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1. �®áâ ®¢ª  ¯à®¡«¥¬ë

� áá¬®âà¨¬ § ¤ çã ¢ëç¨á«¥¨ï ¥¯®¤¢¨¦®© â®çª¨ v� 2 
� íªáâà¥¬ «ì®£® ®â®¡à ¦¥¨ï
[1], [2]

v� 2 Argminf�(v�; w) j w 2 
g; (1.1)

£¤¥ äãªæ¨ï �(u; v) ®¯à¥¤¥«¥    ¯à®¨§¢¥¤¥¨¨ ¯à®áâà áâ¢ Rn � Rn. �¥à¥¬¥ ï v ¨£à ¥â
à®«ì ¯ à ¬¥âà , w | ¯¥à¥¬¥ ï ®¯â¨¬¨§ æ¨¨. �®¦¥áâ¢® 
 � Rn ¢ë¯ãª«®¥ § ¬ªãâ®¥. �à¥¤-
¯®« £ ¥âáï, çâ® íªáâà¥¬ «ì®¥ (¬ à£¨ «ì®¥) ®â®¡à ¦¥¨¥ w(v) � argminf�(v; w) j w 2 
g
®¯à¥¤¥«¥® ¤«ï ¢á¥å v 2 
,   ¬®¦¥áâ¢® à¥è¥¨© 
� � 
 ¨áå®¤®© § ¤ ç¨ ¥¯ãáâ®.

� ª á«¥¤ã¥â ¨§ (1.1), «î¡ ï ¥¯®¤¢¨¦ ï â®çª  ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

�(v�; v�) � �(v�; w) 8w 2 
: (1.2)

�â® ¥à ¢¥áâ¢® ¬®¦® à áá¬ âà¨¢ âì ª ª íª¢¨¢ «¥â®¥ ®¯à¥¤¥«¥¨¥ ¥¯®¤¢¨¦®© â®çª¨.
�§¢¥áâ®, çâ® «¨¥©®¥ ¯à®áâà áâ¢® ª¢ ¤à âëå ¬ âà¨æ ¨¬¥¥â ¤¢  «¨¥©ëå ¯®¤¯à®áâà -

áâ¢  á¨¬¬¥âà¨çëå ¨ ª®á®á¨¬¬¥âà¨çëå ¬ âà¨æ. �à¨ íâ®¬ «î¡ ï ª¢ ¤à â ï ¬ âà¨æ  ¬®¦¥â
¡ëâì à §«®¦¥  ¢ áã¬¬ã ¤¢ãå ¯à®¥ªæ¨©   íâ¨ ¯®¤¯à®áâà áâ¢ . �à®¢®¤ï   «®£¨î ¬¥¦¤ã
ª¢ ¤à âë¬¨ ¬ âà¨æ ¬¨ ¨ æ¥«¥¢ë¬¨ äãªæ¨ï¬¨ �(v; w) § ¤ ç¨ (1.1), ¢ë¤¥«¨¬ ¢ «¨¥©®¬
¯à®áâà áâ¢¥ íâ¨å äãªæ¨© ¤¢  «¨¥©ëå ¯®¤¯à®áâà áâ¢ , ª®â®àë¥ å à ªâ¥à¨§ãîâáï á®®â®-
è¥¨ï¬¨

�(w; v) + �(v; w) = 0 8w 2 
; 8v 2 
; (1.3)

�(w; v) � �(v; w) = 0 8w 2 
; 8v 2 
: (1.4)

�ãªæ¨¨ ¯¥à¢®£® ª« áá  ¡ã¤¥¬  §ë¢ âì ª®á®á¨¬¬¥âà¨çë¬¨,   ¢â®à®£® | á¨¬¬¥âà¨çë¬¨.
� á«ãç ¥, ¥á«¨ ®¡« áâì ®¯à¥¤¥«¥¨ï íâ¨å äãªæ¨© ¯à¥¤áâ ¢«ï¥â á®¡®© ª¢ ¤à âãî á¥âªã, ¬ë
¨¬¥¥¬ ¤¥«® á ®¡ëçë¬¨ ª« áá ¬¨ ª®á®á¨¬¬¥âà¨çëå ¨ á¨¬¬¥âà¨çëå ¬ âà¨æ.

� ¯®¬¨¬, çâ® ¯ à  â®ç¥ª á ª®®à¤¨ â ¬¨ w; v ¨ v; w à á¯®«®¦¥  á¨¬¬¥âà¨ç® ®â®á¨â¥«ì-
® ¤¨ £® «¨ ª¢ ¤à â  
 � 
. �â® ¤ ¥â  ¬ ¢®§¬®¦®áâì ¢¢¥áâ¨ ¯®ïâ¨¥ âà á¯®¨à®¢ ®©
äãªæ¨¨ [3]. �á«¨ ª ¦¤®© â®çª¥ á ª®®à¤¨ â ¬¨ v; w ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ § ç¥¨¥ äãª-
æ¨¨ �( � ; � ), ¢ëç¨á«¥®© ¢ â®çª¥ w; v, â® ¯®«ãç¨¬ âà á¯®¨à®¢ ãî äãªæ¨î �T (v; w). �
â¥à¬¨ å íâ®© äãªæ¨¨ ãá«®¢¨ï (1.3) ¨ (1.4) ¨¬¥îâ ¢¨¤

�(v; w) = ��T (v; w); �(v; w) = �T (v; w):

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  ò 96-01-01046) ¨ ¯® ¯à®£à ¬¬¥ £®áã¤ àáâ¢¥®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å  ãçëå èª®« (ª®¤
¯à®¥ªâ  ò96-15-96124).
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�á¯®«ì§ãï ®ç¥¢¨¤ë¥ á®®â®è¥¨ï: �(v; w) = (�T (v; w))T , (�1(v; w) + �2(v; w))T = �T
1 (v; w) +

�T
2 (v; w), ¥âàã¤® ¯à®¢¥à¨âì, çâ® ¢¥é¥áâ¢¥ãî äãªæ¨î �(v; w) ¢á¥£¤  ¬®¦® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥ áã¬¬ë
�(v; w) = S(v; w) +K(v; w);

£¤¥ äãªæ¨ï S(v; w) á¨¬¬¥âà¨ç ï,   K(v; w) ª®á®á¨¬¬¥âà¨ç ï. �â® à §«®¦¥¨¥ ¥¤¨áâ¢¥®,
¯à¨ç¥¬ S(v; w) = 1

2
(�(v; w) + �T (v; w)), K(v; w) = 1

2
(�(v; w) � �T (v; w)).

� ¤ ®© à ¡®â¥ ®£à ¨ç¨¬áï á¨¬¬¥âà¨çë¬¨ äãªæ¨ï¬¨. �®á®á¨¬¬¥âà¨çë© á«ãç © à á-
á¬ âà¨¢ «áï ¢ [1]{[3].

2. �¨¬¬¥âà¨çë¥ äãªæ¨¨

� áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª¨¥ á¢®©áâ¢  á¨¬¬¥âà¨çëå äãªæ¨© ¨ ¨å ¢®§¬®¦ë¥ ®¡®¡-
é¥¨ï. � ç «  ãª ¦¥¬ ¤¢  ¯à¨¬¥à  â ª¨å äãªæ¨©, ª®â®àë¥ å®à®è® ¨§¢¥áâë ¢ íª®®¬¨-
ç¥áª¨å ¯à¨«®¦¥¨ïå. �¥à¢ ï ¨§ ¨å | íâ® äãªæ¨ï �®¡¡ -�ã£« á ,   ¢â®à ï | äãªæ¨ï á
¯®áâ®ï®© í« áâ¨ç®áâìî § ¬¥ë à¥áãàá®¢. �¨ ¨¬¥îâ ¢¨¤ á®®â¢¥âáâ¢¥®: �(v; w) = Av�w�

¨ �(v; w) = A[�v�! + �w�!]�=!, £¤¥ A > 0, � > 0, � > 0, ! > 0,  > 0| ¯ à ¬¥âàë. �á«¨
¯ à ¬¥âàë � ¨ � à ¢ë, â® íâ¨ äãªæ¨¨ á¨¬¬¥âà¨çë.

�¢®©áâ¢® 1. � áâë¥ ¯à®¨§¢®¤ë¥ á¨¬¬¥âà¨çëå äãªæ¨©   ¤¨ £® «¨ ª¢ ¤à â  
 � 

à ¢ë.

�ãáâì v; v 2 
� 
, â®£¤  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ íâ®© â®çª¨ ¢®§ì¬¥¬ ¤¢¥ ¤àã£¨¥ á ª®®à¤¨-
 â ¬¨ v + "h; v � "h ¨ v � "h; v + "h, £¤¥ " > 0,   h | ¥ª®â®àë© ä¨ªá¨à®¢ ë© ¢¥ªâ®à â ª®©,
çâ® «î¡ ï ¨§ íâ¨å ¤¢ãå â®ç¥ª ¯à¨ ¤«¥¦¨â ¢ãâà¥®áâ¨ ª¢ ¤à â  
�
. �«ï ª ¦¤®© ¨§ íâ¨å
â®ç¥ª ¢ë¯¨è¥¬ à §«®¦¥¨¥ äãªæ¨¨ �(v; w) ¯® ä®à¬ã«¥ ª®¥çëå ¯à¨à é¥¨© ¢¨¤ 

f(x+ h)� f(x) = hrf(x+ #h); hi; (2.1)

£¤¥ 0 � # � 1, â®£¤  ¯®«ãç¨¬

�(v + "h; v � "h) = �(v; v) + "hr�v(v + "#1h; v � "#1h); hi � "hr�w(v + "#1h; v � "#1h); hi
¨

�(v � "h; v + "h) = �(v; v) � "hr�v(v � "#2h; v + "#2h); hi + "hr�w(v � "#2h; v + "#2h); hi:
�®¤áâ ¢¨¬ «¥¢ë¥ ç áâ¨ ¯®«ãç¥ëå à §«®¦¥¨© ¢ (1.3) ¨, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ " ! 0,

¯®«ãç¨¬
hr�v(v; v); hi = hr�w(v; v); hi 8h 2 Rn:

�®áª®«ìªã à ¢¥áâ¢® (2.1) ¢¥à® ¤«ï ¢á¥å h 2 Rn, â® ¨¬¥¥¬

r�v(v; v) = r�w(v; v): (2.2)

�¢®©áâ¢® 2. �¯¥à â®à r�w(v; v) ï¢«ï¥âáï ¯®â¥æ¨ «ìë¬   ¤¨ £® «¨ ª¢ ¤à â  
�
.

�® ®¯à¥¤¥«¥¨î ¤¨ää¥à¥æ¨àã¥¬®áâ¨ äãªæ¨¨ �(v; w) ¨¬¥¥¬

�(v + h;w + h) = �(v; w) + hr�v(v; w); hi + hr�w(v; w); ki + !(v; w; h; k); (2.3)

£¤¥ !(v; w; h; k)=(jhj2 + jkj2)1=2 ! 0 ¯à¨ jhj2 + jkj2 ! 0. �ãáâì w = v ¨ h = k, â®£¤  á ãç¥â®¬ (2.2)
¨ (2.3) ¯®«ãç¨¬

�(v + h; v + h) = �(v; v) + 2hr�w(v; v); hi + !(v; h); (2.4)

£¤¥ !(v; h)=jhj ! 0 ¯à¨ jhj ! 0. �®áª®«ìªã ä®à¬ã«  (2.4) ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ (2.3), â®
®  ®§ ç ¥â, çâ® áã¦¥¨¥ ç áâ®£® £à ¤¨¥â  r�w(v; w)   ¤¨ £® «ì ª¢ ¤à â  
�
 ï¢«ï¥âáï
£à ¤¨¥â®¬ äãªæ¨¨ �(v; v), â.¥.

2r�w(v; w)jv=w = r�(v; v): (2.5)
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� ª á«¥¤áâ¢¨¥ ¨§ íâ®£® ä ªâ  ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë � £à ¦ 

�(v + h; v + h) = �(v; v) + 2
Z 1

0

hr�w(v + th; v + th); hi dt:

�¢®©áâ¢® (2.5) ï¢«ï¥âáï ª«îç¥¢ë¬, â.ª. ¨§ ¥£® ä ªâ¨ç¥áª¨ á«¥¤ã¥â, çâ® ¥¯®¤¢¨¦ë¥ â®çª¨
§ ¤ ç¨ (1.1) ï¢«ïîâáï â®çª ¬¨ ¬¨¨¬ã¬  äãªæ¨¨ �(v; v)   ¤¨ £® «¨ ª¢ ¤à â  
� 
.

�á«¨ £à ¤¨¥â äãªæ¨¨ �(v; w) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ , â® ¢ë¯®«ï¥âáï ¥à ¢¥-
áâ¢®

j�(v + h;w + k)� �(v; w) � hr�v(v; w); hi � hr�w(v; w); kij �
� 1
2
L(jhj2 + jkj2) 8(v + h;w + k) 2 
� 
; (2.6)

£¤¥ L | ª®áâ â  �¨¯è¨æ . �ãáâì h = k, v = w ¢ (2.6), â®£¤  á ãç¥â®¬ (2.5) ¯®«ãç¨¬

j�(v + h; v + h)� �(v; v) � hr�(v; v); hij � Ljhj2 8v + h 2 
: (2.7)

�¢®©áâ¢® 3. �â®à ï á¬¥è  ï ¯à®¨§¢®¤ ïr2�wv(v; w)jv=w á¨¬¬¥âà¨ç®© äãªæ¨¨ �(v; w)
  ¤¨ £® «¨ ª¢ ¤à â  
� 
 á¨¬¬¥âà¨ç , â.¥.

r2�wv(v; v) = r2�T
wv(v; v) 8v 2 
: (2.8)

�®á¯®«ì§ã¥¬áï ä®à¬ã«®© �¥©«®à  ([4], £«. 2, x 3, á. 92)

f(x+ h)� f(x) = hrf(x); hi + 1
2
hr2f(x+ #h)h; hi;

£¤¥ 0 � # � 1, ¨ ¢ë¯¨è¥¬ à §«®¦¥¨¥ á¨¬¬¥âà¨ç®© äãªæ¨¨ �(v; w) ¢ â®çª¥ (v + "h; v � "h),
" > 0,   h | ¢¥ªâ®à, ®¯à¥¤¥«¥ë© ¢ëè¥,

�(v + "h; v � "h) = �(v; v) + "hr�v(v; v); hi � "hr�w(v; v); hi +
+
1
2
"2hr2�vv(v + #1"h; v � #1"h)h; hi � "2hr2�wv(v + #1"h; v � #1"h)h; hi +

+
1
2
"2hr2�ww(v + #1"h; v � #1"h)h; hi:

� §«®¦¥¨¥ íâ®© äãªæ¨¨ ¢ â®çª¥ (v � "h; v + "h) ¨¬¥¥â â®â ¦¥ á ¬ë© ¢¨¤, ® ª®áâ â  # � 1
¡ã¤¥â ¨¬¥âì ¤àã£®¥ § ç¥¨¥. �¡  à §«®¦¥¨ï ¯à¨à ¢ï¥¬ á®£« á® (1.3). �ç¨âë¢ ï (2.2) ¨
á®®â®è¥¨¥ hAh; hi = hh;AThi, ¯®«ãç¨¬
hr2�vv(v + #1"h; v � #1"h)h; hi � 2hr2�wv(v + #1"h; v � #1"h)h; hi +

+ hr2�ww(v + #1"h; v � #1"h)h; hi = hr2�vv(v � #2"h+ #2"h)h; hi �
� 2hh;r2�T

wv(v � #2"h; v + #2"h)hi + hr2�ww(v � #2"h; v + #2"h)h; hi:
�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ "! 0 ¨ ãç¨âë¢ ï ¥¯à¥àë¢®áâì ¢â®à®© ¯à®¨§¢®¤®©, ¯®«ãç¨¬

hr2�wv(v; v)h; hi = hr2�T
wv(v; v)h; hi 8v 2 
:

�âáî¤  ¨¬¥¥¬ (2.8). �®ª § ®¥ ãâ¢¥à¦¤¥¨¥ ¨á¯®«ì§ã¥¬, çâ®¡ë ¢ëç¨á«¨âì ï¢ë© ¢¨¤ ¢â®à®©
¯à®¨§¢®¤®© äãªæ¨¨ �(v; v).

�á«¨ äãªæ¨ï �(v; w) ¤¢ ¦¤ë ¤¨ää¥à¥æ¨àã¥¬ , â® ¯® ®¯à¥¤¥«¥¨î ¢ë¯®«ï¥âáï ãá«®¢¨¥

�(v + h;w + k) = �(v; w) + hr�v(v; w); hi + hr�w(v; w); ki + 1
2
fhr2�vv(v; w)h; hi +

+ 2hr2�wv(v; w)h; ki + hr2�ww(v; w)h; hig + !(v; w; h; k); (2.9)
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£¤¥ !(v; w; h; k)=(jhj2 + jkj2)! 0 ¯à¨ jhj2 + jkj2 ! 0. �ãáâì w = v ¨ h = k, â®£¤  á ãç¥â®¬ (2.2) ¨§
(2.9) ¨¬¥¥¬

�(v + h; v + h) = �(v; v) + 2hr�w(v; v); hi +
+
1
2
hfr2�vv(v; v) + 2r2�wv(v; v) +r2�ww(v; v)gh; hi + !(v; h);

£¤¥ !(v; h)=jhj2 ! 0 ¯à¨ jhj ! 0. �¤¥áì ¬ âà¨æë r2�vv(v; v), r2�ww(v; v) á¨¬¬¥âà¨çë ª ª
¤¨ £® «ìë¥ ¯®¤¬ âà¨æë á¨¬¬¥âà¨ç®© ¬ âà¨æër2�(v; w), ¬ âà¨æ r2�wv(v; v) á¨¬¬¥âà¨ç 
¯® ¤®ª § ®¬ã, á«¥¤®¢ â¥«ì®, ¬ âà¨æ 

r2�(v; v) = r2�vv(v; v) + 2r2�wv(v; v) +r2�ww(v; v)

â ª¦¥ á¨¬¬¥âà¨ç  ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¢â®àãî ¯à®¨§¢®¤ãî äãªæ¨¨ �(v; v).

�®ª®®à¤¨ â ï ®¯â¨¬¨§ æ¨ï. � áá¬®âà¨¬ ª« áá äãªæ¨© �(v; w), ª ¦¤ ï ¨§ ª®â®àëå
ï¢«ï¥âáï á¨¬¬¥âà¨ç®© ¨ ®à¬ «¨§®¢ ®© äãªæ¨¥© �(v; w) = L1(z; p) + L2(x; y), £¤¥ v = x; p
¨ w = z; y, ¤«ï ¨£àë ¤¢ãå «¨æ ¢¨¤ 

x� 2 argminfL1(x; p�) j x 2 Qg; p� 2 argminfL2(x�; p) j p 2 Pg:
�ãáâì äãªæ¨ï �(v; w) ®¡« ¤ ¥â á¢®©áâ¢®¬ á¨¬¬¥âà¨¨ (1.3), â®£¤  á®£« á® á¢®©áâ¢ã (2.2) ¯à¨
w = v ¨¬¥¥¬

@L2(x; p)
@x

=
@L1(x; p)

@x
;

@L1(x; p)
@p

=
@L2(x; p)

@p
: (2.10)

�â¨ ãá«®¢¨ï ®§ ç îâ, çâ® äãªæ¨¨ L1(x; p) ¨ L2(x; p) á â®ç®áâìî ¤® ª®áâ âë á®¢¯ ¤ îâ, â.¥.
L1(x; p) = L2(x; p) + C,   ¥à ¢¥áâ¢® (1.2) ¯à¨¨¬ ¥â ¢¨¤

L(x�; p�) � L(x; p�) 8x 2 Q; L(x�; p�) � L(x�; p) 8p 2 P; (2.11)

£¤¥ L(x; p) = L1(x; p) = L2(x; p) ¨ C = 0.
� ª¨¬ ®¡à §®¬, ¥¯®¤¢¨¦ ï â®çª  x�; p� ®¡« ¤ ¥â á¢®©áâ¢®¬: ¥¥ ¯¥à¢ ï ª®¬¯®¥â  ï¢«ï¥â-

áï â®çª®© ¬¨¨¬ã¬  äãªæ¨¨ L(x; p) ¯® ¯¥à¢®© ª®®à¤¨ â¥ ¯à¨ p = p�,   ¢â®à ï ª®¬¯®¥â  |
â®çª®© ¬¨¨¬ã¬  íâ®© äãªæ¨¨ ¯® ¢â®à®© ª®®à¤¨ â¥ ¯à¨ x = x�. �â  á¨âã æ¨ï ¯®«®áâìî   -
«®£¨ç  á¥¤«®¢®© § ¤ ç¥ [5] ¨ à §«¨ç¨¥ á®áâ®¨â «¨èì ¢ â®¬, çâ® ¢ á¥¤«®¢®¬ á«ãç ¥ ¯® ®¤®© ¨§
¯¥à¥¬¥ëå ®áãé¥áâ¢«ï¥âáï ®¯¥à æ¨ï ¬ ªá¨¬¨§ æ¨¨. � á®¤¥à¦ â¥«ì®¬ ¯« ¥ á¥¤«®¢ ï § ¤ ç 
®¯¨áë¢ ¥â  â £®¨áâ¨ç¥áª®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ¤¢ãå ¨£à®ª®¢. � ¤ ç  ¯®ª®®à¤¨ â®© ®¯â¨¬¨§ -
æ¨¨,  ®¡®à®â, ¬®¤¥«¨àã¥â ¬ ªá¨¬ «ì® ¤®¡à®¦¥« â¥«ì®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ãç áâ¨ª®¢.

�á«¨ äãªæ¨ï L(x; p) ¢ë¯ãª« ï ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå x; p, â® ¥âàã¤® ¯à®¢¥à¨âì,
çâ® â®çª  x�; p� ¡ã¤¥â ¬¨¨¬ã¬®¬ íâ®© äãªæ¨¨ ¯® ¢á¥¬ á¢®¨¬ ¯¥à¥¬¥ë¬. �¥©áâ¢¨â¥«ì®, ¢
á¨«ã ¢ë¯ãª«®áâ¨ ¨¬¥¥¬

hrL(v); v� � vi � L(v�)� L(v) � hrL(v�); v� � vi 8v�; v 2 
; (2.12)

£¤¥ v = x; p, v� = x�; p� ¨ 
 = Q�P . �à¥¤áâ ¢¨¬ â ª¦¥ á¨áâ¥¬ã ¥à ¢¥áâ¢ (2.11) ¢ íª¢¨¢ «¥â-
®© ä®à¬¥

hrLx(x
�; p�); x� x�i � 0 8x 2 Q; hrLp(x

�; p�); p� p�i � 0 8p 2 P: (2.13)

�ç¨âë¢ ï (2.13) ¢ ¯à ¢®© ç áâ¨ á¨áâ¥¬ë (2.12), ¯®«ãç¨¬

L(v�) � L(v) 8v 2 
;

â.¥. ¢ ¢ë¯ãª«®¬ á«ãç ¥ à ¢®¢¥á®¥ à¥è¥¨¥ ï¢«ï¥âáï â®çª®© ¬¨¨¬ã¬ .

�®â¥æ¨ «ìë¥ ¨£àë. �¢¥¤¥¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥. � ¢®¢¥áãî § ¤ çã (1.1)  §®¢¥¬
¯®â¥æ¨ «ì®©, ¥á«¨ áãé¥áâ¢ã¥â äãªæ¨ï P (v) â ª ï, çâ®

rP (v) = r�w(v; w)jv=w 8v 2 
: (2.14)
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�« áá ¯®â¥æ¨ «ìëå § ¤ ç ¥ ¯ãáâ, â.ª. à ¢®¢¥áë¥ § ¤ ç¨ á® á¢®©áâ¢®¬ (1.3) ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î ¯®â¥æ¨ «ì®áâ¨. �®¢¥àè¥® ïá®, çâ® à ¢®¢¥áë¥ à¥è¥¨ï íâ¨å § ¤ ç ï¢«ïîâáï
â®çª ¬¨ ¬¨¨¬ã¬  äãªæ¨¨ P (v)   
.

� à ¡®â¥ [6]   ¯à¨¬¥à¥ ¨£àë �ãà® ¡ë«® ¢¢¥¤¥® ¯®ïâ¨¥ ¯®â¥æ¨ «ì®© ¨£àë á«¥¤ãîé¨¬
®¡à §®¬. �á«¨ ¤«ï ¨£àë n «¨æ á à ¢®¢¥á¨¥¬ ¯® �íèã

x�i 2 Argminffi(xi; x��i) j xi 2 Xig;
£¤¥ fi(xi; x�i) | ¯« â¥¦ ï äãªæ¨ï i-£® ¨£à®ª , i 2 I = f1; 2; : : : ; ng, xi 2 Xi = (xi)i2I , x�i 2
X�i = (xj)j2Ini, (xi; x�i) = x 2 X = X1 � X2 � � � � � Xn, áãé¥áâ¢ã¥â äãªæ¨ï p(x1; x2; : : : ; xn)
â ª ï, çâ®

@p(x1; x2; : : : ; xn)
@xi

=
@fi(x1; x2; : : : ; xn)

@xi
; i 2 I; (2.15)

â® ¨£à   §ë¢ ¥âáï ¯®â¥æ¨ «ì®©. �àã£¨¬¨ á«®¢ ¬¨, ç áâë¥ ¯à®¨§¢®¤ë¥ ¯« â¥¦ëå äãª-
æ¨© ¯® á®¡áâ¢¥ë¬ ¯¥à¥¬¥ë¬ ¨£à®ª®¢ ¢ á®¢®ªã¯®áâ¨ ®¡à §ãîâ £à ¤¨¥â ¥ª®â®à®© äãªæ¨¨
p(x1; x2; : : : ; xn), ª®â®à ï  §ë¢ ¥âáï ¯®â¥æ¨ «®¬. �¥à¥¯¨è¥¬ ãá«®¢¨¥ (2.15) ¢ ä®à¬¥

@p(xi; x�i)
@xi

=
@fi(xi; x�i)

@xi
; i 2 I;

¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¥á®¡áâ¢¥ë¥ ¯¥à¥¬¥ë¥ x�i 2 X�i ª ª ¯ à ¬¥âàë. �®£¤  ¯®«ãç¥®¥
ãá«®¢¨¥ ®§ ç ¥â, çâ® ¯à¨ ¢á¥å § ç¥¨ïå ¯ à ¬¥âà  x�i 2 X�i ¯à®¨§¢®¤ë¥ ¤¢ãå äãªæ¨©
á®¢¯ ¤ îâ, â.¥.

p(xi; x�i) = fi(xi; x�i) + ci(x�i): (2.16)

� ª¨¬ ®¡à §®¬, æ¥«¥¢ë¥ äãªæ¨¨ ¯®â¥æ¨ «ì®© ¨£àë á â®ç®áâìî ¤® ª®áâ âë ci(x�i) à ¢ë
¬¥¦¤ã á®¡®©.

�§ (2.16) ¯®«ãç¨¬
nX
i=1

p(xi; x�i) =
nX
i=1

fi(xi; x�i) +
nX
i=1

ci(x�i);

â.¥.

p(v; w) = �(v; w) + C(v); (2.17)

£¤¥ P (v; w), �(v; w) ¨ C(v) | á®®â¢¥âáâ¢ãîé¨¥ áã¬¬ë ¨§ ¯à¥¤ë¤ãé¥£® à ¢¥áâ¢ . �à¨ íâ®¬,
¥á«¨ v = w, â®

P (v; w)jv=w = np(v) = np(x1; x2; : : : ; xn): (2.18)

�®à¬ «¨§®¢  ï äãªæ¨ï �(v; w) ¨ äãªæ¨ï P (v; w), ¯®à®¦¤¥ ï ¯®â¥æ¨ «®¬ p(v), à §-
«¨ç îâáï   C(v), ª®â®àãî ¬®¦® à áá¬ âà¨¢ âì ª ª ª®áâ âã, â.ª. ¥¥ ¯à¨áãâáâ¢¨¥ ¥ ¢«¨ï¥â
  ¬¨¨¬ã¬ äãªæ¨¨ �(v; w) ¯® ¯¥à¥¬¥®© w 2 
. �â¡à®á¨¢ ª®áâ âã C(v), ¬®¦® áç¨â âì,
çâ® P (v; w) ¨ �(v; w) á®¢¯ ¤ îâ.

�§ (2.18) á«¥¤ã¥â

rPw(v; w)jv=w = nrp(v): (2.19)

�®¯®áâ ¢«ïï (2.17) ¨ (2.19), ¨¬¥¥¬

nrp(v) = r�w(v; w)jv=w :
� ª¨¬ ®¡à §®¬, ¯®â¥æ¨ «ìë¥ ¨£àë ¢ á¬ëá«¥ (2.15) ï¢«ïîâáï ¯®â¥æ¨ «ìë¬¨ ¨£à ¬¨ ¨ ¢
á¬ëá«¥ (2.14). �á«¨ ¯®â¥æ¨ « ¥áâì äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå p(x1; x2) ¤«ï ¨£àë ¤¢ãå «¨æ, â®,
ª ª ¯®ª § ® ¢ (2.10){(2.11), äãªæ¨ï P (v; w) ¡ã¤¥â á¨¬¬¥âà¨ç®©.
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3. �à®£®§ë© ¬¥â®¤ ¯à®¥ªæ¨¨ £à ¤¨¥â 

� áá¬®âà¨¬ à ¢®¢¥áãî § ¤ çã (1.1). �¥¯®¤¢¨¦ ï â®çª  v� 2 
� íâ®© § ¤ ç¨ ï¢«ï¥âáï
à¥è¥¨¥¬ ª ª ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢ 

hr�w(v
�; v�); w � v�i � 0 8w 2 
; (3.1)

â ª ¨ ®¯¥à â®à®£® ãà ¢¥¨ï

v� = �
(v� � �r�w(v�; v�)); (3.2)

£¤¥ �
(: : : ) | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï ¥ª®â®à®£® ¢¥ªâ®à    ¬®¦¥áâ¢® 
. �¡  á®®â®è¥¨ï
íª¢¨¢ «¥âë ¨ ï¢«ïîâáï ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¬¨¨¬ã¬  äãªæ¨¨ �(v�; w)   ¬®¦¥áâ¢¥ 
.
� ª ª ª ®¯¥à â®à ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (3.2) ¥à áè¨àïîé¨©áï, ¢®§¨ª ¥â ¢®¯à®á ® áå®¤¨-
¬®áâ¨ ¬¥â®¤ 

vn+1 = �
(v
n � �r�w(v

n; vn)) (3.3)

ª à¥è¥¨î ãà ¢¥¨ï (3.2) ¨«¨, çâ® â® ¦¥ á ¬®¥, ª à¥è¥¨î ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (3.1).
�à®¤¥« ¢ ¥á«®¦ë¥ ¢ëç¨á«¥¨ï ¯® âà ¤¨æ¨®®© áå¥¬¥, ã¡¥¤¨¬áï, çâ® ¯à®æ¥áá (3.3) áå®-

¤¨âáï ª à ¢®¢¥á®¬ã à¥è¥¨î á¨¬¬¥âà¨ç®© § ¤ ç¨. �¤ ª® ®¡« áâì ¯à¨¬¥¨¬®áâ¨ íâ®£® ¬¥-
â®¤  ®£à ¨ç¨¢ ¥âáï § ¤ ç ¬¨ ¬¨¨¬¨§ æ¨¨. �§¢¥áâ®, çâ® ¢ á¥¤«®¢®¬ ¢ à¨ â¥ [5] íâ®â ¬¥â®¤
¥ áå®¤¨âáï ª á¥¤«®¢®© â®çª¥, ¢ â® ¦¥ ¢à¥¬ï £à ¤¨¥âë© ¬¥â®¤ ¯à®£®§®£® â¨¯  (íªáâà -
£à ¤¨¥âë© [7], [8]) áå®¤¨âáï ª íâ®¬ã à¥è¥¨î. �®á«¥¤¥¥ ®¡áâ®ïâ¥«ìáâ¢® ¯à¥¤áâ ¢«ï¥â ¤«ï
 á § ç¨â¥«ìë© ¨â¥à¥á. �¬¥ï áª § ®¥ ¢ ¢¨¤ã, à áá¬®âà¨¬ £à ¤¨¥âë© ¬¥â®¤ ¯à®£®§®£®
â¨¯ 

�un = �
(vn � �r�w(vn; vn)); vn+1 = �
(vn � �r�w(�un; �un)) (3.4)

¨ ¯®ª ¦¥¬, çâ® ¢ ª« áá¥ á¨¬¬¥âà¨çëå æ¥«¥¢ëå äãªæ¨© �(v; w) ¬¥â®¤ áå®¤¨âáï ª à¥è¥¨î
¨áå®¤®© § ¤ ç¨.

�ë¯¨è¥¬ ¥ª®â®àë¥ ®æ¥ª¨ ¨ ¥à ¢¥áâ¢ . � (2.7) ¯®¬¥ï¥¬ ¬¥áâ ¬¨ § ç¥¨ï  à£ã¬¥â®¢
(íâ® ¬®¦® á¤¥« âì, ¯®áª®«ìªã ¥à ¢¥áâ¢® ¢¥à® ¤«ï «î¡ëå ¯ à v + h; v + h ¨ v; v),   § â¥¬
¯®«ãç¥®¥ ¥à ¢¥áâ¢® ¯à¨¡ ¢¨¬ ª (2.7), ¢ ¨â®£¥ ¯®«ãç¨¬

jr�(v + h; v + h)�r�(v; v)j � 2Ljhj 8(v + h; v + h) 2 
� 
: (3.5)

�§ (3.4) ¨ (3.5) á ãç¥â®¬ (2.5) ¨¬¥¥¬

j�un � vn+1j � �

2
jr�(vn; vn)�r�(�un; �un)j � �Ljvn � �unj: (3.6)

�à¥¤áâ ¢¨¬ ãà ¢¥¨ï (3.4) ¢ ä®à¬¥ ¢ à¨ æ¨®ëå ¥à ¢¥áâ¢

h�un � vn + �r�w(vn; vn); w � �uni � 0 8w 2 
;

hvn+1 � vn + �r�w(�un; �un); w � vn+1i � 0 8w 2 

(3.7)

¨ ¤®ª ¦¥¬ â¥®à¥¬ã.

�¥®à¥¬  1. �á«¨ ¤¨ää¥à¥æ¨àã¥¬ ï æ¥«¥¢ ï äãªæ¨ï �(v; w) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î á¨¬-

¬¥âà¨¨ (1.3), £à ¤¨¥â äãªæ¨¨ �(v; v) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  (2.7), 
 2 Rn |

¢ë¯ãª«®¥ § ¬ªãâ®¥ ®£à ¨ç¥®¥ ¬®¦¥áâ¢®, â® ¯®á«¥¤®¢ â¥«ì®áâì vn, ¯®à®¦¤¥ ï ¬¥-

â®¤®¬ (3.4) á ¯ à ¬¥âà®¬ 0 < � < 1=L, ¨¬¥¥â ¥¯ãáâ®¥ ¬®¦¥áâ¢® ¯à¥¤¥«ìëå â®ç¥ª, ª -

¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï áâ æ¨® à®© â®çª®© § ¤ ç¨ (1.1).
�á«¨ ¤®¯®«¨â¥«ì® ª ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬ äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® ¯¥à¥¬¥®© w,

â® «î¡ ï áâ æ¨® à ï â®çª  ï¢«ï¥âáï ¥¯®¤¢¨¦®© â®çª®© § ¤ ç¨ (1.1).
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�®ª § â¥«ìáâ¢®. �®«®¦¨¬ w = vn ¢ ¯¥à¢®¬ ¥à ¢¥áâ¢¥ (3.7) ¨ w = �un | ¢® ¢â®à®¬, â®£¤ 
á ãç¥â®¬ (2.5) ¡ã¤¥¬ ¨¬¥âì

hvn+1 � vn; vn+1 � �uni+ �

2
hr�(�un; �un); vn+1 � �uni � 0;

j�un � vnj2 + �

2
hr�(vn; vn); vn+1 � vni � �

2
hr�(vn; vn); vn+1 � �uni � 0:

�«®¦¨¬ ®¡  ¥à ¢¥áâ¢ 

hvn+1 � vn; vn+1 � �uni+ jvn � �unj2 + �

2
hr�(vn; vn); vn+1 � vni+

+
�

2
hr�(�un; �un)�r�(vn; vn); vn+1 � �uni � 0: (3.8)

�á¯®«ì§ãï â®¦¤¥áâ¢®

jx1 � x3j2 = jx1 � x2j2 + 2hx1 � x2; x2 � x3i+ jx2 � x3j2; (3.9)

à §«®¦¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ «¥¢®© ç áâ¨ (3.8)   áã¬¬ã ª¢ ¤à â®¢. � â¥¬, ¯à¨¬¥ïï
¥à ¢¥áâ¢® (2.7) ¨ ®æ¥ª¨ (3.5) ¨ (3.6), ¯®«ãç¨¬

jvn+1 � vnj2 + jvn+1 � �unj2 � jvn � �unj2 + 2j�un � vnj2 +
+
�

2
(�(vn+1; vn+1)� �(vn; vn))� �

2
Ljvn+1 � vnj2 � (�L)2jvn � �unj2 � 0:

�âáî¤ 

��(vn+1; vn+1) + d1jvn+1 � vnj2 + jvn+1 � �unj2 + d2jvn � �unj2 � ��(vn; vn); (3.10)

£¤¥ d1 = 1 � (�=2)L > 0 ¨ d2 = 1 � (�L)2 > 0, â.ª. � < 1=L. �§ íâ®£® ¥à ¢¥áâ¢  á«¥¤ã¥â
¬®®â®®¥ ã¡ë¢ ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯® äãªæ¨® «ã.

�à®áã¬¬¨àã¥¬ ¯®«ãç¥ãî á¨áâ¥¬ã ¥à ¢¥áâ¢ ®â n = 0 ¤® n = N

��(vN+1; vN+1) + d1

NX
k=0

jvk+1 � vkj2 +
NX
k=0

jvk+1 � �ukj2 + d2

NX
k=0

jvk � �ukj2 � ��(v0; v0):

�âáî¤ 
1X
k=0

jvn+1 � vnj2 <1;
1X
k=0

jvn+1 � �unj2 <1;
1X
k=0

jvn � �unj2 <1
¨, á«¥¤®¢ â¥«ì®,

jvn+1 � vnj ! 0; jvn+1 � �unj ! 0; jvn � �unj ! 0; n!1: (3.11)

� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì vn ®£à ¨ç¥ , â® áãé¥áâ¢ã¥â í«¥¬¥â v0 â ª®©, çâ® vni ! v0

¯à¨ ni !1, ¨ ¯à¨ íâ®¬

jvni+1 � vni j ! 0; jvni+1 � �uni j ! 0; jvni � �uni j ! 0:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯® ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ni !1 ¢ (3.7) (¨«¨, çâ® â® ¦¥ á ¬®¥ ¢ (3.4)),
¯®«ãç¨¬

hr�w(v
0; v0); w � v0i � 0 8w 2 
: (3.12)

�®áª®«ìªã íâ® á®®â®è¥¨¥ á®¢¯ ¤ ¥â á (3.1), â® «î¡ ï ¯à¥¤¥«ì ï â®çª  ¯®á«¥¤®¢ â¥«ì®áâ¨ vn

ï¢«ï¥âáï áâ æ¨® à®© â®çª®© à ¢®¢¥á®© § ¤ ç¨ (1.1). �ç¥¢¨¤®, ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨
(1.1) á®áâ ¢«ï¥â ¯®¤¬®¦¥áâ¢® (¬®¦¥â ¡ëâì, ¯ãáâ®¥) ¬®¦¥áâ¢  áâ æ¨® àëå â®ç¥ª.

�á«¨ æ¥«¥¢ ï äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® w ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ § ç¥¨¨ v, â®
¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�(v0; w) � �(v0; v0) � hr�w(v
0; v0); w � v0i 8w 2 
: (3.13)
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� ãç¥â®¬ (3.12) ¨¬¥¥¬

�(v0; v0) � �(v0; w) 8w 2 
:

�®«ãç¥®¥ ¥à ¢¥áâ¢®, ®ç¥¢¨¤®, á®¢¯ ¤ ¥â á (1.2). �®á«¥¤¥¥ ®§ ç ¥â, çâ® v0 = v� 2 
�, â.¥.
«î¡ ï ¯à¥¤¥«ì ï â®çª  ï¢«ï¥âáï à ¢®¢¥áë¬ à¥è¥¨¥¬ § ¤ ç¨. �®áª®«ìªã ¢¥«¨ç¨  �(vn; vn)
á®£« á® (3.10) ã¡ë¢ ¥â ¬®®â®®, â® ¢® ¢á¥å ¯à¥¤¥«ìëå â®çª å ¯®á«¥¤®¢ â¥«ì®áâ¨ § ç¥¨¥
äãªæ¨¨ ®¤® ¨ â® ¦¥ ¨ à ¢® �(v0; v0).

�®ª § ®¥ ãâ¢¥à¦¤¥¨¥ ¬®¦® à áá¬ âà¨¢ âì ª ª â¥®à¥¬ã áãé¥áâ¢®¢ ¨ï ¥¯®¤¢¨¦®©
â®çª¨ ¤«ï ¬®£®§ çëå á¨¬¬¥âà¨çëå íªáâà¥¬ «ìëå ®â®¡à ¦¥¨©. �¥©áâ¢¨â¥«ì®, ¥¥ á®¤¥à-
¦ â¥«ìë© á¬ëá« á®áâ®¨â ¢ á«¥¤ãîé¥¬: ¥á«¨ äãªæ¨ï �(v; w) á¨¬¬¥âà¨ç , ¤¨ää¥à¥æ¨àã¥¬ 
¨ ¢ë¯ãª«  ¯® ¢â®à®© ¯¥à¥¬¥®©,   
 | ª®¬¯ ªâ, â® ¥¯®¤¢¨¦ ï â®çª  § ¤ ç¨ (1.1) ¢á¥£¤ 
áãé¥áâ¢ã¥â.

4. �®®â® ï áå®¤¨¬®áâì

�á«¨ äãªæ¨ï �(v; w) á¨¬¬¥âà¨ç  ¨ ®¤®¢à¥¬¥® ¢ë¯ãª«  ¯® w, â® ¢ á¨«ã ãá«®¢¨ï á¨¬-
¬¥âà¨¨ (1.3) ®  ¡ã¤¥â ¢ë¯ãª«®© ¨ ¯® ¯¥à¥¬¥®© v. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ äãªæ¨ï
ï¢«ï¥âáï ¢ë¯ãª«®-¢ë¯ãª«®©, â.¥. ¢ë¯ãª«®© ª ª ¯® ®¤®© ¯¥à¥¬¥®©, â ª ¨ ¯® ¤àã£®©. �¤ ª®,
áã¦¥¨¥ ¢ë¯ãª«®-¢ë¯ãª«®© á¨¬¬¥âà¨ç®© äãªæ¨¨ S(v; w)   ¤¨ £® «ì ª¢ ¤à â  
� 
 (â.¥.
v = w) ¬®¦¥â ¥ ¡ëâì ¢ë¯ãª«ë¬. �¥©áâ¢¨â¥«ì®, ¯ãáâì S(v; w) = hv;Awi, £¤¥ v 2 R2, w 2 R2,  
¬ âà¨æ  A ¨¬¥¥â à §¬¥à®áâì 2�2. �â  äãªæ¨ï «¨¥©  ¯® á¢®¨¬ ¯¥à¥¬¥ë¬ ¨, á«¥¤®¢ â¥«ì-
®, ¢ë¯ãª«  ¯® ¨¬. �ã¤¥â «¨ äãªæ¨ï hv;Avi ¢ë¯ãª«    R2? �â® § ¢¨á¨â ®â ¢¨¤  ¬ âà¨æë
A. �á«¨ ¬ âà¨æ  ¨¬¥¥â â¨¯ A =

�
1 0
0 1

�
, â® äãªæ¨ï ¢ë¯ãª« ï, ¥á«¨ ¦¥ ¬ âà¨æ  ¨¬¥¥â áâàãªâãàã

¢¨¤  A =
�
0 1
1 0

�
, â® äãªæ¨ï ¥ ¢ë¯ãª« ï.

�«ï ¬®®â®®© ¯® ®à¬¥ áå®¤¨¬®áâ¨ £à ¤¨¥â®£® ¬¥â®¤  ª à¥è¥¨î § ¤ ç¨ ª«îç¥¢ë¬
á¢®©áâ¢®¬ ï¢«ï¥âáï ¢ë¯ãª«®áâì æ¥«¥¢®© äãªæ¨¨   ¤¨ £® «¨ ª¢ ¤à â ,   ¥ ¯® ¯¥à¥¬¥®©
w. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �(v; w) ¢ë¯ãª«    ¤¨ £® «¨ ª¢ ¤à â  ¨ ¥®¡ï§ â¥«ì® ¢ë¯ãª« 
¯® ¯¥à¥¬¥®© w. �®£¤  ¥¥ ç áâë© £à ¤¨¥â r�w(v; w) ¥ ®¡ï§ â¥«ì® ¬®®â®ë© ®¯¥à â®à
¯à¨ «î¡®¬ v, ® ¥£® áã¦¥¨¥   ¤¨ £® «ì ª¢ ¤à â  á®£« á® (2.5) ¡ã¤¥â £à ¤¨¥â®¬ ¢ë¯ãª«®©
äãªæ¨¨ �(v; v), â.¥. 2r�(v; w)jv=w = r�(v; v), ¨ ¯®â®¬ã ¬®®â®ë¬ ®¯¥à â®à®¬. �®á«¥¤¥¥
®§ ç ¥â, çâ® ¤«ï ¥£® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

hr�(v + h; v + h)�r�(v; v); hi � 0 8v 2 
; 8h 2 Rn: (4.1)

�¥®à¥¬  2. �á«¨ æ¥«¥¢ ï äãªæ¨ï �(v; w) á¨¬¬¥âà¨ç ,   ¥¥ áã¦¥¨¥   ¤¨ £® «ì ª¢ ¤à -

â  
�
 ¯à¥¤áâ ¢«ï¥â á®¡®© ¢ë¯ãª«ãî ¨ ¤¨ää¥à¥æ¨àã¥¬ãî äãªæ¨î, ¯à¨ç¥¬ £à ¤¨¥â íâ®£®

áã¦¥¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  (3.5), 
 2 Rn | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®,

â® ¯®á«¥¤®¢ â¥«ì®áâì vn, ¯®à®¦¤¥ ï ¬¥â®¤®¬ (3.4) á ¯ à ¬¥âà®¬ 0 < � < 1=L, ¬®®â®®
® ®à¬¥ ¯à®áâà áâ¢  áå®¤¨âáï ª ¬¨¨¬ã¬ã äãªæ¨¨ �(v; v)   
. �â®â ¬¨¨¬ã¬ ï¢«ï¥âáï

¯® ªà ©¥© ¬¥à¥ áâ æ¨® à®© â®çª®© § ¤ ç¨ (1.1).
�á«¨ ¤®¯®«¨â¥«ì® ª ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬ äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® ¢â®à®© ¯¥à¥-

¬¥®© w ¯à¨ «î¡®¬ § ç¥¨¨ v 2 
, â®  ©¤¥ë© ¬¨¨¬ã¬ ï¢«ï¥âáï à ¢®¢¥áë¬ à¥è¥¨¥¬

§ ¤ ç¨ (1.1).

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ w = v� 2 
� ¢® ¢â®à®¬ ¥à ¢¥áâ¢¥ (3.7) ¨ w = vn+1 | ¢ ¯¥à¢®¬,
  â ª¦¥ w = �un ¢ (3.1), § â¥¬ á ãç¥â®¬ (2.5) á«®¦¨¬ ¢á¥ ¥à ¢¥áâ¢ , â®£¤  ¯®«ãç¨¬

D
vn+1 � vn +

�

2
r�(�un; �un); v� � vn+1

E
+

+
D
�un � vn +

�

2
r�(vn; vn); vn+1 � �un

E
+ hr�(v�; v�); �u� v�i � 0:
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�âáî¤  ¨¬¥¥¬

hvn+1 � vn; v� � vn+1i+ h�un � vn; vn+1 � �uni+ �

2
hr�(�un; �un)�r�(vn; vn); �un � vn+1i+

+
�

2
hr�(�un; �un)�r�(v�; v�); v� � �uni � 0: (4.2)

�¢  ¯¥à¢ëå áª «ïàëå ¯à®¨§¢¥¤¥¨ï ¢ ¯®«ãç¥®¬ ¥à ¢¥áâ¢¥ à §«®¦¨¬ ¢ áã¬¬ã ª¢ ¤à â®¢ á
¯®¬®éìî â®¦¤¥áâ¢  (3.9), âà¥âì¥ á« £ ¥¬®¥ ®æ¥¨¬, ¨á¯®«ì§ãï (3.5), (3.6), ¨,  ª®¥æ, ¯®á«¥¤¥¥
á« £ ¥¬®¥ ®æ¥¨¬ á ¯®¬®éìî (4.1), â®£¤  ¯®«ãç¨¬

jvn+1 � v�j2 + jvn+1 � vnj2 + jvn � �unj2 + j�un � vn+1j2 � (�L)2j�un � vnj2 � jvn � v�j2 + jvn+1 � vnj2:

�®íâ®¬ã

jvn+1 � v�j2 + djvn � �unj2 + j�un � vn+1j2 � jvn � v�j2; (4.3)

£¤¥ d = 1 � (�L)2 > 0, â.ª. � < 1=L. �âáî¤  ¯à¨ � < 1=L á«¥¤ã¥â ¬®®â®®áâì ã¡ë¢ ¨ï
¢¥«¨ç¨ë jvn � v�j2 ¯à¨ n!1. �à®áã¬¬¨àã¥¬ ¥à ¢¥áâ¢  (4.3) ®â n = 1 ¤® n = N , â®£¤ 

jvN+1 � v�j2 + d
NX
n=1

jvn � �unj2 +
NX
n=1

j�un � vn+1j2 � jvn � v�j2:

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¢ëâ¥ª ¥â áå®¤¨¬®áâì àï¤®¢
1P
n=1

jvn � �unj2,
1P
n=1

j�un � vn+1j2 ¨ á®®â¢¥â-
áâ¢¥® áâà¥¬«¥¨¥ ª ã«î ¢¥«¨ç¨

jvn � �unj2 ! 0; j�un � vn+1j2 ! 0; n!1: (4.4)

�á¯®«ì§ãï ®æ¥ªã

1
2
jx1 � x2j2 � jx1 � x3j2 + jx3 � x2j2; (4.5)

¨§ (4.4) ¨¬¥¥¬

jvn+1 � vnj2 ! 0; n!1: (4.6)

� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì vn ®£à ¨ç¥ , â® áãé¥áâ¢ã¥â í«¥¬¥â v0 â ª®©, çâ® vni ! v0

¯à¨ ni !1, ¨ ¯à¨ íâ®¬ jvni+1 � vni j2 ! 0, j�uni � vni j2 ! 0.
� áá¬®âà¨¬ ¥à ¢¥áâ¢  (3.7) ¤«ï ¢á¥å ni !1 ¨, ¯¥à¥©¤ï ª ¯à¥¤¥«ã á ãç¥â®¬ (2.5), ¯®«ãç¨¬

hr�(v0; v0); w � v0i � 0 8w 2 
:

�®áª®«ìªã íâ® á®®â®è¥¨¥ á®¢¯ ¤ ¥â á (3.1), â® «î¡ ï ¯à¥¤¥«ì ï â®çª  ¯®á«¥¤®¢ â¥«ì®áâ¨
vn ï¢«ï¥âáï ¬¨¨¬ã¬®¬ �(v; v)   
. �á«®¢¨¥ ¬®®â®®áâ¨ ã¡ë¢ ¨ï ¢¥«¨ç¨ë jvn � v0j ®¡¥á-
¯¥ç¨¢ ¥â ¥¤¨áâ¢¥®áâì ¯à¥¤¥«ì®© â®çª¨, â.¥. áå®¤¨¬®áâì vn ! v0 ¯à¨ n!1.

�á«¨ æ¥«¥¢ ï äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® w ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ § ç¥¨¨ v, â®
á®£« á® (3.13) ¨¬¥¥¬

�(v0; v0) � �(v0; w) 8w 2 
:

�«¥¤®¢ â¥«ì®, v0 = v� 2 
�, â.¥. ¥¤¨áâ¢¥ ï ¯à¥¤¥«ì ï â®çª  ï¢«ï¥âáï à ¢®¢¥áë¬ à¥è¥-
¨¥¬ § ¤ ç¨.
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5. �®¥ç ï áå®¤¨¬®áâì

�æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à®£®§®£® ¬¥â®¤  ¯à®¥ªæ¨¨ £à ¤¨¥â  (3.4) ¤«ï á¨¬¬¥âà¨ç-
®© äãªæ¨¨ ¯®«®áâìî § ¢¨áïâ ®â ¯®¢¥¤¥¨ï íâ®© äãªæ¨¨   ¤¨ £® «¨ ª¢ ¤à â  
 � 
.
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬¨¨¬ã¬ äãªæ¨¨ �(v; v)   
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®áâà®âë ([9],
£«. 5, x 2, á. 127)

�(v; v) � �(v�; v�) � jv � v�j 8w 2 
; (5.1)

£¤¥  � 0 ª®áâ â . �à®¬¥ â®£®, ¯à¥¤¯®« £ ¥âáï, çâ® £à ¤¨¥â r�(v; v) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
�¨¯è¨æ  (3.5).

� ¬¥â¨¬, çâ® á¥¤«®¢ ï â®çª  ¥¢ëà®¦¤¥®© § ¤ ç¨ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï, ª®â®-
à ï ¢á¥£¤  ï¢«ï¥âáï ¥¯®¤¢¨¦®© â®çª®© § ¤ ç¨ (1.1) á ®à¬ «¨§®¢ ®© äãªæ¨¥© �(v; w),
ã¤®¢«¥â¢®àï¥â ¯¥à¥ç¨á«¥ë¬ ¢ëè¥ ãá«®¢¨ï¬ [2].

�¥®à¥¬  3. �á«¨ ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (1.1) ¥ ¯ãáâ® ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

®áâà®âë (5.1), äãªæ¨ï �(v; w) | á¨¬¬¥âà¨ç ï, ¢ë¯ãª« ï   ¤¨ £® «¨ ª¢ ¤à â  
 � 
,
¤¨ää¥à¥æ¨àã¥¬ , ¯à¨ç¥¬ ¥¥ £à ¤¨¥â   ¤¨ £® «¨ ª¢ ¤à â  
 � 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�¨¯è¨æ  (3.5), 
 | ¢ë¯ãª«®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®, â® ¯®á«¥¤®¢ â¥«ì®áâì vn, ¯®à®¦¤¥-

 ï ¬¥â®¤®¬ (3.4) á ¯ à ¬¥âà®¬ 0 < � < 1=L áå®¤¨âáï ª ¬¨¨¬ã¬ã �(v; v)   
 §  ª®¥ç®¥

ç¨á«® ¨â¥à æ¨©, â.¥. áãé¥áâ¢ã¥â â ª®© ®¬¥à n0, ¯à¨ ª®â®à®¬ vn0 = v� 2 
�.

�á«¨ ¤®¯®«¨â¥«ì® ª ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬ äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® w ¯à¨ «î¡®¬

v 2 
, â® ¬¥â®¤ áå®¤¨âáï §  ª®¥ç®¥ ç¨á«® ¨â¥à æ¨© ª à ¢®¢¥á®¬ã à¥è¥¨î ¨áå®¤®©

§ ¤ ç¨.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ w = v� ¢® ¢â®à®¬ ¥à ¢¥áâ¢¥ (3.7),   w = vn+1 | ¢ ¯¥à¢®¬,
§ â¥¬ á ãç¥â®¬ (2.5) á«®¦¨¬ ®¡  ¥à ¢¥áâ¢ , ¯à¨ íâ®¬ ¯®«ãç¨¬ ¥à ¢¥áâ¢® â¨¯  (4.2), ® ¢
¥¬ ®âáãâáâ¢ã¥â á« £ ¥¬®¥ ¢¨¤  (3.1)

hvn+1 � vn; v� � vn+1i+ h�un � vn; vn+1 � �uni+
+
�

2
hr�(�un; �un)�r�(vn; vn); �un � vn+1i+ �

2
hr�(�un; �un); v� � �uni � 0: (5.2)

� ¯®«ãç¥®¬ ¥à ¢¥áâ¢¥, á«¥¤ãï (4.2), ¯à¥®¡à §ã¥¬ ¤¢  ¯¥à¢ëå áª «ïàëå ¯à®¨§¢¥¤¥¨ï, âà¥-
âì¥ á« £ ¥¬®¥ ®æ¥¨¬ á ¯®¬®éìî (3.5), (3.6),   ¯®á«¥¤¥¥ | á ãç¥â®¬ ¢ë¯ãª«®áâ¨, â®£¤ 

hvn+1 � vn; v� � �uni � jvn+1 � �unj2 + 1
2
(�L)2j�un � vnj2 + �

2
(�(v�; v�)� �(�un; �un)) � 0:

�â®à®¥ á« £ ¥¬®¥ jvn+1 � �unj2 ¯à¥®¡à §ã¥¬ á ¯®¬®éìî â®¦¤¥áâ¢  (3.9),   ¯®á«¥¤¥¥ ®æ¥¨¬ á
¯®¬®éìî (5.1)

�

2
j�un � v�j+ jvn+1 � vnj2 + 2hvn+1 � vn; vn � �uni+ dj�un � vnj2 � hvn+1 � vn; v� � �uni;

£¤¥ d = 1� 1

2
(�L)2 > 0, â.ª. � < 1=L.

�§ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® á« £ ¥¬ëå ¢ë¤¥«¨¬ ¯®«ë© ª¢ ¤à â

�

2
j�un � v�j+

���� 1p
d
(vn+1 � vn) +

p
d(vn � �un)

����
2

+
�
1� 1

d

�
jvn+1 � vnj2 � hvn+1 � vn; v� � �uni:

�âáî¤ 
�

2
j�un � v�j � jvn+1 � vnj jv� � �unj+

�1
d
� 1

�
jvn+1 � vnj2:

�à¥¤¯®« £ ï, çâ® j�un � v�j 6= 0 ¤«ï ¢á¥å n, ¯®«ãç ¥¬

�

2
� jvn+1 � vnj+ 1

2

�1
d
� 1

� jvn+1 � vnj2
j�un � v�j : (5.3)
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� ¬¥â¨¬, çâ® ¥à ¢¥áâ¢® (4.3) ¢ ãá«®¢¨ïå â¥®à¥¬ë â ª¦¥ á¯à ¢¥¤«¨¢®. �®íâ®¬ã ¢ á¨«ã (4.3) ¨
¨á¯®«ì§ãï ®æ¥ªã (4.5) ¨¬¥¥¬ jvn+1 � v�j2 + d

2
jvn+1 � vnj2 � jvn � v�j2. �âáî¤ 

(jvn+1 � v�j � jvn � v�j)(jvn+1 � v�j+ jvn � v�j) + d

2
jvn+1 � vnj2 � 0:

� §¤¥«¨¬ «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ íâ®£® ¥à ¢¥áâ¢    ¢¥«¨ç¨ã (jvn+1 � v�j+ jvn � v�j) ¨ § â¥¬,
ãç¨âë¢ ï ¬®®â®®áâì jvn+1 � v�j � jvn � v�j, ¯®«ãç¨¬

jvn+1 � v�j � jvn � v�j+ d

4
jvn+1 � vnj2
jvn � v�j � 0: (5.4)

�à®áã¬¬¨àã¥¬ (5.4) ®â n = 0 ¤® n = N

jvN+1 � v�j2 + d

4

NX
k=0

jvk+1 � vkj2
jvk � v�j � jv0 � v�j2: (5.5)

�§ (5.5) á«¥¤ã¥â
1X
k=0

jvk+1 � vkj2
jvk � v�j � 1:

� ª¨¬ ®¡à §®¬,

jvn+1 � vnj2=jvn � v�j ! 0 ¯à¨ n!1:

�á¯®«ì§ãï ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª , ¯®«ãç ¥¬

jv+1 � vnj2
jvn � �unj+ j�un � v�j �

jvn+1 � vnj2
jvn � v�j ! 0 ¯à¨ n!1: (5.6)

� ãç¥â®¬ (4.4) ®âáî¤  ¨¬¥¥¬

jvn+1 � vnj2=j�un � v�j ! 0 ¯à¨ n!1: (5.7)

�¥©áâ¢¨â¥«ì®, ¥á«¨ íâ® ¥ â ª, â® áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì®áâì vni â ª ï, çâ® jvni+1 �
vni j2=j�uni � v�j � a > 0 ¤«ï ¢á¥å ni ! 1. � ª ª ª jvni � �uni j ! 0, ni ! 1, â® ¢á¥£¤  ¬®¦®
¢ë¡à âì â ª®© ®¬¥à ni0 , çâ® ¤«ï ¢á¥å ni � ni0 ¢ë¯®«ï¥âáï ®æ¥ª  jvni0

+1�vni0 j2=(jvni0 � �uni0 j+
j�uni0 � v�j) � 1

2
a > 0. �® íâ® ¯à®â¨¢®à¥ç¨â (5.6).

�®§¢à é ïáì ª ¥à ¢¥áâ¢ã (5.3), ¢¨¤¨¬, çâ® ¯à ¢ ï ç áâì íâ®£® ¥à ¢¥áâ¢  á®£« á® (4.6)
¨ (5.7) á à®áâ®¬ ®¬¥à  n áâà¥¬¨âáï ª ã«î, á ¤àã£®© áâ®à®ë, íâ  ¯à ¢ ï ç áâì ®£à ¨ç¥ 
¢¥«¨ç¨®© �=2 ¤«ï ¢á¥å n!1. �ëå®¤ ¨§ íâ®£® ¯à®â¨¢®à¥ç¨ï á®áâ®¨â ¢ â®¬, çâ® ãâ¢¥à¦¤¥¨¥
j�un � v�j 6= 0 ¤«ï ¢á¥å n ¥¢¥à®, ¯®íâ®¬ã áãé¥áâ¢ã¥â â ª®© ®¬¥à nf , çâ® �unf = v� 2 
�.

6. �å®¤¨¬®áâì á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

� íâ®¬ à §¤¥«¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äãªæ¨ï �(v; v)   ¤¨ £® «¨ ª¢ ¤à â  
�
 ¨¬¥¥â
ª¢ ¤à â¨çë© ¯®àï¤®ª ®áâà®âë ¬¨¨¬ã¬ , â.¥.

�(v; v)� �(v�; v�) � jv � v�j2 8w 2 
; (6.1)

£¤¥  � 0 ª®áâ â  [9]. �¢ ¤à â¨ç ï äãªæ¨ï ¢¨¤  �(v; v) = hAv� b;Av�vi á ¥¢ëà®¦¤¥®©
¬ âà¨æ¥© A ¨ ¢¥ªâ®à®¬ b 2 Rn ã¤®¢«¥â¢®àïîâ íâ®¬ã ãá«®¢¨î [1].

�®ª ¦¥¬, çâ® £à ¤¨¥âë© ¬¥â®¤ ¬®¦¥â áå®¤¨âìáï á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨
ª ¬¨¨¬ã¬ã äãªæ¨¨, ª®â®à ï ¥ ï¢«ï¥âáï á¨«ì® ¢ë¯ãª«®©, ® ¨¬¥¥â ª¢ ¤à â¨çë© ¯®àï¤®ª
®áâà®âë ¬¨¨¬ã¬ .
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�¥®à¥¬  4. �á«¨ ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (1.1) ¥ ¯ãáâ® ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

(6.1), æ¥«¥¢ ï äãªæ¨ï �(v; w) | á¨¬¬¥âà¨ç ï, ¢ë¯ãª« ï   ¤¨ £® «¨ ª¢ ¤à â  
 � 
 ¨

¤¨ää¥à¥æ¨àã¥¬ , ¯à¨ç¥¬ ¥¥ £à ¤¨¥â ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  (3.5), 
 | ¢ë¯ãª«®¥

§ ¬ªãâ®¥ ¬®¦¥áâ¢®, â® ¯®á«¥¤®¢ â¥«ì®áâì vn, ¯®à®¦¤¥ ï ¬¥â®¤®¬ (3.4) á ¯ à ¬¥âà®¬
0 < � < 1=L, áå®¤¨âáï ª ¬¨¨¬ã¬ã �(v; v)   
 á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, â.¥.

jvn+1 � v�j2 � q(�)n+1jv0 � v�j2 ¯à¨ n!1;

£¤¥ q(�) = 1 + (�)2=d1 � � < 1, d1 = 1 + � � (�L)2.
�á«¨ ¤®¯®«¨â¥«ì® ª ¯¥à¥ç¨á«¥ë¬ ãá«®¢¨ï¬ äãªæ¨ï �(v; w) ¢ë¯ãª«  ¯® w ¯à¨ «î¡®¬

v 2 
, â® ¬¥â®¤ áå®¤¨âáï ª à ¢®¢¥á®¬ã à¥è¥¨î á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï á®®â®è¥¨ï (3.9) ¨ (3.5), (3.6),   â ª¦¥ (2.12), ¯à¥¤áâ ¢¨¬
¥à ¢¥áâ¢® (5.2) ¢ ä®à¬¥

jvn � v�j2 � jvn+1 � v�j2 � jvn+1 � �unj2 � j�un � vnj2 +
+ (�L)2j�un � vnj2 + �(�(v�; v�)� �(�un; �un)) � 0:

�âáî¤  á ãç¥â®¬ (6.1)

jvn+1 � v�j2 + jvn+1 � �unj2 + dj�un � vnj2 + �j�un � v�j2 � jvn � v�j2; (6.2)

£¤¥ d = 1� (�L)2 > 0, â.ª. 0 < � < 1=L. � ¯®¬®éìî â®¦¤¥áâ¢ 

j�un � v�j2 = j�un � vnj2 + 2h�un � vn; vn � v�i+ jvn � v�j2

¯à¥®¡à §ã¥¬ (6.2)

jvn+1 � v�j2 + jvn+1 � �unj2 + dj�un � vnj2 + �j�un � vnj2 +
+ 2�h�un � vn; vn � v�i+ �jvn � v�j2 � jvn � v�j2

¨«¨

jvn+1 � v�j2 + jvn+1 � �unj2 + d1j�un � vnj2 + 2�h�un � vn; vn � v�i � (1� �)jvn � v�j2;
£¤¥ d1 = 1 + � � �2L. �§ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® á« £ ¥¬ëå ¢ë¤¥«¨¬ ¯®«ë© ª¢ ¤à â

jvn+1 � v�j2 + jvn+1 � �unj2 +
���pd1(�un � vn) +

�p
d1
(vn � v�)

���2 �

� (�)2

d1
jvn � v�j � (1� �)jvn � v�j2:

�âáî¤ 
jvn+1 � v�j2 � [1 + (�)2=d1 � �]jvn � v�j2:

�®áª®«ìªã � < 1=L, â® ¢¥«¨ç¨  q(�) = 1 + (�)2=d1 � � < 1.
� ª¨¬ ®¡à §®¬,

jvn+1 � v�j2 � q(�)jvn � v�j2;
®âªã¤ 

jvn+1 � v�j2 � q(�)n+1jv0 � v�j2:
� ¬¥ â¥«ì ¯à®£à¥áá¨¨ q(�) § ¢¨á¨â ®â ¯ à ¬¥âà  �. �¨¨¬¨§¨àãï ¥£®   ®âà¥§ª¥ (0; 1=L),
¬®¦® ¢ë¡à âì  ¨«ãçè¥¥ § ç¥¨¥ § ¬¥ â¥«ï ¯à®£à¥áá¨¨.

� ª¨¬ ®¡à §®¬, ¤®ª § ®, çâ® ¢ á«ãç ¥ á¨¬¬¥âà¨çëå íªáâà¥¬ «ìëå ®â®¡à ¦¥¨© £à ¤¨-
¥âë© ¬¥â®¤ ¯à®£®§®£® â¨¯  áå®¤¨âáï:

| ª ¬®¦¥áâ¢ã áâ æ¨® àëå à¥è¥¨© ¢ ¥¢ë¯ãª«®¬ á«ãç ¥,
| ¬®®â®® ¯® ®à¬¥ ª ®¤®© ¨§ ¥¯®¤¢¨¦ëå â®ç¥ª ¢ ¢ë¯ãª«®¬ á«ãç ¥,
| §  ª®¥ç®¥ ç¨á«® è £®¢ ª ®áâà®¬ã à ¢®¢¥á¨î,
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| á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ ª ª¢ ¤à â¨ç®¬ã à ¢®¢¥á¨î.
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