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1. �¢¥¤¥¨¥

�ãáâì !0 ¥áâì § ¬ªãâ ï 2-ä®à¬    R2n . �¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨
â¨¯  !0 ¥áâì 2n-¬¥à®¥ ¬®£®®¡à §¨¥M ,  ¤¥«¥®¥ § ¬ªãâ®© ä®à¬®© ! â ª®©, çâ® ¤«ï «î¡®©
â®çª¨ p 2 M áãé¥áâ¢ã¥â ®ªà¥áâ®áâì U(p) ¨ ¤¨ää¥®¬®àä¨§¬ �p : U(p) ! R

2n á® á¢®©áâ¢®¬
!jU(p) = ��p!0 (á¬. [1]).

� [2]{[5] ¤®ª § ®, çâ®   R4 ¥áâì ¯ïâì â¨¯®¢ à®áâª®¢ ®¡é¥£® ¯®«®¦¥¨ï § ¬ªãâ®© 2-ä®à¬ë.
�§ ¨å ç¥âëà¥ ï¢«ïîâáï áâàãªâãà® ãáâ®©ç¨¢ë¬¨ | íâ® à®áâª¨ á«¥¤ãîé¨å ä®à¬ ¢  ç «¥
ª®®à¤¨ â:

â¨¯ 0
!0 = dx1 ^ dx2 + dx3 ^ dx4;

â¨¯ I
!0 = x1dx1 ^ dx2 + dx3 ^ dx4;

â¨¯ II-e (í««¨¯â¨ç¥áª¨© â¨¯)

!0 = dx1 ^ dx2 + x3dx1 ^ dx4 + x3dx2 ^ dx3 + x4dx2 ^ dx4 + (x1 � (x3)2)dx3 ^ dx4; (1)

â¨¯ II-h (£¨¯¥à¡®«¨ç¥áª¨© â¨¯)

!0 = dx1 ^ dx2 + x3dx1 ^ dx4 + x3dx2 ^ dx3 � x4dx2 ^ dx4 + (x1 � (x3)2)dx3 ^ dx4: (2)

� ë¥ â¨¯ë ¬®¦® ®å à ªâ¥à¨§®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬ (¯®¤à®¡®áâ¨ á¬. ¢ [2]). �ãáâì
! ¥áâì § ¬ªãâ ï 2-ä®à¬    ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨¨ M . �à¥¤¯®«®¦¨¬, çâ® ¬®¦¥áâ¢®
â®ç¥ª, ¢ ª®â®àëå ä®à¬  ! ¢ëà®¦¤¥ , ®¡à §ã¥â âà¥å¬¥à®¥ ¯®¤¬®£®®¡à §¨¥ � ¢ M .

�á«¨ â®çª  p ¥ «¥¦¨â ¢ �, â® ¯® â¥®à¥¬¥ � à¡ã ¢ ®ªà¥áâ®áâ¨ â®çª¨ p 2-ä®à¬  ! ¯à¨¢®¤¨âáï
ª ¢¨¤ã 0.

�ãáâì â®çª  p «¥¦¨â ¢ � ¨ !(p) 6= 0. �á«¨  ã«ïâ®à Ep ä®à¬ë !(p) âà á¢¥àá «¥ �,
â® ä®à¬  ! ¯à¨¢®¤¨âáï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U â®çª¨ p ª â¨¯ã I. �à¨ íâ®¬ ®âªàëâ®¥ ¢ �
¬®¦¥áâ¢® V = U \� á®áâ®¨â ¨§ â®ç¥ª â¨¯  I,   ¢áî¤ã ¯«®â®¥ ¢ U ¯®¤¬®¦¥áâ¢® U nV á®áâ®¨â
¨§ â®ç¥ª â¨¯  0.

�ãáâì �0 � � | ¬®¦¥áâ¢® â®ç¥ª p â ª¨å, çâ®  ã«ïâ®à Ep � Tp�. �á«¨ �0 ¢ ®ªà¥áâ®áâ¨
â®çª¨ p ¥áâì ¯®¤¬®£®®¡à §¨¥ ¨ E âà á¢¥àá «ì® �0, â® ä®à¬  ! ¯à¨¢®¤¨âáï ¢ ¥ª®â®à®©
®ªà¥áâ®áâ¨ U â®çª¨ p ª â¨¯ã II-e ¨«¨ II-h. �ãáâì V = U \�, W = U \�0. �®£¤  ¢áî¤ã ¯«®â®¥
¢ U ¬®¦¥áâ¢® U n � á®áâ®¨â ¨§ â®ç¥ª â¨¯  0, ¢áî¤ã ¯«®â®¥ ¢ V ¬®¦¥áâ¢® V nW á®áâ®¨â ¨§
â®ç¥ª â¨¯  I, ¨ ¬®¦¥áâ¢® W á®áâ®¨â ¨§ â®ç¥ª â¨¯  II.

�ãáâì   ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨¨ § ¤   § ¬ªãâ ï 2-ä®à¬  !. �®£¤  ¥á«¨ ¢á¥ â®çª¨
M ¨¬¥îâ â¨¯ 0, â® (M;!) | á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥. �á«¨ «î¡ ï â®çªa M ¨¬¥¥â â¨¯
0 ¨«¨ I, â® áª ¦¥¬, çâ® (M;!) | á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ � àâ¨¥ I
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â¨¯ . �á«¨ «î¡ ï â®çªa M ¨¬¥¥â â¨¯ 0, I, ¨«¨ II, â® áª ¦¥¬, çâ® (M;!) | á¨¬¯«¥ªâ¨ç¥áª®¥

¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ � àâ¨¥ II â¨¯ .
� ¬¥â¨¬, çâ® á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ (M;!) á ®á®¡¥®áâï¬¨ � àâ¨¥ ¥áâì á¨¬¯«¥ª-

â¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ â¨¯  !0, £¤¥ !0 § ¤   ä®à¬ã« ¬¨ (1) ¨«¨ (2). �¥©-
áâ¢¨â¥«ì®, ¯ãáâì �(p) = (x10; x

2
0; x

3
0; x

4
0). �®£¤  â®çª  p ¨¬¥¥â â¨¯ 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

x10 6= 0; â¨¯ I â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x10 = 0 ¨ (x30)
2 + (x40)

2 6= 0; â¨¯ II â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  x10 = 0, x30 = 0 ¨ x40 = 0. � ª¨¬ ®¡à §®¬, á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  ¥áâì ç áâë© á«ãç ©
á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë á ®á®¡¥®áâï¬¨ � àâ¨¥ â¨¯  I, ª®â®à ï, ¢ á¢®î ®ç¥à¥¤ì, ¥áâì
ç áâë© á«ãç © á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë á ®á®¡¥®áâï¬¨ � àâ¨¥ â¨¯  II.

�¨¬¯«¥ªâ¨ç¥áª¨¥ ¬®£®®¡à §¨ï (M;!) á ®á®¡¥®áâï¬¨ � àâ¨¥ â¨¯  I (¯®¤  §¢ ¨¥¬
\folded symplectic structures") ¨§ãç «¨áì ¢ à ¡®â¥ [6], £¤¥  ©¤¥ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ! ¥áâì
¯à®®¡à § á¨¬¯«¥ªâ¨ç¥áª®© ä®à¬ë   á¨¬¯«¥ªâ¨ç¥áª®¬ ®à¡¨ä®«¤¥ ¨ ¯®ª § ®, çâ® ! ¨¤ãæ¨àã-
¥â ¥¤¨áâ¢¥ãî á â®ç®áâìî ¤® £®¬®â®¯¨¨ á¯¨®àãî áâàãªâãàã. �â¬¥â¨¬, çâ® ¢ íâ®© à ¡®â¥
à áá¬ âà¨¢ îâáï ¬®£®®¡à §¨ï ¯à®¨§¢®«ì®© ç¥â®© à §¬¥à®áâ¨,   ä®à¬  !0 ¨¬¥¥â ¢¨¤

x1dx1 ^ dx2 + dx3 ^ dx4 + � � �+ dx2n�1 ^ dx2n: (3)

� [7] ¯®ª § ®, çâ®   «î¡®¬ ª®¬¯ ªâ®¬ ®à¨¥â¨àã¥¬®¬ ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨¨ áã-
é¥áâ¢ã¥â á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  á ®á®¡¥®áâï¬¨ � àâ¨¥ â¨¯  I. � [8] ¤®ª § ë   «®£¨
â¥®à¥¬ë ® ¥á¦¨¬ ¥¬®áâ¨ ®¡ê¥¬  ¤«ï R2n á ä®à¬®© (3).

�ãáâì (M;!) ¥áâì á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ â¨¯  !0. �¥ªâ®à®¥ ¯®«¥
V   ®âªàëâ®¬ ¯®¤¬®¦¥áâ¢¥ U  §ë¢ ¥âáï £ ¬¨«ìâ®®¢ë¬ ¢¥ªâ®àë¬ ¯®«¥¬, ¥á«¨ LV ! = 0,
£¤¥ LV ¥áâì ¯à®¨§¢®¤ ï �¨ ¢  ¯à ¢«¥¨¨ V . �ãáâì Xh(U) ¥áâì  «£¥¡à  �¨ £ ¬¨«ìâ®®¢ëå
¢¥ªâ®àëå ¯®«¥©   U . �á®, çâ® U ! X(U) ¥áâì ¯ãç®ª  «£¥¡à �¨   M . � ¤ ®© à ¡®â¥
¨§ãç ¥âáï ¯ãç®ª £ ¬¨«ìâ®®¢ëå ¢¥ªâ®àëå ¯®«¥©   á¨¬¯«¥ªâ¨ç¥áª®¬ ¬®£®®¡à §¨¨ á ®á®¡¥-
®áâï¬¨ � àâ¨¥.

�á¥ à áá¬ âà¨¢ ¥¬ë¥ ¢ à ¡®â¥ ¬®£®®¡à §¨ï ¨ ®â®¡à ¦¥¨ï ¯à¥¤¯®« £ îâáï £« ¤ª¨¬¨. �á-
¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: C1

M | ¯ãç®ª £« ¤ª¨å äãªæ¨©   ¬®£®®¡à §¨¨M , XM |
¯ãç®ª ¢¥ªâ®àëå ¯®«¥©, 
�M | ¯ãç®ª ¤¨ää¥à¥æ¨ «ìëå ä®à¬. �«ï ¯ãçª  G   ¬®£®®¡à §¨¨
M ç¥à¥§ Gp ¡ã¤¥¬ ®¡®§ ç âì ¬®¦¥áâ¢® à®áâª®¢ íâ®£® ¯ãçª  ¢ â®çª¥ p 2M .

2. �á®¢ë¥ à¥§ã«ìâ âë

�ãáâì (M;!) ¥áâì á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ â¨¯  !0. �« ¤ª ï äãªæ¨ï
f : U ! R, £¤¥ U � M | ®âªàëâ®¥ ¬®¦¥áâ¢®,  §ë¢ ¥âáï «®ª «ìë¬ £ ¬¨«ìâ®¨ ®¬ (áà.
[9]), ¥á«¨ áãé¥áâ¢ã¥â ¢¥ªâ®à®¥ ¯®«¥ V   U â ª®¥, çâ® iV ! = df . �§ á¢®©áâ¢  ¯à®¨§¢®¤®©
�¨ LV = diV + iV d á«¥¤ã¥â V 2 Xh(U). �á®, çâ® «®ª «ìë¥ £ ¬¨«ìâ®¨ ë ®¡à §ãîâ ¯ãç®ª,
®¡®§ ç¨¬ ¥£® T .

� [1] ¡ë«® ¯®ª § ®, çâ® ¨¬¥¥â ¬¥áâ® â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì ¯ãçª®¢

0! RM
i
�! T

�
�! X� ! 0;

£¤¥ RM ¥áâì ¯ãç®ª «®ª «ì® ¯®áâ®ïëå äãªæ¨©   M , i | ¢ª«îç¥¨¥ RM ¢ T , ¨ �(f) = V ,
¥á«¨ df = iV !, â. ¥. � ®â®¡à ¦ ¥â £ ¬¨«ìâ®¨  ¢ á®®â¢¥âáâ¢ãîé¥¥ £ ¬¨«ìâ®®¢® ¢¥ªâ®à®¥
¯®«¥. �âáî¤  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì ª®£®¬®«®£¨© ¬®£®®¡à §¨ï
M á ª®íää¨æ¨¥â ¬¨ ¢ ¯ãçª å RM , T ¨ Xh:

� � � ! �H0(M ;X�)
�
�! �H1(M ;RM ) i��! �H1(M ;T ) ���! �H1(M ;X�)

�
�! �H2(M ;RM ) i��! � � � (4)

� ¤ «ì¥©è¥¬ ¯®¤ á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà®© á ®á®¡¥®áâï¬¨ � àâ¨¥ ¬ë ¡ã¤¥¬ ¯®-
¨¬ âì á¨¬¯«¥ªâ¨ç¥áªãî áâàãªâãàã á ®á®¡¥®áâï¬¨ â¨¯  !0, £¤¥ !0 ¨¬¥¥â ¢¨¤ (1) ¨«¨ (2),  
ç¥âëà¥å¬¥à®¬ ¬®£®®¡à §¨¨. � íâ®¬ ¯ à £à ä¥  ©¤¥¬ ª®£®¬®«®£¨¨ ¯ãçª  «®ª «ìëå £ ¬¨«ì-
â®¨ ®¢   á¨¬¯«¥ªâ¨ç¥áª®¬ ¬®£®®¡à §¨¨ á ®á®¡¥®áâï¬¨ � àâ¨¥.
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�ãáâì � | ä®à¬  ®¡ê¥¬    M . �®£¤  ! ^! = Pf�(!)�, £¤¥ Pf�(!)  §ë¢ ¥âáï ¯ä ää¨ ®¬

ä®à¬ë ! ®â®á¨â¥«ì® �. �ç¥¢¨¤®, ¥á«¨ �0 = �� | ¤àã£ ï ä®à¬  ®¡ê¥¬ , £¤¥ � | äãªæ¨ï,
¥ ®¡à é îé ïáï ¢ ã«ì, â® Pf�(!) = �Pf�0(!). �«¥¤®¢ â¥«ì®, ¢ ¯ãçª¥ C1 ª®«¥æ £« ¤ª¨å
äãªæ¨© ®¯à¥¤¥«¥ ¯®¤¯ãç®ª I £« ¢ëå ¨¤¥ «®¢, ¯®à®¦¤¥ëå Pf�(!):

I(U) = fPf�(!)jU � f j f 2 C1(U)g;

ª®â®àë© ¥ § ¢¨á¨â ®â ¢ë¡®à  ä®à¬ë ®¡ê¥¬  �.
� «¥¥ § ¬¥â¨¬, çâ® I ¥áâì ¢ â®ç®áâ¨ ¯ãç®ª ¨¤¥ «®¢, á¥ç¥¨ï¬¨ ª®â®à®£® ï¢«ïîâáï äãª-

æ¨¨, ®¡à é îé¨¥áï ¢ ã«ì   �, â. ¥. C1=I ¥áâì ¯ãç®ª à®áâª®¢ £« ¤ª¨å äãªæ¨©   �.

�¥¬¬ . �ãáâì (M;!) ¥áâì á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ � àâ¨¥.

�ãáâì ª®¢¥ªâ®à®¥ ¯®«¥ � ®¯à¥¤¥«¥®   ®âªàëâ®¬ ¬®¦¥áâ¢¥ U � M . �®£¤  � = iV ! ¤«ï

¥ª®â®à®£® £« ¤ª®£® ¢¥ªâ®à®£® ¯®«ï V   U â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© â®çª¨

p 2 U ª®¢¥ªâ®à �(p) ®¡à é ¥âáï ¢ ã«ì    ã«ïâ®à¥ !(p). �à¨ íâ®¬ ¢¥ªâ®à®¥ ¯®«¥ V
®¯à¥¤¥«ï¥âáï ¥¤¨áâ¢¥ë¬ ®¡à §®¬.

� ç áâ®áâ¨, f ¥áâì «®ª «ìë© £ ¬¨«ìâ®¨  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  df ®¡à é ¥âáï

¢ ã«ì    ã«ïâ®à¥ !.

�®ª § â¥«ìáâ¢®. � ç «¥ ¯®«®¦¨¬ U = M . �ãáâì �! : TM ! T �M , �(V ) = iV !, |
¬®àä¨§¬ ¢¥ªâ®àëå à áá«®¥¨©, ®¯à¥¤¥«ï¥¬ë© 2-ä®à¬®© !. � ¬  ¤® ¤®ª § âì, çâ® á¥ç¥¨¥ �
à áá«®¥¨ï T �M , ®¯à¥¤¥«¥®¥   U , ¥áâì ®¡à § á¥ç¥¨ï V à áá«®¥¨ï TM ¯à¨ ®â®¡à ¦¥¨¨
�! â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � ®¡à é ¥âáï ¢ ã«ì    ã«ïâ®à¥ !.

�á«¨ � = �!(V ), â® ¨§ ®¯à¥¤¥«¥¨ï  ã«ïâ®à  ¥¬¥¤«¥® á«¥¤ã¥â, çâ® � ®¡à é ¥âáï  
¥¬ ¢ ã«ì.

�®ª ¦¥¬ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥. �à¥¦¤¥ ¢á¥£® ¯®áâà®¨¬ ª®á®á¨¬¬¥âà¨ç®¥ â¥§®à®¥ ¯®«¥
e! 2 
2(M) â ª®¥, çâ®

e!sk!sm = Pf�(!)�km; (5)

£¤¥ �|¥ª®â®à ï ä®à¬  ®¡ê¥¬ . � ä¨ªá¨àã¥¬ ¥ª®â®àãî ¬¥âà¨ªã g  M ¨ ¯ãáâì � 2 
4(M) |
á®®â¢¥âáâ¢ãîé ï ä®à¬  ®¡ê¥¬ . �®£¤ , ª ª ¨§¢¥áâ®, áãé¥áâ¢ã¥â â¥§®à®¥ ¯®«¥ e� 2 
4(M) â -
ª®¥, çâ® ¢ «®ª «ìëå ª®®à¤¨ â å e�ijkl�ijkm = �lm. �®«®¦¨¬ e!kl = e�ijkl!ij . �á¯®«ì§ãï ®¯à¥¤¥«¥-
¨¥ Pf�(!),   â ª¦¥ ª®á®á¨¬¬¥âà¨ç®áâì ä®à¬ë ! ¨ â¥§®à  e�, § ¯¨è¥¬ á«¥¤ãîé¨¥ à ¢¥áâ¢ :

Pf�(!)�pm = Pf�(!)e�ijkp�ijkm = e�ijkp![ij!km] =

=
1
3
(e�ijkp!ij!km + e�ijkp!ik!mj + e�ijkp!im!jk) = e�ijkp!ij!km = e!kp!km:

� ª¨¬ ®¡à §®¬, ¯®áâà®¥®¥ â¥§®à®¥ ¯®«¥ e! 2 
2(M) ®¡« ¤ ¥â âà¥¡ã¥¬ë¬ á¢®©áâ¢®¬ (5).
�¥§®à®¥ ¯®«¥ e! ®¯à¥¤¥«ï¥â ¬®àä¨§¬ ¢¥ªâ®àëå à áá«®¥¨© e�! : T �M ! TM , ¯à¨ç¥¬ e�!�! =
Pf�(!) IdTM .

�ãáâì � 2 I � 
1(M), â. ¥. � = Pf�(!)�, £¤¥ � 2 
1(M). �®«®¦¨¬ V = e�!� 2 X(M). �®£¤ 

�!(V ) = �! e�!(�) = Pf�(!)� = �:

� ª¨¬ ®¡à §®¬, ¥á«¨ á¥ç¥¨¥ � ¢¥ªâ®à®£® à áá«®¥¨ï T �M ®¡à é ¥âáï ¢ ã«ì   �, â® áãé¥-
áâ¢ã¥â ¢¥ªâ®à®¥ ¯®«¥ V   M â ª®¥, çâ® �!(V ) = �.

�ãáâì â¥¯¥àì � ¥áâì ¥ª®â®à®¥ ª®¢¥ªâ®à®¥ ¯®«¥   M , ®¡à é îé¥¥áï ¢ ã«ì    ã«ïâ®-
à¥ !. � ª ª ª ! ¥áâì á¨¬¯«¥ªâ¨ç¥áª ï ä®à¬  á ®á®¡¥®áâï¬¨ � àâ¨¥, ¬®àä¨§¬ ¢¥ªâ®àëå
à áá«®¥¨© �! : TM j� ! T �M j� ¨¬¥¥â ¯®áâ®ïë© à £ 2, ¨ ¥£® ®¡à § á®áâ®¨â ¨§ á¥ç¥¨©
à áá«®¥¨ï T �M j�, ®¡à é îé¨åáï ¢ ã«ì    ã«ïâ®à¥ !. �®íâ®¬ã �j� = �!( eV ), £¤¥ eV ¥áâì
á¥ç¥¨¥ à áá«®¥¨ï TM j�. �¥¯¥àì ¯à®¤®«¦¨¬ eV ¤® ¢¥ªâ®à®£® ¯®«ï V  M (� § ¬ªãâ® ¢ M),
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â®£¤  �0 = ���!(V ) ®¡à é ¥âáï ¢ ã«ì   �. �® ¤®ª § ®¬ã à ¥¥ �0 = �!(V 00) ¤«ï ¥ª®â®à®£®
¢¥ªâ®à®£® ¯®«ï V 00   M , ¯®íâ®¬ã

� = �0 + �!(V
00) = �!(V ) + �!(V

00) = �!(V + V 00):

� ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ® ¤«ï «î¡®£® � 2 
1(M), ®¡à é îé¥£®áï ¢ ã«ì    ã-
«ïâ®à¥ ä®à¬ë !, áãé¥áâ¢ã¥â V 2 X(M) â ª®¥, çâ® � = �!(V ). � ª ª ª �! ¥áâì ¨§®¬®àä¨§¬  
¢áî¤ã ¯«®â®¬ ¬®¦¥áâ¢¥ â®ç¥ª, ¯®«ãç ¥¬, çâ® ¢¥ªâ®à®¥ ¯®«¥ V ®¯à¥¤¥«¥® ®¤®§ ç®.

�áâ «®áì § ¬¥â¨âì, çâ® ®âªàëâ®¥ ¯®¤¬®£®®¡à §¨¥ á¨¬¯«¥ªâ¨ç¥áª®£® ¬®£®®¡à §¨ï á ®á®¡¥-
®áâï¬¨ � àâ¨¥ á ¬® ¥áâì á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥ á ®á®¡¥®áâï¬¨ � àâ¨¥. � ª¨¬
®¡à §®¬, «¥¬¬  ¤®ª §   ¤«ï ®âªàëâ®£® ¯®¤¬®¦¥áâ¢  U �M .

�  ¯®¤¬®£®®¡à §¨¨ � ®¯à¥¤¥«¥® á«®¥¨¥ F á ®á®¡¥®áâï¬¨, à¥£ã«ïàë¥ á«®¨ ª®â®à®£®
áãâì ¨â¥£à «ìë¥ ªà¨¢ë¥ ®¤®¬¥à®£® à á¯à¥¤¥«¥¨ï   � n�0, ¯®«ãç¥®£® ¯¥à¥á¥ç¥¨¥¬  -
ã«ïâ®à  ! á ª á â¥«ìë¬¨ ¯à®áâà áâ¢ ¬¨ ª �,   ®á®¡ë¬ á«®¥¬ ï¢«ï¥âáï ªà¨¢ ï �0. �¡®§ ç¨¬
ç¥à¥§ Fb ¯ãç®ª ¡ §®¢ëå äãªæ¨© á«®¥¨ï F , â. ¥. ¯ãç®ª äãªæ¨©, «®ª «ì® ¯®áâ®ïëå ¢¤®«ì
á«®¥¢ F .

�ãáâì X | â®¯®«®£¨ç¥áª®¥ ¯à®áâà áâ¢®, A � X | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®, ¨ G |
¯ãç®ª ª®«¥æ   A. �®£¤  ®¯à¥¤¥«¥ ¯ãç®ª GX   X, ¯®à®¦¤¥ë© ¯à¥¤¯ãçª®¬: U ! 0, ¥á«¨
U \A = ;, ¨ U ! G(U \A) ¢ ¯à®â¨¢®¬ á«ãç ¥ (á¬. [10]).

�ãáâì r : C1

M ! (C1

� )M ¥áâì ¬®àä¨§¬ ¯ãçª®¢, ¯®à®¦¤¥ë© ®£à ¨ç¥¨¥¬ äãªæ¨©   �,
â. ¥. ¥á«¨ U \ � = ;, â® (C1

� )M (U) = 0 ¨ rU : C1

M (U) ! (C1

� )M (U) ¥áâì ã«¥¢®© £®¬®¬®àä¨§¬.
�á«¨ U \ � = U 0 6= ;, â® rU : C1

M (U) ! C1

� (U 0) ¥áâì ®£à ¨ç¥¨¥ äãªæ¨¨ f 2 C1(U)   U 0.
�® ®¯à¥¤¥«¥¨î I2 ¥áâì ¯®¤¯ãç®ª ¯ãçª  C1

M , ¢ª«îç¥¨¥ I
2 ! C1

M ®¡®§ ç¨¬ ç¥à¥§ i, â ª¦¥
¯®«®¦¨¬ eFb = FM

b .

�â¢¥à¦¤¥¨¥. �¬¥¥â ¬¥áâ® â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì ¯ãçª®¢   M

0! I2 i
�! T

r
�! eFb ! 0: (6)

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¥á«¨ f 2 I2, â® df = 0 ¢ â®çª å �, ¯®áª®«ìªã I
¥áâì ¯ãç®ª ¨¤¥ «®¢ äãªæ¨© ®¡à é îé¨åáï ¢ ã«ì   �. �«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ df = iV !,
§ ç¨â, f ¥áâì á¥ç¥¨¥ ¯ãçª  T . � ª¨¬ ®¡à §®¬, i : I2 ! C1

M ®â®¡à ¦ ¥â I2 ¢ T .
�®ª ¦¥¬, çâ® ¬®àä¨§¬ ¯ãçª®¢ r : C1

M ! (C1

� )M ®â®¡à ¦ ¥â ¯®¤¯ãç®ª T ¯ãçª  C1

M ¢ ¯®¤-
¯ãç®ª eFb ¯ãçª  (C1

� )M . �«ï íâ®£® ¤®áâ â®ç® ¯®ª § âì, çâ® ¤«ï «î¡®© p 2M ¬®àä¨§¬ ¯ãçª®¢
r ®â®¡à ¦ ¥â ª®«ìæ® à®áâª®¢ Tp ¢ ª®«ìæ® à®áâª®¢ ( eFb)p.

�á«¨ p =2 �, â® âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨©. �ãáâì â¥-
¯¥àì p «¥¦¨â ¢ � ¨ hfip «¥¦¨â ¢ Tp. � ª ª ª df ®¡à é ¥âáï ¢ ã«ì    ã«ïâ®à¥ E ä®à¬ë !,
df à ¢® ã«î   T� \ E, á«¥¤®¢ â¥«ì®, äãªæ¨ï f ¯®áâ®ïa ¢¤®«ì «î¡®£® ¥®á®¡®£® á«®ï
á«®¥¨ï F   �. � ª¨¬ ®¡à §®¬, ¥á«¨ p 62 �0, â® hfip ¥áâì à®áâ®ª ¡ §®¢®© äãªæ¨¨ á«®¥¨ï F ,
â. ¥. hfip 2 eFb.

�ãáâì p 2 �0. �®£¤  ¢ ®ªà¥áâ®áâ¨ â®çª¨ p ¬®¦® ¢§ïâì á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ä®à¬ 
! ¨¬¥¥â ¢¨¤ (1) ¨«¨ (2),   â®çª  p ¨¬¥¥â ã«¥¢ë¥ ª®®à¤¨ âë. � áá¬®âà¨¬ í««¨¯â¨ç¥áª¨© á«ãç ©
(1). � íâ®© á¨áâ¥¬¥ ª®®à¤¨ â � § ¤ ¥âáï ãà ¢¥¨¥¬ x1 = 0,   �0 ãà ¢¥¨¥¬ x1 = x3 = x4 = 0.
� «¥¥,  ã«ïâ®à E  âïãâ   ¢¥ªâ®àë

V1 = x3@1 + @3; V2 = x4@1 � x3@2 + @4; (7)

  á«®¥¨¥ F ¯®à®¦¤¥® ¢¥ªâ®àë¬ ¯®«¥¬

W = �(x3)2@2 � x4@3 + x3@4:
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�§ ãá«®¢¨ï df jE = 0 á«¥¤ã¥â, çâ® ¯à¨ x1 = 0

x3@1f(0; x
2; x3; x4) + @3f(0; x

2; x3; x4) = 0;

x4@1f(0; x
2; x3; x4)� x3@2f(0; x

2; x3; x4) + @4f(0; x
2; x3; x4) = 0:

(8)

�¨ää¥à¥æ¨àãï ¯¥à¢®¥ ãà ¢¥¨¥ ¨§ (8) ¯® x4,   ¢â®à®¥ ¯® x3 ¨ ¨á¯®«ì§ãï à ¢¥áâ¢®
@34f(0; x2; x3; x4) = @43f(0; x2; x3; x4), ¯®«ãç ¥¬

x3@14f(0; x
2; x3; x4) = x4@13f(0; x

2; x3; x4)� @2f(0; x
2; x3; x4)� x3@23f(0; x

2; x3; x4):

�®¤áâ ¢«ïï ¢ ¯®á«¥¤¥¥ á®®â®è¥¨¥ x3 = 0, x4 = 0, ¯®«ãç¨¬ @2f(0; x2; 0; 0) = 0, á«¥¤®¢ â¥«ì®,
äãªæ¨ï f ¯®áâ®ï  ¢¤®«ì ®á®¡®£® á«®ï. � ª¨¬ ®¡à §®¬, hfip 2 eFb.

�¨¯¥à¡®«¨ç¥áª¨© á«ãç © à §¡¨à ¥âáï   «®£¨ç®. �®¤¬®£®®¡à §¨ï � ¨ �0 § ¤ îâáï â¥¬¨
¦¥ ãà ¢¥¨ï¬¨,    ã«ïâ®à E  âïãâ   ¢¥ªâ®àë¥ ¯®«ï

V1 = x3@1 + @3; V2 = �x4@1 � x3@2 + @4: (9)

�¬¥¥¬ á¨áâ¥¬ã,   «®£¨çãî (8), ¨ â ª¨¬¨ ¦¥ à ááã¦¤¥¨ï¬¨ ¯®«ãç ¥¬, çâ® f ¯®áâ®ï  ¢¤®«ì
®á®¡®£® á«®ï. � ª¨¬ ®¡à §®¬, ¨ ¢ íâ®¬ á«ãç ¥ hfip 2 eFb.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â®ç®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ (6). � ¬  ¤® ¤®ª § âì, çâ® ¤«ï
«î¡®© â®çª¨ p 2M ¯®á«¥¤®¢ â¥«ì®áâì

0! (I2)p
ip
�! Tp

rp
�! ( eFb)p ! 0 (10)

â®ç . �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¤«ï «î¡®© p 62 � íâ  ¯®á«¥¤®¢ â¥«ì®áâì â®ç , â. ª. (I2)p =
(C1

M )p, Tp = (C1

M )p, ( eFb)p = 0, ¨ ip ¥áâì â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥.
� «¥¥, ¤«ï «î¡®© â®çª¨ p â®ç®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ (10) ¢ ç«¥¥ (I2)p á«¥¤ã¥â ¨§ ®¯à¥-

¤¥«¥¨©. �«¥¤®¢ â¥«ì®,  ¤® ¤®ª § âì ¥¥ â®ç®áâì ¢ ®áâ ¢è¨åáï ¤¢ãå ç«¥ å. � ä¨ªá¨àã¥¬
¥ª®â®àãî ä®à¬ã ®¡ê¥¬  ¨ ¤«ï ªà âª®áâ¨ ®¡®§ ç¨¬ Pf�(!) ç¥à¥§ �. � ¬¥â¨¬, çâ® d� 6= 0 ¢
â®çª å �.

�®ç®áâì ¢ ç«¥¥ Tp. �§ ®¯à¥¤¥«¥¨© ¥¬¥¤«¥® á«¥¤ã¥â, çâ® rpip = 0. �¥¯¥àì, ¯ãáâì hfip 2
Tp ¨ rp(hfip) = 0. �®£¤  hfip 2 Ip, á«¥¤®¢ â¥«ì®, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U â®çª¨ p ¨¬¥¥â
¬¥áâ® f = �g, £¤¥ g 2 C1(U). �®£¤    U 0 = U \ � ¨¬¥¥¬ df = gd�. � ª ª ª f 2 T (U), â®
df jE = 0. �® ¢ ¯«®â®¬ ¯®¤¬®¦¥áâ¢¥ â®ç¥ª U 00 = U 0 n (U \ �0) ¬®¦¥áâ¢  U 0  ã«ïâ®à E
âà á¢¥àá «¥ T�, á«¥¤®¢ â¥«ì®, gjU 00 = 0, â. ª. d� 6= 0. � ç¨â, gjU 0 = 0, á«¥¤®¢ â¥«ì®, g = h�,
®âªã¤  f = g� = h�2. � ª¨¬ ®¡à §®¬, hfip 2 (T 2)p.

�®ç®áâì ¢ ç«¥¥ ( eFb)p. �®ª ¦¥¬, çâ® ¤«ï «î¡®© â®çª¨ p ¢ � ¨ «î¡®£® hfip 2 ( eFb)p áãé¥-
áâ¢ã¥â h bf ip 2 Tp â ª®©, çâ® rp(h bf ip) = hr( bf )ip = hfip.

�ãáâì p 2 �n�0. �®£¤  ¬®¦® ¢ë¡à âì ¯à¥¤áâ ¢¨â¥«ï f à®áâª  hfip 2 ( eFb)p, ®¯à¥¤¥«¥®£® a
®âªàëâ®¬ ¬®¦¥áâ¢¥ U 0 = U\�, ¥ ¯¥à¥á¥ª îé¥¬ �0. �«¥¤®¢ â¥«ì®,   U 0  ã«ïâ®à E ä®à¬ë
! âà á¢¥àá «¥ T�, ¨ ¯ãáâì l = E \ T� | ®¤®¬¥à®¥ à á¯à¥¤¥«¥¨¥, § ¤ îé¥¥ ®£à ¨ç¥¨¥
á«®¥¨ï F   U 0. �ë¡¥à¥¬ ¯®«¥ à¥¯¥à  W1;W2 à áá«®¥¨ï E  ¤ U â ª, çâ®¡ë W1(q) 2 l(q) ¨
d�(W2(q)) = 1 ¤«ï «î¡®£® q 2 U 0.

�ãáâì ef ¥áâì ¥ª®â®à®¥ ¯à®¤®«¦¥¨¥ f   U , ¨ ¯ãáâì g = d ef(W2) : U 0 ! R. �¡®§ ç¨¬ ç¥à¥§
eg ¥ª®â®à®¥ ¯à®¤®«¦¥¨¥ g   U ¨ à áá¬®âà¨¬ äãªæ¨î bf = ef � eg�   U . � ª ª ª �(q) = 0 ¤«ï
«î¡®© q 2 U 0, â® r( bf) = f . � «¥¥, ¢ â®çª å U 0 ¨¬¥¥¬ d bf = df + gd�. C«¥¤®¢ â¥«ì®, d bf(W1) = 0,
â. ª. f | ¡ §®¢ ï äãªæ¨ï á«®¥¨ï F ¨ d�(W1) = 0, ¨ d bf(W2) = d ef(W2) � gd�(W2) = 0 ¢ á¨«ã
¢ë¡®à W2 ¨ ®¯à¥¤¥«¥¨ï äãªæ¨¨ g. � ª¨¬ ®¡à §®¬, d bf ®¡à é ¥âáï ¢ ã«ì  E, á«¥¤®¢ â¥«ì®,bf 2 T (U).

�¥¯¥àì ¤®ª ¦¥¬ â®ç®áâì ¢ â®çª å p 2 �0. � ç «¥ à áá¬®âà¨¬ í««¨¯â¨ç¥áª¨© á«ãç ©.
� ©¤¥¬ ¢¨¤ ¡ §®¢ëå äãªæ¨© á«®¥¨ï F ¢ ª ®¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â (1), § ¤ ®© ¢
®ªà¥áâ®áâ¨ U 0 â®çª¨ p. �¥à¥©¤¥¬ ª æ¨«¨¤à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â   U 0 n (U 0\�0): x2 = u,
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x3 = � cos', x4 = � sin'. �®£¤  à á¯à¥¤¥«¥¨¥ l  âïãâ®   ¢¥ªâ®à®¥ ¯®«¥ W = @'��2 cos2 '@2
¨ ¨§ ãá«®¢¨ï Wf = 0 ¯®«ãç ¥¬, çâ® ¯à¨ � > 0

f(x2; � cos'; � sin') = F (x2 + 1
2
�2('+ 1

2
sin 2')) +G(�);

£¤¥ F (p) | £« ¤ª ï äãªæ¨ï, G(�) | £« ¤ª ï äãªæ¨ï, ®¯à¥¤¥«¥ ï ¯à¨ � > 0. �®¤áâ ¢¨¢ ¢
íâ® à ¢¥áâ¢® ' = 0, ¯®«ãç¨¬

f(x2; �; 0) = F (x2) +G(�):

�âáî¤  @2f(x2; �; 0) = F 0(x2). �â® à ¢¥áâ¢® ¨¬¥¥â ¬¥áâ® ¯à¨ � > 0, ® @2f(x2; �; 0) ! 0 ¯à¨
� ! 0, â. ª. @2f(x2; 0; 0) = 0 ¯® ®¯à¥¤¥«¥¨î ¡ §®¢®© äãªæ¨¨. � ª¨¬ ®¡à §®¬, F (x2) ¯®áâ®ï 
¨

f(x2; � cos'; � sin') = G(�) + C;

£¤¥ C | ¯®áâ®ï ï. � á¨«ã £« ¤ª®áâ¨ f(x2; x3; x4) ®âáî¤  á«¥¤ã¥â f(x2; x3; x4) = g((x3)2 +
(x4)2) + C ¤«ï ¥ª®â®à®© £« ¤ª®© äãªæ¨¨ g(u). �®«®¦¨¬

bf(x1; x2; x3; x4) = C + g((x3)2 + (x4)2)� 2x1g0((x3)2 + (x4)2):

�®£¤  ¯à¨ x1 = 0 ¨¬¥¥¬ d bf = 2g0((x3)2 + (x4)2)�, £¤¥ � = dx1 + x3dx3 + x4dx4. �®íâ®¬ã d bf
®¡à é ¥âáï ¢ ã«ì   ¢¥ªâ®àëå ¯®«ïå (7), § ¤ îé¨å ¡ §¨á E, á«¥¤®¢ â¥«ì®, ¯® «¥¬¬¥ bf
«¥¦¨â ¢ T (U). � ª®¥æ, ïá®, çâ® r( bf) = f , çâ® ¤®ª §ë¢ ¥â áîàê¥ªâ¨¢®áâì rp. � ª¨¬ ®¡à §®¬,
¢ í««¨¯â¨ç¥áª®¬ á«ãç ¥ â®ç®áâì ¢ ç«¥¥ ( eFb)p ¤«ï â®ç¥ª p 2 �0 ¤®ª §  .

�¨¯¥à¡®«¨ç¥áª¨© á«ãç © à áá¬ âà¨¢ ¥âáï   «®£¨ç®. � ç «¥  å®¤¨¬ ¢¨¤ ¡ §®¢ëå äãª-
æ¨© á«®¥¨ï F ¢ ª ®¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â (2), § ¤ ®© ¢ ®ªà¥áâ®áâ¨ U 0 â®çª¨ p, ¤«ï
ç¥£® ¯¥à¥å®¤¨¬ ª £¨¯¥à¡®«¨ç¥áª®© æ¨«¨¤à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â   U 0 n (U 0 \�0): x2 = u,
x3 = � ch', x4 = � sh'. �®«ãç ¥¬, çâ® ¤«ï ¡ §®¢®© äãªæ¨¨ f ¯à¨ � > 0 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

f(x2; � cos'; � sin') = F (x2 + 1
2
�2('+ 1

2
sh 2')) +G(�);

£¤¥ F (p) | £« ¤ª ï äãªæ¨ï, G(�) | £« ¤ª ï äãªæ¨ï, ®¯à¥¤¥«¥ ï ¯à¨ � > 0. � «¥¥, à ááã-
¦¤ ï   «®£¨ç® í««¨¯â¨ç¥áª®¬ã á«ãç î, ¯®«ãç ¥¬ f(x2; x3; x4) = g((x3)2�(x4)2)+C. �®«®¦¨¬

bf(x1; x2; x3; x4) = C + g((x3)2 � (x4)2)� 2x1g0((x3)2 � (x4)2):

�á®, çâ® d bf ®¡à é ¥âáï ¢ ã«ì   ¢¥ªâ®àëå ¯®«ïå (9), § ¤ îé¨å ¡ §¨á E, á«¥¤®¢ â¥«ì®,
¯® «¥¬¬¥ bf «¥¦¨â ¢ T (U). �à®¬¥ â®£®, r( bf) = f , â ª¨¬ ®¡à §®¬, rp áîàê¥ªâ¨¢®. �â ª, ¨ ¢
£¨¯¥à¡®«¨ç¥áª®¬ á«ãç ¥ â®ç®áâì ¢ ç«¥¥ ( eFb)p ¤«ï â®ç¥ª p 2 �0 ¤®ª §  .

�«¥¤áâ¢¨¥ 1. �«ï á¨¬¯«¥ªâ¨ç¥áª®£® ¬®£®®¡à §¨ï á ®á®¡¥®áâï¬¨ � àâ¨¥ ¨¬¥¥â ¬¥áâ®
¨§®¬®àä¨§¬ £àã¯¯ ª®£®¬®«®£¨©

Hq(M ;T ) �= Hq(�;Fb); q > 0;

£¤¥ T | ¯ãç®ª «®ª «ìëå £ ¬¨«ìâ®¨ ®¢   M , Fb | ¯ãç®ª ¡ §®¢ëå äãªæ¨© á«®¥¨ï á
®á®¡¥®áâï¬¨, ¨¤ãæ¨à®¢ ®£®   ®á®¡®¬ ¯®¤¬®£®®¡à §¨¨ �  ã«ïâ®à®¬ ä®à¬ë !.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¯ãç®ª I2 â®ª¨©, ¨¬¥¥¬ Hq(M;I2) �= 0, q > 0. � á¨«ã ¯à¥¤-
«®¦¥¨ï ¨¬¥¥â ¬¥áâ® â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì

� � � ! �Hq(M ;I2) i
�! �Hq(M ;T ) r

�! �Hq(M ; eFb)! �Hq+1(M ;I2)! � � �

®âªã¤  Hq(M ;T ) �= Hq(M ; eFb), q > 0. � ª ª ª eFb = (Fb)X , ¯®«ãç ¥¬ Hq(M ; eFb) �= Hq(�;Fb)
([10], â¥®à¥¬  10.1¡, á. 59), çâ® ¤®ª §ë¢ ¥â á«¥¤áâ¢¨¥.
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�«¥¤áâ¢¨¥ 2. �«ï á¨¬¯«¥ªâ¨ç¥áª®£® ¬®£®®¡à §¨ï á ®á®¡¥®áâï¬¨ � àâ¨¥ â ª®£®, çâ®
�0 = ;, ¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬ £àã¯¯ ª®£®¬®«®£¨©

Hq(M ;Xh) �= Hq+1
DR (M); q > 2;

£¤¥ Xh | ¯ãç®ª £ ¬¨«ìâ®®¢ëå ¢¥ªâ®àëå ¯®«¥©   M , Hk
DR(M) | ª®£®¬®«®£¨¨ ¤¥ � ¬  ¬®-

£®®¡à §¨ï M .

�®ª § â¥«ìáâ¢®. �á«¨ �0 = ;, â® ®¤®¬¥à®¥ á«®¥¨¥ F ¥ ¨¬¥¥â ®á®¡¥®áâ¥©. �®£¤  ¤«ï
¯ãçª  ¡ §®¢ëå äãªæ¨© Fb ¥áâì â®ª ï à¥§®«ì¢¥â 

0! Fb ! 
0
F
! 
1

F
! 0;

£¤¥ 
k
F
| ¯ãçª¨ ä®à¬   TF [11]. �«¥¤®¢ â¥«ì®, Hq(M ;T ) �= Hq(M ;Fb) �= 0 ¯à¨ q > 1. �¥¯¥àì

 è¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ áãé¥áâ¢®¢ ¨ï â®ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (4).

�«¥¤áâ¢¨¥ 3. �á«¨ á«®¥¨¥ F ¥áâì à áá«®¥¨¥, â® Hq(M ;X�) �= Hq+1
DR (M) ¯à¨ q > 0. �

ç áâ®áâ¨, ¥á«¨ H2
DR(M) �= 0, â® ! ¨ä¨¨â¥§¨¬ «ì® ¦¥áâª ï.

�®ª § â¥«ìáâ¢®. �á«¨ F ¥áâì à áá«®¥¨¥, â® Hq(M ;T ) �= Hq(M ;Fb) �= 0 ¯à¨ q > 0. �à¥¡ã-
¥¬®¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ áãé¥áâ¢®¢ ¨ï â®ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (4).

�à¨¬¥à. �ãáâì (cM; b!) | á¨¬¯«¥ªâ¨ç¥áª®¥ ¬®£®®¡à §¨¥, M | ¬®£®®¡à §¨¥ â®© ¦¥ à §-
¬¥à®áâ¨ çâ® ¨ cM , ¨ � :M ! cM | £« ¤ª®¥ ®â®¡à ¦¥¨¥. �ãáâì ! = ��!. �®£¤  ! | § ¬ªãâ ï
2-ä®à¬    M ¨ ¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬ 

TM
�!���! T �M

d�

??y
x??d��

T cM �!̂���! T �cM:

�§ ¥¥ á«¥¤ã¥â

Ann(!) = ker�! = d��1(��1!̂ ker d��): (11)

�ãáâì â¥¯¥àì cM ¥áâì R4 (á ª®®à¤¨ â ¬¨ y�, � = 1; 4),  ¤¥«¥®¥ áâ ¤ àâ®© á¨¬¯«¥ªâ¨-
ç¥áª®© áâàãªâãà®©

b! = dy1 ^ dy2 + dy3 ^ dy4;

M = S
4 � R

5 | áâ ¤ àâ ï áä¥à  á ãà ¢¥¨¥¬
5P
i=1
(xi)2 = 1 ¨ � : S4 ! R

4 ¥áâì ®£à ¨ç¥¨¥

¯à®¥ªæ¨¨ R5 ! R
4 , y� = x�, � = 1; 4.

�ãáâì � ¥áâì £¨¯¥à¯«®áª®áâì ¢ R5 á ãà ¢¥¨¥¬ x5 = 0 ¨ S
3
0 = S

4 \ � | íª¢ â®à áä¥àë
S
4. �á®, çâ® d�p : TpS4 ! TpR

4 ¥áâì ¨§®¬®àä¨§¬ ¤«ï «î¡®© p 2 S
4 n S3

0, ¯®íâ®¬ã ! ¥¢ëà®-
¦¤¥    S4 n S3

0. � «¥¥, ¢ëç¨á«¥¨¥ ¢ ª®®à¤¨ â å á ¨á¯®«ì§®¢ ¨¥¬ (11) ¯®ª §ë¢ ¥â, çâ® ¢
â®çª å S3

0 Ann(!)  âïãâ   ¢¥ªâ®àë¥ ¯®«ï @5 ¨ �x2@1 + x1@2 � x4@3 + x3@4. �«¥¤®¢ â¥«ì®,
Ann(!) t S30 ¨ ®¤®¬¥à®¥ á«®¥¨¥ F , á®®â¢¥âáâ¢ãîé¥¥ à á¯à¥¤¥«¥¨î Ann(!)\ TS30   S

3
0, ¥áâì

à áá«®¥¨¥ �®¯ä . �®íâ®¬ã ! ¥áâì á¨¬¯«¥ªâ¨ç¥áª ï áâàãªâãà  á ®á®¡¥®áâï¬¨ � àâ¨¥ â¨¯ 
I, ¨ ¢ë¯®«¥ë ãá«®¢¨ï á«¥¤áâ¢¨ï 3. � ç¨â, áâàãªâãà  ! ï¢«ï¥âáï ¦¥áâª®©.

51



�¨â¥à âãà 

1. � « å «ìæ¥¢ �.�. �ä¨¨â¥§¨¬ «ìë¥ ¤¥ä®à¬ æ¨¨ á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãàë á ®á®-

¡¥®áâï¬¨ // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 2003. { ò 11. { C. 42{50.
2. Martinet J. Sur les singularit�es des formes di��erentielles // Ann. Inst. Fourier (Grenoble). { 1970.

{ V. 20. { ò 1. { P. 95{178.
3. Martinet J. Singularities of smooth functions and maps // London Math. Soc. Lecture Note Ser.

{1982. { ò 58. { 256 p.
4. Roussarie R. Mod�eles locaux de champs et de formes // Ast�erisque. { 1975. { ò30. { 181 p.
5. Golubitsky M., Tischler D. An example of moduli for singular symplectic forms // Invent. Math.

{ 1977. { V. 38. { ò 3. { P. 219{225.
6. Cannas da Silva A., Guillemin V., Woodwart C. On the unfolding of folded symplectic structures

// Math. Res. Lett. { 2000. { V. 7. { ò 1. { P. 35{53.
7. Cannas da Silva A. Fold-forms for four-folds // Preprint. { 2003. { 16 p.
8. Domitrz W. Non-local invariants of Martinet's singular symplectic structure // Banach Center

Publ. { 2002. { V. 60. { P. 122{143.
9. �®¬¥ª® �.�. �¨¬¯«¥ªâ¨ç¥áª ï £¥®¬¥âà¨ï. �¥â®¤ë ¨ ¯à¨«®¦¥¨ï. { �.: �§¤-¢® ���, 1988.

{ 414 á.
10. �à¥¤® �. �¥®à¨ï ¯ãçª®¢. { �.: � ãª , 1988. { 312 c.
11. Vaisman I. df -cohomologies of Lagrangian foliations // Manatschefte f�ur Mat. { 1988 { V. 106. {

P. 221{244.

� § áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 20.09.2004

52


