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�¥è¥âª  L  §ë¢ ¥âáï ¯®«ã¡à ãíà®¢®© ¢¢¥àå (ã¤®¢«¥â¢®àï¥â ãá«®¢¨î sB\), ¥á«¨ ¤«ï «î¡ëå
A;B 2 L ¢® ¬®¦¥áâ¢¥ fX 2 L j A\B = A\Xg ¥áâì  ¨¡®«ìè¨© í«¥¬¥â. �®ª «ì®-ª®¬¯ ªâ ï
£àã¯¯  G  §ë¢ ¥âáï sB-£àã¯¯®©, ¥á«¨ à¥è¥âª  L(G) ¯®«ã¡à ãíà®¢  ¢¢¥àå. � ª¨¥ £àã¯¯ë ¨§ãç -
«¨áì �.�.�¨àï¥¢ë¬ ¯à¨ ¤®¯®«¨â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ ª®¬¯ ªâ®© ¯®ªàë¢ ¥¬®áâ¨; ãá«®¢¨¥
¯®«ã¡à ãíà®¢®áâ¨ à¥è¥âª¨ L(G) ®ª § «®áì à ¢®á¨«ìë¬ ¤¨áâà¨¡ãâ¨¢®áâ¨ L(G) [1]. � ¤ ®©
áâ âì¥ ¯®«ãç¥   «®£¨çë© à¥§ã«ìâ â ¤«ï ¯à®¨§¢®«ìëå «®ª «ì®-ª®¬¯ ªâëå £àã¯¯.

�ãáâì L(G) | à¥è¥âª  ¢á¥å § ¬ªãâëå ¯®¤£àã¯¯ £àã¯¯ë G á ®¯¥à æ¨ï¬¨ \ ¨ O (ª®¬¯®§¨â),
G0 | á¢ï§ ï ª®¬¯®¥â  ¥¤¨¨æë e £àã¯¯ë G, R |  ¤¤¨â¨¢ ï £àã¯¯  ¢á¥å ¤¥©áâ¢¨â¥«ìëå
ç¨á¥« á ¥áâ¥áâ¢¥®© â®¯®«®£¨¥©, T = R=Z | ®¤®¬¥àë© â®à, C pn | æ¨ª«¨ç¥áª ï £àã¯¯ 
¯®àï¤ª  pn, C p1 | ª¢ §¨æ¨ª«¨ç¥áª ï £àã¯¯  (p | ¯à®áâ®¥ ç¨á«®), Qp (Zp) | £àã¯¯  ¢á¥å
(¢á¥å æ¥«ëå) p- ¤¨ç¥áª¨å ç¨á¥«, Q@ |  ¤¤¨â¨¢ ï £àã¯¯  à æ¨® «ìëå ç¨á¥« á ¤¨áªà¥â®©
â®¯®«®£¨¥©.

�à¨¬¥à 1. �¨áªà¥â ï £àã¯¯  G à £  1 ï¢«ï¥âáï sB-£àã¯¯®©.

�¥©áâ¢¨â¥«ì®, ¤«ï «î¡ëå A;B 2 L(G) ®¡®§ ç¨¬ ç¥à¥§ M ¬®¦¥áâ¢® ¢á¥å ¯®¤£àã¯¯ X,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î A\B = A\X. �ãáâì M | ª®¬¯®§¨â ¢á¥å ¯®¤£àã¯¯ ¨§M. �®ª ¦¥¬,
çâ® M 2 M. �á«¨ a 2 A \M , â® a 2
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(A\Xi) = A\B, â ª çâ® a 2 A\B. �â ª, A\B = A\M , ¨ M |

 ¨¡®«ìè¨© í«¥¬¥â ¢ M.

�à¨¬¥à 2. C p � C p ¥ ï¢«ï¥âáï sB-£àã¯¯®©.

�¥©áâ¢¨â¥«ì®, ¯ãáâì G = A�B, A = hai, ap = e, B = hbi, bp = e, C = habi. �¥£ª® ¢¨¤¥âì, çâ®
¬®¦¥áâ¢® fX 2 L(G) j A \B = A \Xg ¥ á®¤¥à¦¨â  ¨¡®«ìè¥£® í«¥¬¥â  M , â. ª. M ¤®«¦¥
á®¤¥à¦ âì C.

�à¨¬¥à 3. T ¥ ï¢«ï¥âáï sB-£àã¯¯®©.

�¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ¯®¤£àã¯¯ë A = hai, ap = e ¨ B = hbi, bq = e, p 6= q. �®¯ãáâ¨¬, çâ®
¬®¦¥áâ¢® M = fX 2 L(T) j A\X = A\B = eg á®¤¥à¦¨â  ¨¡®«ìè¨© í«¥¬¥â M . � ª ª ª ¢á¥

¯®¤£àã¯¯ë Bn, â®¯®«®£¨ç¥áª¨ ¨§®¬®àäë¥ C qn (n = 1; 2; : : : ), ¯à¨ ¤«¥¦ â M, â®
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Bn � M .
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Bn = T, ¯®íâ®¬ã M = T, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î A \M = e.

�¥¬¬  1. �á«®¢¨¥ sB  á«¥¤ã¥âáï § ¬ªãâë¬¨ ¯®¤£àã¯¯ ¬¨ ¨ ä ªâ®à£àã¯¯ ¬¨.

�®ª § â¥«ìáâ¢®. �ãáâì G | sB-£àã¯¯ , H | § ¬ªãâ ï ¯®¤£àã¯¯ , A;B 2 L(H). �á«¨
C |  ¨¡®«ìè¨© í«¥¬¥â ¢ fX 2 L(G) j A \ B = A \Xg, â® ®ç¥¢¨¤®, C \ H |  ¨¡®«ìè¨©
í«¥¬¥â ¢ fY 2 L(H) j A \B = A \ Y g.
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�ãáâì N | § ¬ªãâ ï ®à¬ «ì ï ¯®¤£àã¯¯  ¢ G, eG = G=N . �ãáâì eA, eB | § ¬ªãâë¥
¯®¤£àã¯¯ë ¢ eG, A ¨ B | ¨å ¯®«ë¥ ¯à®®¡à §ë ¢ G, C |  ¨¡®«ìè¨© í«¥¬¥â ¢ fX 2 L(G) j
A\B = A\Xg. �¥£ª® ¢¨¤¥âì, çâ® CN=N | ¨¡®«ìè¨© í«¥¬¥â ¢ feY 2 L( eG) j eA\ eB = eA\ eY g.

�¥¬¬  2. �î¡ ï sB-£àã¯¯  G ã«ì¬¥à .

�®ª § â¥«ìáâ¢®. �á«¨G0 6= e, â® G0 ®¡« ¤ ¥â ¥âà¨¢¨ «ì®© «¨¥¢®© ä ªâ®à£àã¯¯®©G0=N ,
ª®â®à ï á®¤¥à¦¨â § ¬ªãâãî ¯®¤£àã¯¯ã A, â®¯®«®£¨ç¥áª¨ ¨§®¬®àäãî T ¨«¨ R. �¢¨¤ã «¥¬¬ë 1
A ¤®«¦  ¡ëâì sB-£àã¯¯®©, çâ® ¯à®â¨¢®à¥ç¨â ¯à¨¬¥àã 3.

�¥¬¬  3. �®¬¯ ªâ ï  ¡¥«¥¢  sB-£àã¯¯  G ¬®®â¥â¨ç .

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 2 £àã¯¯  G ã«ì¬¥à  ¨ ¯®â®¬ã ¯à®ª®¥ç ; ¯ãáâì G | ¯à®-
¥ªâ¨¢ë© ¯à¥¤¥« £àã¯¯ G� (� 2 �). � ª®¥ç®©  ¡¥«¥¢®© £àã¯¯¥ G� ¢á¥ á¨«®¢áª¨¥ p-¯®¤£àã¯¯ë
æ¨ª«¨çë ¢¢¨¤ã ¯à¨¬¥à  2, ¯®íâ®¬ã £àã¯¯  G� æ¨ª«¨ç¥áª ï ¤«ï «î¡®£® �. �® â®£¤  G ¬®®â¥-
â¨ç  ¯® á«¥¤áâ¢¨î 1 ¨§ [2].

�¥¬¬  4. �áïª ï sB-£àã¯¯  G  ¡¥«¥¢ .

�®ª § â¥«ìáâ¢®. �ãáâì a; b 2 G, A = hai, B = hbi. �®áâ â®ç® ¤®ª § âì, çâ® AOB  ¡¥«¥¢ ,
¯®íâ®¬ã ¡ã¤¥¬ áç¨â âì G = AOB. �®£¤  ¯®¤£àã¯¯  D = A \B á®¤¥à¦¨âáï ¢ æ¥âà¥ G. �ãáâì L
|  ¨¡®«ìè¨© í«¥¬¥â ¢ N = fX 2 L(G) j B \D = B \Xg. �®áª®«ìªã B \A = D = B \D, â®
¯®¤£àã¯¯  A 2 N, ¨ ¯®â®¬ã A � L. �®£¤  La = L ¤«ï «î¡®£® a 2 A.

� ª ª ª B  ¡¥«¥¢ , D = Db = (B \ D)b = (B \ L)b = B \ Lb, â. ¥. Lb 2 N, ¯®íâ®¬ã Lb � L.
� ª¨¬ ®¡à §®¬, L / G.

�ãáâìM |  ¨¡®«ìè¨© í«¥¬¥â ¢M = fX 2 L(G) j L\D = L\Xg. � ª ª ª L\B = B\D =
D = L \ D, ¯®¤£àã¯¯  B 2 M, ¨ ¯®íâ®¬ã B � M . �«ï «î¡®£® a 2 A L \Ma = (L \M)a =
(L \D)a = Da = D = L \D, ¯®íâ®¬ã Ma 2M, Ma �M . �«¥¤®¢ â¥«ì®, M / G.

� áá¬®âà¨¬ ä ªâ®à£àã¯¯ã G=D = eG = eLOfM , £¤¥ eL = L=D, fM = M=D. �§ à ¢¥áâ¢ 
L \M = D ¢ëâ¥ª ¥â eL \ fM = e, ¯®íâ®¬ã eG = eL � fM ( ¡áâà ªâ®). �®áª®«ìªã eG ¯®à®¦¤ ¥âáï
¯¥à¥áâ ®¢®çë¬¨ í«¥¬¥â ¬¨ ea = aD ¨ eb = bD, £àã¯¯  eG  ¡¥«¥¢ .

�á«¨ D = e, â® £àã¯¯  G  ¡¥«¥¢ . �á«¨ D 6= e, â® í«¥¬¥âë ea ¨ eb ª®¬¯ ªâë, ®âªã¤ 
¢ëâ¥ª ¥â ª®¬¯ ªâ®áâì eG. �®£« á® «¥¬¬¥ 3 eG ¬®®â¥â¨ç . �¢¨¤ã æ¥âà «ì®áâ¨ D £àã¯¯ 
G  ¡¥«¥¢ .

�¥®à¥¬ . �àã¯¯  G â®£¤  ¨ â®«ìª® â®£¤  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î sB, ª®£¤  G| ã«ì¬¥à-

 ï £àã¯¯  à £  1, â. ¥. «¨¡® ¯®¤£àã¯¯  ¨§ Q@ , «¨¡® ¯¥à¨®¤¨ç¥áª ï  ¡¥«¥¢  £àã¯¯ , á¨«®¢áª¨¥

¯®¤£àã¯¯ë ª®â®à®© ¨§®¬®àäë C pn , C p1 , Zp, Qp .

�®ª § â¥«ìáâ¢®. �ãáâì G | sB-£àã¯¯ . �®£« á® «¥¬¬ ¬ 2 ¨ 4 G  ¡¥«¥¢  ¨ ã«ì¬¥à .
�á«¨ G ¯¥à¨®¤¨ç , â® «î¡ ï ¥¥ ª®¥ç®¯®à®¦¤¥ ï § ¬ªãâ ï ¯®¤£àã¯¯  X ª®¬¯ ªâ . �®
«¥¬¬¥ 2 X ¬®®â¥â¨ç , ¯®íâ®¬ã G ¨¬¥¥â à £ 1.

�ãáâì G á®¤¥à¦¨â ç¨áâë© í«¥¬¥â a, A = hai, K | ¯®¤£àã¯¯  ¢á¥å ª®¬¯ ªâëå í«¥¬¥â®¢
¨§ G. �® ¤®ª § ®¬ã K ¨¬¥¥â à £ 1. �®¯ãáâ¨¬, çâ® K 6= e, b | í«¥¬¥â ¯à®áâ®£® ¯®àï¤ª 
¨§ K, hbi = B. �¢¨¤ã ãá«®¢¨ï sB ¬®¦¥áâ¢® M = fX 2 L(G) j A \ X = A \ B = eg á®¤¥à¦¨â
 ¨¡®«ìè¨© í«¥¬¥â M . � ª ª ª A\ habi = e, â® habi 2M, ¯®íâ®¬ã habi �M . �®áª®«ìªã â ª¦¥
B �M , ¯®«ãç¨¬ a 2M | ¯à®â¨¢®à¥ç¨¥. �«¥¤®¢ â¥«ì®, G| ¤¨áªà¥â ï £àã¯¯  ¡¥§ ªàãç¥¨ï.

�®¯ãáâ¨¬, çâ® G á®¤¥à¦¨â ¯®¤£àã¯¯ã C = hci, A \ C = e. � áá¬®âà¨¬ ¬®¦¥áâ¢® N =
fX 2 L(G) j A \ X = A \ Cg ¨ ®¡®§ ç¨¬ ç¥à¥§ N ¥£®  ¨¡®«ìè¨© í«¥¬¥â. � ª ª ª hai \
haci = e, â® haci 2 N, â. ¥. haci � N . �âáî¤  ¯®«ãç¨¬ hai � N , çâ® ¥¢®§¬®¦®. � ç¨â, ¤«ï
«î¡®© æ¨ª«¨ç¥áª®© ¯®¤£àã¯¯ë C ¨§ G ¤®«¦® ¡ëâì D = A\C 6= e. �®áª®«ìªã £àã¯¯  AOC=D
¯®à®¦¤ ¥âáï í«¥¬¥â ¬¨ aD ¨ cD ª®¥çëå ¯®àï¤ª®¢, â® ®  ª®¥ç  ¨ æ¨ª«¨ç  ¯® «¥¬¬¥ 3.
�® â®£¤  æ¨ª«¨ç¥áª®© ¡ã¤¥â ¨ AOC, â. ¥. à £ G à ¢¥ 1.
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�® â¥®à¥¬¥ 4 ¨§ [3] G|«¨¡® ¯®¤£àã¯¯  ¨§ Q@ , «¨¡® ¯¥à¨®¤¨ç¥áª ï  ¡¥«¥¢  £àã¯¯ , á¨«®¢áª¨¥
¯®¤£àã¯¯ë ª®â®à®© ¨¬¥îâ æ¥¯ãî à¥è¥âªã.

�¡à â®, ¯ãáâì G | ã«ì¬¥à ï £àã¯¯  à £  1. �á«¨ G ¯¥à¨®¤¨ç , â® L = L(G) ¥áâì
ª à¤¨ «ì®¥ ¯à®¨§¢¥¤¥¨¥ à¥è¥â®ª L(Gpi), £¤¥ Li = L(Gpi) | æ¥¯ì (i 2 I) ([3], â¥®à¥¬  7).
�ç¥¢¨¤®, ¢á¥ Li ã¤®¢«¥â¢®àïîâ ãá«®¢¨î sB\. �áâ «®áì ¯®ª § âì, çâ® ãá«®¢¨¥ sB\  á«¥¤ã¥âáï
ª à¤¨ «ìë¬¨ ¯à®¨§¢¥¤¥¨ï¬¨ à¥è¥â®ª.

�ãáâì A =
Q
Ai 2 L, B =

Q
Bi 2 L, £¤¥ Ai; Bi 2 Li (i 2 I). � ª ª ª Li ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î sB\, â® ¬®¦¥áâ¢® Mi = fYi 2 Li j Ai \ Bi = Ai \ Yig á®¤¥à¦¨â  ¨¡®«ìè¨© í«¥¬¥â
Mi. �®«®¦¨¬ M =

Q
i2I

Mi. �¥£ª® ¯à®¢¥à¨âì, çâ® X =
Q
Xi â®£¤  ¨ â®«ìª® â®£¤  ¯à¨ ¤«¥¦¨â

M = fY 2 L(G) j A \ B = A \ Y g, ª®£¤  Xi 2 Mi ¤«ï «î¡®£® i. �âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â
M 2M. �«ï «î¡®£® X =

Q
Xi ¨§M ¨§ à ¢¥áâ¢  Ai\Bi = Ai\Xi (i 2 I) ¢¢¨¤ã ¬ ªá¨¬ «ì®áâ¨

Mi á«¥¤ã¥â Xi �Mi (i 2 I), â. ¥. X �M . �â ª, M |  ¨¡®«ìè¨© í«¥¬¥â ¢ M.

�«ãç © ¤¨áªà¥â®© £àã¯¯ë à áá¬®âà¥ ¢ ¯à¨¬¥à¥ 1.
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