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� áâ âì¥ ¨§ãç îâáï äãªæ¨® «ìë¥,  «£¥¡à ¨ç¥áª¨¥ ¨ ¤¨ää¥à¥æ¨ «ìë¥ á¢®©áâ¢   «£¥-
¡à ¨ç¥áª¨å ¬®£®ç«¥®¢ ®¤®© ¢¥é¥áâ¢¥®© ¯¥à¥¬¥®©, ®àâ®£® «ìëå á ®¡®¡é¥®-ç¥âë¬
¢¥á®¬, § ¤ ë¬   ¤¢ãå (ª®¥çëå ¨«¨ ¡¥áª®¥çëå) ¯à®¬¥¦ãâª å ¢¥é¥áâ¢¥®© ®á¨.

�ãáâì e'n(x) = xn + � � � (n = 0; 1; 2; : : : ) | ¬®£®ç«¥ë, ®àâ®£® «ìë¥   ¬®¦¥áâ¢¥

E = [��;�] [ [; �]; (1)

0 �  < � � +1, ¯® ¢¥áã �(x), £¤¥ �(x) | ¥®âà¨æ â¥«ì ï, áã¬¬¨àã¥¬ ï ¯® �¥¡¥£ã   E
äãªæ¨ï ¨ ¨â¥£à «ë Z

E

�(x)xndx

 ¡á®«îâ® áå®¤ïâáï ¯à¨ n = 0; 1; 2; : : :
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �(x) ã¤®¢«¥â¢®àï¥â   ¬®¦¥áâ¢¥ E à ¢¥áâ¢ã

�(�x) = x� �

x+ �
�(x); (2)

£¤¥ � 2 [�; ], �(x) = 0 ¯à¨ x =2 E.
� ª ¯®ª § ® ¢ [1], ¬®£®ç«¥ë e'2n(x) (n = 0; 1; 2; : : : ) ç¥âë ¨ ¥ § ¢¨áïâ ®â ¢ë¡®à  �  

®âà¥§ª¥ [�; ],  

e'2n+1(x) =
e'2n+2(x) + �2n+1 e'2n(x)

x+ �
; (3)

£¤¥

�2n+1 = � e'2n+2(�)e'2n(�)
: (4)

�â¨ ãâ¢¥à¦¤¥¨ï ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¤«ï «î¡®£® á¨¬¬¥âà¨ç®£® ¬®¦¥áâ¢  ®àâ®£® «ì-
®áâ¨ E [2]. �à®¬¥ â®£®,

e'2n+1(x) = (x� �) e'�

2n(x); (5)

£¤¥ e'�

2n(x) (n = 0; 1; 2; : : : ) | ¬®£®ç«¥ë, ®àâ®£® «ìë¥   ¬®¦¥áâ¢¥ (1) ®â®á¨â¥«ì® ¢¥á 
��(x) = (x2 � �2)�(x).

�ãªæ¨î �(x), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î (2), ¡ã¤¥¬  §ë¢ âì ®¡®¡é¥®-ç¥â®©. �à¨ � = 0
¢ à ¢¥áâ¢¥ (2) ®¡®¡é¥®-ç¥â ï äãªæ¨ï �(x) ¯à¥¢à é ¥âáï ¢ ç¥âãî, ¨ â®£¤ 

'n(�x) = (�1)n'n(x):

�ãáâì ç¥â ï ¢¥á®¢ ï äãªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â   ¬®¦¥áâ¢¥ (1) ãá«®¢¨ï¬

�0(x)=�(x) = R4(x)=R5(x); (6)

W (x) = �(x)R5(x)=x3; W (�) =W (��) = 0; (7)

D(x) =
R4(x) +R0

5(x)� 2R5(x)=x
x2

(8)
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| æ¥« ï ®â®á¨â¥«ì® x äãªæ¨ï, £¤¥ Rk(x) (k = 4; 5) | ¬®£®ç«¥ áâ¥¯¥¨ ¥ ¢ëè¥ k.

�¥®à¥¬  1. �á«¨ e'2n(x) = x2n + b2nx
2n�2 + � � � , â® ¢ ãá«®¢¨ïå (6){(8) ¯à¨ n = 1; 2; : : :

b2n =
n[r(4)2 + (2n� 1)r(5)2 ]

r
(4)
0 + (4n� 1)r(5)0

; (9)

£¤¥ r
(k)
i (k = 4; 5; i = 0; 2) | ª®íää¨æ¨¥â ¯à¨ xk�i ¬®£®ç«¥  Rk(x).

�®ª § â¥«ìáâ¢®. � [3] ¤®ª § ®, çâ® ¢ ãá«®¢¨ïå (6){(8) ¬®£®ç«¥ë '2n(x) (n = 0; 1; 2; : : : )
ï¢«ïîâáï ç áâë¬¨ à¥è¥¨ï¬¨ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

R5(x)y00 + [R4(x) +R0

5(x)� 3R5(x)=x]y0 � nx
3y = 0;

£¤¥
n = 2n[r(4)0 + (2n+ 1)r(5)0 ];

r
(k)
0 | ª®íää¨æ¨¥â ¯à¨ xk ¬®£®ç«¥  Rk(x) (k = 4; 5).
�¥¯¥àì ¤«ï ¯®«ãç¥¨ï à ¢¥áâ¢  (9) ¤®áâ â®ç® ¢ ãà ¢¥¨¥ ¯®¤áâ ¢¨âì y = e'2n(x) ¨ áà ¢-

¨âì ª®íää¨æ¨¥âë ¯à¨ x2n+1.

� [2] ¯®ª § ®, çâ® ¤«ï ¯ à ¬¥âà®¢ à¥ªãàà¥â®© ä®à¬ã«ë ¬®£®ç«¥®¢, ®àâ®£® «ìëå ®â-
®á¨â¥«ì® ®¡®¡é¥®-ç¥â®£® ¢¥á  �(x) (ãá«®¢¨¥ (2))   ¬®¦¥áâ¢¥ (1), ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 
(4) ¨

�n+2 = (�1)n�; �2n =
(1� �2 � �2n+1) e'2n(1) � e'2n+2(1)e'2n(1)� �2n�1 e'2n�2(1)

:

� ¢¥áâ¢® (9) ¯®§¢®«¨â ¯®«ãç¨âì ¡®«¥¥ ã¤®¡ë¥ ¤«ï ¢ëç¨á«¥¨© ä®à¬ã«ë.

�¥®à¥¬  2. �á«¨ ç¥â ï ¢¥á®¢ ï äãªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â   ¬®¦¥áâ¢¥ (1) ãá«®¢¨ï¬
(6){(8), â® ¯à¨ n = 0; 1; 2; : : :

'2n(x) = kn
x

�(x)
Dn[�(x)Rn

5 (x)=x
n+1]; (10)

£¤¥ kn | ¥ª®â®à ï ¯®áâ®ï ï, Df = f 0x=x.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ®

P2n(x) = x��1(x)Dn[�(x)Rn
5 (x)=x

n+1]

ï¢«ï¥âáï ç¥âë¬ ¬®£®ç«¥®¬ áâ¥¯¥¨ 2n. �¥©áâ¢¨â¥«ì®,

D

�
�
Rn

5

xn+1

�
= �

Rn�1
5

xn
Q2n;2

(ãá«®¢¨ï (6) ¨ (8)), £¤¥ Q2n;2(x) | ç¥âë© ¬®£®ç«¥ 2-© áâ¥¯¥¨. �®«ì§ãïáì ãá«®¢¨ï¬¨ (6) ¨
(8), ¯® ¨¤ãªæ¨¨ «¥£ª® ¯®ª § âì, çâ®

Dk

�
�
Rn

5

xn+1

�
= �

Rn�k
5

xn�k+1
Q2n;2k; 1 < k < n;

£¤¥ Q2n;2k(x) | ç¥âë© ¬®£®ç«¥ áâ¥¯¥¨ 2k. �à¨ k = n ¯®«ãç¨¬

Dn

�
�
Rn

5

xn+1

�
=

�

x
Q2n;2n:

�âáî¤  á«¥¤ã¥â, çâ® P2n(x) | ç¥âë© ¬®£®ç«¥ áâ¥¯¥¨ 2n.
�ç¨âë¢ ï ®¯à¥¤¥«¥¨¥ ®àâ®£® «ì®£® ¬®£®ç«¥  [4], [5], ¯®ª ¦¥¬, çâ® ¯à¨ k=0; 1; 2; : : : ; 2n�1

Ik =
Z
E
�(x)P2n(x)x

kdx = 0:

65



�à¨ ç¥â®¬ k, ¯à¨¬¥ïï k=2 + 1 à § ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¨ ãç¨âë¢ ï ãá«®¢¨ï
(6){(8), ¯®«ãç¨¬

Ik = (�1)k=2k!!Dn�k=2�1

�
�
Rn

5

xn+1

�����
@E

= 0;

£¤¥ @E = f��;�; ; �g | ¬®¦¥áâ¢® ¢á¥å £à ¨çëå â®ç¥ª ¬®¦¥áâ¢  E. �à¨ ¥ç¥â®¬ k,
¨â¥£à¨àãï [k=2] + 1 à § ¯® ç áâï¬, ¯®«ãç¨¬

Ik = (�1)[k=2]+1k!!
Z
E
�
R

[k=2]+1
5

x[k=2]+2
Q2n;2n�2([k=2]+1)dx:

�áâ «®áì § ¬¥â¨âì, çâ® ¯®¤¨â¥£à «ì ï äãªæ¨ï ¥ç¥â . � ç¨â, Ik = 0. �®£®ç«¥ P2n(x)
«¨èì ¯®áâ®ïë¬ ¬®¦¨â¥«¥¬ ®â«¨ç ¥âáï ®â ¬®£®ç«¥  '2n(x) [5].

�á«®¢¨ï¬ (2) ¨ (6){(8) (¯à¨ � = 0) ã¤®¢«¥â¢®àï¥â äãªæ¨ï [1]

�(x; �; �; ; �) = jx+ �j(1� x2)�(x2 � 2)� (11)

  ¬®¦¥áâ¢¥

E = [�1;�] [ [; 1]; (12)

£¤¥ �; � > �1, 0 �  < 1, � 2 [�; ], �(x; �; �; ; �) = 0 ¯à¨ x =2 E. � íâ®¬ á«ãç ¥

R4(x) = �[2(�+ �) + 1]x4 + [2(�2 + �) + 1 + 2]x2 � 2;

R5(x) = x(1� x2)(x2 � 2):
(13)

� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2 ¯à¨ n = 0; 1; 2; : : :

'2n(x; �; �; ; �) =
kn

(1� x2)�(x2 � 2)�
Dn[(1� x2)�+n(x2 � 2)�+n]: (14)

�á«¨ ¢ à ¢¥áâ¢¥ (11) � = , â® ¢ á®®â¢¥âáâ¢¨¨ á (5)

'2n+1(x; �; �; ; �) =
kn(x� )

(1� x2)�(x2 � 2)�+1
Dn[(1� x2)�+n(x2 � 2)�+n+1]:

� ª ª ª ä®à¬ã«  �¥©¡¨æ  ¤«ï (uv)(n) ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¤«ï ®¯¥à â®à  Dn(uv), â®
ä®à¬ã«  (14) ¯à¨¢®¤¨â ª à ¢¥áâ¢ã

e'2n(x; �; �; ; �) =
(�1)n�(�+ n+ 1)�(� + n+ 1)�(�+ � + n+ 1)

�(�+ � + 2n+ 1)
�

�
nX

k=0

(�1)kCk
n

�(�+ n� k + 1)�(� + k + 1)
(1� x2)n�k(x2 � 2)k:

�®£¤ 

e'2n(1; �; �; ; �) =
(1� 2)n�(�+ n+ 1)�(� + � + n+ 1)

�(� + 1)�(�+ � + 2n+ 1)
;

e'2n(; �; �; ; �) =
(�1)n(1� 2)n�(� + n+ 1)�(� + � + n+ 1)

�(� + 1)�(�+ � + 2n+ 1)
:

(15)

� ¬¥â¨¬, çâ® ¯®á«¥¤¨¥ âà¨ ä®à¬ã«ë ¥ § ¢¨áïâ ®â ¢ë¡®à  � 2 [�; ].
�§¢¥áâ® [4], çâ® ¤«ï ¢áïª®© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ®àâ®£® «ìëå ¬®£®ç«¥®¢ ¨¬¥¥â

¬¥áâ® à¥ªãàà¥â ï ä®à¬ã« 

e'm+2(x) = (x� �m+2) e'm+1(x)� �m+1 e'm(x); (16)

£¤¥ �m+2 ¨ �m+1 | ¯ à ¬¥âàë ãª § ®© ®àâ®£® «ì®© á¨áâ¥¬ë.
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� á«ãç ¥, ª®£¤  ¢¥á®¢ ï äãªæ¨ï   ¬®¦¥áâ¢¥ (12) § ¤ ¥âáï à ¢¥áâ¢®¬ �(x; �; �; ; ) =
jx + j(1 � x2)�(x2 � 2)�, £¤¥ �; � > �1, 0 �  < 1, ¤«ï ¯ à ¬¥âà®¢ à¥ªãàà¥â®© ä®à¬ã«ë ¢
á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (4), (15) ¨ (16) ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

�
(1)
n+2 = (�1)n�1; �

(1)
2n =

(1� 2)n(�+ n)
(�+ � + 2n)(� + � + 2n+ 2)

;

�
(1)
2n+1 =

(1� 2)(� + n+ 1)(� + � + n+ 1)
(�+ � + 2n+ 1)(� + � + 2n+ 2)

:

�®«ì§ãïáì ä®à¬ã« ¬¨ (3) (¯à¨ � = ) ¨ (15), ¯®«ãç¨¬

e'2n+1(1; �; �; ; ) =
(1� 2)n+1�(�+ n+ 1)�(�+ � + n+ 2)

(1 + )�(� + 1)�(�+ � + 2n+ 2)
:

�á«®¢¨ï¬ (2) ¨ (6){(8) (¯à¨ � = 0) ã¤®¢«¥â¢®àï¥â äãªæ¨ï [1]

�(x; �; ; �) = jx+ �j(x2 � 2)�e�(x2�2) (17)

  ¬®¦¥áâ¢¥

E =]�1; ] [ [;+1[; (18)

£¤¥ � > �1, 0 �  < +1, � 2 [�; ], �(x; �; ; �) = 0 ¯à¨ x =2 E. � íâ®¬ á«ãç ¥

R4(x) = �2x4 + [2(�+ 2) + 1]x2 � 2; R5(x) = x(x2 � 2): (19)

� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2 ¯à¨ n = 0; 1; 2; : : :

'2n(x; �; ; �) =
kne

x2�2

(x2 � 2)�
Dn[(x2 � 2)�+ne�(x2�2)]: (20)

�á«¨ � = , â® á®£« á® (5)

'2n+1(x; �; ; ) =
kn(x� )ex

2
�2

(x2 � 2)�+1
Dn[(x2 � 2)�+n+1e�(x2�2)]:

� áªàë¢ ï ¯à ¢ãî ç áâì à ¢¥áâ¢  (20), ¯®«ãç¨¬

e'2n(x; �; ; �) = �(�+ n+ 1)
nX

k=0

(�1)kCk
n

�(�+ n� k + 1)
(x2 � 2)n�k:

�®£¤ 

e'2n(; �; ; �) =
(�1)n�(�+ n+ 1)

�(�+ 1)
;

e'2n(1; �; ; �) = �(�+ n+ 1)
nX

k=0

(�1)kCk
n(1� 2)

�(�+ n� k + 1)
:

(21)

� á«ãç ¥, ª®£¤  ¢¥á®¢ ï äãªæ¨ï �(x; �; ; )   ¬®¦¥áâ¢¥ (18) § ¤ ¥âáï à ¢¥áâ¢®¬ (17)
á  = �, £¤¥ � > �1, 0 �  < +1, ¤«ï ¯ à ¬¥âà®¢ à¥ªãàà¥â®© ä®à¬ã«ë ¢ á®®â¢¥âáâ¢¨¨ á
ä®à¬ã« ¬¨ (4), (21) ¨ (16) ¯®«ãç¨¬

�
(2)
n+2 = (�1)n�1; �

(2)
2n+1 = �+ n+ 1: (22)

� [2] ¤®ª §   â¥®à¥¬ , ç áâë¬ á«ãç ¥¬ ª®â®à®© ï¢«ï¥âáï á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.
�á«¨ fn(t) (n = 0; 1; 2; : : : ) | ¬®£®ç«¥ë, ®àâ®£® «ìë¥   ®âà¥§ª¥ [a1; b1] á ¢¥á®¬ �(t) ¨

�(x) = jx+ �j�((b� a)x2 + a), ¯à¨ç¥¬ a1 = (b� a)2 + a, b1 = (b� a)�2 + a, £¤¥ a < b, â®

e'2n(x) =
efn((b� a)x2 + a)

(b� a)n
¯à¨ n = 0; 1; 2; : : : ; (23)
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¥á«¨

�2n =
Z
E

�(x) e'2
n(x)dx; �2n =

Z b1

a1

�(t) ef 2
n(t)dt;

â®

�22n =
�2n

(b� a)2n+1
; �2n+1 = �n+1�

2
n; b'2n(x) =

p
b� a bfn(t); (24)

b'2n(x) = (b� a)(2n+1)=2 e'2n(x)
�n

; b'2n+1(x) = (b� a)(2n+1)=2 e'2n+1(x)p
�2n1 �n

; (25)

£¤¥ b'n(x) (n = 0; 1; 2; : : : ) | ®àâ®®à¬¨à®¢ ë¥ ¬®£®ç«¥ë ¢¥á  �(x)   ¬®¦¥áâ¢¥ E.
�á«¨ ¢ á®®â¢¥âáâ¢¨¨ á ¯à¨¢¥¤¥ë¬ ¢ëè¥ ãâ¢¥à¦¤¥¨¥¬ ¯®«®¦¨âì a = �2, b = 1�2, a1 = 0,

b1 = +1, efn(t) = eLn(t; �) (n = 0; 1; 2; : : : ) { ¬®£®ç«¥ë �¥¡ëè¥¢ {� £¥àà , ®àâ®£® «ìë¥  
«ãç¥ [0;+1[ ¯® ¢¥áã �(t; �) = t�e�t, £¤¥ � > �1, â® ä®à¬ã«  (23) ¯à¨¨¬ ¥â ¢¨¤ (á¬. â ª¦¥ [1])e'2n(x; �; ; �) = eLn(x2 � 2; �).

�§¢¥áâ® ([5], áá. 220, 229), çâ® ¤«ï ¬®£®ç«¥®¢ �¥¡ëè¥¢ {� £¥àà  �n =
p
n!�(�+ n+ 1).

�®íâ®¬ã ¢ á¨«ã ä®à¬ã«ë (24) �22n = n!�(� + n + 1). �®£¤ , ãç¨âë¢ ï ä®à¬ã«ë (22) ¨ (24),
¯®«ãç¨¬ �22n+1 = n!�(�+ n+ 2), ¨ ¨§ â®© ¦¥ ä®à¬ã«ë (24) á«¥¤ã¥â, çâ® �(2)2n = n.

� á«ãç ¥ ç¥â®© ¢¥á®¢®© äãªæ¨¨ (� = 0) ¤«ï  å®¦¤¥¨ï ¯ à ¬¥âà®¢ à¥ªãàà¥â®© ä®à¬ã-
«ë ¬®¦® ¯®«ì§®¢ âìáï ä®à¬ã«®© (4) ¨ ä®à¬ã«®©, ¯à¥¤è¥áâ¢ãîé¥© â¥®à¥¬¥ 2. � íâ®¬ á«ãç ¥
�n+2 = 0.

�«ï �2n ¨ �2n+1 ¢ë¢¥¤¥¬ ¡®«¥¥ ¯à®áâë¥ à¥ªãàà¥âë¥ ä®à¬ã«ë. �«ï íâ®£® ¯à¥¤¢ à¨â¥«ì®
¤®ª ¦¥¬ àï¤ ¯à¥¤«®¦¥¨©, ¨¬¥îé¨å ®¡é¨© å à ªâ¥à.

�¥¬¬  1. �«£¥¡à ¨ç¥áª¨© ¬®£®ç«¥ «î¡®© ®àâ®£® «ì®© á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

e'n(x) = xn �
� nX

k=1

�k

�
xn�1 +

� nX
i=2

�i

i�1X
k=1

�k �
n�1X
k=1

�k

�
xn�2 + � � � ;

£¤¥ �k, �k | ¯ à ¬¥âàë à¥ªãàà¥â®© ä®à¬ã«ë (16).

�®ª § â¥«ìáâ¢®. �®«®¦¨¢ �0 = 0 ¨ § ¬¥â¨¢, çâ® e'0(x) = 1, ¨§ (16) ¯®«ãç¨¬

e'1(x) = x� �1;

e'2(x) = (x� �2)(x� �1)� �1 = x2 � (�1 + �2)x+ (�1�2 � �1):

� â¥¬ â¨ç¥áª ï ¨¤ãªæ¨ï § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�«¥¤áâ¢¨¥. �á«¨ ¢¥á®¢ ï äãªæ¨ï �(x) ç¥â ,   ¬®¦¥áâ¢® ®àâ®£® «ì®áâ¨ E á¨¬¬¥âà¨ç-
® ®â®á¨â¥«ì® x = 0, â®

e'2n(x) = x2n �
� 2n�1X

k=1

�k

�
x2n�2 + � � �

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå á«¥¤áâ¢¨ï �k = 0.

�¥¬¬  2. �á«¨ ¢¥á®¢ ï äãªæ¨ï �(x) ç¥â ,   ¬®¦¥áâ¢® ®àâ®£® «ì®áâ¨ E á¨¬¬¥-

âà¨ç® ®â®á¨â¥«ì® x = 0, â®

e'2n(x) = x2n � � � �+ (�1)n
nY

k=1

�2k�1:

�®ª § â¥«ìáâ¢®. �à¨ n = 1

e'2(x) = x'1(x)� �1 = x2 � �1:

�à¨¬¥ïï ¬ â¥¬ â¨ç¥áªãî ¨¤ãªæ¨î, § ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢®.
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�¥®à¥¬  3. �á«¨ ç¥â ï ¢¥á®¢ ï äãªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â   ¬®¦¥áâ¢¥ (1) ãá«®¢¨-
ï¬ (6){(8), â® ¤«ï ¯ à ¬¥âà  �n+1 à¥ªãàà¥â®© ä®à¬ã«ë á®®â¢¥âáâ¢ãîé¨å ®àâ®£® «ìëå

¬®£®ç«¥®¢ á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

�2n =
�
2 � b2n + b2n+2 �

e'2n+2()e'2n()

� e'2n()
�2n�1 e'2n�2()

; (26)

�2n+1 = b2n � b2n+2 � �2n;

£¤¥ b2n | ª®íää¨æ¨¥â ¯à¨ x2n�2 ¬®£®ç«¥  e'2n(x) = x2n+ � � � ,  | £à ¨ç ï â®çª  ¬®¦¥-

áâ¢  E.

�®ª § â¥«ìáâ¢®. �§ á«¥¤áâ¢¨ï «¥¬¬ë 1 ¯®«ãç¨¬

b2n = �
2n�1X
k=1

�k: (27)

� á¨«ã ä®à¬ã«ë (3) (� = 0)

e'2n+1() =
e'2n+2() + �2n+1 e'2n()


: (28)

� ¤àã£®© áâ®à®ë, ¢ á¨«ã (16) e'2n+1() =  e'2n()��2n e'2n�1(). � ¬¥ïï ¢ ¯®á«¥¤¥¬ à ¢¥áâ¢¥e'2n+1() ¨ e'2n�1() ¨å § ç¥¨ï¬¨ ¯® ä®à¬ã«¥ (28), § ¯¨è¥¬

e'2n+2() + �2n+1 e'2n()


=  e'2n()� �2n
e'2n+2() + �2n+1 e'2n()


;

®âªã¤ 

�2n+1 = 2 � e'2n+2()e'2n()
�
�
1� �2n�1

e'2n�2()e'2n()

�
�2n: (29)

�§ (27) ¯®«ãç¨¬

�2n + �2n+1 = b2n � b2n+2: (30)

� §à¥è ï ®â®á¨â¥«ì® �2n ¨ �2n+1 á¨áâ¥¬ã ãà ¢¥¨© (29) ¨ (30), ¯®«ãç¨¬ à ¢¥áâ¢  (26).

�à¨¬¥à 1. � á¨«ã â¥®à¥¬ë 1 ¨ à ¢¥áâ¢ (13) ¤«ï ¬®£®ç«¥®¢, ®àâ®£® «ìëå á ¢¥á®¬ (11)
  ¬®¦¥áâ¢¥ (12),

b
(1)
2n = �n[(�+ 2 + �) + n(1 + 2)]

�+ � + 2n
:

�®íâ®¬ã, ãç¨âë¢ ï ä®à¬ã«ë (26), (15) ¨ (16), ¯®«ãç¨¬

�(1)2n =
�
2 � (�+ �)[(�+ 1)2 + � + n+ 1] + 2n(�+ � + n+ 1)(1 + 2)

(�+ � + 2n)(�+ � + 2n+ 2)
+

(1� 2)
(� + n+ 1)(� + � + n+ 1)

(� + � + 2n+ 1)(� + � + 2n+ 2)

�
(2 � 1)�

� (� + n)(�+ � + n)

(�+ � + 2n)(� + � + 2n� 1)�(1)2n�1

;

�
(1)
2n+1 =

(�+ �)[(� + 1)2 + � + 1] + 2n(� + � + n+ 1)(1 + 2)
(�+ � + 2n)(�+ � + 2n+ 2)

� �
(1)
2n :
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�à¨¬¥à 2. �«ï ¬®£®ç«¥®¢, ®àâ®£® «ìëå ®â®á¨â¥«ì® ¢¥á  (17)   ¬®¦¥áâ¢¥ (18),
ãç¨âë¢ ï ä®à¬ã«ã (9) ¨ à ¢¥áâ¢  (19), ¯®«ãç¨¬

b
(2)
2n = �n(�+ � + 2):

�®íâ®¬ã ¨§ (26) ¨ (21) ¨¬¥¥¬

�
(2)
2n =

n(�+ n)

�(2)2n�1

; �
(2)
2n+1 = �+ 2n+ 1 + 2 � �

(2)
2n :

�§ ®¡é¥© â¥®à¨¨ ®àâ®£® «ìëå ¬®£®ç«¥®¢ ¨§¢¥áâ® [4]{[6], çâ® ¨å ª®à¨ ¢¥é¥áâ¢¥ë,
¯à®áâë ¨ «¥¦ â ¢ãâà¨ ¯à®¬¥¦ãâª  ®àâ®£® «ì®áâ¨. � áá¬®âà¨¬ ¥ª®â®àë¥ á¯¥æ¨ä¨ç¥áª¨¥
á¢®©áâ¢  ª®à¥© ¨§ãç ¥¬ëå §¤¥áì ®àâ®£® «ìëå ¬®£®ç«¥®¢.

�ãáâì xn |  ¨¡®«ìè¨© ã«ì ¬®£®ç«¥  '2n(x), ®àâ®£® «ì®£®   ¬®¦¥áâ¢¥ (1) ®â®á¨-
â¥«ì® ®¡®¡é¥®-ç¥â®£® ¢¥á  �(x). �®£¤  �xn |  ¨¬¥ìè¨© ¥£® ã«ì.

� á¨«ã â¥®à¥¬ë � £¥àà  ([7], ®â¤¥« 5, § ¤ ç  118, áá. 16, 248)

�� < �xn < 0 < xn � 2(2n� 1)
'0

2n(xn)
'00

2n(xn)
= xn � 2(2n� 1)

y0(xn)
y00(xn)

< xn:

�à¥¤¯®«®¦¨¬, çâ® ¯à¨ � = 0 ¢¥á®¢ ï äãªæ¨ï �(x) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (6){(8). �®£¤ 
¬®£®ç«¥ë '2n(x) (n = 0; 1; 2; : : : ) ï¢«ïîâáï ç áâë¬¨ à¥è¥¨ï¬¨ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢-
¥¨ï (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1) ¨

R5(xn)y00(xn)+
�
R4(xn)+R0

5(xn)�
3R5(xn)

xn

�
= 0; �2xn < �2(2n�1) �R5(xn)

R4(xn) +R0

5(xn)� 3R5(xn)=xn
;

¯®íâ®¬ã

xn > �(2n� 1)
�
R4(xn)
R5(xn)

+
R0

5(xn)
R5(xn)

� 3
xn

��1

: (31)

�à¨¬¥à 3. � áá¬®âà¨¬ ¬®£®ç«¥ë '2n(x; �; �; ; �), ®àâ®£® «ìë¥   ¬®¦¥áâ¢¥ (12) ®â-
®á¨â¥«ì® ¢¥á  (11). �ç¨âë¢ ï à ¢¥áâ¢  (13), ¯®«ãç¨¬

R4

R5

+
R0

5

R5

� 3
x
= �2(�+ 1)x

1� x2
+
2(� + 1)x
x2 � 2

� 1
x
;

¨ ¥à ¢¥áâ¢® (31) ¢ íâ®¬ á«ãç ¥ ¯à¨¨¬ ¥â ¢¨¤

xn >
�(2n� 1)xn(1� x2n)(x

2
n � 2)

�(1� x2n)(x2n � 2)� 2(�+ 1)x2n(x2n � 2) + 2(� + 1)x2n(1� x2n)
:

� ª ª ª xn > 0, â®

(1� x2n)(x
2
n � 2) + 2(� + 1)x2n(x

2
n � 2)� 2(� + 1)x2n(1� x2n) > (2n� 1)(1 � x2n)(x

2
n � 2):

�®á«¥ ã¯à®é¥¨ï ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã

xn >

�
1

2(� + � + n+ 1)
f[(�+n)2+�+n]+

q
[(�+ n)2 + � + n]2 � 4(n� 1)2(�+ � + n+ 1) g

�1=2

:

�ë ¯®«ãç¨«¨ ¥à ¢¥áâ¢® ¤«ï  ¨¡®«ìè¥£® ¨§ ª®à¥© ¬®£®ç«¥  '2n(x; �; �; ; �).

�à¨¬¥à 4. �¥¯¥àì à¥è¨¬   «®£¨çãî § ¤ çã ¤«ï ¬®£®ç«¥®¢ '2n(x; �; ; �) (n =
0; 1; 2; : : : ), ®àâ®£® «ìëå   ¬®¦¥áâ¢¥ (18) á ¢¥á®¬ (17). �ç¨âë¢ ï à ¢¥áâ¢  (19), ¯®«ãç¨¬

R4

R5

+
R0

5

R5

� 3
x
=
2(�+ 1)x
x2 � 2

� 2x� 1
x
:
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�¥à ¢¥áâ¢® (31) ¢ íâ®¬ á«ãç ¥ ¯à¨¨¬ ¥â ¢¨¤

xn >
�(2n� 1)xn(x2n � 2)

�(x2n � 2) + 2(� + 1)x2n � 2x2n(x2n � 2)
:

� ª ª ª xn > 0, â®

(x2n � 2)� 2(�+ 1)x2n + 2x2n(x
2
n � 2) > (2n� 1)(x2n � 2)

¨«¨
x4n � (n+ �+ 2)x2n + (n+ 1)2 > 0:

�âáî¤ 

xn >

�
1
2
(� + n+ 2) +

�
1
4
(n+ �+ 2)� (n� 1)2

�1=2�1=2
| ¥à ¢¥áâ¢® ¤«ï  ¨¡®«ìè¥£® ¨§ ª®à¥© ¬®£®ç«¥  '2n(x; �; ; �) (n = 0; 1; 2; : : : ).
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