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� à ¡®â¥ ãáâ ­ ¢«¨¢ îâáï ¢ à¨ ­âë ¢â®à®© â¥®à¥¬ë �®£®«î¡®¢  ¤«ï ª¢ §¨«¨­¥©­ëå ¯ à -
¡®«¨ç¥áª¨å ãà ¢­¥­¨©. �á¯®«ì§ãîâáï ¨¤¥¨ ¬¥â®¤  ãáà¥¤­¥­¨ï[1], [2] ¨ â¥®à¨ï ®¯¥à â®à®¢ ¬®­®-
â®­­®£® â¨¯  [3]{[6].

1. �¨¦¥ kx;Xk | ­®à¬  í«¥¬¥­â  x ¢ B-¯à®áâà ­áâ¢¥ X, X� | á®¯àï¦¥­­®¥ ª X ¯à®-
áâà ­áâ¢®, (x; x�) | §­ ç¥­¨¥ äã­ªæ¨®­ «  x� 2 X� ­  í«¥¬¥­â¥ x 2 X, �(X;X�) ¨ �(X�;X) |
á« ¡ë¥ â®¯®«®£¨¨ ­  X ¨ X�, ¯®à®¦¤ ¥¬ë¥ ä®à¬®© (�; �); �X(M1;M2) | ãª«®­¥­¨¥ ¬­®¦¥áâ¢ 
M1 � X ®â ¬­®¦¥áâ¢  M2 � X ¢ ¬¥âà¨ª¥ X : �X(M1;M2) = sup

x12M1

inf
x22M2

kx1 � x2;Xk; Lp(Q;X)

(1 � p � 1) | ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå ¯® �¥¡¥£ã{�®å­¥àã ­  ¬­®¦¥áâ¢¥ Q � R
k äã­ªæ¨©

á® §­ ç¥­¨ï¬¨ ¢ B-¯à®áâà ­áâ¢¥ X, ­®à¬  ¢ Lp(Q;X) ®¯à¥¤¥«ï¥âáï áâ ­¤ àâ­ë¬ ®¡à §®¬ ([3],
á. 154); ª ª ®¡ëç­®, á®¢¯ ¤ îé¨¥ ¯®çâ¨ ¢áî¤ã (¯. ¢.) ®â­®á¨â¥«ì­® k-¬¥à­®© «¥¡¥£®¢®© ¬¥àë
mesk äã­ªæ¨¨ ®â®¦¤¥áâ¢«ïîâáï; C(T;X) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ T = [0; !]
(0 < ! < 1) äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ X; Cw(T;X) | ¯à®áâà ­áâ¢® á« ¡®-­¥¯à¥àë¢­ëå ­ 
T äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ X, ®¯à¥¤¥«ïîé ï â®¯®«®£¨î ¢ Cw(T;X) á¨áâ¥¬  ¯®«ã­®à¬ k � kl
§ ¤ ¥âáï à ¢¥­áâ¢®¬

kykl = maxfjl(y(t))j; t 2 Tg; l 2 X�;

X1�X2 { ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥B-¯à®áâà ­áâ¢X1,X2; ¥á«¨X1,X2 ¢«®¦¥­ë ¢ «®ª «ì­® ¢ë¯ãª«®¥
¯à®áâà ­áâ¢® X0, â® á X1, X2 á¢ï§ ­ë B-¯à®áâà ­áâ¢  X1 + X2 ¨ X1 \ X2 ([3], á. 22-24). �á¥
¡ ­ å®¢ë ¯à®áâà ­áâ¢  à áá¬ âà¨¢ îâáï ­ ¤ ¯®«¥¬ R ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«; Rn | n-¬¥à­®¥
¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®, x � y = x1y1 + � � � + xnyn | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ x =
(x1; : : : ; xn), y = (y1; : : : ; yn) ¨§ Rn .

�ãáâì § ¤ ­ë à¥ä«¥ªá¨¢­®¥ á¥¯ à ¡¥«ì­®¥ B-¯à®áâà ­áâ¢® V á ­®à¬®© k � k ¨ £¨«ì¡¥àâ®¢®
¯à®áâà ­áâ¢®H á ­®à¬®© j�j, V ­¥¯à¥àë¢­® ¨ ¯«®â­® ¢«®¦¥­® ¢H. �à®áâà ­áâ¢®H ®â®¦¤¥áâ¢«ï-
¥âáï á á®¯àï¦¥­­ë¬ ¥¬ã H�,   H� = H | á ­¥ª®â®àë¬ ¯®¤¯à®áâà ­áâ¢®¬ á®¯àï¦¥­­®£® ª V
¯à®áâà ­áâ¢  V �. �¨á«® (v; v�) ®§­ ç ¥â ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ í«¥¬¥­â®¢ v� ¨ v ¨§ H, ¨
§­ ç¥­¨¥ äã­ªæ¨®­ «  v� ¨§ V � ­  í«¥¬¥­â¥ v 2 V .

�¨á«ã p ¨§ ¯à®¬¥¦ãâª  [2;1), ®âà¥§ªã T = [0; !] ¨ ¯ à¥ V; H á®¯®áâ ¢¨¬ ¡ ­ å®¢ë ¯à®áâà ­-
áâ¢  Y1 = Lp(T; V ), Y2 = L1(T;H), Z1 = Lq(T; V �) (q = p=(p � 1)), Z2 = L1(T;H), Y = Y1 \ Y2,
Z = Z1 + Z2. �à®áâà ­áâ¢® Y (Y1) ¬®¦­® ¨¤¥­â¨ä¨æ¨à®¢ âì á á®¯àï¦¥­­ë¬ ª ¯à®áâà ­áâ¢ã
Z (Z1) ¯®áà¥¤áâ¢®¬ ¡¨«¨­¥©­®© ä®à¬ë hy; zi =

R
T

(y(t); z(t))dt. �â ­¤ àâ­ë¬ ®¡à §®¬ ®¯à¥¤¥-

«ïîâáï á« ¡ë¥ â®¯®«®£¨¨ �(Y;Z), �(Z; Y ) ­  ¯à®áâà ­áâ¢ å Y , Z á®®â¢¥âáâ¢¥­­®. �­®¦¥áâ¢®
M � L1(T;H) ­ §®¢¥¬ à ¢­®¬¥à­® áã¬¬¨àã¥¬ë¬, ¥á«¨

R
e

jz(t)jdt �  (mes1 e) ¤«ï ¢áïª¨å z ¨§ M

¨ ¨§¬¥à¨¬ëå ¬­®¦¥áâ¢ e � T (§¤¥áì mes1 e | «¥¡¥£®¢  ¬¥à  ¬­®¦¥áâ¢  e),  (t)! 0 ¯à¨ t! 0.
�­®¦¥áâ¢® K � Z ¡ã¤¥¬ ­ §ë¢ âì �-®£à ­¨ç¥­­ë¬, ¥á«¨ ­ ©¤ãâáï â ª¨¥ ¬­®¦¥áâ¢  K1 � Z1,
K2 � Z2, çâ® K � K1 +K2, K1 ®£à ­¨ç¥­® ¢ Z1, K2 à ¢­®¬¥à­® áã¬¬¨àã¥¬®. �®áâ â®ç­®¥ ãá«®-
¢¨¥ �-®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  K � Z | ®£à ­¨ç¥­­®áâì K ¢ ¯à®áâà ­áâ¢¥ Z1+Lr(T;H) ¯à¨
­¥ª®â®à®¬ r > 1.
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�®«®¦¨¬ W = fy j y 2 Y; y0 2 Zg. � ¢¥­áâ¢® y0 + z = 0 ®§­ ç ¥â, çâ® hy; '0vi = h'v; zi ¯à¨
«î¡ëå ' ¨§ C10 (T ) ¨ v ¨§ V . �« áá W ¢«®¦¥­ ¢ C(T;H) ([3], á. 177; [7]); íâ® ¯®§¢®«ï¥â ¢¢¥áâ¨
¯®­ïâ¨¥ §­ ç¥­¨ï äã­ªæ¨¨ y ¨§ W ¢ ª ¦¤®© â®çª¥ ®âà¥§ª  T . �¥à¥§ W0 ®¡®§­ ç ¥âáï ç áâì W ,
á®áâ®ïé ï ¨§ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ¯¥à¨®¤¨ç­®áâ¨ y(0) = y(!).

�«¥¤ãï [7], ®¡®§­ ç¨¬ ç¥à¥§ �1(Y;Z) á®¢®ªã¯­®áâì ®¯¥à â®à®¢ A : Y � [0; 1] ! Z, ã¤®¢«¥â¢®-
àïîé¨å ãá«®¢¨ï¬:

1) ¤«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M � Y ¬­®¦¥áâ¢® A(M � [0; 1]) = fz j z =
A(y; �); y 2M; � 2 [0; 1]g �-®£à ­¨ç¥­® ¢ ¯à®áâà ­áâ¢¥ Z;

2) ¤«ï ¯à®¨§¢®«ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© yi 2W0, �i 2 [0; 1], ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨

yi ! y ¢ �(Y;Z); yi ! y ¢ Cw(T;X); �i ! � ¢ R;

zi = A(yi; �i)! z ¢ �(Y;Z); lim
i!1

hyi; zii � hy; zi;
(1)

¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® z = A(y; �) ¨ áå®¤¨¬®áâì yi ! y ¢ ¬¥âà¨ª¥ Y1.
�á«®¢¨ï 1), 2) ¢ëà ¦ îâ ­¥ª®â®àë¥ ãá¨«¥­¨ï á¢®©áâ¢ ®£à ­¨ç¥­­®áâ¨ ¨ § ¬ª­ãâ®áâ¨ ®¯¥-

à â®à  A. �¥à¢®¥ âà¥¡®¢ ­¨¥ ¢ë¯®«­¥­®, ¥á«¨, ­ ¯à¨¬¥à, ®¯¥à â®à A ¤¥©áâ¢ã¥â ¨ ®£à ­¨ç¥­ ¨§
Y � [0; 1] ¢ Z1+Lr(T;H), r > 1. �®«¥¥ á«®¦­ë¬ ¤«ï ¯à®¢¥àª¨ ®ª §ë¢ ¥âáï âà¥¡®¢ ­¨¥ ãá¨«¥­­®©
§ ¬ª­ãâ®áâ¨ ®¯¥à â®à  A [7].

� àï¤ã á �1(Y;Z) ¤ «¥¥ ¨á¯®«ì§ã¥âáï ª« áá �(Y;Z), á®áâ®ïé¨© ¨§ ®¯¥à â®à®¢ A0 : Y ! Z,
¤«ï ª®â®àëå ¯®áâ®ï­­®¥ ¯® � ®â®¡à ¦¥­¨¥ A(�; �) � A0, � 2 [0; 1], ¯à¨­ ¤«¥¦¨â ª« ááã �1(Y;Z).
�ç¥¢¨¤­®, ¥á«¨ A 2 �1(Y;Z), â® ¯à¨ «î¡®¬ � ¨§ [0; 1] ®¯¥à â®à A(�; �) : Y ! Z ¯à¨­ ¤«¥-
¦¨â ª« ááã �(Y;Z). �ãé¥áâ¢¥­­ãî à®«ì ­¨¦¥ ¨£à ¥â ª« áá S(V ), á®áâ®ïé¨© ¨§ ®â®¡à ¦¥­¨©
A : V ! V �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬: 1) ¤«ï ª ¦¤®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M � V
á®®â¢¥âáâ¢ãîé ï ®¡« áâì §­ ç¥­¨© A(M) ¥áâì ®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  V �;
2) ¤«ï ¯à®¨§¢®«ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ vi 2 V , ®¡« ¤ îé¥© á¢®©áâ¢ ¬¨ vi ! v ¢ �(V; V �),
v�i = A(vi) ! v� ¢ �(V �; V ), lim

i!1
(vi; v�i ) � (v; v�), ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢® v� = A(v) ¨ áå®¤¨¬®áâì

vi ! v ¢ ¬¥âà¨ª¥ V . �«¨§ª¨¥ ª« ááë ®â®¡à ¦¥­¨© ¢¢®¤¨«¨áì ¬­®£¨¬¨  ¢â®à ¬¨ (­ ¯à., [3],
[5]{[7] ¨ ¯à¨¢¥¤¥­­ ï â ¬ ¡¨¡«¨®£à ä¨ï).

�â®¡à ¦¥­¨ï ª« áá  S(V ) ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§­¨ª îâ ¯à¨ ãáà¥¤­¥­¨¨ ®¯¥à â®à®¢
ª« áá  �(Y;Z) [7]. �¬¥­­®, ¢¢¥¤¥¬ ®¯¥à â®à Mt : L1(T; V �) ! V �, ¯®« £ ï Mtz = 1

!

R
T

z(t)dt;

á®åà ­¨¬ ®¡®§­ ç¥­¨¥ Mt ¨ §  áã¦¥­¨¥¬ íâ®£® ®¯¥à â®à  ­  ¯à®áâà ­áâ¢® Z. � ¦¤ë© í«¥¬¥­â
v ¨§ V ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯®áâ®ï­­ãî äã­ªæ¨î ª« áá  Y ¨ ­ ®¡®à®â. �â® ¯®§¢®«ï¥â
®â®¦¤¥áâ¢¨âì ¯à®áâà ­áâ¢® V á ¯®¤¯à®áâà ­áâ¢®¬ Y , á®áâ®ïé¨¬ ¨§ ¯®áâ®ï­­ëå ­  T äã­ªæ¨©
á® §­ ç¥­¨ï¬¨ ¢ ¯à®áâà ­áâ¢¥ V . �  ¯à®áâà ­áâ¢¥ V � Y ­®à¬ë k�k, k�;Y k íª¢¨¢ «¥­â­ë. �ãáâì

A0 2 �(Y;Z),
�

A0 = MtA0. �â®¡à ¦¥­¨¥
�

A0 ­ §®¢¥¬ ãáà¥¤­¥­¨¥¬ ®¯¥à â®à  A0; ¨§ à¥§ã«ìâ â®¢

[7] ¢ëâ¥ª ¥â ¢ª«îç¥­¨¥
�

A0 2 S(V ).
�«ï ®â®¡à ¦¥­¨© ª« áá  S(V ) ¢¢¥¤¥¬ ¯®­ïâ¨¥ áâ¥¯¥­¨. �ãáâì E | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®-

áâà ­áâ¢® ¯à®áâà ­áâ¢  V , ­ ¤¥«¥­­®¥ áâàãªâãà®© ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ , jE : E ! V | ®¯¥-
à â®à ¢«®¦¥­¨ï E ¢ V , j�E : V � ! E | á®¯àï¦¥­­ë© ª ­¥¬ã ®¯¥à â®à. �¯¥à â®àã A ª« áá  S(V )
á®¯®áâ ¢¨¬ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ AE = j�EAjE : E ! E. �á«¨ G | ®£à ­¨ç¥­­ ï ®¡« áâì ¢
¯à®áâà ­áâ¢¥ V ¨ ®â®¡à ¦¥­¨¥ A ­¥¢ëà®¦¤¥­® ­  £à ­¨æ¥ @G ®¡« áâ¨ G, â. ¥. 0 =2 A(@G), â® áã-
é¥áâ¢ã¥â â ª®¥ ª®­¥ç­®¬¥à­®¥ ¯à®áâà ­áâ¢® E0, çâ® ¤«ï «î¡®£® ª®­¥ç­®¬¥à­®£® ¯à®áâà ­áâ¢ 
E � E0, E � V , ®â®¡à ¦¥­¨¥ AE ­¥¢ëà®¦¤¥­® ­  @(G \E) ¨ ¢à é¥­¨¥ 
(AE ;G \E) ¢¥ªâ®à­®£®
¯®«ï AE ­  @(G \E) ®¤¨­ ª®¢® ¤«ï ¢á¥å â ª¨å ¯à®áâà ­áâ¢. �¨á«® 
(AE ;G \E) ­ §ë¢ îâ ([6],
á. 55) áâ¥¯¥­ìî ®â®¡à ¦¥­¨ï ¬­®¦¥áâ¢  G = G [ @G ®â­®á¨â¥«ì­® â®çª¨ 0 2 V � ¨ ®¡®§­ ç îâ
á¨¬¢®«®¬ 
(A;G). �­®¦¥áâ¢® N � V ­ §ë¢ îâ ®á®¡ë¬ ¤«ï ®â®¡à ¦¥­¨ï A, ¥á«¨ ª ¦¤ë© í«¥-
¬¥­â v ¨§ N ¥áâì ®á®¡ ï â®çª  A, â. ¥. A(v) = 0. �á®¡®¥ ¬­®¦¥áâ¢® ¨§®«¨à®¢ ­®, ¥á«¨ ­¥ª®â®à ï
¥£® ®ªà¥áâ­®áâì ­¥ ¯¥à¥á¥ª ¥âáï á ¤àã£¨¬¨ ®á®¡ë¬¨ ¬­®¦¥áâ¢ ¬¨. �â¥¯¥­ì 
(A;G) ­¥ § ¢¨á¨â
®â ¢ë¡®à  ¯®¤®¡­®© ®ªà¥áâ­®áâ¨ G; ¥¥ ­ §ë¢ îâ ¨­¤¥ªá®¬ ®á®¡®£® ¬­®¦¥áâ¢  N ¨ ®¡®§­ ç îâ
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á¨¬¢®«®¬ ind(N;A).
�®­ïâ¨¥ ¨­¤¥ªá  ®ª §ë¢ ¥âáï ¯®«¥§­ë¬ ¯à¨ ¨§ãç¥­¨¨ ¯¥à¨®¤¨ç¥áª®© ªà ¥¢®© § ¤ ç¨

y0 + �A(y; �) = 0; y(0) = y(!); (2)

£¤¥ � 2 [0; 1], A | ®¯¥à â®à ª« áá  �1(Y;Z). �¥è¥­¨¥¬ § ¤ ç¨ (2) ¯à¨ � > 0 ­ §®¢¥¬ äã­ªæ¨î

y ª« áá  W0; ¬­®¦¥áâ¢® â ª¨å à¥è¥­¨© ®¡®§­ ç¨¬ ç¥à¥§ N�. �â®¡à ¦¥­¨¥ A =
�

A(�; 0) ¯à¨-
­ ¤«¥¦¨â ª« ááã S(V ), ¬­®¦¥áâ¢® ¥£® ®á®¡ëå â®ç¥ª ®¡®§­ ç¨¬ á¨¬¢®«®¬ N0. �ç¥¢¨¤­®, çâ®
¬­®¦¥áâ¢  N� (� 2 [0; 1]) ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯®¤¬­®¦¥áâ¢  W0 � Y ; í«¥¬¥­âë v ¨§ N0

áãâì ª¢ §¨áâ â¨ç¥áª¨¥ à¥è¥­¨ï ãáà¥¤­¥­­®£® ãà ¢­¥­¨ï y0 + �A(y) = 0.

�à¥¤«®¦¥­¨¥ 1 ([7]). �ãáâì @G | £à ­¨æ  ®£à ­¨ç¥­­®© ®¡« áâ¨ G � V , 
 | ®£à ­¨ç¥­-

­ ï ®¡« áâì ¢ Y ¨ 
 \ V = G, N� = 
 \N�; �Y (M1;M2) | ãª«®­¥­¨¥ ¬­®¦¥áâ¢  M1 � Y ®â

¬­®¦¥áâ¢  M2 � Y ¢ ¬¥âà¨ª¥ ¯à®áâà ­áâ¢  Y . �ãáâì A = �1(Y;Z), ®â®¡à ¦¥­¨¥ A =
�

A(�; 0)
­¥¢ëà®¦¤¥­® ­  @G ¨ 
(A;G) 6= 0. �®£¤  ­ ©¤¥âáï â ª®¥ "0 > 0, çâ® N� 6= ; ¯à¨ 0 � � � "0 ¨
�Y (N�; N0)! 0 ¯à¨ �! 0.

�®£« á­® ¯à¥¤«®¦¥­¨î 1, ¯à¥¤áâ ¢«ïîé¥¬ã ¢ à¨ ­â ¢â®à®© â¥®à¥¬ë �®£®«î¡®¢  ([1], á. 445),
ª ¦¤ë© ¯à¨§­ ª ®â«¨ç¨ï ®â ­ã«ï áâ¥¯¥­¨ 
(A;G) ­¥ â®«ìª® ®¡¥á¯¥ç¨¢ ¥â ­¥¯ãáâ®âã ¬­®¦¥áâ¢ 
®á®¡ëå â®ç¥ª ®â®¡à ¦¥­¨ï A ¢ ®¡« áâ¨ G, ­® ¨ £ à ­â¨àã¥â áãé¥áâ¢®¢ ­¨¥ ¯¥à¨®¤¨ç¥áª¨å à¥-
è¥­¨© § ¤ ç¨ (2) ¯à¨ ¤®áâ â®ç­® ¬ «ëå � > 0. �«ï ¥£® ¯à¨¬¥­¥­¨ï ¯®«¥§­® à á¯®« £ âì á®-
¤¥à¦ â¥«ì­ë¬¨ ¯à¨¬¥à ¬¨ ®¯¥à â®à®¢ ª« áá  �1(Y;Z) ¨ íää¥ªâ¨¢­ë¬¨ á¯®á®¡ ¬¨ ¯à®¢¥àª¨
¯à¥¤¯®«®¦¥­¨ï 
(A;G) 6= 0. �­ «¨§ã ¢®§­¨ª îé¨å §¤¥áì ¢®¯à®á®¢ ¯®á¢ïé¥­ë ¯¯. 2, 3.

2. �ãáâì D | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn ,
�

W 1
p(D), p � 2, | ¯à®áâà ­áâ¢® �®¡®«¥¢  ([4],

á. 13{14) äã­ªæ¨© v : D ! R á ­®à¬®© kv;
�

W 1
pk = krv;Lpk; §¤¥áì ¨ ¤ «¥¥ rv =

�
@v

@x1
; : : : ; @v

@xn

�
|

£à ¤¨¥­â äã­ªæ¨¨ v. �à®áâà ­áâ¢® V =
�

W 1
p(D) ª®¬¯ ªâ­® ¨ ¯«®â­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢®

H = L2(D). � à  ¯à®áâà ­áâ¢ V; H ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¯à®áâà ­áâ¢ 
Y , Z, W , W0 äã­ªæ¨© ­  ®âà¥§ª¥ T = [0; !]. � ç áâ­®áâ¨, ¯à®áâà ­áâ¢® Y = Lp(T; V )\L1(T;H)
¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¯à®áâà ­áâ¢® äã­ªæ¨© ­  æ¨«¨­¤à¥ Q = D � (0; !). �à®áâà ­-
áâ¢® Y ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢® Lp1(Q) ([4], c. 528), £¤¥ p1 = p(n + 2)=n. �¨ªá¨àã-
¥¬ p0 ¨§ (1; p1) ¨ ¯®«®¦¨¬ q0 = p0=(p0 � 1). �®§ì¬¥¬ ç¨á«® p2 < 1 ­ áâ®«ìª® ¡®«ìè¨¬, çâ®
¯à®áâà ­áâ¢® X = Lp(T; V ) \ Lp2(T;H) ¡ã¤¥â ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢® Lp0(Q). �â®
ãá«®¢¨¥ £ à ­â¨àã¥â ­¥¯à¥àë¢­®áâì ¢«®¦¥­¨ï Lq0(Q) ¢ ¯à®áâà ­áâ¢® X� = Lq(T; V �)+Lq2(T;H)
(q2 = p2=(p2 � 1) > 1).

�¢¥¤¥¬ ®â®¡à ¦¥­¨¥ f : Q� R
n+1 � [0; 1] ! R

n ¨ äã­ªæ¨î g : Q� R
n+1 � [0; 1] ! R, ã¤®¢«¥-

â¢®àïîé¨¥ ãá«®¢¨ï¬:
a1) ¤«ï ª ¦¤®£® í«¥¬¥­â  (�; �; �) ¨§ R

n+1 � [0; 1] ®â®¡à ¦¥­¨¥ f(�; �; �; �; �) ¨ äã­ªæ¨ï
g(�; �; �; �; �) ¨§¬¥à¨¬ë ­  Q ®â­®á¨â¥«ì­® mesn+1; ¤«ï ¯®çâ¨ ¢á¥å (x; t) ¨§ Q ®â®¡à ¦¥­¨¥
f(x; t; �; �; �) ¨ äã­ªæ¨ï g(x; t; �; �; �) ­¥¯à¥àë¢­ë ­  Rn+1 � [0; 1];

a2) á¯à ¢¥¤«¨¢ë âà¨ ­¥à ¢¥­áâ¢ 

jf(x; t; �; �; �)jq + jg(x; t; �; �; �)jq0 � k0j�j
p + k0j�j

p0 + '0(x; t); (3)

�f(x; t; �; �; �) � k1j�j
p � k0j�j

p0 � '1(x; t); (4)

(�1 � �0)(f(x; t; �; �1; �)� f(x; t; �; �0; �)) > 0; (5)

¢ ª®â®àëå ki 2 (0;1), 'i 2 L1(Q), �i 2 Rn , �0 6= �1, i = 0; 1.
�á«®¢¨¥ a1) á®¢¯ ¤ ¥â á ª« áá¨ç¥áª¨¬ ãá«®¢¨¥¬ � à â¥®¤®à¨. �¥à ¢¥­áâ¢  (3), (4) ¯à¥¤áâ -

¢«ïîâ ®æ¥­ª¨ à®áâ  ®â®¡à ¦¥­¨ï f ¨ äã­ªæ¨¨ g; ­¥à ¢¥­áâ¢® (5) ®§­ ç ¥â áâà®£ãî ¬®­®â®­­®áâì
®â®¡à ¦¥­¨ï f(x; t; �; �; �) : Rn ! R

n .
�¯à¥¤¥«¨¬ ­  ¯à®áâà ­áâ¢¥ Y � [0; 1] ®¯¥à â®à B(y; �) = g(�; �; y;rxy; �). �§ ­¥à ¢¥­áâ¢  (3)

á«¥¤ã¥â, çâ® ®¯¥à â®à B ¤¥©áâ¢ã¥â ¨§ Y � [0; 1] ¢ Lq0(Q) ¨ ®£à ­¨ç¥­. � ª ª ª Lq0(Q) ­¥¯à¥àë¢­®
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¢«®¦¥­® ¢ ¯à®áâà ­áâ¢® X� = Lq(T; V �) + Lq2(T;H), â® ¤«ï «î¡®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢ 
M � Y á®®â¢¥âáâ¢ãîé¥¥ ¬­®¦¥áâ¢® B(M�[0; 1]) ®£à ­¨ç¥­® ¢ X�,   á«¥¤®¢ â¥«ì­®, B(M�[0; 1])
¥áâì �-®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® ¯à®áâà ­áâ¢  Z; ¢ íâ®¬ á¬ëá«¥ ®¯¥à â®à B : Y � [0; 1] ! Z
�-®£à ­¨ç¥­.

�¥¬¬  1. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ yi ¨§ W0 ¨ �i ¨§ [0; 1] ®¡« ¤ îâ á¢®©áâ¢ ¬¨ (1).
�ãáâì (�; �) | áâ ­¤ àâ­ ï ¡¨«¨­¥©­ ï ä®à¬  ­  Lp0(Q) � Lq0(Q), ®¯à¥¤¥«ïîé ï ¤¢®©áâ¢¥­-

­®áâì ¬¥¦¤ã Lp0(Q), Lq0(Q), ¨ B(yi; �i)! b ¢ �(Lq0 ; Lp0). �®£¤  (yi; B(yi; �i))! (y; b).

�®ª § â¥«ìáâ¢®. �å®¤¨¬®áâì yi ! y ¢ �(Y;Z) ¨ Cw(T;H) ¢ á®¥¤¨­¥­¨¨ c ª®¬¯ ªâ­®áâìî
¢«®¦¥­¨ï V � H ¢«¥ç¥â (­ ¯à., [2], á. 159) áå®¤¨¬®áâì yi ! y ¢ Lp(T;H), ¢ ç áâ­®áâ¨, yi ! y
¯® ¬¥à¥ mesn+1. � ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì yi ®£à ­¨ç¥­  ¢ Lp1(Q) ¨ áå®¤¨âáï ¯® ¬¥à¥ ª y, â®
yi ! y ¢ Lp0(Q). �¥¯¥àì áå®¤¨¬®áâì (yi; B(yi; �i))! (y; b) ®ç¥¢¨¤­ .

�§ ãá«®¢¨© a1), a2) ¢ëâ¥ª ¥â, çâ® ®â®¡à ¦¥­¨¥ f ¯®à®¦¤ ¥â ­¥¯à¥àë¢­ë© ®¯¥à â®à F :
Lp0(Q) � Lp(Q;Rn ) � [0; 1] ! Lq(Q;Rn ), á®¯®áâ ¢«ïîé¨© âà®©ª¥ (v; u; �) äã­ªæ¨î F (v; u; �) =
f(�; �; v; u; �).

�¥¬¬  2. �ãáâì vi 2 L
p0(Q), ui 2 Lp(Q;Rn ), �i 2 [0; 1], ci = F (vi; ui; �i), i = 1; 2; : : : , vi ! v

¢ Lp0(Q), ui ! u ¢ �(Lp; Lq), ci ! c ¢ �(Lq; Lp), �i ! � ¨

lim
i!1

(ui; ci) � (u; c): (6)

�®£¤  ui ! u ¢ Lp(Q;Rn) ¨ c = F (v; u; �).

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ hi = F (vi; u; �i), �i = (ci � hi)(ui � u), �i = ci(ui � u), 
i =
hi(u � ui), i = 1; 2; : : : �ç¥¢¨¤­®, �i = �i + 
i, i = 1; 2; : : : �®á«¥¤®¢ â¥«ì­®áâì 
i áå®¤¨âáï ª
­ã«î ¢ �(L1; L1). �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì hi áå®¤¨âáï ¢ Lq(Q),   ui ! u ¢
�(Lp; Lq). �¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

lim
i!1

Z
Q

�i dx dt � lim
i!1

Z
Q

uici dx dt� lim
i!1

Z
Q

uci dx dt � 0;

¨§ ª®â®àëå á«¥¤ã¥â

lim
i!1

Z
Q

(ci � hi)(ui � u)dx dt = lim
i!1

Z
Q

�i(x; t)dx dt = 0:

� á¨«ã (5) äã­ªæ¨¨ �i ­¥®âà¨æ â¥«ì­ë, ¯®íâ®¬ã ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¢«¥ç¥â áå®¤¨¬®áâì �i ª
­ã«î ¢ L1(Q). �®áª®«ìªã uici = �i � 
i + uci, 
i ! 0 ¢ �(L1; L1), �i ! 0 ¢ L1(Q), uci ! uc
¢ �(L1; L1), â® uici ! uc ¢ �(L1; L1). �âáî¤  á«¥¤ã¥â à ¢­®¬¥à­ ï áã¬¬¨àã¥¬®áâì ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ äã­ªæ¨© uici : Q! R,   íâ®, ¢ á¢®î ®ç¥à¥¤ì (¢¢¨¤ã ®æ¥­ª¨ (4) ¨ áå®¤¨¬®áâ¨ vi ! v ¢
Lp0(Q)), ¢«¥ç¥â à ¢­®¬¥à­ãî áã¬¬¨àã¥¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ juijp, i = 1; 2; : : :

�§ áå®¤¨¬®áâ¨ �i ! 0 ¢ L1(Q) á«¥¤ã¥â áå®¤¨¬®áâì �i ª ­ã«î ¯® ¬¥à¥. �âáî¤  ¢ëâ¥ª ¥â, çâ®
­¥ª®â®à ï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ �i áå®¤¨âáï ª ­ã«î ¯. ¢. �à®¨§¢®¤ï ¯¥à¥-
­ã¬¥à æ¨î, ¬®¦­® ãª § âì â ª®¥ ¬­®¦¥áâ¢® Q0 � Q, çâ® mesn+1Q0 = mesn+1Q ¨ ¯à¨ (x; t) 2 Q0

¢ë¯®«­ïîâáï ãá«®¢¨ï �i(x; t) ! 0, vi(x; t) ! v(x; t), ¯®á«¥¤®¢ â¥«ì­®áâì ui(x; t) ®£à ­¨ç¥­ ,
ju(x; t)j <1, ®â®¡à ¦¥­¨¥ f(x; t; �; �; �) : Rn+1 � [0; 1] ! R

n ­¥¯à¥àë¢­®. �§ ¯¥à¥ç¨á«¥­­ëå ¯à¥¤-
¯®«®¦¥­¨© ¨ ­¥à ¢¥­áâ¢  (5) áâ ­¤ àâ­ë¬ ®¡à §®¬ (­ ¯à., [6], á. 13{19) ¢ë¢®¤¨âáï áå®¤¨¬®áâì
ui(x; t) ª u(x; t) ­  Q0.

�à®¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï ¯®ª §ë¢ îâ, çâ® ¤«ï «î¡®£® ¡¥áª®­¥ç­®£® ¬­®¦¥áâ¢  I ­ âãà «ì-
­ëå ç¨á¥« áãé¥áâ¢ã¥â â ª ï ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì im 2 I, ¤«ï ª®â®à®© uim(x; t) ¯. ¢.
­  Q áå®¤¨âáï ª u(x; t). �â® ¢®§¬®¦­® «¨èì ¢ á«ãç ¥, ª®£¤  ui ! u ¯® ¬¥à¥ mesn+1. �®á«¥¤®¢ -
â¥«ì­®áâì jui � ujp áå®¤¨âáï ª ­ã«î ¢ L1(Q), ¯®áª®«ìªã ®­  áå®¤¨âáï ª ­ã«î ¯® ¬¥à¥ ¨ ¢ á¨«ã
®æ¥­ª¨ jui � ujp � 2p�1(juijp+ jujp) à ¢­®¬¥à­® áã¬¬¨àã¥¬ . �âáî¤  á«¥¤ãîâ áå®¤¨¬®áâì ui ! u
¢ Lp(Q) ¨ à ¢¥­áâ¢® c = F (v; u; �).
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�¢¥¤¥¬ ®¯¥à â®à C : Y � [0; 1] ! Z, ¯®« £ ï C(y; �) = �divF (y;rxy; �). �®«¥¥ â®ç­®, z =
C(y; �), ¥á«¨ ¢¥ªâ®à-äã­ªæ¨ï c = F (y;rxy; �) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

hw; zi =
Z
Q

rxw(x; t)c(x; t)dx dt; w 2 Y:

� ­­®¥ à ¢¥­áâ¢® ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª á®®â­®è¥­¨¥ z(�; t) = �div c(�; t), ¯®­¨¬ ¥¬®¥ ¢
á¬ëá«¥ â¥®à¨¨ à á¯à¥¤¥«¥­¨©. �¯¥à â®à C ¤¥©áâ¢ã¥â ¨ ®£à ­¨ç¥­ ¨§ Y � [0; 1] ¢ Z1, ¯®íâ®¬ã C
¥áâì �-®£à ­¨ç¥­­ë© ®¯¥à â®à.

�¡®§­ ç¨¬ ç¥à¥§ A áã¬¬ã ¢¢¥¤¥­­ëå ¢ëè¥ ®¯¥à â®à®¢ B, C. �ç¥¢¨¤­®, A = B + C ¥áâì
�-®£à ­¨ç¥­­ë© ®¯¥à â®à.

�¥®à¥¬  1. �ãáâì ®â®¡à ¦¥­¨¥ f ¨ äã­ªæ¨ï g ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ a1), a2). �®£¤ 
®¯¥à â®à A : Y � [0; 1]! Z ¯à¨­ ¤«¥¦¨â ª« ááã �1(Y;Z).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à®¢¥à¨âì ãá¨«¥­­ãî § ¬ª­ãâ®áâì ®¯¥à â®à  A. �ãáâì yi 2
W0, �i 2 [0; 1], zi = A(yi; �i) ¨ ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï (1). �âáî¤  ¯®  ­ «®£¨¨ á ¤®ª § â¥«ì-
áâ¢®¬ «¥¬¬ë 1 á«¥¤ã¥â áå®¤¨¬®áâì yi ! y ¢ Lp0(Q). � ª ª ª zi = B(yi; �i) + C(yi; �i), â®

hw; zii =
Z
Q

(wB(yi; �i) +rxWci)dx dt; (7)

£¤¥ w 2 Y , ci = F (yi;rxyi; �i). �®á«¥¤®¢ â¥«ì­®áâ¨ ci, B(yi; �i), ui = rxyi ª®¬¯ ªâ­ë ¢ â®¯®«®-
£¨ïå �(Lq; Lp), �(Lq0 ; Lp0) ¨ �(Lp; Lq) á®®â¢¥âáâ¢¥­­®. �¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì,
çâ® ci ! c, B(yi; �i)! b, ui ! u ¢ á®®â¢¥âáâ¢ãîé¨å â®¯®«®£¨ïå. �®« £ ï ¢ (7) w = yi, ¯à¨å®¤¨¬
¢ á¨«ã «¥¬¬ë 1 ª ­¥à ¢¥­áâ¢ã (6). �®£« á­® «¥¬¬¥ 2 ®âáî¤  ¢ëâ¥ª îâ áå®¤¨¬®áâì ui = rxyi ¢
¬¥âà¨ª¥ Lp(Q) ª u = rxy ¨ à ¢¥­áâ¢® c = F (y;rxy; �). �®á«¥¤®¢ â¥«ì­®áâì B(yi; �i) áå®¤¨âáï ª
B(y; �) ¢ ¬¥âà¨ª¥ Lq0(Q). �®®â­®è¥­¨¥ (7) ¢«¥ç¥â à ¢¥­áâ¢® z = A(y; �). �â ª, yi ! y ¢ ¬¥âà¨ª¥
Y1 ¨ z = A(y; �).

3. �à¨¬¥­¨¬ ¯à¥¤è¥áâ¢ãîé¨¥ à¥§ã«ìâ âë ª ¯¥à¨®¤¨ç¥áª®© ªà ¥¢®© § ¤ ç¥

@y

@t
� �div f(x; t; y;rxy; �) + �g(x; t; y;rxy; �) = 0; (8)

y(x; t) = 0; x 2 @D; t 2 T; (9)

y(x; 0) = y(x; !); x 2 D: (10)

� ª ¨ ¢ ¯. 2, D | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ R
n , � 2 [0; 1], Q = D � (0; !), ®â®¡à ¦¥­¨¥ f :

Q � R
n+1 � [0; 1] ! R

n ¨ äã­ªæ¨ï g : Q � R
n+1 � [0; 1] ! R ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ a1), a2);

V =
�

W 1
p(D), H = L2(D), Y = Lp(T; V ) \ L1(T;H), p � 2; ®¯¥à â®à A ®¯à¥¤¥«¥­ ­  Y � [0; 1]

à ¢¥­áâ¢®¬
A(y; �) = �div f(�; �; y;rxy; �) + g(�; �; y;rxy; �):

�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (8){(10) ¤ «¥¥ ¯®­¨¬ ¥âáï à¥è¥­¨¥ y § ¤ ç¨ (2), ¨­â¥à¯à¥â¨àã¥¬®¥ ª ª
äã­ªæ¨ï ­  æ¨«¨­¤à¥ Q. � ­­®¥ ®¯à¥¤¥«¥­¨¥ á®£« áã¥âáï á ¯à¨­ïâë¬ ¢ â¥®à¨¨ ª¢ §¨«¨­¥©­ëå
¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¯®­ïâ¨¥¬ ®¡®¡é¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (8) (­ ¯à., [3], á. 179{187;
[4], á. 528{529; [8]).

�®«®¦¨¬
�

f(x; �; �) =
1
!

Z
T

f(x; t; �; �; 0)dt;
�
g(x; �; �) =

1
!

Z
T

g(x; t; �; �; 0)dt:

� ª ­¥âàã¤­® ¢¨¤¥âì, ®â®¡à ¦¥­¨¥
�

f : D � R
n+1 ! R

n ¨ äã­ªæ¨ï
�
g : D � R

n+1 ! R
n ã¤®¢«¥â¢®-

àïîâ ãá«®¢¨î � à â¥®¤®à¨; á¯à ¢¥¤«¨¢ë ¥áâ¥áâ¢¥­­ë¥  ­ «®£¨ ­¥à ¢¥­áâ¢ (3){(5). �áà¥¤­¥­¨¥

A =
�

A(�; 0) ®¯¥à â®à  A(�; 0) ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­® à ¢¥­áâ¢®¬

A(v) = �div
�

f(�; v;rv) +
�
g(�; v;rv); v 2 V: (11)
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�­ ç¥ £®¢®àï, v� = A(v) | äã­ªæ¨®­ « ­  ¯à®áâà ­áâ¢¥ V =
�

W 1
p(D), ®¯à¥¤¥«ï¥¬ë© á®®â­®è¥-

­¨¥¬
(w; v�) =

Z
D

(
�
g(�; v;rv)w +

�

f(�; v;rv)rw)dx; w 2 V:

�á®¡ë¥ â®çª¨ ®¯¥à â®à  A á®¢¯ ¤ îâ á ®¡®¡é¥­­ë¬¨ à¥è¥­¨ï¬¨ ªà ¥¢®© § ¤ ç¨

�div
�

f(�; v;rv) + g(�; v;rv) = 0; v
��
@D

= 0; (12)

¨å ¬®¦­® à áá¬ âà¨¢ âì ª ª ª¢ §¨áâ â¨ç¥áª¨¥ à¥è¥­¨ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï y0 +
�A(y) = 0. �®¤ ¨­¤¥ªá®¬ ¨§®«¨à®¢ ­­®£® à¥è¥­¨ï v0 § ¤ ç¨ (12) ­¨¦¥ ¯®­¨¬ ¥âáï ¨­¤¥ªá
ind(v0;A) ®á®¡®© â®çª¨ v0 ®â®¡à ¦¥­¨ï A;  ­ «®£¨ç­ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¨­¤¥ªá ind(N;A)
¨§®«¨à®¢ ­­®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  N à¥è¥­¨© § ¤ ç¨ (12).

�¥®à¥¬  2. �ãáâì v0 | ¨§®«¨à®¢ ­­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ (12) ¨ ind(v0;A) 6= 0. �®£¤ 
­ ©¤¥âáï â ª®¥ "0 > 0, çâ® ¯à¨ 0 < � � "0 § ¤ ç  (8){(10) ¨¬¥¥â à¥è¥­¨¥ y�, ¤«ï ª®â®à®£®

lim
�!0

ky� � v0;Y k = 0:

�®ª § â¥«ìáâ¢®. � ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ G = fy j y 2 V; ky � v0;Y k < �g â®çª¨ v0
­¥â ®â«¨ç­ëå ®â v0 ®á®¡ëå â®ç¥ª ¯®«ï A, á«¥¤®¢ â¥«ì­®, 
(A;G) = ind(v0;A) 6= 0. �á«®¢¨ï
¯à¥¤«®¦¥­¨ï 1 ¢ë¯®«­¥­ë á 
 = fy j y 2 Y; ky � v0;Y k < �g. �®£« á­® íâ®¬ã ¯à¥¤«®¦¥­¨î
¬­®¦¥áâ¢® N� ¯à¨­ ¤«¥¦ é¨å 
 à¥è¥­¨© § ¤ ç¨ (8){(10) ­¥¯ãáâ® ¯à¨ 0 < � � "0 ¨ �Y (N�; v0)!
0 ¯à¨ �! 0. � ª ç¥áâ¢¥ y� ¬®¦­® ¡à âì «î¡®© í«¥¬¥­â ¨§ N�.

�à¥¤¯®«®¦¥­¨¥ ind(v0;A) 6= 0 ¤®¯ãáª ¥â íää¥ªâ¨¢­ãî ¯à®¢¥àªã ([6], á. 66{74). � ¨¡®«¥¥
¯à®áâë¬ ¯à¥¤áâ ¢«ï¥âáï ­¥¢ëà®¦¤¥­­ë© á«ãç ©, ª®£¤  ®â®¡à ¦¥­¨¥ A : V ! V � ¤¨ää¥à¥­æ¨-
àã¥¬® ¯® �à¥è¥ ¢ â®çª¥ v0 ¨ ãà ¢­¥­¨¥ A0(v0)v = 0 ¨¬¥¥â â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥; ¢ íâ®¬ á«ãç ¥
(¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå) j ind(v0;A)j = 1 ([6], á. 68), çâ® ¨ ®¡¥á¯¥ç¨¢ ¥â
¢®§¬®¦­®áâì ¯à¨¬¥­¥­¨ï â¥®à¥¬ë 2. �á«¨ v1; : : : ; vm | ¨§®«¨à®¢ ­­ë¥ à¥è¥­¨ï § ¤ ç¨ (12) ¨
ind(vi;A) 6= 0, i = 1; : : : ;m, â® ¤«ï ª ¦¤®£® ¨§ à¥è¥­¨© vi áãé¥áâ¢ã¥â áå®¤ïé ïáï ª ­¥¬ã ¢¥â¢ì
à¥è¥­¨© yi� § ¤ ç¨ (8){(10). � ª¨¬ ®¡à §®¬, ¬®¦­® ãáâ ­®¢¨âì áãé¥áâ¢®¢ ­¨¥ ¬­®£¨å à¥è¥­¨©
§ ¤ ç¨ (8){(10) ¯à¨ ¤®áâ â®ç­® ¬ «ëå � > 0.

� â¥®à¥¬¥ 2 à¥è¥­¨¥ v0 § ¤ ç¨ (12) ¯à¥¤¯®« £ ¥âáï ¨§¢¥áâ­ë¬. �à¨¢¥¤¥¬ â¥¯¥àì ãâ¢¥à¦¤¥-
­¨¥, ¢ ª®â®à®¬ ®âáãâáâ¢ãîâ  ¯à¨®à­ë¥ ¯à¥¤¯®«®¦¥­¨ï ® ¬­®¦¥áâ¢¥ à¥è¥­¨© § ¤ ç¨ (12). �ãáâì
0 < R <1, 
 = fy j y 2 Y; ky;Y k < Rg, G = 
\V ; N�, 0 < � � 1, | ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨
(8){(10), N0 | ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ (12), N� = N� \ 
, 0 � � � 1.

�¥®à¥¬  3. �ãáâì ®â®¡à ¦¥­¨¥ A ­¥¢ëà®¦¤¥­® ­  @G ¨ ¤«ï v ¨§ @G ¢ë¯®«­¥­® å®âï ¡ë

®¤­® ¨§ ãá«®¢¨©

1) (v;A(v)) � 0; (13)

2)
A(v)

kA(v)k�
6=

A(�v)
kA(�v)k�

; (14)

£¤¥ k � k� | ­®à¬  ¢ ¯à®áâà ­áâ¢¥ V �. �®£¤  á¯à ¢¥¤«¨¢® § ª«îç¥­¨¥ ¯à¥¤«®¦¥­¨ï 1.

�®ª § â¥«ìáâ¢®. �á«¨ ¢ë¯®«­¥­® (13), â® 
(A;G) = 1 ([6], á. 65). �¥¯¥àì ¤®ª §ë¢ ¥¬ë©
à¥§ã«ìâ â ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥­¨ï 1 ¨ â¥®à¥¬ë 1. �á«¨ ¢ë¯®«­¥­® (14), â® 
(A;G) ¥áâì ­¥ç¥â­®¥
ç¨á«® ([6], á. 65), çâ® ¨ ¢«¥ç¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�®à®è® ¨§¢¥áâ­ë ¯à¥¤¯®«®¦¥­¨ï  «£¥¡à ¨ç¥áª®£® å à ªâ¥à  ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢
®¯¥à â®à  A, ®¡¥á¯¥ç¨¢ îé¨¥ ¢ë¯®«­¥­¨¥ (13) (­ ¯à., [8]). �¥à ¢¥­áâ¢® (14) ¥áâ¥áâ¢¥­­® ¤«ï
®â®¡à ¦¥­¨© á ­¥ç¥â­®© £« ¢­®© ç áâìî; ®¯¥à â®àë ¯®¤®¡­®£® â¨¯  ¢ë¤¥«¥­ë ¢ [5]. �¥à ¢¥­áâ¢ 
(13), (14) å à ªâ¥à¨§ãîâ à §­ë¥ ª« ááë ®â®¡à ¦¥­¨©.

�áâ ­®¢¨¬áï ­  ¢ à¨ ­â¥ â¥®à¥¬ 2, 3 ¤«ï ¯®â¥­æ¨ «ì­ëå ®¯¥à â®à®¢. � ¯®¬­¨¬, çâ® ®â®-
¡à ¦¥­¨¥ A : V ! V � ­ §ë¢ îâ ¯®â¥­æ¨ «ì­ë¬, ¥á«¨ áãé¥áâ¢ã¥â ¤¨ää¥à¥­æ¨àã¥¬ë© ¯® � â®
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äã­ªæ¨®­ « � : V ! R, ¤«ï ª®â®à®£® A(v) = �0(v) (v 2 V ); ¢ íâ®¬ á«ãç ¥ � | ¯®â¥­æ¨ «
®â®¡à ¦¥­¨ï A.

�à¥¤«®¦¥­¨¥ 2 ([9]). �ãáâì ®£à ­¨ç¥­­®¥ ¨§®«¨à®¢ ­­®¥ ®á®¡®¥ ¬­®¦¥áâ¢® N ¯®â¥­æ¨-

 «ì­®£® ®â®¡à ¦¥­¨ï A = �0 ª« áá  S(V ) à¥ «¨§ã¥â  ¡á®«îâ­ë© ¬¨­¨¬ã¬ äã­ªæ¨®­ «  �.
�®£¤  1) ¨¬¥¥â á¬ëá« ¨ ª®­¥ç­  í©«¥à®¢  å à ªâ¥à¨áâ¨ª  X (N) ¬­®¦¥áâ¢  N; 2) á¯à ¢¥¤«¨-
¢® à ¢¥­áâ¢® ind(N;A) = X (N).

�§ ¯à¥¤«®¦¥­¨© 1, 2 ¨ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â

�¥®à¥¬  4. �ãáâì ®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬ (11) ®â®¡à ¦¥­¨¥ A ¯®â¥­æ¨ «ì­® ¨ äã­ªæ¨-

®­ « � { ¥£® ¯®â¥­æ¨ «. �ãáâì N | ®£à ­¨ç¥­­®¥ ¨§®«¨à®¢ ­­®¥ ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨

(12), à¥ «¨§ãîé¥¥  ¡á®«îâ­ë© ¬¨­¨¬ã¬ �, ¯à¨ç¥¬ X (N) 6= 0. �®£¤  ­ ©¤¥âáï â ª®¥ ç¨á«®

"0 > 0, çâ® ¯à¨ «î¡®¬ � ¨§ (0; "0] § ¤ ç  (8){(10) ¨¬¥¥â à¥è¥­¨¥ y�, ¤«ï ª®â®à®£® �Y (y�;N)! 0
¯à¨ �! 0.

�â¬¥â¨¬ ­¥ª®â®àë¥ ®¡®¡é¥­¨ï ¨ ¬®¤¨ä¨ª æ¨¨ ¨§«®¦¥­­ëå ¢ëè¥ à¥§ã«ìâ â®¢. �®ª § ­­ë¥
¢ [7] ãâ¢¥à¦¤¥­¨ï ®å¢ âë¢ îâ á«ãç ©, ª®£¤  A | ¬­®£®§­ ç­ë© ®¯¥à â®à ­¥«®ª «ì­®£® å à ª-
â¥à . �â® ¤ ¥â ¯à¨­æ¨¯¨ «ì­ãî ¢®§¬®¦­®áâì ãáâ ­®¢¨âì ¢ à¨ ­âë ¯à¥¤è¥áâ¢ãîé¨å â¥®à¥¬ ¤«ï
¯ à ¡®«¨ç¥áª¨å ¢ª«îç¥­¨© á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬. � ª®£® à®¤  ®¡®¡é¥­¨ï ®ª §ë¢ îâ-
áï ¯®«¥§­ë¬¨ ¢ â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï á¨áâ¥¬ ¬¨ á à á¯à¥¤¥«¥­­ë¬¨ ¯ à ¬¥âà ¬¨ ¨
¯à¨ ¨§ãç¥­¨¨ í¢®«îæ¨®­­ëå § ¤ ç ¬¥å ­¨ª¨ ¢ï§ª®¯« áâ¨ç­ëå áà¥¤. �­ «®£¨ â¥®à¥¬ 1{4 á¯à -
¢¥¤«¨¢ë ¤«ï ª¢ §¨«¨­¥©­ëå ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢ëáè¨å ¯®àï¤ª®¢. �®®â¢¥âáâ¢ãîé¨¥

¨§¬¥­¥­¨ï á¢ï§ ­ë á § ¬¥­®© ¯à®áâà ­áâ¢  V =
�

W 1
p(D) ¤àã£¨¬¨ ¯à®áâà ­áâ¢ ¬¨ �®¡®«¥¢ . � 

íâ®¬ ¯ãâ¨ ¢®§¬®¦­  § ¬¥­  (9) ¨­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨. � ¯à¨¬¥à, ¯à¨ ¨§ãç¥­¨¨ ­¥«¨­¥©-
­ëå ¢ à¨ ­â®¢ § ¤ ç¨ �¥©¬ ­  æ¥«¥á®®¡à §­® ¯®«®¦¨âì V = W 1

p (D). �«ï ®¡« áâ¨ D á £« ¤-
ª®© £à ­¨æ¥© @D á®åà ­ïîâáï ®¡ëç­ë¥ â¥®à¥¬ë ¢«®¦¥­¨ï, çâ® ¨ ¤ ¥â ¢®§¬®¦­®áâì § ¬¥­¨âì
ãá«®¢¨¥ �¨à¨å«¥ (9) ãá«®¢¨¥¬ â¨¯  �¥©¬ ­ .

� ª ç¥áâ¢¥ ¨««îáâà¨àãîé¥£® ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã

@y

@t
� ��y + �(1 + 2 sin t)(y � jyj{) = � cos t;

@y(x; t)
@�

= 0 (x 2 @D; t 2 [0; 2�]); y(x; 0) = y(x; 2�); x 2 D:

(15)

�¤¥áì D | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn á £à ­¨æ¥© @D ª« áá  C1, @=@� | ¯à®¨§¢®¤­ ï ¯® ¢­ã-
âà¥­­¥© ­®à¬ «¨ �, 1 < { < 1 + 4=n, � | ®¯¥à â®à � ¯« á . �«ï § ¤ ç¨ (15) V = W 1

2 (D),
H = L2(D), á®®â¢¥âáâ¢ãîé¥¥ (15) ®â®¡à ¦¥­¨¥ A : V ! V � ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ A(v) =
�div(rv) + v� jvj{ . � ª ­¥âàã¤­® ¢¨¤¥âì, v1 = 0 | ­¥¢ëà®¦¤¥­­ ï ®á®¡ ï â®çª  ®â®¡à ¦¥­¨ï
A ¨ ind(v1;A) = 1. �á«¨ ªà ¥¢ ï § ¤ ç 

�div(ru) + u� {u = 0 (x 2 D);
@u(x)
@�

= 0; x 2 @D;

¨¬¥¥â â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥, â® v2 = 1 â ª¦¥ ¥áâì ­¥¢ëà®¦¤¥­­ ï ®á®¡ ï â®çª  A ¨
ind(v2;A) 6= 0. � á¨«ã ¯à¥¤«®¦¥­¨ï 1 ¯à¨ ¬ «ëå � > 0 áãé¥áâ¢ãîâ à¥è¥­¨ï y1�, y

2
� § ¤ ç¨

(15), ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ¡«¨§ª¨¥ ª v1 ¨ v2 á®®â¢¥âáâ¢¥­­®.
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