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�«ï  ¢â®­®¬­ëå á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© _x = f(x), f(0) = 0, ¨§¢¥áâ¥­ á«¥¤ã-
îé¨© à¥§ã«ìâ â, ãá¨«¨¢ îé¨© â¥®à¥¬ã �ï¯ã­®¢  ®¡  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨: ¤«ï â®-
£® çâ®¡ë ­ã«¥¢®¥ à¥è¥­¨¥ ¡ë«®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ « 
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ ï äã­ªæ¨ï v(x) â ª ï, çâ® _v 6 0 ¨ ¯à¨ íâ®¬ ¯®¢¥àå­®áâ¨ ãà®¢­ï
v = const > 0 ­¥ á®¤¥à¦ «¨ æ¥«ëå âà ¥ªâ®à¨© ([1], £«. 1, x 3, á. 19). � [2], [3] íâ®â à¥§ã«ìâ â
à á¯à®áâà ­ï¥âáï (á ¥áâ¥áâ¢¥­­ë¬ ¢¨¤®¨§¬¥­¥­¨¥¬ ¢ ä®à¬ã«¨à®¢ª¥) ­  ­¥ ¢â®­®¬­ë¥ á¨áâ¥¬ë
¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¯à ¢ ï ç áâì á¨áâ¥¬ë, äã­ªæ¨ï �ï¯ã­®¢  v(x; t) ¨ ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤-
­ë¥ ¯¥à¢®£® ¯®àï¤ª  ¯®çâ¨ ¯¥à¨®¤¨ç­ë ¯® t. � ¤ ­­®© áâ âì¥ ª®­áâàãªæ¨ï à ¡®âë [3] à á¯à®-
áâà ­¥­  ­  äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï § ¯ §¤ë¢ îé¥£® â¨¯ . � ®â«¨ç¨¥ ®â
âà ¤¨æ¨®­­ëå ¯®¤å®¤®¢ ([4]{[6]) §¤¥áì à áá¬ âà¨¢ îâáï «¨èì £« ¤ª¨¥ äã­ªæ¨®­ «ë �ï¯ã­®¢ ,
¯à®¨§¢®¤­ ï äã­ªæ¨®­ «  ¢¤®«ì âà ¥ªâ®à¨© á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï ¢ à ¬ª å â¥®à¨¨ £« ¤ª¨å
®â®¡à ¦¥­¨© ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ ([7], £«. 1, x 2). �®«ãç¥­­ë© à¥§ã«ìâ â ï¢«ï¥âáï ­®¢ë¬ ¨
¤«ï ç áâ­ëå á«ãç ¥¢  ¢â®­®¬­ëå ¨ ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬.

� áá¬®âà¨¬ á¨áâ¥¬ã

_x(t) = f(xt; t); t 2 R: (1)

�¤¥áì f('; t) : C[J ] � R ! R
N , J = [�a; 0], a = const > 0, C[J ] | ¡ ­ å®¢® ¯à®áâà ­áâ¢®

­¥¯à¥àë¢­ëå äã­ªæ¨© ' : J ! R
N , xt(�) = x(t+ �), � 2 J . �ã¤¥¬ ¯à¥¤¯®« £ âì

1) äã­ªæ¨®­ « f ­¥¯à¥àë¢¥­ ¢ C[J ]� R ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® ';
2) f ¯®çâ¨ ¯¥à¨®¤¨ç¥­ ¯® t à ¢­®¬¥à­® ¯® ' ­  ª ¦¤®¬ § ¬ª­ãâ®¬ è à¥ ¢ C[J ];
3) f(0; t) = 0.

�¥è¥­¨¥ x(t) á¨áâ¥¬ë (1) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ­ ç «ì­ë¬ ãá«®¢¨¥¬ x0(�) = '(�) 2 C[J ]
¨ ¯à¥¤áâ ¢«ï¥â á®¡®© £« ¤ªãî äã­ªæ¨î R+ ! R

N , R+ = [0;1) ([6], £«. 2, 2.2). � «¥¥ ¡ã¤¥¬
®¡®§­ ç âì ç¥à¥§ j � j ­®à¬ã ¢ RN , k � k | ­®à¬ã ¢ C[J ], C�[J ] | á®¯àï¦¥­­®¥ ª C[J ] ¡ ­ å®¢®
¯à®áâà ­áâ¢®. � ãç¥â®¬ ãá«®¢¨ï 1) ­¥âàã¤­® ¯®ª § âì, çâ® ¤«ï «î¡®£® à¥è¥­¨ï x(t) á¨áâ¥¬ë
(1) ¨ «î¡®£® T > 0

sup
t2[0;T ]

����x(t+�t)� x(t)
�t

� f(xt; t)
���� ! 0 (�t! 0): (2)

�ãáâì Br = f' 2 C[J ]; k'k 6 rg, r > 0, v('; t) | äã­ªæ¨®­ « Br � R ! R. �à®¨§¢®¤­®©
äã­ªæ¨®­ «  v ¯® ' ¢ â®çª¥ ('; t) ¡ã¤¥¬ ­ §ë¢ âì «¨­¥©­ë© äã­ªæ¨®­ « v0' 2 C�[J ] â ª®©, çâ®
v(' + �'; t) = v('; t) + v0'(�') + o(k�'k) (�' ! 0). �ã¤¥¬ ­ §ë¢ âì äã­ªæ¨®­ « v £« ¤ª¨¬,
¥á«¨ ¢ ª ¦¤®© â®çª¥ ('; t) áãé¥áâ¢ãîâ ¯à®¨§¢®¤­ë¥ v0', v

0

t, ­¥¯à¥àë¢­® § ¢¨áïé¨¥ ®â â®çª¨ ('; t)
(â®¯®«®£¨ç¥áª¨¥ á¢®©áâ¢  v0' §¤¥áì ¨ ¤ «¥¥ ¯®­¨¬ îâáï ¢ ­®à¬¥ ¯à®áâà ­áâ¢  C�[J ]). �à®¨§¢®¤-
­ ï £« ¤ª®£® äã­ªæ¨®­ «  v ¢¤®«ì âà ¥ªâ®à¨© á¨áâ¥¬ë (1) á ãç¥â®¬ (2) áãé¥áâ¢ã¥â ¯à¨ t > a
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¨ ¤ ¥âáï ä®à¬ã«®©

_v('; t) = v0t('; t) + v0'(f('; t); t): (3)

� ¬¥â¨¬, çâ® ¯à ¢ ï ç áâì (3) ®¯à¥¤¥«¥­  ¢áî¤ã ¢ Br � R. �ã¤¥¬ ¤ «¥¥ ­ §ë¢ âì à¥è¥­¨¥
x(t) á¨áâ¥¬ë (1) áãé¥áâ¢¥­­® ­¥­ã«¥¢ë¬, ¥á«¨ kxt(�)k > 0 ¯à¨ ¢á¥å t > 0; ®áâ «ì­ë¥ à¥è¥­¨ï
®¡à é îâáï ¢ ­ã«ì, ­ ç¨­ ï á ­¥ª®â®à®£® ¬®¬¥­â  t.

�¥®à¥¬ . �ãáâì ¤«ï á¨áâ¥¬ë (1) á ¯à ¢®© ç áâìî, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ 1){3), áã-
é¥áâ¢ã¥â £« ¤ª¨© äã­ªæ¨®­ « v : Br � R ! R á® á¢®©áâ¢ ¬¨

1�. V1(k'k) 6 v('; t) 6 V2(k'k) ¤«ï ­¥ª®â®à®© ¯ àë V1, V2 ­¥¯à¥àë¢­ëå ­¥ã¡ë¢ îé¨å äã­ª-

æ¨© R+ ! R+ ; Vk(0) = 0, Vk > 0 ¢ R+ n f0g;
2�. v, v0', v

0

t ¯®çâ¨ ¯¥à¨®¤¨ç­ë ¯® t à ¢­®¬¥à­® ¯® ' 2 Br;
3�. _v('; t) 6 0, ('; t) 2 Br � R;
4�. _v(xt; t) ®â«¨ç­  ®â â®¦¤¥áâ¢¥­­®£® ­ã«ï ­  ª ¦¤®¬ áãé¥áâ¢¥­­® ­¥­ã«¥¢®¬ à¥è¥­¨¨

x(t) á¨áâ¥¬ë (1) á® §­ ç¥­¨ï¬¨ ¢ è à¥ Br.

�®£¤  ­ã«¥¢®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®.

�¥à ¢¥­áâ¢  1� ®§­ ç îâ, çâ® äã­ªæ¨®­ « v ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ ¨ ¤®¯ãáª ¥â ¡¥áª®­¥ç-
­® ¬ «ë© ¢¥àå­¨© ¯à¥¤¥« ([4], £«. VI, x 30, á. 171).

�®ª § â¥«ìáâ¢ã â¥®à¥¬ë ¯à¥¤è¥áâ¢ãîâ ¤¢¥ «¥¬¬ë. �¡®§­ ç¨¬ ç¥à¥§H[f ] ®¡®«®çªã äã­ªæ¨-
®­ «  f : § ¬ëª ­¨¥ ¬­®¦¥áâ¢  á¤¢¨£®¢ f('; t+�) ¯® � 2 R ¢ â®¯®«®£¨¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨
­  ¬­®¦¥áâ¢¥ Br�R. �¥âàã¤­® ã¡¥¤¨âìáï, çâ®  ) äã­ªæ¨®­ «ë ¨§H[f ] ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬
1){3) á â®© ¦¥ ª®­áâ ­â®© �¨¯è¨æ  L; ¡) g 2 H[f ]) f 2 H[g].

�¥¬¬  1. �ãáâì x(t) = x(t; x0) | à¥è¥­¨¥ á¨áâ¥¬ë

_x(t) = g(xt; t); g 2 H[f ]; (4)

á ­ ç «ì­®© äã­ªæ¨¥© x0(�) 2 C[J ], xn(t) = xn(t; xn;0) | à¥è¥­¨ï á¨áâ¥¬

_x(t) = gn(xt; t); gn 2 H[f ]; n = 1; 2; : : : ; (5)

á ­ ç «ì­ë¬¨ äã­ªæ¨ï¬¨ xn;0(�) 2 C[J ]. �á«¨ ¯à¨ ¢á¥å t > 0 x(t) 2 B� ¤«ï ­¥ª®â®à®£® � > 0 ¨

gn ! g ¢ H[f ]; xn;0 ! x0 ¢ C[J ];

â® xn(t)! x(t) à ¢­®¬¥à­® ­  ª ¦¤®¬ ®âà¥§ª¥ [0; T ].

�®ª § â¥«ìáâ¢®. �­ ç «¥ ¤®ª ¦¥¬

xn(t)� x(t) ­  [0; a]: (6)

�¡®§­ ç¨¬

�n(t) = max
[0;t]

jxn(s)� x(s)j; "n = sup
B��R

jgn � gj; �n = kxn;0(�)� x0(�)k:

�ãáâì 0 < � 6 t 6 a. �­â¥£à¨àãï (4), (5) ¯® ®âà¥§ªã [0; � ] ¨ § â¥¬ ¯®ç«¥­­® ¢ëç¨â ï, ¯®«ãç¨¬

jxn(�)� x(�)j 6 jxn(0)� x(0)j +

+
Z �

0
(jgn(xn;s; s)� gn(xs; s)j+ jgn(xs; s)� g(xs; s)j) ds 6

6 �n + a"n + L

Z �

0
( max
[s�a;0]

jxn;s(�)� xs(�)j+max
[0;s]

jxn;s(�)� xs(�)j) ds;

®âªã¤  á«¥¤ã¥â

�n(t) 6 a"n + (1 + aL)�n + L

Z t

0
�n(s) ds: (7)
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�à¨¬¥­ïï ª (7) «¥¬¬ã �à®­ã®«« , ¯®«ãç¨¬ ®æ¥­ªã

�n(t) 6 [a"n + (1 + aL)�n]eLt;

®âªã¤  á ãç¥â®¬ "n; �n ! 0 ¢ëâ¥ª ¥â (6). �®¢â®àïï à ááã¦¤¥­¨ï á § ¬¥­®© [0; a] ­  [a; 2a], § â¥¬
­  [2a; 3a] ¨ â. ¤., ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

�¡®§­ ç¨¬ ç¥à¥§ H[v] ®¡®«®çªã äã­ªæ¨®­ «  v('; t), ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬ â¥®à¥¬ë.
�ã¤¥¬ ¤ «¥¥ ¯¨á âì (g; w) 2 H[f; v], ¥á«¨ g 2 H[f ], w 2 H[v] ¨

g('; t) = limf('; t+ �n); w('; t) = lim v('; t+ �n) (n!1) (8)

¤«ï ®¤­®© ¨ â®© ¦¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ �n (¢ ç áâ­®¬ á«ãç ¥ (g; w) | á¤¢¨£ ¯ àë (f; v)). � ¬¥-
â¨¬, çâ® ¬®¦­® ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â âì ¢ (8) �n > a.

�¥¬¬  2. �«ï äã­ªæ¨®­ «®¢ ¨§ H[v] á®åà ­ïîâáï á¢®©áâ¢  1�, 2� äã­ªæ¨®­ «  v('; t) á
â¥¬¨ ¦¥ ¬¨­®à ­â®© ¨ ¬ ¦®à ­â®© V1, V2 ¨ â®© ¦¥ ª®­áâ ­â®© �¨¯è¨æ  L. �«ï äã­ª-

æ¨®­ «®¢ _w('; t) = w0

t + w0

'(g), (g; w) 2 H[f; v], á®åà ­ïîâáï á¢®©áâ¢  3�, 4� äã­ªæ¨®­ «  (3) :
_w 6 0, _w(yt; t) ®â«¨ç­  ®â â®¦¤¥áâ¢¥­­®£® ­ã«ï ­  ª ¦¤®¬ áãé¥áâ¢¥­­® ­¥­ã«¥¢®¬ à¥è¥­¨¨

y(t) á¨áâ¥¬ë (4).

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬ á®åà ­¥­¨¥ á¢®©áâ¢  4� ¤«ï ¢á¥å ¯ à (g; w) 2 H[f; v] (á®åà ­¥-
­¨¥ 1�{3� ®ç¥¢¨¤­®). �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, áãé¥áâ¢ãîâ ¯ à  (g; w) 2 H[f; v] ¨ áãé¥áâ¢¥­­®
­¥­ã«¥¢®¥ à¥è¥­¨¥ y(t) á® §­ ç¥­¨ï¬¨ ¢ Br á¨áâ¥¬ë (4) â ª¨¥, çâ®

w(yt; t) = const > 0 (t > 0): (9)

� ª ª ª (f; v) 2 H[g; w], â® áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì tn > a, çâ® (gn; wn) �
(g('; t + tn); w('; t + tn)) ! (f; v) ¢ H[g; w]. � ¬¥â¨¬, çâ® ¬­®¦¥áâ¢® fyt(�); t > ag | ¯à¥¤-
ª®¬¯ ªâ ¢ C[J ]: ¨¬¥¥¬ yt(�) 2 Br (t > 0), j _y(t)j = jg(yt; t) � g(0; t)j 6 rL (t > a), ¯®íâ®-
¬ã fyt(�)g ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë �àæ¥«a{�áª®«¨. �ë¤¥«ïï ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨
ytn(�) áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì ¨ á®åà ­ïï ¤«ï ­¥¥ â® ¦¥ ®¡®§­ ç¥­¨¥, ¡ã¤¥¬ ¨¬¥âì
ytn(�)! x0(�) ¢ C[J ]. � ª ª ª á ãç¥â®¬ (9) ¨ ¯à ¢®£® ­¥à ¢¥­áâ¢  ¨§ 1� ¤«ï w('; t) ¢ë¯®«­ï¥âáï
0 < const = w(ytn ; tn) 6 V2(kytnk), â® kx0k > 0. �ãáâì x(t) = x(t; x0) | à¥è¥­¨¥ (1) á ­ ç «ì­®©
äã­ªæ¨¥© x0(�). �®ª ¦¥¬, çâ®

xt(�) 2 Br; v(xt; t) = const > 0 (t > 0): (10)

� ª ª ª yn(t) � y(t+ tn) | à¥è¥­¨¥ á¨áâ¥¬ë _x = gn(xt; t) á ­ ç «ì­®© äã­ªæ¨¥© ytn(�) ¨ gn ! f

¢ H[g], ytn(�) ! x0(�), â® ¢ á¨«ã «¥¬¬ë 1 yn(t) � x(t) ­  ®âà¥§ª å [0; T ]. �âáî¤  á ãç¥â®¬
yn;t(�) 2 Br á«¥¤ã¥â ¯¥à¢®¥ á®®â­®è¥­¨¥ (10). � «¥¥ ¨¬¥¥¬

v(xt; t) = �n(t) + �n(t) + 
n(t); n = 1; 2; : : : ; (11)

£¤¥ �n = v(xt; t) � wn(xt; t), �n = wn(xt; t) � wn(yn;t; t), 
n = wn(yn;t; t). � á¨«ã wn ! v ¢ H[w]
�n ! 0 (n ! 1). � á¨«ã «¥¬¬ë 1 wn('; t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¯® ', ¯®íâ®¬ã
�n(t) ! 0 (n ! 1). � á¨«ã (9) 
n = const > 0. �¥à¥å®¤ï ¢ (11) ª ¯à¥¤¥«ã ¯à¨ n ! 1, ¯®«ãç¨¬
¢â®à®¥ á®®â­®è¥­¨¥ (10). � ª ª ª à¥è¥­¨¥ x(t) áãé¥áâ¢¥­­® ­¥­ã«¥¢®¥ (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¡ë«®
¡ë v(xt; t) = 0, ­ ç¨­ ï á ­¥ª®â®à®£® t), ¯®«ãç¥­® ¯à®â¨¢®à¥ç¨¥ á® á¢®©áâ¢®¬ 4� äã­ªæ¨®­ « 
v.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë. � á¨«ã ãá«®¢¨© 1�, 3� â¥®à¥¬ë à¥è¥­¨¥ x = 0 á¨áâ¥¬ë (1)
ãáâ®©ç¨¢® ¯® �ï¯ã­®¢ã ([4], £«. VI, x 31). �ãáâì ç¨á«® � 2 (0; r] â ª®¢®, çâ® ¤«ï à¥è¥­¨© x(t)
á¨áâ¥¬ë (1) á ­ ç «ì­®© äã­ªæ¨¥© x0(�) 2 B� ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ xt(�) 2 Br ¯à¨ t > 0.
�®ª ¦¥¬, çâ® ¤«ï â ª¨å à¥è¥­¨© x(t)! 0 (t! +1). � ¯à®â¨¢­®¬ á«ãç ¥ áãé¥áâ¢ãîâ à¥è¥­¨¥
x(t) ¨ ¯®á«¥¤®¢ â¥«ì­®áâì �n " +1 â ª¨¥, çâ®

xt(�) 2 Br (t > 0); x�n(�) �
[�a;0]

y0(�) 6= 0 (n!1) (12)
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¨ ¯à¨ íâ®¬ áãé¥áâ¢ãîâ ¯à¥¤¥«ë (8); ãçâ¥­®, çâ® fxt(�); t > ag| ¯à¥¤ª®¬¯ ªâ ¢ C[J ] (á¬. ¢ëè¥).
�§ «¥¢®£® ­¥à ¢¥­áâ¢  1� ¨ 3� á ãç¥â®¬ (12) ¢ëâ¥ª ¥â: ¯®á«¥¤®¢ â¥«ì­®áâì v(x�n ; �n) áå®¤¨âáï ª
¯®«®¦¨â¥«ì­®¬ã ç¨á«ã, ¯®íâ®¬ã v(xt; t) áå®¤¨âáï ª â®¬ã ¦¥ ç¨á«ã

v(xt; t)! v0 > 0 (t! +1): (13)

�¡®§­ ç¨¬ ç¥à¥§ y(t) à¥è¥­¨¥ á¨áâ¥¬ë (4) á ­ ç «ì­®© äã­ªæ¨¥© y0(�). �®¢â®àïï à ááã¦¤¥­¨ï,
¯à®¢¥¤¥­­ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2, ¯®«ãç¨¬

x(t+ �n) �
[0;T ]

y(t) (n!1) (14)

¤«ï «î¡®£® T > 0, ®âªã¤ , ¢ ç áâ­®áâ¨, á«¥¤ã¥â yt(�) 2 Br, t > 0. �«ï äã­ªæ¨®­ «  w ¨§ (8)
¨¬¥¥¬

w(yt; t) = an(t) + bn(t) + cn(t); n = 1; 2; : : : ; (15)

£¤¥ an = w(yt; t)�v(yt; t+�n), bn = v(yt; t+�n)�v(xt+�n ; t+�n), cn = v(xt+�n ; t+�n). �¥à¥å®¤ï ¢ (15)
ª ¯à¥¤¥«ã ¯à¨ n!1, á ãç¥â®¬ 2�, (8), (13), (14) ¯®«ãç¨¬ w(yt; t) = const > 0, çâ® ¯à®â¨¢®à¥ç¨â
¯®á«¥¤­¥¬ã ãâ¢¥à¦¤¥­¨î «¥¬¬ë 2.
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