ îâáï ¢á¥ â®çª¨ ª®­ä®à¬­®£®
¯à®áâà ­áâ¢  Cn ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã [1], [2]

Q2
n : gijx

ixj + 2x0xn+1 = 0;

íâ  ¯®¤£àã¯¯  § ¢¨á¨â ®â (n+1)(n+2)
2

­¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢.
�à¨ ¡¥áª®­¥ç­® ¬ «®¬ ¯à¥®¡à §®¢ ­¨¨ ª®­ä®à¬­®© £àã¯¯ë L (áâ æ¨®­ à­®© ¯®¤£àã¯¯ë  ¡-

á®«îâ  Q2
n � Pn+1) í«¥¬¥­âë ª®­ä®à¬­®£® à¥¯¥à  R (¯à®¥ªâ¨¢­®£® à¥¯¥à  R) ¯®«ãç îâ ¯à¨-

à é¥­¨ï, £« ¢­ãî ç áâì ª®â®àëå ®¯à¥¤¥«ïîâ ¤¨ää¥à¥­æ¨ «ë dA� (á®®â¢¥âáâ¢¥­­® dA�), ï¢«ï-
îé¨¥áï £¨¯¥àáä¥à ¬¨ (â®çª ¬¨); íâ¨ ¤¨ää¥à¥­æ¨ «ë à §« £ îâáï ¯® í«¥¬¥­â ¬ ¨áå®¤­®£®
à¥¯¥à  R (R) á«¥¤ãîé¨¬ ®¡à §®¬:

dA� = !�
�A� (á®®â¢¥âáâ¢¥­­® dA� = !�

�A�); (2)

£¤¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë �ä ää  !
�
� § ¢¨áïâ ®â ¯ à ¬¥âà®¢ £àã¯¯ë L (áâ æ¨®­ à­®©

¯®¤£àã¯¯ë  ¡á®«îâ  Q2
n). �á«®¢¨¥¬ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (2) ï¢«ïîâáï

áâàãªâãà­ë¥ ãà ¢­¥­¨ï

D!
�
� = !

�
� ^ !�

� :
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�à®¬¥ â®£®, ¢ á¨«ã á®®â­®è¥­¨© (1), (2) ä®à¬ë !
�
� ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ «¨­¥©­ë¬ § ¢¨-

á¨¬®áâï¬ [1], [2]:

( ) !n+1
0 = !0

n+1 = 0; !0
0 + !n+1

n+1 = 0;

(¡) !0
i + gik!

k
n+1 =0; !n+1

i + gik!
k
0 = 0; (3)

(¢) dgij � gik!
k
j � gkj!

k
i = 0:

�¨¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì ª®­ä®à¬­®¥ ¯à®áâà ­áâ¢® Cn á ­¥¢ëà®¦¤¥­­ë¬ ¬¥âà¨ç¥áª¨¬
â¥­§®à®¬ gij

gikg
kj = �ji ; dgij � gik!j

k � gkj!i
k = 0: (41)

� ç áâ­®áâ¨, ¥á«¨ ¯à®áâà ­áâ¢® Cn ï¢«ï¥âáï á®¡áâ¢¥­­® ª®­ä®à¬­ë¬, â® ¥£® ¬¥âà¨ç¥áª¨© â¥­§®à
gij ­¥¢ëà®¦¤¥­, â. ¥. ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (41) ¨

g
def= jgij j > 0; d ln

p
g = !k

k : (42)

2. �à®áâà ­áâ¢® Cn ­ §ë¢ ¥âáï ­®à¬ «¨§®¢ ­­ë¬ [4], [5], ¥á«¨ ¢ ­¥¬ § ¤ ­® ¤¨ää¥à¥­æ¨àã-
¥¬®¥ â®ç¥ç­®¥ á®®â¢¥âáâ¢¨¥ A0 ! Xn+1 (A0 | ­®à¬ «¨§ã¥¬ ï â®çª , Xn+1 | ­®à¬ «¨§ãîé ï
â®çª  ¯à®áâà ­áâ¢  Cn). �®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  Cn à ¢­®á¨«ì­  â®¬ã, çâ® ª ª ¦¤®© â®çª¥
A0 2 Cn ¯à¨á®¥¤¨­¥­ë n £¨¯¥àáä¥à

Pi = Ai + x0iA0; (5)

¯à®å®¤ïé¨å ç¥à¥§ â®çª¨ A0 ¨ Xn+1. �á«¨ Xn+1 | â®çª  ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn, ®â«¨ç-
­ ï ®â A0 ¨ ­¥ «¥¦ é ï ­  ¨§®âà®¯­®¬ ª®­ãá¥ gijx

ixj = 0 á ¢¥àè¨­®© ¢ â®çª¥ A0, â® ¢ á¨«ã
(PiXn+1)=0 ¨ Xn+1 2 Q2

n ®­  ¨¬¥¥â à §«®¦¥­¨¥

Xn+1 = �1
2
gijx0ix

0
jA0 � gijx0iAj +An+1; (6)

£¤¥

rx0i + !0
i = x0ik!

k
0 : (7)

� ª¨¬ ®¡à §®¬, ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  Cn íª¢¨¢ «¥­â­  § ¤ ­¨î ¯®«ï ª¢ §¨â¥­§®à  x0i
(á¬. (7)).

�à¥¤¯®« £ ï, çâ® ¯à®áâà ­áâ¢® Cn ­®à¬ «¨§®¢ ­®, ¯à®¤®«¦¨¬ ãà ¢­¥­¨ï (7); ­ å®¤¨¬

r�x
0
ij + x0ij�

0
0 + x0(i�

0
j) � gijg

stx0s�
0
t = 0; � = dj!i

0
=0; ��

� = !�
� j!i

0
=0:

� á¨«ã ¯®á«¥¤­¨å ãà ¢­¥­¨© ¨ ãà ¢­¥­¨© (3(¢)), (41), (7) á¨áâ¥¬  äã­ªæ¨©

a0ij
def= x0ij � x0ix

0
j +

1
2
gijg

stx0sx
0
t (8)

®¡à §ã¥â â¥­§®à, ¢®®¡é¥ £®¢®àï, ­¥á¨¬¬¥âà¨ç­ë©

ra0ij + a0ij!
0
0 = a0ijk!

k
0 ; (9)

â¥­§®à a0ij ­ §®¢¥¬ ®á­®¢­ë¬ â¥­§®à®¬ ­®à¬ «¨§ æ¨¨ ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨â¥­§®à  x0i .
� á«ãç ¥ á¨¬¬¥âà¨¨ ®á­®¢­®£® â¥­§®à  a0ij ­®à¬ «¨§ æ¨î ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®
 ­ «®£¨¨ á ­®à¬ «¨§ æ¨¥© ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  [5] ­ §®¢¥¬ £ à¬®­¨ç¥áª®©.

�¥®¬¥âà¨ç¥áª ï âà ªâ®¢ª  ­®à¬ «¨§ æ¨¨ A0 ! Xn+1 ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn § ª«î-
ç ¥âáï ¢ â®¬, çâ® ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã â¥ªãé¥© â®çª¥ A0 £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2

n � Pn+1
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á®¯®áâ ¢«ï¥âáï â®çª  Xn+1 2 Q2
n, ª á â¥«ì­®© £¨¯¥à¯«®áª®áâìî ¢ ª®â®à®© ª Q2

n ï¢«ï¥âáï £¨-
¯¥à¯«®áª®áì [Xn+1Pi] ¯à®áâà ­áâ¢  Pn+1. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã á®®â­®è¥­¨© (2), (3), (4){(8)
¯®«ãç¨¬

dXn+1 = (x0k!
k
0 � !0

0)Xn+1 � gija0ik!
k
0Pj : (10)

� á¨«ã ãà ¢­¥­¨© (41), (9) á®¢®ªã¯­®áâì äã­ªæ¨©

bij
def= gsta0isa

0
jt; dbij + 4bij!0

0 � bit!
t
j � btj!

t
t = bijk!

k
0 (11)

¥áâì á¨¬¬¥âà¨ç­ë© â¥­§®à; ¢ â¥ªãé¥© â®çª¥ A0 2 Cn ®­ ®¯à¥¤¥«ï¥â £¨¯¥àª®­ãá ­ ¯à ¢«¥­¨©
¢â®à®£® ¯®àï¤ª  á ¢¥àè¨­®© ¢ â®çª¥ A0

'
def= bij!

i
0!

j
0 = 0; (12)

ª®â®àë© ­ §®¢¥¬ £¨¯¥àª®­ãá®¬ ­®à¬ «¨§ æ¨¨ ¯à®áâà ­áâ¢  Cn.
� ª ª ª ¨¬¥¥â ¬¥áâ®

d2A0 = (: : : )A0 + (: : : )kAk � gij!
i
0!

j
0An+1;

â® ­ ¯à ¢«¥­¨¥ á¬¥é¥­¨ï â¥ªãé¥© â®çª¨ A0 2 Cn ¯à¨­ ¤«¥¦¨â ª®­ãáã ¨§®âà®¯­ëå ­ ¯à ¢«¥­¨©
gij!

i
0!

j
0 = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ¥¥ ®¡à § A0 á¬¥é ¥âáï ¯®

 á¨¬¯â®â¨ç¥áª®© «¨­¨¨ £¨¯¥àª¢ ¤à¨ª¨ Q2
n � Pn+1.

�¥®à¥¬  1. � ¯à ¢«¥­¨¥ á¬¥é¥­¨ï â¥ªãé¥© â®çª¨ A0 2 Cn ¯à¨­ ¤«¥¦¨â £¨¯¥àª®­ãáã

­®à¬ «¨§ æ¨¨ ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¨ ¯¥à¥­¥á¥­¨¨

� à¡ã ®¡à § Xn+1 ­®à¬ «¨§ãîé¥© â®çª¨ Xn+1 á¬¥é ¥âáï ¯®  á¨¬¯â®â¨ç¥áª®© «¨­¨¨ £¨¯¥à-

ª¢ ¤à¨ª¨ � à¡ã Q2
n � Pn+1.

� á ¬®¬ ¤¥«¥, ¨§ (5) á ¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥­¨© (2), (6){(8) ­ å®¤¨¬

dPi = a0ij!
j
0A0 � gij!

j
0Xn+1 + (!j

i + x0i!
j
0 + !n+1

i gkjx0k)Pj : (13)

�§ ãà ¢­¥­¨© (10), (13) á ¨á¯®«ì§®¢ ­¨¥¬ (11) ¨¬¥¥¬

d2Xn+1 = (: : : )Xn+1 + (: : : )jPj � bst!
s
0!

t
0A0;

ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ¯®á«¥¤­¥£® á®®â­®è¥­¨ï, ¥á«¨ ¨¬¥âì ¢ ¢¨¤ã
ãà ¢­¥­¨¥ £¨¯¥àª®­ãá  ­®à¬ «¨§ æ¨¨ (12).

� ¯à¨¬¥à, ¥á«¨ ¯à¨ n = 2 § ¤ ­  ­®à¬ «¨§®¢ ­­ ï ¯á¥¢¤®ª®­ä®à¬­ ï ¯«®áª®áâì C2 (¨­¤¥ª-
á  1), â® ¢ ®àâ®­®à¬¨à®¢ ­­®¬ à¥¯¥à¥ R á¯à ¢¥¤«¨¢® g11 = 1, g22 = �1, g12 = 0; ¯à¨ íâ®¬ ª®­ãá
­®à¬ «¨§ æ¨¨ (12) ¢ â¥ªãé¥© â®çª¥ A0 2 C2 á®áâ®¨â ¨§ ¤¢ãå ¤¥©áâ¢¨â¥«ì­ëå ­ ¯à ¢«¥­¨©:

!1
0 : !

2
0 = �(a012 + a022) : (a

0
11 + a021);

!1
0 : !

2
0 = �(a012 � a022) : (a

0
11 � a021);

(14)

¨ ª¢ ¤à¨ª  � à¡ã ¢ P3 ¥áâì ®¤­®¯®«®áâ­ë© £¨¯¥à¡®«®¨¤

(x1)2 � (x2)2 + 2x0x3 = 0: (15)

� ¯à ¢«¥­¨ï (14) ­®à¬ «¨§ æ¨¨ à §«¨ç­ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ja0ij j 6= 0. �®£« á­® â¥®-
à¥¬¥ 1 ¯à¨ á¬¥é¥­¨¨ â®çª¨ A0 2 C2 ¯® ®¤­®¬ã ¨§ ­ ¯à ¢«¥­¨© (14) â®çª  Xn+1 á¬¥é ¥âáï ¯®
á®®â¢¥âáâ¢ãîé¥© ¯àï¬®«¨­¥©­®© ®¡à §ãîé¥©(

2x0 � (x02 � x01)(x
1 + x2) = 0;

x1 � x2 � (x02 � x01)x
3 = 0

¨«¨

(
x1 + x2 + (x01 + x02)x

3 = 0;
2x0 + (x01 + x02)(x

1 � x2) = 0

£¨¯¥à¡®«®¨¤  (15), ¯à®å®¤ïé¥© ç¥à¥§ Xn+1. �¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥.
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�à®¤®«¦ ï ãà ¢­¥­¨ï (9), ¨¬¥¥¬

r�a
0
ijk + 2a0ijk�

0
0 + 2a0ij�

0
k + a0ik�

0
j + a0kj�

0
i � (gika0sj + gjka

0
is)g

st�0
t = 0: (16)

�®§ì¬¥¬ ®å¢ â

A0
ijk

def= a0ijk � a0ikx
0
j � a0kjx

0
i � 2a0ijx

0
k + (gika

0
sj + gjka

0
is)g

stx0t ; (17)

¢ á¨«ã ãà ¢­¥­¨© (3(¢)), (41), (7), (9), (16) á¨áâ¥¬  äã­ªæ¨© (17) ®¡à §ã¥â â¥­§®à rA0
ijk +

2A0
ijk!

0
0 = A0

ijks!
s
0.

�à¥¤¯®«®¦¨¬, çâ® ®á­®¢­®© â¥­§®à a0ij ­¥¢ëà®¦¤¥­

a0ika
kj
0 = a0kia

jk
0 = �

j
i ; raij0 � a

ij
0 !

0
0 = �ais0 atj0 a0stk!k

0 ;

a
def= ja0ij j 6= 0; d ln a+ 2!0

0 � 2!k
k = ak!

k
0 ; ak = ats0 a

0
stk;

(18)

¢ íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  Cn ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®©.

3. �®§ì¬¥¬ ­®¢ãî á¨áâ¥¬ã ¨§ (n+ 2)2 ä®à¬ �ä ää 


�
� = !

�
� +��

�k!
k
0 ; (19)

¯®âà¥¡ã¥¬, çâ®¡ë á¨áâ¥¬  ä®à¬ f
�
�g ã¤®¢«¥â¢®àï«  áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¯à®áâà ­áâ¢ 

ª®­ä®à¬­®© á¢ï§­®áâ¨ Cn;n [6]{[8]

D
�
� = 
�

� ^ 
�
� +

1
2
R�

�st!
s
0 ^ !t

0:

�â® âà¥¡®¢ ­¨¥ ¯®à®¦¤ ¥â ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï

d��
�k +��

�k!
0
0 ���

�s!
s
k ���

�k!
�
� +��

�k!
�
� +��

�s�
�
�k!

s
0 = e��

�ks!
s
0; (20)

¯à¨ íâ®¬ â¥­§®à ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Cn;n ¨¬¥¥â áâà®¥­¨¥

R
�
�st = �2e��

�[st]:

�  ä®à¬ë á¨áâ¥¬ë f
�
�g ­ «®¦¨¬ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï,   ¨¬¥­­®, çâ®¡ë ¯à¨ ¯à¥®¡à -

§®¢ ­¨ïå (19)

1) ä®à¬ë 
k
0, 


0
0, 


n+1
n+1 ®áâ ¢ «¨áì ¡¥§ ¨§¬¥­¥­¨ï, â. ¥. 


k
0 = !k

0 , 

0
0 = !0

0, = !n+1
n+1;

2) ¤«ï ¯à®áâà ­áâ¢  Cn;n ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ ¡ë« â¥­§®à gij ¨áå®¤­®£® ¯à®áâà ­áâ¢  Cn;
3) ä®à¬ë 
�

� ã¤®¢«¥â¢®àï«¨ á®®â­®è¥­¨ï¬ ¢¨¤  (3).

�à¥¡®¢ ­¨ï 1){3) íª¢¨¢ «¥­â­ë á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬:

( ) �n+1
0k = �s

0k = �0
0k = �n+1

ks = �n+1
n+1k = �0

n+1k = 0;

(¡) gik�j
ks + gjk�i

ks = 0; (21)

(¢) gik�0
ks +�i

n+1s = 0:

�â¬¥â¨¬, çâ® âà¥¡®¢ ­¨¥ ®¤­®¢à¥¬¥­­®£® ¢ë¯®«­¥­¨ï á®®â­®è¥­¨© (21) ­®á¨â ¨­¢ à¨ ­â­ë©
å à ªâ¥à.

� á¨«ã ãà ¢­¥­¨© (20) ¨ à ¢¥­áâ¢ (21 (a)) ¨¬¥¥¬

(a) r�j
ik +�j

ik!
0
0 = �j

iks!
s
0;

(¡) r�0
ik +�0

ik!
0
0 +�t

ik!
0
t = �0

iks!
s
0; r�j

n+1k +�j
n+1k!

0
0 +�j

tkg
tl!0

l = �j
n+1ks!

s
0;

(22)

§¤¥áì �j
iks = e�j

iks ��j
n+1kgis ��0

ik�
j
s ��t

is�
j
tk, �

0
iks = e�0

iks ��t
is�

0
tk, �

j
n+1ks = e�j

n+1ks ��t
n+1s�

j
tk.

� ¤ ­¨¥ ¯®«ï â¥­§®à  �j
ik, ã¤®¢«¥â¢®àïîé¥£® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ (22 (a)) ¨

ª®­¥ç­ë¬ á®®â­®è¥­¨ï¬ (21 (¡)), ¯®§¢®«¨â ­ ©â¨ äã­ªæ¨¨ �0
ik, �

j
n+1k, â. ª.
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1) ¢ á¨«ã ãà ¢­¥­¨© (7), (22 (¡)) ¢ ª ç¥áâ¢¥ äã­ªæ¨© �0
ik ¬®¦­® ¯à¨­ïâì

�0
ik = �t

ikx
0
t ; (23)

2) ¢ á¨«ã á®®â­®è¥­¨© (21 (¡), (¢)), (23) ¢ ª ç¥áâ¢¥ äã­ªæ¨© �j
n+1k á«¥¤ã¥â ¢§ïâì

�j
n+1k = �gjs�t

skx
0
t = gts�j

skx
0
t :

�à¨ íâ®¬ ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï ¯à®áâà ­áâ¢  Cn;n ¨¬¥îâ ¢¨¤

R
j
0st = �2�j

[st]; R0
0st = �Rn+1

n+1st = x0lR
l
0st; Rn+1

0st = R0
n+1st = 0; Rn+1

ist = 2�l
i[sgt]l; (241)

R
j
iks = �2b�j

i[ks] + (�t
i[k�

j

s] + gjl�t
l[kgs]i)x

0
t +�j

t[k�
t
jijs]c; (242)

R0
iks = Rt

iksx
0
t � 2(�t

i[ka
0
jtjs] + gjl�t

l[kgs]ix
0
tx

0
j) +

1
2
Rn+1

iks g
ltx0l x

0
t ; Rj

n+1ks = �gjtR0
tks: (243)

4. �à¨¢¥¤¥¬ ®¤¨­ ¨§ ¢®§¬®¦­ëå ®å¢ â®¢ â¥­§®à  �j
ik ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® § ¤ ­  ­¥¢ëà®-

¦¤¥­­ ï ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn. �®§ì¬¥¬ ®å¢ â

Aj
ik

def= ajs0 A
0
sik � gjtglia

ls
0 A

0
stk; rAj

ik +Aj
ik!

0
0 = Aj

iks!
s
0: (25)

� á¨«ã (25) á®®â­®è¥­¨ï (21 (¡)) ¨ (22 (a)) ¡ã¤ãâ ã¤®¢«¥â¢®à¥­ë, ¥á«¨ ¢ ª ç¥áâ¢¥ �j
ik ¢§ïâì

â¥­§®à Aj
ik : �

j
ik = Aj

ik; ¯à¨ íâ®¬ á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ë 
�
� á¢ï§­®áâ¨ ®¡®§­ ç¨¬ ç¥à¥§

1
!�
�,  

á ¬® ¯à®áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨ | ç¥à¥§
1

Cn;n

1
!i
0 = !i

0;
1
!0
0 = !0

0;
1
!n+1
n+1 = !n+1

n+1;
1
!0
0 +

1
!n+1
n+1 = 0;

1
!n+1
i = !n+1

i ;
1
!n+1
0 =

1
!0
n+1 = 0;

1
!0
i + gik

1
!k
n+1 = 0;

1
!n+1
i + gik

1
!k
0 = 0;

1
!j
i = !j

i +Aj
ik!

k;
1
!0
i = !0

i +At
ikx

0
t!

k
0 ;

1
!j
n+1 = !j

n+1 � gjsAt
skx

0
t!

k
0 ;

dgij � gik
1
!k
j � gkj

1
!k
i = 0:

(26)

�®ª § ­ 

�¥®à¥¬  2. �¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¨­¤ãæ¨àã¥â ¯à®-

áâà ­áâ¢® ª®­ä®à¬­®© á¢ï§­®áâ¨
1

Cn;n, ¬¥âà¨ç¥áª¨© â¥­§®à ª®â®à®£® á®¢¯ ¤ ¥â á ¬¥âà¨-

ç¥áª¨¬ â¥­§®à®¬ gij ¨áå®¤­®£® ¯à®áâà ­áâ¢  Cn, ä®à¬ ¬¨ á¢ï§­®áâ¨ ¥£® ï¢«ïîâáï ä®à¬ë
1
!
�
� (á¬. (26)); â¥­§®à ªà¨¢¨§­ë-ªàãç¥­¨ï

1

R
�
�st ¯à®áâà ­áâ¢ 

1

Cn;n ¨¬¥¥â áâà®¥­¨¥ (241{3), £¤¥
�j

ik = Aj
ik, �

j
iks = Aj

iks (á¬. (25)).

5. �à ¢­¥­¨ï (7) á ¨á¯®«ì§®¢ ­¨¥¬ á®®â­®è¥­¨© (26) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ dx0i + x0i
1
!0
0 �

x0k
1
!k
i +

1
!0
i = x0ik

1
!k
0. �«¥¤®¢ â¥«ì­®, ¯®«¥ ª¢ §¨â¥­§®à  x

0
i , ®¯à¥¤¥«ïîé¥¥ ­®à¬ «¨§ æ¨î ¨áå®¤­®-

£® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn, § ¤ ¥â ­®à¬ «¨§ æ¨î ¨ ¨­¤ãæ¨à®¢ ­­®£® ¯à®áâà ­áâ¢  ª®­-

ä®à¬­®© á¢ï§­®áâ¨
1

Cn;n; ¯à¨ íâ®¬ ¯®«ï ®á­®¢­ëå â¥­§®à®¢ a0ij (á¬. (8)) ¨
1
a0ij ­®à¬ «¨§®¢ ­­ëå

¯à®áâà ­áâ¢ Cn ¨
1

Cn;n á®¢¯ ¤ îâ, â. ¥. a0ij �
1
a0ij .

�®§ì¬¥¬ ¤¢¥ á¨áâ¥¬ë ä®à¬ f�j0; �ji g, f
1

�
j
0;

1

�
j
ig:(

�j0 = !j
0;

�
j
i = !

j
i � �

j
i (!

0
0 � x0k!

k
0 ) + gjsx0s!

n+1
i + x0i!

j
0;

(27)

8<:
1

�
j
0 =

1
!
j
0;

1

�ji =
1
!j
i � �ji (

1
!0
0 � x0k

1
!k
0) + gjsx0s

1
!n+1
i + x0i

1
!j
0:

(28)

65



� ¦¤ ï ¨§ íâ¨å á¨áâ¥¬ ã¤®¢«¥â¢®àï¥â áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ � àâ ­ {� ¯â¥¢  [6], [8],  

á«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«ï¥â ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ á®®â¢¥âáâ¢¥­­® An;n ¨
1

An;n; ¯à®-

áâà ­áâ¢® An;n ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥,   ªàãç¥­¨¥
1
r
j
0st ¯à®áâà ­áâ¢ 

1

An;n á®¢¯ ¤ ¥â á ªàãç¥­¨¥¬
1

R
j
0st ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨

1

Cn;n (á¬. (24)1)

1
r
j
0st �

1

R
j
0st = �2Aj

[st]:

�à ¢­¥­¨ï â¥­§®à  gij (á¬. (3(¢)), (26)) á ¨á¯®«ì§®¢ ­¨¥¬ ¢ëà ¦¥­¨© (27), (28) § ¯¨èãâáï

¢ ¢¨¤¥ dgij � gik�
k
j � gkj�

k
i = gij�, dgij � gik

1

�kj � gkj
1

�ki = gij�, � = 2(!0
0 � x0k!

k
0 ). �®á«¥¤­¨¥ ãà ¢-

­¥­¨ï £®¢®àïâ ® â®¬, çâ® á¢ï§­®áâ¨ r,
1

r ¯à®áâà ­áâ¢ An;n ¨
1

An;n ï¢«ïîâáï ¢¥©«¥¢ë¬¨ [5] á

¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij ¨ ¤®¯®«­¨â¥«ì­®© ä®à¬®© �; ®â¬¥â¨¬, çâ® ¢¥©«¥¢  á¢ï§­®áâì
1

r,
¢ ®â«¨ç¨¥ ®â r, ¢®®¡é¥ £®¢®àï, ¨¬¥¥â ªàãç¥­¨¥. �«¥¤ã¥â â ª¦¥ § ¬¥â¨âì, çâ® á¢ï§­®áâì r ¯à®-
áâà ­áâ¢  An;n à¨¬ ­®¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  Cn ï¢«ï¥âáï
£ à¬®­¨ç¥áª®©, â. ¥. a0[ij] = 0. �®á«¥¤­¥¥ á«¥¤ã¥â ¨§ â®£®, çâ® ¢ á¨«ã (8) ¢­¥è­¨© ¤¨ää¥à¥­æ¨ «
D� = 2a0[st]!

s
0 ^!t

0; á«¥¤®¢ â¥«ì­®, ¤®¯®«­¨â¥«ì­ ï ä®à¬  � ¥áâì ¯®«­ë© ¤¨ää¥à¥­æ¨ « â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  a0[st] = 0.

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨-

â¥­§®à  x0i ¨­¤ãæ¨àã¥â ­®à¬ «¨§ æ¨î ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®áâ¨
1

Cn;n, ¯à¨ íâ®¬

¯®«ï ®á­®¢­ëå â¥­§®à®¢ a0ij ¨
1
a0ij íâ¨å ¯à®áâà ­áâ¢ á®¢¯ ¤ îâ;  ää¨­­ë¥ á¢ï§­®áâ¨ r ¨

1

r,
¨­¤ãæ¨àã¥¬ë¥ ¯à¨ íâ®© ­®à¬ «¨§ æ¨¨, ï¢«ïîâáï ¢¥©«¥¢ë¬¨ á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥­§®à  gij ,

¯à¨ç¥¬ á¢ï§­®áâì r ­¥ ¨¬¥¥â ªàãç¥­¨ï, â¥­§®à ªàãç¥­¨ï á¢ï§­®áâ¨
1

r á®¢¯ ¤ ¥â á â¥­§®à®¬

ªàãç¥­¨ï ¯à®áâà ­áâ¢ 
1

Cn;n ¨, ¢®®¡é¥ £®¢®àï, ï¢«ï¥âáï ­¥­ã«¥¢ë¬. �¢ï§­®áâì r à¨¬ ­®¢ 

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  Cn ï¢«ï¥âáï £ à¬®­¨ç¥áª®©.

6. �¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ®¯à¥¤¥«ï¥â ¯®«¥ á¨¬¬¥-
âà¨ç­®£® â¥­§®à  bij (á¬. (11)). �®¢®ªã¯­®áâì äã­ªæ¨©

Bijk
def= bijk � 4bijx

0
k � bikx

0
j � bkjx

0
i + (gikbsj + gjkbis)g

stx0t

®¡à §ã¥â á¨¬¬¥âà¨ç­ë© ¯® ¨­¤¥ªá ¬ i, j â¥­§®à rBijk + 5Bijk!
0
0 = Bijks!

s
0. � á¨«ã íâ®£® ¢ ¯. 4 ¢

ª ç¥áâ¢¥ â¥­§®à  �j
ik ¬®¦­® ¢§ïâì â¥­§®à

Bj
ik

def= bjsBsik � gjtglib
lsBstk (áà. á (25)); (29)

çâ® ¯à¨¢®¤¨â ª á¯à ¢¥¤«¨¢®áâ¨  ­ «®£®¢ â¥®à¥¬ 2 ¨ 3 ®â­®á¨â¥«ì­® ¯à®áâà ­áâ¢ ª®­ä®à¬­®©

á¢ï§­®áâ¨
2

Cn;n ¨  ää¨­­®© á¢ï§­®áâ¨
2

An;n, ®¯à¥¤¥«ï¥¬ëå ®å¢ â ¬¨ (29).
�­ «®£¨ç­®, ¯®«¥ ­¥¢ëà®¦¤¥­­®£® á¨¬¬¥âà¨ç­®£® â¥­§®à  bij ®¯à¥¤¥«ï¥â ¯®«¥ ­¥¢ëà®¦¤¥­-

­®£® á¨¬¬¥âà¨ç­®£® â¥­§®à  cij
def= gstbisbjt, çâ® ¢ á¢®î ®ç¥à¥¤ì ¯à¨¢®¤¨â ª á¯à ¢¥¤«¨¢®áâ¨  ­ -

«®£®¢ â¥®à¥¬ 2 ¨ 3 ®â­®á¨â¥«ì­® ¯à®áâà ­áâ¢ ª®­ä®à¬­®© á¢ï§­®áâ¨
3

Cn;n ¨  ää¨­­®© á¢ï§­®áâ¨
3

An;n.
�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ­¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï ª®­ä®à¬-

­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨â¥­§®à  x0i ¨­¤ãæ¨àã¥â ¡¥áç¨á«¥­­®¥ ¬­®¦¥áâ¢® ¯à®áâà ­áâ¢

ª®­ä®à¬­®© á¢ï§­®áâ¨
p

Cn;n ¨  ää¨­­®© á¢ï§­®áâ¨
p

An;n (p = 1; 2; : : : ), ã¤®¢«¥â¢®àïîé¨å â¥®à¥-
¬ ¬ 2 ¨ 3 á®®â¢¥âáâ¢¥­­®.
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� á«ãç ¥ ­®à¬ «¨§®¢ ­­®£® á®¡áâ¢¥­­® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¢ á¨«ã ãà ¢­¥­¨© (42),
(18) ¨¬¥¥¬

d ln
�
a

g

�
+ 2n!0

0 = ak!
k
0 ; ak = ats0 a

0
stk;

¯à®¤®«¦ ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ­ å®¤¨¬

dai + ai!
0
0 � ak!

k
i + 2n!0

i = aik!
k
0 ; a[ik] = 0:

�§ íâ¨å ãà ¢­¥­¨© ®ç¥¢¨¤­®, çâ® ¯®«¥ ª¢ §¨â¥­§®à  ai

2n
®¯à¥¤¥«ï¥â ­®à¬ «¨§ æ¨î á®¡áâ¢¥­­®

ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn; íâ  ­®à¬ «¨§ æ¨ï ¨­¤ãæ¨à®¢ ­  ¯¥à¢®­ ç «ì­®© ­®à¬ «¨§ æ¨¥©
¯à®áâà ­áâ¢  Cn, â. ¥. ­®à¬ «¨§ æ¨¥© ¯®«¥¬ ª¢ §¨â¥­§®à  x0i .

� á«ãç ¥ ­®à¬ «¨§ æ¨¨ á®¡áâ¢¥­­® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨â¥­§®à  ai

2n
¢

ª ç¥áâ¢¥ ®á­®¢­®£® â¥­§®à  A0
ij ¢¬¥áâ® a

0
ij (á¬. (8)) â¥¯¥àì ¡¥à¥âáï

A0
ij

def=
1
2n

�
aij � aiaj

2n
+

1
4n

gijg
stasat

�
; (30)

¯à¨ íâ®¬ ­®à¬ «¨§ æ¨ï ¯à®áâà ­áâ¢  á ¯®«¥¬ ®á­®¢­®£® â¥­§®à  A0
ij ï¢«ï¥âáï £ à¬®­¨ç¥áª®©,

â. ¥. A0
[ij] = 0. � ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  4. �¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï (­¥ ®¡ï§ â¥«ì­® £ à¬®­¨ç¥áª ï) á®¡áâ¢¥­­® ª®­-
ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª¢ §¨â¥­§®à  x0i ¨­¤ãæ¨àã¥â £ à¬®­¨ç¥áªãî ­®à¬ «¨§ æ¨î

¨áå®¤­®£® ¯à®áâà ­áâ¢  ¯®«¥¬ ª¢ §¨â¥­§®à  ai

2n
, ®á­®¢­®© â¥­§®à ª®â®à®© ¨¬¥¥â áâà®¥­¨¥

(30).

7. �§¢¥áâ­® [2], çâ® ¥á«¨ â®çª  M 2 Cn ®â«¨ç­  ®â â¥ªãé¥© â®çª¨ A0 2 Cn ¨ ­¥ «¥¦¨â ­ 
¨§®âà®¯­®¬ ª®­ãá¥ gijx

ixj = 0 á ¢¥àè¨­®© ¢ â®çª¥ A0, â® ®­  ¨¬¥¥â à §«®¦¥­¨¥ M = x0A0 +
xiAi+An+1, ¨ ãà ¢­¥­¨ï �x0+2x0�0

0+xj�0
j = 0, �xi+xi�0

0+xj�i
j � gij�0

j = 0 ¯à¥¤áâ ¢«ïîâ á®¡®©
ãá«®¢¨¥ ¥¥ ¨­¢ à¨ ­â­®áâ¨.

� [9] à áá¬ âà¨¢ îâáï á®¯à¨ª á îé¨¥áï æ¨ª«¨¤ë � à¡ã £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 � Cn. �¨-
ª«¨¤®©, ª ª ¨§¢¥áâ­®, ­ §ë¢ îâ £¨¯¥à¯®¢¥àå­®áâì ¯à®áâà ­áâ¢  Cn, ãà ¢­¥­¨¥ ª®â®à®© ¢ ¢ë-
¡à ­­®¬ ¯®«ã¨§®âà®¯­®¬ à¥¯¥à¥ R ¨¬¥¥â ¢¨¤

Q : p��x�x� = 0; p�� = p��; (31)

£¤¥ x� | ª®®à¤¨­ âë â®ç¥ª M 2 Cn, ¯à¨­ ¤«¥¦ é¨å æ¨ª«¨¤¥. �á«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ æ¨ª«¨-
¤ë § ¯¨è¥âáï ¢ ¢¨¤¥

�(p��x
�x�) = �(p��x

�x�): (32)

�ã¤¥¬ áç¨â âì, çâ® æ¨ª«¨¤  Q ­¥ ¯à®å®¤¨â ç¥à¥§ â®çªã A0 2 Cn: p00 6= 0. �  áç¥â ­®à¬¨à®¢ª¨
ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï (31) ¬®¦­® ¤®¡¨âìáï, çâ®¡ë p00 = �1. �áª«îç ï ¨§ ãà ¢­¥­¨© (32)
ä®à¬ã � = �4�0

0, ¨¬¥¥¬ ãá«®¢¨ï ¨­¢ à¨ ­â­®áâ¨ æ¨ª«¨¤ë (31)

�p0i + p0i�
0
0 � p0k�

k
i + �0

i = 0;

�p0n+1 + 2p0n+1�
0
0 + p0sg

st�0
t = 0;

�pij + 2pij�
0
0 � pik�

k
j � pkj�

k
i � p0i�

0
j � p0j�

0
i = 0; (33)

�pin+1 + 3pin+1�
0
0 � pkn+1�

k
i � p0n+1�

0
i + pikg

ks�0
s = 0;

�pn+1;n+1 + 4pn+1;n+1�
0
0 + 2pkn+1g

ks�0
s = 0:
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�ãáâì § ¤ ­  ­®à¬ «¨§ æ¨ï (­¥ ®¡ï§ â¥«ì­® ­¥¢ëà®¦¤¥­­ ï) ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn

¯®«¥¬ ª¢ §¨â¥­§®à  x0i ; ¢ íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï¬ (33) ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥­­® á«¥¤ãî-
é¨¥ ®å¢ âë:

a0i
def= x0i ; a0n+1

def= 1
2
gstx0sx

0
t ; aij

def= � (a0(ij) + x0ix
0
j); a0(ij) =

1
2
(a0ij + a0ji);

ain+1
def= � (a0(ik)g

ksx0s +
1
2
gstx0sx

0
tx

0
i ); an+1;n+1

def= � ba0(kl)gksgltx0sx0t + ( 1
2
gstx0sx

0
t )

2c:
(34)

�á«¨ ¯à¨­ïâì p�� = a��, â® ãà ¢­¥­¨¥ æ¨ª«¨¤ë (31) ¢ á¨«ã (34) ¨¬¥¥â ¢¨¤

a0(ij)(x
i + gilx0l x

n+1)(xj + gjsx0sx
n+1) + (x0ix

i � x0 + 1
2
gijx0ix

0
jx

n+1)2 = 0: (35)

�ç¥¢¨¤­®, ­®à¬ «¨§ãîé ï â®çª  Xn+1 2 Cn (á¬. (6)) ¯à¨­ ¤«¥¦¨â æ¨ª«¨¤¥ (35).
�à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ®¡à §ë ¢á¥å â®ç¥ª æ¨ª«¨¤ë (35) «¥¦ â ­  £¨¯¥àª¢ ¤à¨ª¥ � à¡ã

Q2
n � Pn+1; á«¥¤®¢ â¥«ì­®, ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn+1 ®¡à §®¬ æ¨ª«¨¤ë ¯à¨ ¯¥à¥­¥á¥­¨¨

� à¡ã ï¢«ï¥âáï (n�1)-¬¥à­ ï ¯®¢¥àå­®áâì 4-£® ¯®àï¤ª , «¥¦ é ï ­  £¨¯¥àª¢ ¤à¨ª¥ � à¡ã Q2
n

¨ ¯à®å®¤ïé ï ç¥à¥§ â®çªã Xn+1 2 Q2
n:(

a0(ij)(x
i + gilx0l x

n+1)(xj + gjsx0sx
n+1) + (x0ix

i � x0 + 1
2
gijx0ix

0
jx

n+1)2 = 0;

gijx
ixj + 2x0xn+1 = 0:

(36)

�§¢¥áâ­®, çâ® ¥á«¨ ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn+1 ®â à¥¯¥à  R = fA�g ¯¥à¥©â¨ ª à¥¯¥-
àã R0 = fA0;Pi;Xn+1g, â® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï á¢ï§ì ¬¥¦¤ã \áâ àë¬¨" x� ¨ \­®¢ë¬¨" y�

ª®®à¤¨­ â ¬¨ â®çª¨ M 2 Pn+1:

x0 = y0 + x0jy
j � 1

2
gstx0sx

0
ty

n+1;

xi = yi � gsix0sy
n+1;

xn+1 = yn+1:

�à ¢­¥­¨¥ (36) ®¡à §  æ¨ª«¨¤ë ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ¢ à¥¯¥à¥ R0 ¯à¨¬¥â ¢¨¤(
a0(ij)y

iyj + (y0)2 = 0;

gijy
iyj + 2y0yn+1 = 0:

(360)

�¥à¢®¥ ¨§ ãà ¢­¥­¨© (360) ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn+1 ¥áâì £¨¯¥àª®­ãá ¢â®à®£® ¯®àï¤ª  á
¢¥àè¨­®© ¢ â®çª¥ Xn+1, ¢â®à®¥ | £¨¯¥àª¢ ¤à¨ª  � à¡ã; ¨å ¯¥à¥á¥ç¥­¨¥ ¨ ¥áâì ®¡à § æ¨ª«¨¤ë
(35) ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ­  ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn+1.

�á«¨ â¥­§®à a0(ij) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë©, â® æ¨ª«¨¤  � à¡ã, á®®â¢¥âáâ¢ãîé ï â®çª¥
A0 2 Cn, ¥áâì ¬­¨¬ ï £¨¯¥à¯®¢¥àå­®áâì (35) ¯à®áâà ­áâ¢  Cn, ­  ª®â®à®© «¥¦¨â ¤¥©áâ¢¨â¥«ì­ ï
®á­ é îé ï â®çª  Xn+1. � ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  5. �®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¢­ãâà¥­­¨¬ ®¡à §®¬ ¨­¤ãæ¨àã-

¥â ¯®«¥ ¨­¢ à¨ ­â­ëå æ¨ª«¨¤ � à¡ã (35), á®¤¥à¦ é¨å ­®à¬ «¨§ãîé¨¥ â®çª¨ Xn+1 2 Cn ¨

­¥ ¯à®å®¤ïé¨å ç¥à¥§ ­®à¬ «¨§ã¥¬ë¥ â®çª¨ A0 2 Cn; ¢ ª ¦¤®© â®çª¥ A0 2 Cn ®¡à §®¬ á®®â-

¢¥âáâ¢ãîé¥© æ¨ª«¨¤ë ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ­  ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn+1 ï¢«ï¥âáï

(n� 1)-¯®¢¥àå­®áâì 4-£® ¯®àï¤ª  (36) (®­  ¬®¦¥â ¡ëâì ¨ ¬­¨¬®©), «¥¦ é ï ­  £¨¯¥àª¢ ¤à¨-

ª¥ � à¡ã ¨ ï¢«ïîé ïáï ¯¥à¥á¥ç¥­¨¥¬ íâ®© £¨¯¥àª¢ ¤à¨ª¨ á £¨¯¥àª®­ãá®¬ ¢â®à®£® ¯®àï¤ª  á

¢¥àè¨­®© ¢ â®çª¥ Xn+1 (á¬. (360).

�¥®¬¥âà¨ç¥áª ï å à ªâ¥à¨áâ¨ª  æ¨ª«¨¤ë � à¡ã (35) § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �®£« á­®
á®®â­®è¥­¨î (10) á¬¥é¥­¨¥ dXn+1 ®¡à §  ®á­ é îé¥© â®çª¨ Xn+1 2 Cn ¯à¨­ ¤«¥¦¨â ª á â¥«ì-
­®© £¨¯¥à¯«®áª®áâ¨ [Xn+1Pi] ª £¨¯¥àª¢ ¤à¨ª¥ � à¡ã ¢ â®çª¥ Xn+1; ¢ á¨«ã (10), (360) ®ç¥¢¨¤­®,
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çâ® íâ® á¬¥é¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ Pn+1 ¯à¨­ ¤«¥¦¨â £¨¯¥àª®­ãáã a0(ij)y
iyj + (y0)2 = 0 á ¢¥àè¨-

­®© ¢ â®çª¥ Xn+1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¬¥é¥­¨¥ â®çª¨ A0 2 Cn ¯à¨­ ¤«¥¦¨â ª®­ãáã
­ ¯à ¢«¥­¨©

a0(ij)g
isgjta0ska

0
tl!

k
0!

l
0 = 0 (37)

á ¢¥àè¨­®© ¢ â®çª¥ A0. �«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  6. �à¨ ¢á¥¢®§¬®¦­ëå á¬¥é¥­¨ïå ­®à¬ «¨§ã¥¬®© â®çª¨ A0 2 Cn, ¯à¨­ ¤«¥¦ -

é¨å ª®­ãáã ­ ¯à ¢«¥­¨© (37), ­®à¬ «¨§ãîé ï â®çª  Xn+1 2 Cn ®¯¨áë¢ ¥â æ¨ª«¨¤ã � à¡ã

(35); á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥.

� áá¬®âà¨¬ ¯à¨¬¥à. �ãáâì § ¤ ­  ­¥¢ëà®¦¤¥­­ ï ­®à¬ «¨§ æ¨ï á®¡áâ¢¥­­® ª®­ä®à¬­®©
¯«®áª®áâ¨ C2, ¯à¨ç¥¬ á¨¬¬¥âà¨à®¢ ­­ë© â¥­§®à a0(ij) ­®à¬ «¨§ æ¨¨ ¨¬¥¥â á¨£­ âãàã, à ¢­ãî
­ã«î. � á¨«ã ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¬¥âà¨ç¥áª®£® â¥­§®à  gij ¯«®áª®áâ¨ C2 §  áç¥â
á¯¥æ¨ «¨§ æ¨¨ ª®­ä®à¬­®£® à¥¯¥à  eR = fA0; Pi; A3g â¥­§®àë gij ¨ a0(ij) ¬®¦­® ¯à¨¢¥áâ¨ ª á«¥-
¤ãîé¨¬ ­®à¬ «ì­ë¬ ¢¨¤ ¬:

gij = �ij ; a011 = 1; a022 = �1; a012 = 0: (38)

� â ª®¬ á¯¥æ¨ «¨§¨à®¢ ­­®¬ à¥¯¥à¥ ãà ¢­¥­¨ï æ¨ª«¨¤ë � à¡ã (35) ¨ ª®­ãá  ­ ¯à ¢«¥­¨© (37)
¢ á¨«ã (38) § ¯¨èãâáï á®®â¢¥âáâ¢¥­­® ¢ ¢¨¤¥

(x1 + x01x
3)2 � (x2 + x02x

3)2 + fx0ixi � x0 + 1
2
[(x01)

2 + (x02)
2]x3g2 = 0; (39)

b1� (a012)
2cb(!1

0)
2 � (!2

0)
2c = 0: (40)

� ª ª ª á¯à ¢¥¤«¨¢® ja0ij j = (a012)
2 � 1 6= 0, â® (40) ®¯à¥¤¥«ï¥â ¤¢  ­ ¯à ¢«¥­¨ï:

 ) !1
0 : !

2
0 = 1 : 1;

¡) !1
0 : !

2
0 = �1 : 1: (41)

�«¥¤®¢ â¥«ì­®, ¯à¨ ­¥¢ëà®¦¤¥­­®© ­®à¬ «¨§ æ¨¨ á®¡áâ¢¥­­® ª®­ä®à¬­®© ¯«®áª®áâ¨ C2 á ­ã-
«¥¢®© á¨£­ âãà®© â¥­§®à  a0(ij) ¢ ª ¦¤®© â®çª¥ A0 2 C2 ª®­ãá ­ ¯à ¢«¥­¨© (37) á®áâ®¨â ¨§ ¤¢ãå
¤¥©áâ¢¨â¥«ì­ëå ­ ¯à ¢«¥­¨© (41); § ¬¥â¨¬, çâ® íâ¨ ­ ¯à ¢«¥­¨ï ®¯à¥¤¥«¥­ë ¢ á¯¥æ¨ «¨§¨à®-
¢ ­­®¬ ª®­ä®à¬­®¬ à¥¯¥à¥ eR = fA0; Pi; A3g (á¬. (38)).

� á¨«ã á®®â­®è¥­¨© (10), (38) ¢ â®çª¥ X3 2 Q2
2 ­ ¯à ¢«¥­¨ï¬ (41) á®®â¢¥âáâ¢ãîâ ¤¢¥ à §«¨ç-

­ë¥ ª á â¥«ì­ë¥ ª ®¡à §ã æ¨ª«¨¤ë (39) ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã, ®¯à¥¤¥«ï¥¬ë¥ ­ ¯à ¢«¥­¨ï¬¨

d1X3 = �1X3 � (a012 + 1)(P1 � P2)!
2
0 ;

d2X3 = �2X3 � (a012 � 1)(P1 + P2)!
2
0 ;

(42)

â. ª. ja0ij j 6= 0, â® a012 + 1 6= 0, a012 � 1 6= 0.
�®®â­®è¥­¨ï (42) £®¢®àïâ ® â®¬, çâ® ¢ â®çª¥ X3 2 Q2

2 ­ ¯à ¢«¥­¨ï (X3P1), (X3P2), (X3d1X3),
(X3d2X3) ®¡à §ãîâ £ à¬®­¨ç¥áªãî ç¥â¢¥àªã�

(X3P1); (X3P2); (X3d1X3); (X3d2X3)
�
= �1:

� ª¨¬ ®¡à §®¬, ¯à¨ ­¥¢ëà®¦¤¥­­®© ­®à¬ «¨§ æ¨¨ á®¡áâ¢¥­­® ª®­ä®à¬­®© ¯«®áª®áâ¨ C2 á

­ã«¥¢®© á¨£­ âãà®© á¨¬¬¥âà¨à®¢ ­­®£® â¥­§®à  a0(ij) ¢ á¯¥æ¨ «¨§¨à®¢ ­­®¬ ª®­ä®à¬­®¬ à¥¯¥-

à¥ eR = fA0; Pi; A3g, ®¯à¥¤¥«ï¥¬®¬ á®®â­®è¥­¨ï¬¨ (38), ­ ¯à ¢«¥­¨ï (42) ª á â¥«ì­ëå ª ®¡à §ã

æ¨ª«¨¤ë (39) ¯à¨ ¯¥à¥­¥á¥­¨¨ � à¡ã ¢ ª ¦¤®© â®çª¥ X3 2 Q2
2 £ à¬®­¨ç¥áª¨ à §¤¥«ïîâ ­ ¯à -

¢«¥­¨ï (X3P1), (X3P2).
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