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1. �¢¥¤¥¨¥

1. �«¥¤ãï ([1], á. 182), ®¡®§ ç¨¬ ç¥à¥§ B� ª« áá æ¥«ëå äãªæ¨© ª®¥ç®© áâ¥¯¥¨ � �,
®£à ¨ç¥ëå   ®á¨ R = (�1;1). �.�.�¥àèâ¥© ¢¯¥à¢ë¥ ¢¢¥« íâ®â ª« áá [2] ¨ ¤®ª § «, çâ®
8f 2 B� ¨¬¥¥â ¬¥áâ® ¥ã«ãçè ¥¬®¥ ¥à ¢¥áâ¢®

jf 0(x)j � �kfkC = � sup
x2R

jf(x)j 8x 2 R:

� ¤ «ì¥©è¥¬ ¯®ï¢¨«¨áì ¬®£®ç¨á«¥ë¥ ¨áá«¥¤®¢ ¨ï, ¢ ª®â®àëå íâ® ¥à ¢¥áâ¢® ®¡®¡-
é «®áì ¢ à §«¨çëå  ¯à ¢«¥¨ïå, ¯¥à¥®á¨«®áì   ¤àã£¨¥ ª« ááë äãªæ¨© á à §®®¡à §ë¬¨
¯à¨¬¥¥¨ï¬¨ ([1], [3]{[5]).

� ¤ ®© à ¡®â¥ á¤¥«   ¯®¯ëâª  à áá¬®âà¥âì á ¥¤¨®© â®çª¨ §à¥¨ï ¢á¥ â ª¨¥ ç áâë¥
§ ¤ ç¨ ¨ ¯®ª § âì, çâ® ¢á¥ ®¨ ãª« ¤ë¢ îâáï ¢ ¥¤¨ãî áå¥¬ã (á ç áâ¨çë¬  ®á®¬ ¢ [6]). �
ª« áá å æ¥«ëå äãªæ¨© W�;2 (¯®àï¤ª  � = 1 ¨ ¯à¨ ¤«¥¦ é¨å ª L2), D�;1=2 ¨ B�;1=2 (D, B
| ª« ááë æ¥«ëå äãªæ¨© ¯®àï¤ª  � = 1=2) â ª¨¥ ®¡é¨¥ ¨áá«¥¤®¢ ¨ï ¯à®¢®¤¨«¨áì  ¢â®à®¬
à ¥¥ ([7]{[10]). �áá«¥¤®¢ ¨ï ¢ à ¢®¬¥à®© ¬¥âà¨ª¥ ®á«®¦ïîâáï ®âáãâáâ¢¨¥¬ ®¡é¥£® ¢¨¤ 
«¨¥©®£® äãªæ¨® «  ¢ ¯à®áâà áâ¢¥ C(�1;1).

� íªáâà¥¬ «ìë¬ § ¤ ç ¬ ¢ à §«¨çëå ª« áá å   «¨â¨ç¥áª¨å äãªæ¨© â ª®© ®¡é¨© ¯®¤-
å®¤ á¤¥«    ®á®¢¥ â¥®à¥¬ë �  {�  å  ¤ ¢®,  ç¨ ï á 1949 £. [11], ¯®áâ ¢«¥ë ¨ ¨áá«¥¤®-
¢ ë ¤®áâ â®ç® ®¡é¨¥ íªáâà¥¬ «ìë¥ § ¤ ç¨ ¢ à §«¨çëå ª« áá å   «¨â¨ç¥áª¨å äãªæ¨©.

�á®¢ë¥ à¥§ã«ìâ âë §¤¥áì ¯à¨ ¤«¥¦ â �.�.� ¢¨á®ã, �.�.�ã¬ àª¨ã, �. �®£®§¨áª®¬ã,
�.� ª¨â ©àã, �.� ¯¨à® ¨ ¤à. �¡§®à à¥§ã«ìâ â®¢ ¢ íâ®¬  ¯à ¢«¥¨¨ ¬®¦®  ©â¨ ¢ áâ âìïå
[12]{[14], ª®â®àë¬ ¯à¥¤è¥áâ¢®¢ «¨ ®á®¢®¯®« £ îé¨¥ à ¡®âë �.�.�à¥©  [15] ¨ �.�.�¨ª®«ìá-
ª®£® [16]. �â¬¥â¨¬ â ª¦¥ à ¡®âã �.�. �®à¨  [17], £¤¥ ¥à ¢¥áâ¢® �.�.�¥àèâ¥©  ¨áá«¥¤ã¥âáï
á â®çª¨ §à¥¨ï â¥®à¨¨ ®¯¥à â®à®¢.

� è ¯®¤å®¤ ®á®¢    ®¯¨á ¨¨  ã«ïâ®à®¢ ¥ª®â®àëå ª« áá®¢ æ¥«ëå äãªæ¨©, ª®â®àë¥
¯®§¢®«ïîâ ãáâ  ¢«¨¢ âì á®®â®è¥¨ï ¤¢®©áâ¢¥®áâ¨, ¢ëï¢«ïâì àï¤ ®á®¡¥®áâ¥© ¨áá«¥¤ã¥-
¬ëå § ¤ ç, ãáâ  ¢«¨¢ âì á¢ï§ì íªáâà¥¬ «ìëå § ¤ ç á ¯à®¡«¥¬®©  ¨«ãçè¥£® ¯à¨¡«¨¦¥¨ï.

2. �¢¥¤¥¬ ®¡®§ ç¥¨ï ¨ ®¯à¥¤¥«¥¨ï ª« áá®¢, ª®â®àë¥ ï¢«ïîâáï ®¡ê¥ªâ®¬  è¨å ¨áá«¥¤®-
¢ ¨© [6].

1) �¥à¥§ H� ®¡®§ ç ¥¬ ª« áá æ¥«ëå äãªæ¨© áâ¥¯¥¨ � �.

2) V [��; �]
def
�
n
� : var(� : [��; �]) �

�

V
��
(�) =

�R
��
jd�j < +1

o
| ª« áá ¬¥à �(t) á ®£à ¨ç¥ë¬

¨§¬¥¥¨¥¬   [��; �].
� á«ãç ¥ V (�1;1) ¡ã¤¥¬ ã¯®âà¥¡«ïâì ®¡®§ ç¥¨e V � VR.

3) M�
def=

n
f 2 H� : f(z) =

�R
��
eizt'(t)dt 8' 2 L1(��; �)

o
.
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4) N�
def=

n
f 2 H� : f(z) =

�R
��
eiztd�(t) 8� 2 V (��; �)

o
.

5) N+
�

def= ff 2 N� : � "g.

6) N�;0
def= ff 2 N� : f(x)! 0 ¯à¨ jxj ! 1g.

�â¬¥â¨¬ ®ç¥¢¨¤ë¥ ¢«®¦¥¨ï

W�;2 �M� � N�;0 � N� � B�:

�¤¥áì ¥âà¨¢¨ «ìë¬ ï¢«ï¥âáï â®, çâ®M� 6� N�;0,   â®ç¥¥, N�;0 nM� ¥ ¯ãáâ®. �«ï ª« áá 
N�;0 ¬®¦® ãâ¢¥à¦¤ âì, çâ® ¬¥àë �(t), ¢å®¤ïé¨¥ ¢ ¨â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï äãªæ¨© f 2
N�;0, ï¢«ïîâáï ¥¯à¥àë¢ë¬¨ äãªæ¨ï¬¨ ([18], á. 35).

�¥«¨ç¨ 

L = lim
jxj!1

jf(x)j
�
f(x) =

Z �

��

eixtd�(t)
�

¢ ¯à¨æ¨¯¥ ¬®¦¥â ¡ëâì «î¡ë¬ ç¨á«®¬ ¬¥¦¤ã 0 ¨ 1. �§¢¥áâë ¯à¨¬¥àë, ª®£¤  L = 0, L = 1.
�¨£ã«ïàë¥ ¬¥àë, ¤«ï ª®â®àëå L à ¢® § ¤ ®¬ã ç¨á«ã ¨§ ®âà¥§ª  [0; 1], ¡ë«¨ ¯®áâà®¥ë
�¢ àæ¥¬ ¥é¥ ¢ 1941 £. ([18], á. 35). �«¥¤®¢ â¥«ì®, ¤«ï ¥ª®â®à®© á¨£ã«ïà®© ¬¥àë � f(x)! 0
(jxj ! 1). �â® ¯®ª §ë¢ ¥â, çâ® áãé¥áâ¢ã¥â äãªæ¨ï f0(x) 2 N�;0, ª®â®à ï ¥ ¢å®¤¨â ¢ M�.

� á¢®¥ ¢à¥¬ï   á¥¬¨ à¥ ¢ ���� ¯à®ä. �.�. �â¥çª¨ ãª § «   â®, çâ® íâ®â ä ªâ ¬®¦®
¢ë¢¥áâ¨ ¥é¥ ¨§ à ¨å à ¡®â �.�.�¥ìè®¢  ® ã«ì-âà¨£®®¬¥âà¨ç¥áª¨å àï¤ å.

�¥¯¥àì ãáâ ®¢¨¬ ¤¢  ãâ¢¥à¦¤¥¨ï, ª®â®àë¥ ¯® ¤®¡ïâáï ¤ «¥¥.

�¥¬¬  1. 8f(z) 2 B� áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì fgn(z)g � N�, ã¤®¢«¥â¢®àïîé ï

á«¥¤ãîé¨¬ ãá«®¢¨ï¬:
1) fgn(z)g à ¢®¬¥à® ®£à ¨ç¥    R = (�1;1);
2) f(x) = lim

n!1
gn(x) 8x 2 R, ¯à¨ç¥¬ áå®¤¨¬®áâì à ¢®¬¥à ï   ª ¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥

®á¨ R.

�®ª § â¥«ìáâ¢®. �ãáâì �n(f ;x) | ¯®«¨®¬ë �¥¢¨â   äãªæ¨¨ f 2 B�,

�n(f ;x) =
nX

k=�n

�

n
E�=n

�
k�

n

�
exp

�
i
k�

n
x

�
;

E�(x) = E�(f ;x) =
1
2�

Z 1

�1

e�ixt
�
sin �t=2
t=2

�2

f(t)dt;

  äãªæ¨ï �n(t) á ®£à ¨ç¥ë¬ ¨§¬¥¥¨¥¬   [��; �] ¤¥« ¥â áª çª¨ �k = �
n
E�=n(tk) ¢ â®çª å

tk = k�
n
(�k = 0; 1; : : : ; n) ¨ íâ¨ tk | ¥¤¨áâ¢¥ë¥ â®çª¨ à®áâ  �n(t). �®£¤  ¯®«ãç ¥¬

gn(x) =
Z �

��

eixtd�n(t) =
nX

k=�n

�

n
E�=n(tk) exp(ixtk) � �n(f ;x):

�áâ ¥âáï ãç¥áâì â¥®à¥¬ã �.�.�¥¢¨â   ([17], á. 193), çâ® ¯à¨¢®¤¨â ª ãâ¢¥à¦¤¥¨î 2). �¯à -
¢¥¤«¨¢®áâì ¦¥ 1) á«¥¤ã¥â ¨§ â®£® á¢®©áâ¢  ¯®«¨®¬®¢ �n(f ;x), çâ® ¥á«¨   R jf(x)j � M , â®
j�n(f ;x)j �M .

� ¬¥ç ¨¥. � ª¨£¥ [19] �. �® á  ¨¬¥¥âáï ãâ¢¥à¦¤¥¨¥ 2), ® ¤«ï  á ¢ ¦ë¬ ¤®¡ ¢«¥¨¥¬
ï¢«ï¥âáï ¯. 1) (ã �® á  ¤àã£®© ¬¥â®¤ ¤®ª § â¥«ìáâ¢ ).

�¥¬¬  2. �« áá N+
� § ¬ªãâ ®â®á¨â¥«ì® à ¢®¬¥à®© áå®¤¨¬®áâ¨   R = (�1;1).

�®ª § â¥«ìáâ¢®. � á ¬®¬ ¤¥«¥, ¯ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ffn(x)g � N+
� ¨ f�n(t)g | á®®â-

¢¥âáâ¢ãîé ï ¥© ¯®á«¥¤®¢ â¥«ì®áâì ¬¥à ¯® ä®à¬ã«¥

fn(x) =
Z �

��
eixtd�n(t); �n(t) " (8n):
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�á«¨ fn(x) ! f(x) à ¢®¬¥à®   R, â® f�n(t)g á« ¡® áå®¤¨âáï ª ¬¥à¥ �(t) ([18], áá. 62, 73),
¯à¨ç¥¬ �(t) " ¨

f(x) =
Z �

��

eixtd�(t) 2 N+
� : �

2. �¯¨á ¨¥  ã«ïâ®à®¢ ¨ ¥ª®â®àë¥ ¨å á¢®©áâ¢ 

1. �ãáâì E | ¥ª®â®à®¥ «¨¥©®¥ ¯à®áâà áâ¢® ¨ F � E, E� | á®¯àï¦¥®¥ á E ¯à®áâà -
áâ¢®.

�®¦¥áâ¢® ¢á¥å «¨¥©ëå äãªæ¨® «®¢ l 2 E�, ª ¦¤ë© ¨§ ª®â®àëå ®¡à é ¥âáï ¢ ã«ì  
ª ¦¤®¬ í«¥¬¥â¥ x 2 F ,  §ë¢ ¥âáï  ã«ïâ®à®¬ ª« áá  F ¨ ®¡®§ ç ¥âáï ç¥à¥§ F?.

�¥®à¥¬  1 ([6]). �ã«ïâ®àë ª« áá®¢ M� ¨ N�;0 á®¢¯ ¤ îâ ¨ ª ¦¤ë© ¨§ ¨å á®áâ®¨â ¨§

¬¥à �(t) á ®£à ¨ç¥ë¬ ¨§¬¥¥¨¥¬   R, ¯à¥®¡à §®¢ ¨¥ �ãàì¥{�â¨«ìâì¥á  ª®â®àëå à ¢®

ã«î   ®âà¥§ª¥ [��; �] (¨ â®«ìª® ¨§ â ª¨å äãªæ¨©) :

M?
� � N

?
�;0 =

�
� 2 V : b�(x) = Z 1

�1
eixtd�(t) = 0 ¯à¨ jxj � �

�
:

�®ª § â¥«ìáâ¢®. � ç «¥ à áá¬®âà¨¬ ª« áá M�. �§ ®¯à¥¤¥«¥¨ï íâ®£® ª« áá  á«¥¤ã¥â,
çâ® 8f 2 M� : f(x) ! 0 (jxj ! 1) (â¥®à¥¬  �¨¬  {�¥¡¥£ ). �«¥¤®¢ â¥«ì®, M� ï¢«ï¥âáï
¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  C0-äãªæ¨©, ¥¯à¥àë¢ëå   R ¨ áâà¥¬ïé¨åáï ª ã«î ¯à¨
jxj ! 1. �® â¥®à¥¬¥ �.�.�à¥©  ([4], á. 123) ¢áïª¨© «¨¥©ë© äãªæ¨® « l  ¤ C0 ¯à¥¤áâ ¢¨¬
¢ ¢¨¤¥

l(f) =
Z
R

f(t)d�(t); � 2 Vr; klk =
Z
R

jd�j:

�®£¤  ¯®«ãç¨¬, çâ®M?
� á®áâ®¨â ¨§ â¥å ¨ â®«ìª® â¥å ¬¥à � 2 VR, ¤«ï ª®â®àëå l(f) = 0 (8f 2M�).

�®«ì§ãïáì ®¯à¥¤¥«¥¨¥¬ ª« áá  M�, ¯à¨å®¤¨¬ ª § ª«îç¥¨î, çâ®

l(f) =
Z �

��

'(x)b�(x)dx; b�(x) = Z
R

eixtd�(t):

�®íâ®¬ã l(f) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  b�(x) = 0 ¯à¨ �� � x � �.
�¥¯¥àì ¯®ª ¦¥¬, çâ® N?

�;0 �M
?
� . �ãáâì �(t) 2M

?
� ¨ f 2 N�;0. � á¨«ã ¯à¥¤áâ ¢«¥¨ï f 2 N�;0

 å®¤¨¬

l(f) =
Z
R
f(t)d�(t) =

Z �

��

b�(x)d�(x) = 0 (8f 2 N�;0);

â. ¥. � 2 N?
�;0. � ª¨¬ ®¡à §®¬, M?

� � N?
�;0. �¡à â®¥ ¢«®¦¥¨¥ N

?
�;0 � M?

� ï¢«ï¥âáï á«¥¤áâ¢¨¥¬
¢«®¦¥¨ïM� � N�;0.

2. �¥¯¥àì à áá¬®âà¨¬ á ¬ë© è¨à®ª¨© ª« áá B� � CM (R), ¯à¨ç¥¬ CM(R) ®¡®§ ç ¥â ¯à®-
áâà áâ¢® ¢á¥å ¥¯à¥àë¢ëå ¨ ®£à ¨ç¥ëå   R äãªæ¨©.

� ª ª ª ®¡é¨© ¢¨¤ «¨¥©®£® äãªæ¨® «   ¤ CM (R) ¥¨§¢¥áâ¥, â® ¬ë ¥ ¬®¦¥¬ ¤ âì ¯®«-
®¥ ®¯¨á ¨¥  ã«ïâ®à  B?

� . �®íâ®¬ã, ¥áª®«ìª® ®âáâã¯ ï ®â ®¡é¥£® ®¯à¥¤¥«¥¨ï  ã«ïâ®à 
B?
� (â ª¦¥ N?

� ), ¡ã¤¥¬ ¯®¤à §ã¬¥¢ âì ¯®¤ B?
� ¬®¦¥áâ¢® äãªæ¨® «®¢ ¢¨¤ 

l(f) =
Z
R

f(t)d�(t); � 2 VR;

®¡à é îé¨åáï ¢ ã«ì   ª ¦¤®¬ í«¥¬¥â¥ ¨§ B�(N�). (�®§¬®¦®, ¢ CM (R) áãé¥áâ¢ãîâ ¨ ¤àã£¨¥
äãªæ¨® «ë,  ã«¨àãîé¨¥ B�(N�).) � â ª¨¬ ãâ®ç¥¨¥¬ ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢ :

B?
� = N?

� =M?
� = N?

�;0:
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�®ª § â¥«ìáâ¢®. � ®¤®© áâ®à®ë, ïá®, çâ® B?
� � N

?
� � N?

�;0. � ¤àã£®© áâ®à®ë, 8� 2 N?
�;0

¨ 8f 2 B� (¢ á¨«ã «¥¬¬ë 1)  ©¤ãâáï â ª¨¥ �n(x), ¤«ï ª®â®àëåZ
R

f(t)d�(t) = lim
n!1

Z
R

�Z �

��

eixtd�n(x)
�
d�(t) = lim

n!1

Z �

��

b�(x)d�n(x) = 0;

â .¥. N?
�;0 � N

?
� � B?

� , çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

3. �â¬¥â¨¬ ¥ª®â®àë¥ á¢®©áâ¢  íâ¨å  ã«ïâ®à®¢.
1) �á«¨ �(t) 2 M?

� , â® 8t0 2 R ��(t � t0) 2 M?
� . �â® á«¥¤ã¥â ¨§ â®£®, çâ® �f(t� t0) 2 M�,

¥á«¨ f(t) 2M�.
2) �á«¨ �(t) 2M?

� ¨ �(t) ", â® b�(x) = 0 ¯à¨ «î¡®¬ x 2 R, â. ª. 8x 2 R : jb�(x)j � b�(0) = 0.
3) �á«¨ �(t) 2M?

� ¨ �(t) ", â® �(t) � const.
� á ¬®¬ ¤¥«¥, ¯® ä®à¬ã«¥ ®¡à é¥¨ï 8x 2 R ¨¬¥¥¬

�(x+ 0)� �(x� 0) = lim
T!1

1
2T

Z T

�T

b�(t)e�ixtdt = 0:

�à®¬¥ â®£®, ¢ á¨«ã ¬®®â®®áâ¨ ¬¥àë �(x), �(x�0) � �(x) � �(x+0), â. ¥. �(x) ¥¯à¥àë¢ 
¢® ¢á¥å â®çª å x 2 R.

� «¥¥, ¨§ b�(0) = 0 á«¥¤ã¥â, çâ® �(�1) = �(+1). �âáî¤  ¨ ¢ á¨«ã â®£®, çâ® 8x 2 R : �(�1) �
�(x) � �(+1), ¯®«ãç ¥¬ 8x 2 R : �(x) = �(+1) = const.

4) �á«¨ �(t) = �1(t) + i�2(t) 2M?
� , �j(t) " (j = 1; 2), â® �(t) � const.

5) �á«¨ �(t) 2M?
� ¨ � � �, â® ®  ¥ ¬®¦¥â ¡ëâì ç¨áâ®© äãªæ¨¥© áª çª®¢ ¢ â®çª å tk = k

(�k = 0; 1; 2; : : : ), ¥á«¨ â®«ìª® äãªæ¨® « 6� 0.
� á ¬®¬ ¤¥«¥, ¤®¯ãáª ï ®¡à â®¥, ¯®«ãç¨¬

b�(x) = Z
R

eixtd�(t) =
1X

k=�1

�k exp(ikx):

�âáî¤  ¢¨¤®, çâ® b�(x) ï¢«ï¥âáï 2�-¯¥à¨®¤¨ç¥áª®© äãªæ¨¥© ¨ àï¤ á¯à ¢  áå®¤¨âáï  ¡á®-
«îâ®. �à®¬¥ â®£®, b�(x) = 0 (jxj � �), � � �, ¯®íâ®¬ã �(x) = 0 ¨ ¢® ¢á¥å â®çª å ¯¥à¨®¤  [��; �],
â. ¥. b�(x) = 0 8x 2 R. �®£¤ 

�k =
1
2�

Z �

��

b�(x)eikxdx = 0 (�k = 0; 1; 2; : : : );

® �k=dk | áª çª¨ äãªæ¨¨ �(t) ¢ â®çª å t = k. � ç¨â, ¢á¥ áª çª¨ �(t) à ¢ë ã«î (dk=�k=0),
  íâ® ¢®§¬®¦® «¨èì â®£¤ , ª®£¤  �(t) = const, | ¯à®â¨¢®à¥ç¨e ãá«®¢¨î, çâ® äãªæ¨® « 6� 0.

6) �á«¨ ¥¯®áâ®ï ï äãªæ¨ï �(t) 2M?
� , â® ¥ áãé¥áâ¢ã¥â ¨ª ª®£® ª®¥ç®£® ¨â¥à¢ « 

(a; b) (�1 < a < b < +1), ¢¥ ª®â®à®£® �(t) = const.
� á ¬®¬ ¤¥«¥, ¥á«¨ ¡ë áãé¥áâ¢®¢ « â ª®© ¨â¥à¢ «, â®

b�(x) = Z
R

eixtd�(t) =
Z b

a

eixtd�(t):

�®íâ®¬ã b�(z) ¡ã¤¥â æ¥«®© äãªæ¨¥© ª®¥ç®© áâ¥¯¥¨� � � max(jaj; jbj). �®áª®«ìªã b�(x) = 0
¯à¨ jxj � �, â® b�(z) � 0, â. ¥. �(x) = const.

7) �á«¨ �(t) 2 M?
� ¨ ¥¯®áâ®ï , â® ª ª®¢  ¡ë ¨ ¡ë«  M > 0, áãé¥áâ¢ã¥â â®çª  à®áâ 

t0 2 R äãªæ¨¨ �(t), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î jt0j > M . (�àã£ ï ä®à¬ã«¨à®¢ª  6).)
8) �á«¨ ¥¯®áâ®ï ï �(t) 2 M?

� , â® ®  ¥ ¬®¦¥â ¨¬¥âì ª®¥ç®¥ ç¨á«® â®ç¥ª à®áâ . �â®
ãâ¢¥à¦¤¥¨¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ 6) ¨ 7).

4. �  ¯à¨¬¥à¥ ¯®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ¬¥à  �(t) 2 M?
� , ª®â®à ï á®áà¥¤®â®ç¥    ¥ª®-

â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ftkg, â. ¥. ï¢«ï¥âáï ç¨áâ®© äãªæ¨¥© áª çª®¢ á ¡¥áª®¥çë¬ ç¨á«®¬
â®ç¥ª à®áâ .
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�ãáâì f�kg| ¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì®áâì ¢¥é¥áâ¢¥ëå ç¨á¥« â ª¨å, çâ® inf
n6=m

j�n��mj �

� > 0 ¨  (z) | æ¥« ï äãªæ¨ï, ®¡« ¤ îé ï á¢®©áâ¢ ¬¨
 )  (i�n) = 0 (8n),  0(i�n) 6= 0 (8n);
¡) ¢¥ ªàã¦ª®¢ �n á æ¥âà ¬¨ ¢ â®çª å i�n ¨ à ¤¨ãá ¬¨ �

0 < m < j (z)jfe�jxj(1 + jxj)g�1 < M ( > 1):

�®«®¦¨¬ b�(x) = Z
R

exp(ixt)d�(t);

£¤¥ �(t) | ç¨áâ ï äãªæ¨ï áª çª®¢ á® áª çª ¬¨ dn = [ 0(i�n)]�1 ¢ â®çª å tn = �n. �®£¤  ¡ã¤¥¬
¨¬¥âì b�(x) = 1X

n=�1

ei�nx[ 0(i�n)]�1:

�áâ ¥âáï á®á« âìáï   â¥®à¥¬ã �.�.�¥¢¨  ([20], á. 516), ¢ á¨«ã ª®â®à®© b�(x) = 0 ¯à¨�� � x � �.

� ¬¥ç ¨¥. �§ b�1(x) = b�2(x) = 0 ¯à¨ �� � x � � ¥ á«¥¤ã¥â á®¢¯ ¤¥¨¥ �1(x) ¨ �2(x)
8x 2 R. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®«®¦¨âì

b�1 =
(
0; jxj � �;

x�2; jxj > �;
¨ b�2 =

(
0; jxj � �;

x�4; jxj > � (� > 0);

â® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¬¥àë �1(x) ¨ �2(x) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

�01(x) =
1
�

Z 1

�

cos xt
t2

dt; �02(x) =
1
�

Z 1

�

cos xt
t4

dt:

�âáî¤  ¢¨¤®, çâ® �1(x) 6= �2(x) 8x 2 R.

3. �®®â®è¥¨ï ¤¢®©áâ¢¥®áâ¨

1. �ãáâì E� ®¡®§ ç ¥â M� ¨«¨ N�;0, E�;1 | ¥¤¨¨ç ï áä¥à  ¢ E�, E?
� |  ã«ïâ®à E�,

B�;1 | ¥¤¨¨ç ï áä¥à  ¢ B�.

�¥®à¥¬  3. �ãáâì �0(t) | «î¡ ï ¬¥à  ¨§ VR. �®£¤  á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ ¤¢®©áâ¢¥-
®áâ¨

sup
f2E�;1

���� Z
R

f(t)d�0(t)
���� = inf

�2E?�

Z
R

jd�0 � d�j = sup
f2B�;1

���� Z
R

f(t)d�0(t)
����; (1)

¯à¨ç¥¬ áãé¥áâ¢ãîâ f0(t) 2 B�;1 ¨ �
�(t) 2 E?

� , ª®â®àë¥ à¥ «¨§ãîâ sup ¨ inf ¢ íâ®¬ á®®â®è¥-

¨¨.

�®ª § â¥«ìáâ¢®. �¥à¢®¥ à ¢¥áâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® E� ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ C0,
  �0(t) ®¯à¥¤¥«ï¥â ¥ª®â®àë© äãªæ¨® « l0 ¨§ C�

0 . �®ª ¦¥¬ ¯®á«¥¤¥¥ à ¢¥áâ¢®.
�ãáâì �(t) 2 E?

� . � á¨«ã â¥®à¥¬ë 2 �(t)?B�. �®íâ®¬ã ¨¬¥¥¬

l0(f) =
Z
R
f(t)d�0(t) =

Z
R
f(t)[d�0(t)� d�(t)];

sup
f2B�;1

jl0(f)j � inf
�2E?�

Z
R
jd�0(t)� d�(t)j: (2)

� ¤àã£®© áâ®à®ë,

sup
f2B�;1

jl0(f)j � sup
f2E�;1

jl0(f)j = inf
f2E?�

Z
R

jd�0(t)� d�(t)j; (3)

â. ª. M� � B�. �§ (2) ¨ (3) á«¥¤ã¥â (1).
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�¥¯¥àì à áá¬®âà¨¬ ¢®¯à®á áãé¥áâ¢®¢ ¨ï íªáâà¥¬ «ìëå í«¥¬¥â®¢. �® ®¯à¥¤¥«¥¨î â®ç-
®© ¢¥àå¥© £à ¨ 9ffn(t)g � B�;1 â ª ï, çâ®

� = sup
f2B�;1

jl0(f)j = sup
f2B�;1

���� Z
R

f(t)d�0(t)
���� = lim

n!1

���� Z
R

fn(t)d�0(t)
����:

� ¤àã£®© áâ®à®ë, ¯à®áâà áâ¢® B�;1 § ¬ªãâ®¥, ¢ë¯ãª«®¥ ¨ ª®¬¯ ªâ®¥ (¢ á¬ëá«¥ à ¢®¬¥à-
®© áå®¤¨¬®áâ¨   ª ¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥). �®íâ®¬ã ¬®¦® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì®áâì
ffnkg � ffng, ª®â®à ï áå®¤¨âáï à ¢®¬¥à®   R ª ¥ª®â®à®© f0(t) 2 B�;1 : lim

k!1
fnk(t) = f0(t).

�®£¤  ¯® â¥®à¥¬¥ �¥¡¥£  ¡ã¤¥¬ ¨¬¥âì

� = lim
k!1

���� Z
R

fnk(t)d�0(t)
���� = ���� Z

R

f0(t)d�0(t)
����:

�áâ ¥âáï ¤®ª § âì áãé¥áâ¢®¢ ¨¥ ¬¥àë ��(t) 2 E?
� ,   ª®â®à®© à¥ «¨§ã¥âáï inf ¢ «¥¢®© ç áâ¨

à ¢¥áâ¢  (1).
�ãáâì l0 2 C�

0 ¨ �0(t) 2 VR | ¬¥à , á®®â¢¥âáâ¢ãîé ï l0 (�0 $ l0). �®£¤  ¤«ï «î¡®£® äãª-
æ¨® «  l 2 E?

� ¨¬¥¥¬

jl0(f)j = j(l0 � l)f j =
���� Z

R

f(t)[d�0(t)� d�(t)]
����;

kl0k � inf
l2E?�

kl0 � lk = inf
�2E?�

Z
R

jd�0 � d�j: (4)

� ¤àã£®© áâ®à®ë, ¯® â¥®à¥¬¥ �  {�  å  áãé¥áâ¢ã¥â äãªæ¨® « L 2 C�
0 , ¤«ï ª®â®à®£®

¢ë¯®«ïîâáï ãá«®¢¨ï

8f 2 E� L(f) = l0(f) ¨ kLk = kl0k:

�á«¨ â¥¯¥àì ¯®«®¦¨¬ l� = L� l0, â® ¡ã¤¥¬ ¨¬¥âì

l�(f) = 0 (8f 2 E� ¨ 8f 2 B�);

â. ¥. l� 2 E?
� . � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ à ¢¥áâ¢ 

kl0k = kLk = kl0 � l�k =
Z
R
jd�0 � d��j;

ª®â®àë¥ ¯®ª §ë¢ îâ, çâ® ¤«ï äãªæ¨® «  l� $ �� ¥à ¢¥áâ¢® (4) ®¡à é ¥âáï ¢ à ¢¥áâ¢® ¨
l� ï¢«ï¥âáï íªáâà¥¬ «ìë¬ äãªæ¨® «®¬ (â. ¥. �� 2 E?

� | íªáâà¥¬ «ì ï ¬¥à ).

2. �¥®à¥¬  4. �ãáâì x(t) 2 C0 n B� | «î¡ ï § ¤  ï äãªæ¨ï. �®£¤  á¯à ¢¥¤«¨¢® á®®â-

®è¥¨¥ ¤¢®©áâ¢¥®áâ¨

A�(x;C) = inf
y2B�

kx� ykC = inf
y2E�

kx� ykC = sup
�2E?

�;1

���� Z
R
x(t)d�(t)

����; (5)

£¤¥ E?
�;1 | ¥¤¨¨ç ï áä¥à  ¢ E?

� . �ãé¥áâ¢ãîâ y0 2 B� ¨ �� 2 E?
�;1,   ª®â®àëå ¤®áâ¨£ îâáï

inf ¨ sup ¢ á®®â®è¥¨¨ (5).

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

inf
y2B�

kx� ykC = sup
�2E?

�;1

���� Z
R
x(t)d�(t)

����:
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�«ï íâ®£® § ¬¥â¨¬, çâ® «î¡ ï ¬¥à  �(t) 2 E?
� ®àâ®£® «ì  B�, ¯®íâ®¬ã 8y 2 B����� Z

R
x(t)d�(t)

���� = ���� Z
R
[x(t)� y(t)]d�(t)

���� � kx� ykC

Z
R
jd�j;

sup
�2E?

�;1

���� Z
R

x(t)d�(t)
���� � inf

y2B�

kx� ykC : (6)

� ¤àã£®© áâ®à®ë, E� � B�, ¯®íâ®¬ã

inf
y2B�

kx� ykC � inf
y2B�

kx� ykC = sup
�2E?

�;1

���� Z
R
x(t)d�(t)

����: (7)

�®¯®áâ ¢«¥¨¥ (6) ¨ (7) ¯à¨¢®¤¨â ª (5).

�ãé¥áâ¢®¢ ¨¥ æ¥«®© äãªæ¨¨ y�(t) 2 B�,  ¨¬¥¥¥ ãª«®ïîé¥©áï ®â § ¤ ®© ¥¯à¥àë¢®©
äãªæ¨¨, ï¢«ï¥âáï ¨§¢¥áâë¬ ä ªâ®¬ ( ¯à., [3], [4]).

�ãé¥áâ¢®¢ ¨¥ ��(t) 2 E?
�;1 á«¥¤ã¥â ¨§ â®£®, çâ® E

?
�;1 | ¢ë¯ãª«®¥ ¨ § ¬ªãâ®¥ ¯à®áâà áâ¢®.

�ãáâì f�ng � E?
�;1 ¨ �n ! ��. �®£¤  ¢ á¨«ã â®£®, çâ® E� � C0, ¨¬¥¥¬ 8y 2 E�Z

R

y(t)d�n(t) = 0; lim
n!1

Z
R

y(t)d�n(t) = 0;
Z
R

y(t)d��(t) = 0:

�â® ®§ ç ¥â, çâ® �� 2 E?
� . � «¥¥,

� = sup
�2E?

�;1

���� Z
R
x(t)d�(t)

���� = lim
n!1

���� Z
R
x(t)d�n(t)

���� = ���� Z
R
x(t)d��(t)

����;
â. ª. x(t) 2 C0: �

3. � ª®æ¥ § ¬¥â¨¬, çâ® ¢ë¡®à®¬ ¬¥àë �0(t) ¬®¦® à¥è âì § ¤ ç¨ ®  å®¦¤¥¨¨ â ª¨å
¢¥«¨ç¨, ª ª

max
f

����f�x0 + �

2�

�
� f

�
x0 �

�

2�

�����; max
f

���� nX
k=1

�kf(xk)
����

¯à¨ § ¤ ëå �k ¨ xk;

max
f
jf 0(x0)j; max

f
jAf(x1) +Bf 0(x2)j; max

f
j sin�f 0(x)� � cos�f(x)j ¨ â. ¯.,

ª®â®àë¥ ¡ë«¨ ¯à¥¤¬¥â®¬ á¯¥æ¨ «ìëå ¨áá«¥¤®¢ ¨©.

� ¯à¨¬¥à, ¥á«¨ �0(t) ¡ã¤¥â äãªæ¨¥© áª çª®¢ á® áª çª ¬¨ dk = 4�
�2

(�1)k�1

(2k+1)2
¢ â®çª å tk =

x0 +
(2k+1)�

2�
(�k = 0; 1; 2; : : : ), x0 2 R, â®

l0(f) =
4�
�2

1X
k=�1

(�1)k�1

(2k + 1)2
f

�
x0 +

2k + 1
2�

�

�
� f 0(x0):

�¥¬ á ¬ë¬ ¯®«ãç¥  § ¤ ç  �.�.�¥àèâ¥©  ®  å®¦¤¥¨¨ max
f2B�;1

jf 0(x0)j ([2]; [4], á. 74) ¨ ¥¥
à¥è¥¨¥

max
f2B�;1

jf 0(x0)j = �:

55



�¨â¥à âãà 

1. �å¨¥§¥à �.�. �¥ªæ¨¨ ¯® â¥®à¨¨  ¯¯à®ªá¨¬ æ¨¨. { 2-¥ ¨§¤. { �.: � ãª , 1965. { 407 á.
2. Bernstein S.N. Sur une propri�et�e des fonctions enti�eres // Compt. Rend. Acad. Sci. { 1923. {

ò176. { P. 1603{1605.
3. �¨¬  �.�. �¥®à¨ï ¯à¨¡«¨¦¥¨ï äãªæ¨© ¤¥©áâ¢¨â¥«ì®£® ¯¥à¥¬¥®£®. { �.: �¨§¬ â£¨§,

1960. { 624 á.
4. �¡à £¨¬®¢ �.�. �ªáâà¥¬ «ìë¥ á¢®©áâ¢  æ¥«ëå äãªæ¨© ª®¥ç®© áâ¥¯¥¨. { � ªã: �§¤.-

¢® �� �§¥à¡���, 1962. { 373 á.
5. �¡à £¨¬®¢ �.�. �¥®à¨ï ¯à¨¡«¨¦¥¨ï æ¥«ë¬¨ äãªæ¨ï¬¨. { � ªã: �§¤-¢® \�«¬", 1979. {

468 á.
6. � á¨¡®¢ �.�. �¡ íªáâà¥¬ «ìëå § ¤ ç å ¢ ª« áá¥ B� // ��� ����. { 1987. { T. 294. { ò2.

{ C. 268{271.
7. � á¨¡®¢ �.�. �ã«ïâ®à ª« áá  W�;2 ¨ ¥ª®â®àë¥ ¥£® ¯à¨¬¥¥¨ï. { �§¥à. £®á. ¥äâ.  ª ¤.

{ � ªã, 1982. { 11 c. { �¥¯. ¢ ������, ò1671-82.
8. � á¨¡®¢ �.�. O ¯à¨¡«¨¦¥¨¨ ¢ L2 æ¥«ë¬¨ äãªæ¨ï¬¨ // ��� �§¥à¡���. { 1986. { T. 42.

{ ò 4. { C. 3{6.
9. � á¨¡®¢ �.�. � ¯à¨¡«¨¦¥¨¨ äãªæ¨© ¢ à ¢®¬¥à®© ¬¥âà¨ª¥ ¨ ¢ áà¥¤¥¬ // �áá«¥¤®¢.

¯® ¥ª®â®àë¬ ¢®¯à. ª®áâàãªâ¨¢®© â¥®à¨¨ äãªæ¨© ¨ ¤¨ää¥à¥æ. ãà ¢¥¨©. { � ªã:
�§.���������, 1983. { C. 23{31.

10. � á¨¡®¢ �.�. �¯¨á ¨¥  ã«ïâ®à  ®¤®£® ª« áá  æ¥«ëå äãªæ¨© ª®¥ç®© ¯®«ãáâ¥¯¥¨ ¨

¥ª®â®àë¥ ¯à¨«®¦¥¨ï // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1986. { ò2. { C. 29{33.
11. � ¢¨á® �.�. �¡ ®¤®© íªáâà¥¬ «ì®© § ¤ ç¥ â¥®à¨¨   «¨â¨ç¥áª¨å äãªæ¨© // ���. {

1949. { �. IV. { Bë¯. 4. { C. 158{159.
12. � ¢¨á® �.�. �ªáâà¥¬ «ìë¥ § ¤ ç¨ ¤«ï ¥ª®â®àëå ª« áá®¢   «¨â¨ç¥áª¨å äãªæ¨© ¢

ª®¥ç®á¢ï§ëå ®¡« áâïå // M â¥¬. á¡. { 1955. { ò36. { C. 445{478.
13. � ¢¨á® �.�. �¥®à¨ï íªáâà¥¬ «ìëå § ¤ ç ¤«ï ®£à ¨ç¥ëå   «¨â¨ç¥áª¨å äãªæ¨©,

ã¤®¢«¥â¢®àïîé¨å ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ ¢ãâà¨ ®¡« áâ¨ // ���. { 1963. { �.XVIII.
{ Bë¯. 2. { C. 23{98.

14. �ã¬ àª¨ �.�., � ¢¨á® �.�. �áá«¥¤®¢ ¨¥ á¢®©áâ¢ íªáâà¥¬ «ìëå äãªæ¨© á ¯®¬®éìî

á®®â®è¥¨© ¤¢®©áâ¢¥®áâ¨ ¢ íªáâà¥¬ «ìëå § ¤ ç å ¤«ï ª« áá®¢   «¨â¨ç¥áª¨å äãª-

æ¨© ¢ ¬®£®á¢ï§ëå ®¡« áâïå // � â¥¬. á¡. { 1959. { �. 46. { Bë¯. 2. { C. 195{228.
15. �å¨¥§¥à �.�., �à¥© �.�. � ¥ª®â®àëå ¢®¯à®á å â¥®à¨¨ ¬®¬¥â®¢. { � àìª®¢: ����, 1938.

{ 253 á.
16. �¨ª®«ìáª¨© �.�. �à¨¡«¨¦¥¨¥ äãªæ¨© âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¢ áà¥¤¥¬ //

�§¢. �� ����. �¥à. ¬ â¥¬. { 1946. { ò 10. { C. 207{256.
17. �®à¨ �.�. �¥à ¢¥áâ¢  �¥àèâ¥©  á â®çª¨ §à¥¨ï â¥®à¨¨ ®¯¥à â®à®¢ // �¥áâ. � àì-

ª®¢áª. ã-â . { 1980. { ò 205. { C. 77{105.
18. �ãª ç �. � à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨. { �.: � ãª , 1979. { 423 á.
19. Boas R. Entire functions. { New York: Acad. Press, 1954. { 276 p.
20. �¥¢¨ �.�. � á¯à¥¤¥«¥¨¥ ª®à¥© æ¥«ëå äãªæ¨©. { �.: �®áâ¥å¨§¤ â, 1956. { 632 á.

�§¥à¡ ©¤¦ áª ï £®áã¤ àáâ¢¥ ï �®áâã¯¨«¨

¥äâï ï aª ¤¥¬¨ï ¯¥à¢ë© ¢ à¨ â 10:06:1997
®ª®ç â¥«ìë© ¢ à¨ â 16:08:2000

56


