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�  ï § ¬¥âª , ï¢«ïîé ïáï ¯à®¤®«¦¥¨¥¬ [1], [2], ¯®á¢ïé¥  â¥®à¥â¨ç¥áª®¬ã ®¡®á®¢ ¨î
¬¥â®¤  ¯®¤®¡« áâ¥© à¥è¥¨ï ¯¥à¨®¤¨ç¥áª¨å ªà ¥¢ëå § ¤ ç ¤«ï ®¯¥à â®à®-¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥â ¬¨. �à¨ íâ®¬ ®á®¢®¥ ¢¨¬ ¨¥ ã¤¥«¥® ¤®ª § -
â¥«ìáâ¢ã áå®¤¨¬®áâ¨ ¬¥â®¤  ¢ ¯à®áâà áâ¢ å �.�. �®¡®«¥¢  ¨ ãáâ ®¢«¥¨î íää¥ªâ¨¢ëå (¢
â®¬ ç¨á«¥ ¥ã«ãçè ¥¬ëå ¯® ¯®àï¤ªã) ®æ¥®ª ¯®£à¥è®áâ¨ ¢ àï¤¥ äãªæ¨® «ìëå ¯à®áâà áâ¢,
ãç¨âë¢ îé¨å áâàãªâãàë¥ á¢®©áâ¢  ª®íää¨æ¨¥â®¢ ¨áá«¥¤ã¥¬ëå ãà ¢¥¨©.

� áá¬®âà¨¬ ¯¥à¨®¤¨ç¥áªãî ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨ï

Ax � x(m)(s) +Bx(s) = y(s); �1 < s <1; (1)

x(k)(0) = x(k)(2�); k = 0;m� 1; (2)

£¤¥ y 2 L1 = L1(0; 2�), B | ¥ª®â®àë© «¨¥©ë© ( ¯à., ¨â¥£à®¤¨ää¥à¥æ¨ «ìë©) ®¯¥à â®à
á ®¡« áâìî § ç¥¨© ¢ ¯à®áâà áâ¢¥ L1,   m| æ¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«®, ¯à¨ç¥¬ ¯à¨ m = 0
ãá«®¢¨ï (2) ®âáãâáâ¢ãîâ.

�à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(2) ¨é¥¬ ¢ ¢¨¤¥ ¯®«¨®¬ 

xn(s) =
a0
2
+

nX
k=1

ak cos ks+ bk sinks �
nX

k=�n

cke
iks; (3)

ª®íää¨æ¨¥âë ª®â®à®£® ®¯à¥¤¥«¨¬ ¨§ ãá«®¢¨©Z sj+1

sj

(Axn � y)(s)ds = 0; j = 0; 2n; (4)

£¤¥

sk =
2k�
2n+ 1

; k = 0; 2n; n 2 N: (5)

�á®, çâ® ãá«®¢¨ï (4), (5) íª¢¨¢ «¥âë á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©
(����) ¯®àï¤ª  2n+ 1 ®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ ¯®«¨®¬  (3):

nX
k=�n

�jkck = yj ; j = 0; 2n; (6)

£¤¥

�jk =
Z sj+1

sj

(Aeiks)(s)ds; yj =
Z sj+1

sj

y(s)ds:

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

 ) y(s) 2 L2,   ®¯¥à â®à B : Wm
2 ! L2 ¢¯®«¥ ¥¯à¥àë¢¥;

¡) § ¤ ç  (1){(2) ¯à¨ y(s) � 0 ¨¬¥¥â «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥.
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�®£¤  ¯à¨ ¢á¥å n,  ç¨ ï á ¥ª®â®à®£®, ���� (6) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ fc�kg
n
�n.

�à¨¡«¨¦¥ë¥ à¥è¥¨ï x�n(s) (â. ¥. (3) ¯à¨ ck = c�k, k = �n; n) áå®¤ïâáï ¢ ¯à®áâà áâ¢¥ Wm
2

ª â®ç®¬ã à¥è¥¨î x�(s) § ¤ ç¨ (1){(2) á® áª®à®áâìî

kx� � x�nkWm
2
= OfET

n (x
�(m))2g; (7)

£¤¥ ET
n (�)2 |  ¨«ãçè¥¥ áà¥¤¥ª¢ ¤à â¨ç¥áª®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ �(s) 2 L2 âà¨£®®¬¥-

âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨ ¯®àï¤ª  ¥ ¢ëè¥ n.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ äãªæ¨® «ìë¥ ¯à®áâà áâ¢  �¥¡¥£  Y = L2(0; 2�) � L2 ¨ �®-
¡®«¥¢  X =Wm

2 (0; 2�) �Wm
2 á ®à¬ ¬¨ á®®â¢¥âáâ¢¥®

kykY =
�
1
2�

Z 2�

0

jy(s)j2ds
�1=2

� kyk2; y 2 L2;

kxkX =
mX
i=0

kx(i)(s)k2; x 2Wm
2 (W 0

2 � L2);

£¤¥ í«¥¬¥âë x 2 X ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (2). �®£¤  § ¤ çã (1){(2) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥
íª¢¨¢ «¥â®£® ¥© «¨¥©®£® ®¯¥à â®à®£® ãà ¢¥¨ï

Ax � Ux+Bx = y (x 2 X; y 2 Y ); (8)

£¤¥ Ux = x(m) ¯à¨ ãá«®¢¨ïå (2). �¡®§ ç¨¬ ç¥à¥§ Xn ¨ Yn ¯®¤¯à®áâà áâ¢  âà¨£®®¬¥âà¨ç¥áª¨å
¯®«¨®¬®¢ ¢¨¤  (3) á ®à¬ ¬¨ ¯à®áâà áâ¢ X ¨ Y á®®â¢¥âáâ¢¥®. �ãáâì Pn : L2 ! Yn � L2

| ®¯¥à â®à ¬¥â®¤  ¯®¤®¡« áâ¥© ¯® âà¨£®®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ äãªæ¨© á ã§« ¬¨ (5). �®£¤ 
PnUxn = Uxn ¤«ï «î¡ëå xn 2 Xn, ¨ ¯®íâ®¬ã ãá«®¢¨ï (4),   ¯®â®¬ã ¨ ���� (6), íª¢¨¢ «¥âë
«¨¥©®¬ã ®¯¥à â®à®¬ã ãà ¢¥¨î

Anxn � Uxn + PnBxn = Pny (xn 2 Xn; Pny 2 Yn): (9)

� á¨«ã ãá«®¢¨© â¥®à¥¬ë ®¯¥à â®à A : Wm
2 ! L2 «¨¥©® ®¡à â¨¬ ¨ ®¡à âë© ®¯¥à â®à

A�1 : L2 ! Wm
2 ®£à ¨ç¥. �®ª ¦¥¬, çâ® ®¯¥à â®àë An : Xn ! Yn â ª¦¥ «¨¥©® ®¡à â¨¬ë

(å®âï ¡ë ¯à¨ ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å n),   ®¡à âë¥ ®¯¥à â®àë A�1n : Yn ! Xn ®£à ¨ç¥ë ¯®
®à¬¥ ¢ á®¢®ªã¯®áâ¨:

kA�1n k = O(1): (10)

� íâ®© æ¥«ìî ¨§ (8) ¨ (9) ¤«ï 8xn 2 Xn, xn 6= 0,  å®¤¨¬

kAxn �AnxnkY = kBxn � PnBxnkY � kxnkX sup
x2X; kxkX=1

kBx� PnBxkY =

= �nkxnkX ; �n � supfkz � PnzkY : z 2 BS(0; 1)g; (11)

£¤¥ S(0; 1) { ¥¤¨¨çë© è à ¯à®áâà áâ¢  X. �ã¤¥¬ áãé¥áâ¢¥® ®¯¨à âìáï   á«¥¤ãîé¨¥ ¥-
à ¢¥áâ¢  ([1]; [2], £«. 1, x 1):

ET
n (')2 � k' � Pn'k2 �

�

2
ET
n (')2; ' 2 L2; n 2 N; (12)

1 � kPnkL2!L2
� kPnk2 <

�

2
; n 2 N: (13)

� á¨«ã (12), (13), ãá«®¢¨ï  ) â¥®à¥¬ë 1 ¨ ¨§¢¥áâ®© â¥®à¥¬ë �.�. �¥«ìä ¤  ( ¯à., [3],
á. 274{275) ¢ (11) ¨¬¥¥¬ �n ! 0 ¯à¨ n!1. �®íâ®¬ã ¤«ï ¢á¥å n � n0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

qn = kA�1k�n < 1=2;
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  â®£¤  ¤«ï â ª¨å n ¢ á¨«ã â¥®à¥¬ë 7 ([4], £«. 1) ®¯¥à â®àë An «¨¥©® ®¡à â¨¬ë ¨

kA�1n k � kA�1k(1� qn)
�1 � 2kA�1k; n � n0;

â. ¥. á®®â®è¥¨¥ (10) ¤®ª § ®. �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë 6 ([4], £«. 1) ¨¬¥¥¬

kx� � x�nkX = kA�1y �A�1n PnykX � kE �A�1n PnAk kx
� � xnkX ;

£¤¥ xn 2 Xn | ¯à®¨§¢®«ìë© í«¥¬¥â. �âáî¤  á ãç¥â®¬ (10){(13)  å®¤¨¬

kx� � x�nkX = Ofkx� � xnkXg: (14)

�«ï «î¡®© äãªæ¨¨ x(s) 2Wm
2 «¥£ª® ¤®ª §ë¢ îâáï á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

kx(k)(s)k2 � kx(k)(s)kC � d0kx
(m)(s)k2; k = 0;m� 1; m � 1; (15)

£¤¥ d0 | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â x(s). �§ (14) ¨ (15) ¯®«ãç ¥¬ ®æ¥ªã

kx� � x�nkX = O(kx�(m)(s)� x(m)
n (s)kL2): (16)

�ë¡¥à¥¬ xn 2 Xn â ª, çâ®¡ë í«¥¬¥â x(m)
n 2 Yn ¡ë« ¯®«¨®¬®¬  ¨«ãçè¥£® áà¥¤¥ª¢ ¤à -

â¨ç¥áª®£® ¯à¨¡«¨¦¥¨ï ¤«ï äãªæ¨¨ x�(m) 2 Y . �®£¤  ¨§ (16) á«¥¤ã¥â ®æ¥ª  (7).

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ (1){(6) áå®¤¨âáï ¢ ¯à®áâà áâ¢ å Ck
2� = Ck (C0 =

C = C2�), k = 0;m� 1, á® áª®à®áâìî

kx� � x�nkCk =
kX
i=0

kx�(i) � x�(i)n kC = OfET
n (x

�(m))2g: (17)

�á«¨ ¦¥ y 2 C2�,   ®¯¥à â®à B : Wm
2 ! C2� ®£à ¨ç¥, â® á¯à ¢¥¤«¨¢  ®æ¥ª 

kx� � x�nkCm �
mX
i=0

kx�(i) � x�(i)n kC = OfET
n (x

�(m))C lnng; (18)

£¤¥ ET
n (')C |  ¨«ãçè¥¥ à ¢®¬¥à®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ '(s) 2 C âà¨£®®¬¥âà¨ç¥áª¨¬¨

¯®«¨®¬ ¬¨ ¯®àï¤ª  ¥ ¢ëè¥ n (n+ 1 2 N).

�«¥¤áâ¢¨¥ 2. �á«¨ ®¯¥à â®à B ¨ ¯à ¢ ï ç áâì y(s) ãà ¢¥¨ï (1) â ª®¢ë, çâ® x�(m)(s) 2
Hr+�

2 , â® ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï áå®¤ïâáï ¢ ¯à®áâà áâ¢ å Wm
2 , C

k, k = 0;m� 1, ¨ Cm á®
áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

kx� � x�nkWm
2
= O

�
1

nr+�

�
; r + � > 0; (19)

kx� � x�nkCk = O

�
1

nr+�

�
; k = 0;m� 1; r + � > 0; (20)

kx� � x�nkCm = O

�
1

nr+��1=2

�
; r + � >

1
2
: (21)

�á«¨ ¦¥ x�(m)(s) 2 Hr+�
1 �W rH�, â® ¬¥â®¤ (1){(6) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ Cm á® áª®à®áâìî

kx� � x�nkCm = O

�
lnn
nr+�

�
; r + � > 0: (22)
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�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 1. �§ á®®â®è¥¨© (7) ¨ (15) ¯®«ãç ¥¬ ®æ¥ªã (17). �¥¯¥àì
¤®ª ¦¥¬ ®æ¥ªã (18). �§ ®ç¥¢¨¤ëå â®¦¤¥áâ¢

x�(m)(s) � y(s)� (Bx�)(s); x�(m)
n � Pny(s)� (PnBx

�
n)(s)

¨ ®æ¥ª¨ (7) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kx�(m) � x�(m)
n kC � kx�(m) � Pnx

�(m)kC + kPnB(x� � x�n)kC �

� 2kPnkCE
T
n (x

�(m))C + kPnkCkBkWm
2
!Ckx

� � x�nkWm
2
=

= OfkPnkC(ET
n (x

�(m))C + kx� � x�nkWm
2
)g =

= OfkPnkC(E
T
n (x

�(m))C +ET
n (x

�(m))2)g = OfET
n (x

�(m))CkPnkCg: (23)

� «¥¥ áãé¥áâ¢¥® ¨á¯®«ì§ãîâáï ¥à ¢¥áâ¢  ([2], á. 41{43)

kSnkC!C � kPnkC!C � (1 + �)kLnkC!C ; n 2 N; (24)

kPnkC!C � kPnkC � lnn; n!1; (25)

£¤¥ ¤«ï «î¡®© ' 2 C

Sn('; s) =
1
2�

Z 2�

0

sin 2n+1
2
(s� �)

sin s��
2

'(�)d�;

Ln('; s) =
1

2n+ 1

2nX
k=0

sin 2k+1
2
(s� sk)

sin s�sk
2

'(sk);

  ã§«ë sk ®¯à¥¤¥«¥ë ¢ (5).
�§ á®®â®è¥¨© (23){(25) ¯®«ãç ¥¬

kx�(m) � x�(m)
n kC = OfET

n (x
�(m))C lnng:

�âáî¤  ¨ ¨§ (17)  å®¤¨¬ ®æ¥ªã (18):

kx� � x�nkCm = kx�(m) � x�(m)
n kC + kx� � x�nkCm�1 =

= OfET
n (x

�(m))C lnng+OfET
n (x

�(m))Cg = OfET
n (x

�(m))C lnng: �

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2. �æ¥ª¨ (19), (20) á«¥¤ãîâ ¨§ â¥®à¥¬ë �¦¥ªá®  ¢ L2 ( ¯à.,
[5]{[7]) ¨ ®æ¥®ª á®®â¢¥âáâ¢¥® (7), (17). � ª ª ª Hr+�

2 � Hr+��1=2 = W r1H�, £¤¥ 0 < � � 1,
r1 = [r + �� 1=2], r1 + � = r + �� 1=2 ( ¯à., [8]), â® ¨§ â¥®à¥¬ë �¦¥ªá®  ¢ C2� ¨ ®æ¥ª¨ (18)
á«¥¤ã¥â ®æ¥ª  (21). �æ¥ª  (22) á«¥¤ã¥â ¨§ (18) ¨ â¥®à¥¬ë �¦¥ªá®  ¢ C2� ( ¯à., [5]{[7]). �

� ¬¥ç ¨¥ 1. �®ª §  ï â¥®à¥¬  ï¢«ï¥âáï ¤®¢®«ì® ®¡é¥©. �¤¥áì ¢ ª ç¥áâ¢¥ B ¬®¦®
¢§ïâì «î¡®© «¨¥©ë© ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à ¨§ Wm

2 ¢ L2,  ¯à¨¬¥à, ¨â¥£à®¤¨ää¥-
à¥æ¨ «ìë© ®¯¥à â®à ¢¨¤ 

Bx =
m�1X
k=0

ak(s)x(k)(s) +
mX
i=0

Z 2�

0

hi(s; �)x(i)(�)d�; (10)

£¤¥

hk(s; �) = h0k(s; �) ctg
� � s

2
(k = 0;m� 1); hm(s; �) = h0m(s; �)

���� ctg � � s

2

����
�

(0 � � < 1);

¯à¨ç¥¬

ak(s) 2 L2(0; 2�) (k = 0;m� 1); h0k(s; �) 2 C[0; 2�]2 (k = 0;m):
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�¤¥áì ¢®§¬®¦¥ â ª¦¥ á«ãç © m = 0 (â®£¤  ¯®« £ ¥¬
�1P
k=0

� 0). �®íâ®¬ã ¨§ â¥®à¥¬ë 1 á«¥¤ã¥â

â ª¦¥ áå®¤¨¬®áâì ¬¥â®¤  ¯®¤®¡« áâ¥© ¤«ï ¨â¥£à «ìëå, ¤¨ää¥à¥æ¨ «ìëå ¨ ¨â¥£à®¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨© á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥â ¬¨.

� ç áâ®¬ á«ãç ¥ â¥®à¥¬  1 ¥áª®«ìª® ã¯à®é ¥âáï ¨ ãá¨«¨¢ ¥âáï, çâ® ¯®ª §ë¢ ¥â

�¥®à¥¬  2. �ãáâì y(s) 2 L2,   ®¯¥à â®à B â ª®¢, çâ® ¢¯®«¥ ¥¯à¥àë¢¥ ®¯¥à â®à T :
Wm�1

2 ! C2�, £¤¥ m � 1 ¨

Tx �

Z s

0
(Bx)(�)d� �

s

2�

Z 2�

0
(Bx)(�)d�; x 2Wm�1

2 :

�á«¨ § ¤ ç  (1){(2) ¯à¨ y(s) = 0 ¨¬¥¥â ¢ L2 «¨èì âà¨¢¨ «ì®¥ à¥è¥¨¥, â® ¬¥â®¤ ¯®¤®¡« áâ¥©

(1){(6) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ Wm�1
2 á® áª®à®áâìî

kx� � x�nkWm�1

2
= OfET

n (x
�(m�1))Cg: (26)

�®ª § â¥«ìáâ¢®. �«¥¤ãï [9], [10], ¬®¦® ¯®ª § âì, çâ® § ¤ ç  (1){(2) ¨ ���� (6) íª¢¨¢ -
«¥âë ãà ¢¥¨ï¬ á®®â¢¥âáâ¢¥®

Kx � x(m�1)(s)� x(m�1)(0) +
Z s

0
(Bx)(�)d� �

s

2�

Z 2�

0
(Bx)(�)d� = y(s); (27)

Knxn � x(m�1)n (s)� x(m�1)n (0) + Ln

�Z s

0
(Bxn)(�)d� �

s

2�

Z 2�

0
(Bxn)(�)d�

�
= yn(s); (28)

£¤¥

y(s) =
Z s

0
y(�)d� �

s

2�

Z 2�

0
y(�)d�; yn(s) = Lny(s);

  Ln | ®¯à¥¤¥«¥ë© ¢ëè¥ ®¯¥à â®à � £à ¦  ¯® ã§« ¬ (5).
�à ¢¥¨¥ (27) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ®¯¥à â®à®¥ ¢ ¯à®áâà áâ¢¥

X = fx(s) 2 Cm�1
2� : x(k)(0) = x(k)(2�); k = 0;m� 1g

á ®à¬®©

kxkX =
m�1X
k=0

kx(k)(s)kL2 = kxkWm�1

2
; x 2 X:

�á®, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë K ¥áâì  ¤¤¨â¨¢ë© ¨ ®¤®à®¤ë© ®¯¥à â®à ¨§ X ¢ Y = fy(s) 2
C2�g á ®à¬®© L2. �ãáâì Xn � X ¨ Y n � Y | ¯®¤¯à®áâà áâ¢  ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å
¯®«¨®¬®¢ ¯®àï¤ª  ¥ ¢ëè¥ n á ®à¬ ¬¨ á®®â¢¥âáâ¢¥® X ¨ Y . �®£¤  (28) ¬®¦® à áá¬ âà¨¢ âì
ª ª ®¯¥à â®à®¥ ãà ¢¥¨¥ ¢ ¯à®áâà áâ¢¥ Xn; ïá®, çâ® Kn ¥áâì «¨¥©ë© ®¯¥à â®à ¨§ Xn ¢
Y n ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬  âãà «ì®¬ n.

� «¥¥ ¢ ¦® ¯®¤ç¥àªãâì, çâ® (28) ¥áâì ãà ¢¥¨¥ ¬¥â®¤  ª®««®ª æ¨¨ ¤«ï ãà ¢¥¨ï (27).
� ãç¥â®¬ íâ®£® ä ªâ  ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯®«ì§®¢ âìáï á¯®á®¡®¬ ¨áá«¥¤®¢ ¨ï ¬¥â®¤  ª®««®-
ª æ¨¨, ¯à¥¤«®¦¥ë¬ ¢ [11].

� á¨«ã (27) ¨ (28) ¤«ï «î¡®£® xn 2 Xn, xn 6= 0, á ãç¥â®¬  ¯¯à®ªá¨¬ â¨¢ëå á¢®©áâ¢ ®¯¥à â®à 
� £à ¦  Ln ¢ L2 ( ¯à., [4], £«. 3)  å®¤¨¬

kKxn �Knxnk2 = kTxn �LnTxnk2 = kxnk kTzn �LnTznk2 � 2kxnkXn
ET
n (Tzn)C ;

zn = xn=kxnk; C = C2�:
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�âáî¤  ¨ ¨§ â¥®à¥¬ë �¦¥ªá®  [5]{[7] ¢ C2� á«¥¤ã¥â

kKxn �KnxnkY � 6kxnkXw(Tzn;
1
n
) � 6kxnkX�n; xn 2 Xn;

�n = supfw(z; 1
n
) : z 2 TS(0; 1) � Y g;

£¤¥ w('; �) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ ' 2 C2� á è £®¬ � 2 (0; �),   S(0; 1) � X .
� á¨«ã ãá«®¢¨ï â¥®à¥¬ë ¬®¦¥áâ¢® TS(0; 1) ï¢«ï¥âáï ª®¬¯ ªâë¬ ¢ C2�,   â®£¤  ¨§ â¥®à¥¬ë

3.1 ª¨£¨ [7] á«¥¤ã¥â �n ! 0 ¯à¨ n!1. �®íâ®¬ã

"n � kK �KnkXn!Y = O(�n)! 0; n!1: (29)

�¥¯¥àì, ¯à¨¬¥ïï â¥®à¥¬ã 7 ([4], £«. 1) ª ãà ¢¥¨ï¬ (27) ¨ (28), ¢ á¨«ã (29)  å®¤¨¬, çâ®
®¯¥à â®àë Kn : Xn ! Y n, n > n0, «¨¥©® ®¡à â¨¬ë (á«¥¤®¢ â¥«ì®, á¨áâ¥¬  (6) ®¤®§ ç®
à §à¥è¨¬ ), ¨ ®¡à âë¥ ®¯¥à â®àë K�1

n ®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨:

kK�1
n k = O(1): (30)

�«ï ¯®«ãç¥¨ï ®æ¥ª¨ ¯®£à¥è®áâ¨ ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 6 ([4], £«. 1) ¯à¨¬¥¨â¥«ì® ª
ãà ¢¥¨ï¬ (27) ¨ (28):

kx� � x�nkX = kK�1y �K�1
n ynkX � k(E �K�1

n LnK)(x� � xn)k �

� kx�n � xnkX + kK�1
n k kLnK(x� � xn)kY ; (31)

£¤¥ xn | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ Xn. � ª ª ª kLnkC!L2 = 1 ( ¯à., [4], £«. 3), â® ¢ á¨«ã (30),
(31) ¨ (27) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kx� � x�nkWm�1

2
� kx� � xnkWm�1

2
+ d1kK(x� � xn)kC �

� kx� � xnkWm�1

2
+ d1

�
k[x�(m�1)(s)� x(m�1)n (s)]�

� [x�(m�1)(0)� x(m�1)n (0)]kC +

Z s

0
B(x� � xn)d� �

s

2�

Z 2�

0
B(x� � xn)d�


C

�
�

� kx� � xnkWm�1

2
+ d1f2kx

�(m�1)(s)� x(m�1)n (s)kC + kT (x� � xn)kCg �

� (1 + d1d2)kx
� � xnkWm�1

2
+ 2d1kx

�(m�1) � x(m�1)n kC : (32)

�®áª®«ìªã

kx� � xnkWm�1

2

� d3kx
�(m�1) � x(m�1)n kC ;

â® ¢ á¨«ã (32)

kx� � x�nkWm�1
2

� d4kx
�(m�1) � x(m�1)n kC : (33)

�ë¡¨à ï ¯®«¨®¬ xn(s) â ª, çâ®¡ë x(m�1)n (s) ¡ë« ¯®«¨®¬®¬  ¨«ãçè¥£® à ¢®¬¥à®£® ¯à¨¡«¨-
¦¥¨ï ¤«ï x�(m�1)(s) 2 C, ¨§ (33)  å®¤¨¬ (26).

�§ â¥®à¥¬ë 2 ¢ë¢®¤ïâáï á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�«¥¤áâ¢¨¥ 3. � ãá«®¢¨ïå â¥®à¥¬ë 2 ¬¥â®¤ (1){(6) áå®¤¨âáï ¢ ¯à®áâà áâ¢ å Ck, k =
0;m� 1, á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

kx� � x�nkCk = OfET
n (x

�(m�1))Cg; k = 0;m� 2; (34)

kx� � x�nkCm�1 = OfET
n (x

�(m�1))CkLnkCg = OfET
n (x

�(m�1))C lnng: (35)
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�ãáâì, ªà®¬¥ â®£®, y(s) 2 C,   ®¯¥à â®à B : Z ! C ®£à ¨ç¥, £¤¥ Z | ®¤® ¨§ ¯à®áâà áâ¢
Wm�1

2 , Cm�1; â®£¤  ¢ ¯à®áâà áâ¢¥ Cm á¯à ¢¥¤«¨¢ë ®æ¥ª¨

kx� � x�nkCm = OfkPnkC(ET
n (x

�(m))C + kx� � x�nkZ)g = OfET
n (x

�(m))C lnng: (36)

�«¥¤áâ¢¨¥ 4. �ãáâì ®¯¥à â®à B ¨ äãªæ¨ï y(s) â ª®¢ë, çâ® x�(m)(s) 2 Hr+�
p , £¤¥ r � 0 æ¥«®¥,

0 < � � 1, 1 � p � 1. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 ¬¥â®¤ (1){(6) áå®¤¨âáï ¢ ¯à®áâà áâ¢ å Wm
2 ,

Ck (k = 0;m) á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

kx� � x�nkWm�1

2
= O

�
1

nr+�+1=q

�
; r + �+ 1=q > 0;

kx� � x�nkCk = O

�
1

nr+�+1=q

�
; r + �+ 1=q > 0; k = 0;m� 2;

kx� � x�nkCm�1 = O

�
lnn

nr+�+1=q

�
; r + �+ 1=q > 0;

kx� � x�nkCm = O

�
lnn

nr+��1=p

�
; r + �� 1=p > 0;

£¤¥ q | á®¯àï¦¥ë© á p ¯®ª § â¥«ì: 1=p+ 1=q = 1, 1 � p � 1.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 3. �æ¥ª  (34) ¥áâì á«¥¤áâ¢¨¥ ¥à ¢¥áâ¢ (26) ¨ (15). �®ª ¦¥¬
(35) ¯à¨ ãá«®¢¨¨ x�(m�1)(0) = x�(m�1)n (0). �®«®¦¨¬ �n(s) = x�(m�1)(s)� x�(m�1)n (s). �®£¤  ¨§ (27)
¯à¨ x = x�(s) ¨ ¨§ (28) ¯à¨ xn = x�n(s) ¢ ã§« å (5)  å®¤¨¬

�n(sj) = �

Z sj

0
B(x� � x�n; �)d� +

sj
2�

Z 2�

0
B(x� � x�n; �)d�:

�®íâ®¬ã

max
0�j�2n

j�n(sj)j = max
0�j�2n

jT (x� � x�n; sj)j � kT (x� � x�n)kC � d2kx
� � x�nkWm�1

2
:

�®£¤ 

k�n(s)kC = kx�(m�1)(s)� x�(m�1)n (s)kC � kx�(m�1)(s)�Lnx
�(m�1)(s)kC +

+ kLn�n(s)kC � 2kLnkCET
n (x

�(m�1))C + kLnkC max
0�j�2n

j�n(sj)j =

= OfkLnkC(ET
n (x

�(m�1))C + kx� � x�nkWm�1

2

)g: (37)

�§ (37) ¨ (26) á ãç¥â®¬ ¨§¢¥áâ®© ®æ¥ª¨ kLnkC = O(lnn)  å®¤¨¬

k�n(s)kC = kx�(m�1) � x�(m�1)n kC = OfET
n (x

�(m�1))C lnng: (38)

�¥¯¥àì ¨§ (38) ¨ (34) ¯®«ãç ¥¬ ®æ¥ªã (35)

kx� � x�nkCm�1 = kx� � x�nkCm�2 + kx�(m�1) � x�(m�1)n kC = OfET
n (x

�(m�1))C lnng:

�«ï ¤®ª § â¥«ìáâ¢  (36) ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢ ¬¨

x�(m) � y �Bx�; x�(m)
n � Pny � PnBx

�
n:
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�âáî¤  ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kx�(m) � x�(m)
n kC � kx�(m) � Pnx

�(m)kC + kPnB(x
� � x�n)kC �

� 2kPnkCET
n (x

�(m))C + kPnkCkB(x� � x�n)kC �

� kPnkCf2E
T
n (x

�(m))C + kBkZ!Ckx
� � x�nkZg =

= OfkPnkC!C(ET
n (x

�(m))C + kx� � x�nkZ)g: (39)

� á¨«ã (26) ¨ (35)

kx� � x�nkWm�1

2

= OfET
n (x

�(m�1))Cg = O

�
ET
n (x

�(m))C
n

�
; (40)

kx� � x�nkCm�1 = O

�
ET
n (x

�(m))C
lnn
n

�
: (41)

�®íâ®¬ã kx� � x�nkZ = ofET
n (x

�(m))Cg. �®£¤  ¨§ (39) á ãç¥â®¬ (24), (25) ¯®«ãç ¥¬ ®æ¥ªã

kx�(m) � x�(m)
n kC = OfkPnkC ET

n (x
�(m))Cg = OfET

n (x
�(m))C lnng:

�âáî¤  ¨ ¨§ (39){(41) á«¥¤ã¥â ®æ¥ª  (36). �

�«¥¤áâ¢¨¥ 4 ¤®ª §ë¢ ¥âáï   «®£¨ç® á«¥¤áâ¢¨î 2 â¥®à¥¬ë 1 á ¯à¨¬¥¥¨¥¬ â¥®à¥¬ â¨¯ 
�¦¥ªá®  ¢ C2� ( ¯à., [5]{[8]).

� ¬¥ç ¨¥ 2. � â¥®à¥¬¥ 2 ¢ ª ç¥áâ¢¥ ®¯¥à â®à  B ¬®¦® ¢§ïâì ¨â¥£à®¤¨ää¥à¥æ¨ «ìë©
®¯¥à â®à (10) «¨èì ¯à¨ hm(s; �) � 0; ¢ íâ®¬ ¨ á®áâ®¨â ¥¤®áâ â®ª â¥®à¥¬ë 2 ¯® áà ¢¥¨î á
â¥®à¥¬®© 1. � â® ¦¥ ¢à¥¬ï ¯à¨ ¢ë¯®«¥¨¨ íâ®£® ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï â¥®à¥¬  2 ¨¬¥¥â ¨
àï¤ ¯à¥¨¬ãé¥áâ¢ ¯¥à¥¤ â¥®à¥¬®© 1.

�«¥¤ã¥â â ª¦¥ ®â¬¥â¨âì, çâ® ¯à¨ ¢ë¡®à¥ ¢ ª ç¥áâ¢¥ B ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à 

Bx �
m�1X
k=0

ak(s)x
(k)(s); m � 1; ak(s) 2 Lp; p > 1;

£¤¥ ¯à ¢ ï ç áâì (1) | äãªæ¨ï y(s) 2 Lp ¯à¨ p > 1, ¬¥¥¥ ®¡é¨© à¥§ã«ìâ â, ç¥¬ â¥®à¥¬  2, ®
¤àã£¨¬ (   è ¢§£«ï¤, ¡®«¥¥ á«®¦ë¬) á¯®á®¡®¬ ¯®«ãç¥ ¢ [9], [10].
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