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� [1] ¡ë«® ¢¢¥¤¥® ¯®ïâ¨¥ £¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢  ¯à ¢«¥¨© ¢ à¨¬ ®¢®¬ ¯à®áâà -
áâ¢¥. �â® ¯®«¥ ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî á¨¬¬¥âà¨ç¥áª®£® â¥§®à  aij(xk) (xk | ª®®à¤¨ âë
¯à®áâà áâ¢ ; i; j; k = 1; n; n | à §¬¥à®áâì ¯à®áâà áâ¢ ) ãà ¢¥¨¥¬

aijX
iXj = 0; (1)

£¤¥ X i | ª®¬¯®¥âë ª®âà¢ à¨ â®£® ¢¥ªâ®à , å à ªâ¥à¨§ãîé¥£® ª ª®¥-«¨¡®  ¯à ¢«¥¨¥.
�®«¥ ª®ãá®¢ (1) ¡ë«®  §¢ ® £¥®¤¥§¨ç¥áª¨¬, ¥á«¨ ¢á¥ £¥®¤¥§¨ç¥áª¨¥ «¨¨¨,  ¯à ¢«¥¨ï ª®-
â®àëå á®¢¯ ¤ îâ ¢ ¥ª®â®à®© â®çª¥ á  ¯à ¢«¥¨¥¬, ®¯à¥¤¥«ï¥¬ë¬ (1), á®åà ïîâ íâ® á¢®©áâ¢®
  ¢á¥¬ á¢®¥¬ ¯à®âï¦¥¨¨. � ª ¯®ª § ® ¢ [1], ªà¨â¥à¨¥¬ â®£®, çâ®¡ë ¯®«¥ ª®ãá®¢ (1) ¡ë«®
£¥®¤¥§¨ç¥áª¨¬, ï¢«ïîâáï à ¢¥áâ¢  r(kaij) = M(kaij), £¤¥ Mk | ª®¬¯®¥âë ¥ª®â®à®£® ¢¥ª-
â®à , rk | á¨¬¢®« ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ à áá¬ âà¨¢ ¥¬®© á¢ï§®áâ¨, áª®¡ª¨
®¡®§ ç îâ á¨¬¬¥âà¨à®¢ ¨¥ ¯® ¨¤¥ªá ¬, á®¤¥à¦ é¨¬áï ¢ ¨å.

� [2] ¢ à¨¬ ®¢®¬ ¯à®áâà áâ¢¥ à áá¬ âà¨¢ «¨áì ¯®«ï ª®ãá®¢ (1),  §¢ ë¥ ¢ [3] ¢¥©«¥¢®-
£¥®¤¥§¨ç¥áª¨¬¨, ¥¢ëà®¦¤¥ë© â¥§®à ª®â®àëå ã¤®¢«¥â¢®àï¥â á ¥ª®â®àë¬¨ ¢¥ªâ®à ¬¨ Mk ¨
Rk ¨ ¬¥âà¨ç¥áª¨¬ â¥§®à®¬ ¯à®áâà áâ¢  gij ãà ¢¥¨î

r(kaij) =M(kaij) +R(kgij): (2)

�¨¬ ®¢ë ¯à®áâà áâ¢ , ¤®¯ãáª îé¨¥ áãé¥áâ¢®¢ ¨¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢, ¯®-
à®¦¤¥®£® ¥¢ëà®¦¤¥ë¬ â¥§®àë¬ ¯®«¥¬ aij á¯¥æ¨ «ì®£® â¨¯ , å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢-
¥¨¥ ª®â®à®£®

jaij � �gij j = 0 (3)

¨¬¥¥â ¥ ¬¥¥¥ ¤¢ãå ¤¥©áâ¢¨â¥«ìëå ª®à¥©, ¡ë«¨ ¯®áâà®¥ë ¢ [4].
�  ï à ¡®â  ¯®á¢ïé¥  ¯®áâà®¥¨î âà¥å¬¥àëå à¨¬ ®¢ëå ¯à®áâà áâ¢, ¤®¯ãáª îé¨å

á¯¥æ¨ «ì®¥ (á¬. ¨¦¥ x 2) ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥
ª®â®à®£® ¨¬¥¥â ¯ àã ª®¬¯«¥ªá®-á®¯àï¦¥ëå ª®à¥© ¨«¨ ®¤¨ ¤¥©áâ¢¨â¥«ìë© ª®à¥ì ªà â-
®áâ¨ 3 (¯®á«¥¤¨© á«ãç © ¢ [4] ¨áª«îç¥).

1. �¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢

�ë¤¥«¨¬ ¥ª®â®àë¥ á¢®©áâ¢  ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢.
�à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬ á«¥¤ãîé¥¥: ¥á¬®âàï   â®, çâ® â¥§®à íâ®£® ¯®«ï ®¯à¥¤¥«¥ á â®ç®-

áâìî ¤® ¯à®¨§¢®«ì®£® äãªæ¨® «ì®£® ¬®¦¨â¥«ï, £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ¯®«ï ¥ § ¢¨áïâ
®â ¢ë¡®à  ®à¬¨à®¢ ¨ï ¥£® â¥§®à .

�¥©áâ¢¨â¥«ì®, ¤«ï â¥§®à  eaij â ª®£®, çâ® aij = �eaij (� | ¥ª®â®à ï äãªæ¨ï ª®®à¤¨ â),
¨§ (2) á«¥¤ã¥â r(keaij) = fM(keaij) + eR(kgij), £¤¥ fMk = Mk � ��1@k�, eRk = ��1Rk, @k � @

@xk
. �à®¬¥

â®£®, ä®à¬  ãà ¢¥¨© (2) ¨¢ à¨ â  ®â®á¨â¥«ì® ª®ä®à¬ëå ¯à¥®¡à §®¢ ¨© ([5], á. 161)
á¢ï§®áâ¨.
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�¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à®áâà áâ¢® �¥©«ï Wn á ®á®¢ë¬ â¥§®à®¬
W
g ij ¨ ¤®¯®«¨â¥«ìë¬

¢¥ªâ®à®¬ !k (
W

rk
W
g ij = 2!k

W
g ij ,

W

rk | á¨¬¢®« ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢Wn) ª®ä®à¬-

® à¨¬ ®¢ã ¯à®áâà áâ¢ã Vn, â® ([5], á. 161)
W
g ij = gij ,   ¢¥ªâ®à !k ï¢«ï¥âáï ¢¥ªâ®à®¬ ª®ä®à¬-

®£® ¯à¥®¡à §®¢ ¨ï, â®
W

r(kaij) =MW
(kaij) +RW

(k gij), £¤¥ M
W
k =Mk + 4!k, RW

k = Rk � 2!egejajk.
�®áª®«ìªã ®á®¢®© â¥§®à ¯à®áâà áâ¢  �¥©«ï ¥¢ëà®¦¤¥ ([5], á. 153), â® ¯à¨ ¥¢ëà®¦¤¥-

®áâ¨ â¥§®à  ¯®«ï (1), (2) ãà ¢¥¨ï RW
k = 0 à §à¥è¨¬ë ®â®á¨â¥«ì® !k. �â® ®§ ç ¥â, çâ®

áà¥¤¨ ¢á¥å ¯à®áâà áâ¢ �¥©«ï, ª®ä®à¬ëå à¨¬ ®¢ã ¯à®áâà áâ¢ã, ¤®¯ãáª îé¥¬ã ¢¥©«¥¢®-
£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢, ¯®à®¦¤¥®¥ ¥¢ëà®¦¤¥ë¬ â¥§®à®¬ aij , áãé¥áâ¢ã¥â â ª®¥, ¢
ª®â®à®¬ íâ® ¯®«¥ ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬ ([5], á. 186) ¨ ®¡êïáï¥â  §¢ ¨¥ ¯®«ï (1), (2).

2. �¯¥æ¨ «ì®¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢

� áá¬®âà¨¬ ¢ âà¥å¬¥à®¬ à¨¬ ®¢®¬ ¯à®áâà áâ¢¥, ¤®¯ãáª îé¥¬ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®-
«¥ ª®ãá®¢, ¯®à®¦¤¥®¥ ¥¢ëà®¦¤¥ë¬ â¥§®à®¬ aij , å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ (3) (¤ -
«¥¥, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, i; j; k = 1; 2; 3).

�®áª®«ìªã â¥§®à ¯®«ï (2) ¯® ¯à¥¤¯®«®¦¥¨î ¥¢ëà®¦¤¥, â® ¢á¥ ª®à¨ ãà ¢¥¨ï (3) ®â-
«¨çë ®â ã«ï ¨ ®¤¨ ¨§ ¨å (®¡®§ ç¨¬ ¥£® �3) ¤¥©áâ¢¨â¥«ìë©. �¢  ¤àã£¨å ª®àï ¬®£ãâ
¡ëâì ¨ ª®¬¯«¥ªáë¬¨. P¨¬ ®¢ë ¯à®áâà áâ¢ , ¤®¯ãáª îé¨¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®-
ãá®¢, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ª®â®à®£® ¨¬¥¥â â®«ìª® ¤¥©áâ¢¨â¥«ìë¥ ª®à¨, áà¥¤¨ ¨å
| ¥ ¬¥¥¥ ¤¢ãå à §«¨çë, ¨áá«¥¤®¢ ë ¢ [4]. � «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® �1;2 | ª®¬¯«¥ªá®-
á®¯àï¦¥ë¥ ª®à¨.

�ç¥¢¨¤®, à §¬¥à®áâ¨ ¢¥ªâ®àëå ¯à®áâà áâ¢, ®¡à §®¢ ëå á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨, á®-
®â¢¥âáâ¢ãîé¨¬¨ ª®¬¯«¥ªá®-á®¯àï¦¥ë¬ ª®àï¬ ¨ ¤¥©áâ¢¨â¥«ì®¬ã, à ¢ë á®®â¢¥âáâ¢¥®
¤¢ã¬ ¨ ¥¤¨¨æ¥, ¨ íâ¨ ¯®¤¯à®áâà áâ¢  ®àâ®£® «ìë ¤àã£ ¤àã£ã. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¨
¥¨§®âà®¯ë,   ¨å ¯®«ï £®«®®¬ë, ¨  §ë¢ âì, á«¥¤ãï [6], â ª®¥ ¯®«¥ ª®ãá®¢ á¯¥æ¨ «ìë¬.

�®áª®«ìªã ¬ âà¨æ  ®á®¢®£® â¥§®à  à¨¬ ®¢  ¯à®áâà áâ¢  á¨¬¬¥âà¨ç¥áª ï, â® ¥¥ áâ -
¤ àâë¬ ¬¥â®¤®¬ ([7], á. 169) ¬®¦® ¯à¨¢¥áâ¨ ª ª ®¨ç¥áª®¬ã (¤¨ £® «ì®¬ã) ¢¨¤ã gii =
gii(xk), gij = 0, i 6= j.

�® ¢¢¥¤¥®© á¨áâ¥¬¥ ª®®à¤¨ â ª®¬¯®¥âë â¥§®à  á¯¥æ¨ «ì®£® ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®£®
¯®«ï ª®ãá®¢ ¡ã¤ãâ ¨¬¥âì ¢¨¤ a12 = a12(xk), a13 = a23 = 0, a33 = �3g33 ¨ (â ª ®ª §ë¢ ¥âáï
ã¤®¡¥¥) a11 = U1g11, a22 = U2g22, £¤¥ U1, U2 | ¥ª®â®àë¥ äãªæ¨¨. � ª¨¬ ®¡à §®¬, ¢® ¢¢¥¤¥ëå
ª®®à¤¨ â å

ds2 =
3X
i=1

gii(dx
i)2; (4)

aijdx
idxj = U1g11(dx1)2 + 2a12dx1dx2 + U2g22(dx2)2 + �3g33(dx3)2; (5)

£¤¥ gii (i = 1; 3), �3, a12 | ®â«¨çë¥ ®â ã«ï äãªæ¨¨, U1, U2 |¯à®¨§¢®«ìë¥ äãªæ¨¨ ª®®à¤¨-
 â, ¯®íâ®¬ã

�1;2 =
U1 + U2

2
�
s�

U1 � U2

2

�2

+
a212
g11g22

; �3 = �3(x
k): (6)

�®á«¥¤¥¥ ¯®ª §ë¢ ¥â, çâ® ª®¬¯«¥ªá ï á®¯àï¦¥®áâì ª®à¥© �1 ¨ �2 íª¢¨¢ «¥â  â®¬ã, çâ®

(U1 � U2)
2 < �4(g11g22)�1a212: (7)

� ¬¥â¨¬, çâ® ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¤¥©áâ¢¨â¥«ìë© ª®à¥ì ãà ¢¥¨ï (3) ¬®¦® áç¨â âì à ¢-
ë¬ ¥¤¨¨æ¥. �â® ®¡¥á¯¥ç¨¢ ¥âáï â¥¬, çâ® â¥§®à ¯®«ï (1) ®¯à¥¤¥«¥ á â®ç®áâìî ¤® äãªæ¨®-
 «ì®£® ¬®¦¨â¥«ï.
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3. �¯¥æ¨ «ì®¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢
¢ âà¥å¬¥à®¬ à¨¬ ®¢®¬ ¯à®áâà áâ¢¥

� áá¬®âà¨¬ ãà ¢¥¨ï (2), ®¯à¥¤¥«ïîé¨¥ á¯¥æ¨ «ì®¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢
(5) ¢ à¨¬ ®¢®¬ ¯à®áâà áâ¢¥ á ¬¥âà¨ª®© (4), ¨ ¯®«®¦¨¬

Mi = @i lnm2
i ; (8)

£¤¥ mi | ¥ª®â®àë¥ ¥ à ¢ë¥ ã«î äãªæ¨¨ ª®®à¤¨ â.
�à¨ i = 1, j = 2, k = 3 ¨§ (2) ¯®«ãç ¥¬

a12 = m2
3g11g22b; (9)

£¤¥ b | ®â«¨ç ï ®â ã«ï äãªæ¨ï ¯¥à¥¬¥ëå x1 ¨ x2. �â¨ ¦¥ ãà ¢¥¨ï ¯à¨ i = j = k ¤ îâ

Ri = m2
i@i

Ui
m2
i

+ @jgiim
2
3b; i; j = 1; 2; i 6= j; R3 = m2

3@3
�3
m2

3

: (10)

�®á«¥ íâ®£® ¨§ (2) ¯à¨ i = k = 1; 2; j = 3 ¢ë¢®¤¨¬

Ui = �3 +m2
3giivi; i = 1; 2; (11)

£¤¥ v1, v2 | ¥ª®â®àë¥ äãªæ¨¨ ¯¥à¥¬¥ëå x1 ¨ x2. �à¥¦¤¥ ¢á¥£® à áá¬®âà¨¬ á«ãç © v1v2 6= 0
(U1;2 6= �3). �à ¢¥¨ï (2) ¯à¨ i = k = 3, j = 1; 2 § ¯¨áë¢ îâáï ¢ ¢¨¤¥

@i

��
m3

mi

�2
gii
g33

vi

�
= �

�
m3

mj

�2

b@j
gii
g33

; i 6= j:

�¡®§ ç¨¢
�
m3

mi

�2
= �i,

gii
g33

= hi, i = 1; 2, ¯¥à¥¯¨è¥¬ ¨å á«¥¤ãîé¨¬ ®¡à §®¬:

�ivi@ihi + �ib@jhi + 0@3hj = �@i(�ivi)hi; i 6= j: (12)

�¥â®¤ë à¥è¥¨ï ãà ¢¥¨© (12) áãé¥áâ¢¥® § ¢¨áïâ ®â â®£®, ï¢«ïîâáï ®¨ ®¤®à®¤ë¬¨
(@i(�ivi) = 0) ¨«¨ ¥â ([8], á. 248). � á«ãç ¥ ¥®¤®à®¤ëå ãà ¢¥¨© (12) ¤«ï  å®¦¤¥¨ï ¨å
à¥è¥¨© ¥®¡å®¤¨¬® á®áâ ¢¨âì á®®â¢¥âáâ¢ãîé¨¥ ¨¬ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©

dx1

�1v1
=
dx2

�1b
=
dx3

0
= � dh1

@1(�1v1)h1
¨

dx1

�2b
=

dx2

�2v2
=
dx3

0
= � dh2

@2(�2v2)h2
(13)

¨  ©â¨ ¨å ¥§ ¢¨á¨¬ë¥ ¨â¥£à «ë. �á«¨ 'i1(xk; h1) = const ¨ 'i2(xk; h2) = const (i = 1; 3) |
¨áª®¬ë¥ ¨â¥£à «ë, â® ®¡é¨¥ à¥è¥¨ï (12) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ �j('1j ; '2j ; '3j) = 0,
£¤¥ �1, �2 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ âà¥å ¯¥à¥¬¥ëå ([8], á. 253). �¥è¥¨ï (12) ¯®«ãç âáï ¢
ï¢®¬ ¢¨¤¥, ¥á«¨ à §à¥è¨âì íâ¨ á®®â®è¥¨ï ®â®á¨â¥«ì® h1 ¨ h2. �á«¨ ¦¥ (12) ®¤®à®¤ë, â®
¨å ®¡é¨¥ à¥è¥¨ï ¨¬¥îâ ¢¨¤ hj = �j('2j ; '1j), j = 1; 2, £¤¥ �j | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ¤¢ãå
¯¥à¥¬¥ëå,   'i1, 'i2 (i = 1; 2) | ¥§ ¢¨á¨¬ë¥ ¨â¥£à «ë á«¥¤ãîé¨å á¨áâ¥¬ á®®â¢¥âáâ¢¥®:
v�11 dx1 = b�1dx2 = dx3 : 0 ¨ b�1dx1 = v�12 dx2 = dx3 : 0.

�¥§ ¢¨á¨¬® ®â â®£®, ®¤®à®¤ë ãà ¢¥¨ï (12) ¨«¨ ¥â, ¯à¨  å®¦¤¥¨¨ ¨å à¥è¥¨© ¯à¨-
å®¤¨âáï ®¤®¢à¥¬¥® ¨â¥£à¨à®¢ âì ãà ¢¥¨ï v�11 dx1 = b�1dx2 ¨ b�1dx1 = v�12 dx2, ª®â®àë¥
¯®ª §ë¢ îâ, çâ® \¯®áâ®ïë¥" ¨â¥£à¨à®¢ ¨ï ¢ (9) ¨ (11) á¢ï§ ë á®®â®è¥¨¥¬

b2 = v1v2: (14)

�â® ¢¬¥áâ¥ á (11) ¨ (9) ¤ ¥â, çâ® ¢á¥ ª®à¨ ãà ¢¥¨ï (3) ¤¥©áâ¢¨â¥«ìë.
� ª¨¬ ®¡à §®¬, ãáâ ®¢«¥ 
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�¥¬¬ . �à¥å¬¥à®¥ à¨¬ ®¢® ¯à®áâà áâ¢® ¥ ¤®¯ãáª ¥â áãé¥áâ¢®¢ ¨ï á¯¥æ¨ «ì®£®

¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢, ¯®à®¦¤¥®£® ä®à¬®©, ¨¬¥îé¥© ¢ á¯¥æ¨ «ì®© á¨áâ¥-

¬¥ ª®®à¤¨ â ¯à¥¤áâ ¢«¥¨¥ (5), å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ª®â®à®£® ¨¬¥¥â ª®¬¯«¥ªá®-

á®¯àï¦¥ë¥ ª®à¨ (6), ¥á«¨ å®âï ¡ë ®¤  ¨§ äãªæ¨© U1 ¨«¨ U2 ¥ à ¢  �3.

�¤ ª® ¯à¨ v1v2 6= 0 ¢ë¤¥«ï¥âáï á«ãç © g11v1 + g22v2 = 0, ¨â¥à¥áë© â¥¬, çâ® ãà ¢¥¨¥
(3) ¨¬¥¥â ®¤¨ ¤¥©áâ¢¨â¥«ìë© ª®à¥ì �3, ªà â®áâì ª®â®à®£® à ¢  à §¬¥à®áâ¨ ¯à®áâà áâ¢ 
(á«ãç ©, ¨áª«îç¥ë© ¢ [4]), ¯®íâ®¬ã ¯à¥¦¤¥ ¢á¥£® à §¡¥à¥¬ ¥£®. �«ï íâ®£® ¯à®¤®«¦¨¬ à¥è¥¨¥
ãà ¢¥¨© (12).

1) �¡  ãà ¢¥¨ï (12) ¥®¤®à®¤ë. � á¨«ã (14) á®®â¢¥âáâ¢ãîé¨¥ (12) á¨áâ¥¬ë (13) ¨¬¥îâ
®¤¨ ®¡é¨© ¤«ï ¨å ¥§ ¢¨á¨¬ë© ¨â¥£à « | à¥è¥¨¥ ãà ¢¥¨ï jv1j�1=2dx1 = �jv2j�1=2dx2.
�á«®¢¨ï ¥£® ¨â¥£à¨àã¥¬®áâ¨ âà¥¡ãîâ, çâ®¡ë jv1j�1=2 = @1Q, �jv2j�1=2 = @2Q, £¤¥ Q | ¥ª®â®-
à ï äãªæ¨ï x1, x2, ¯®íâ®¬ã ¯¥à¢ë© ¥§ ¢¨á¨¬ë© ¨â¥£à « á¨áâ¥¬ (13), ®¡é¨© ¤«ï ¨å, ¨¬¥¥â
¢¨¤ Q = const. �â®à®© ¥§ ¢¨á¨¬ë© ¨â¥£à « íâ¨å á¨áâ¥¬, â ª¦¥ ®¡é¨© ¤«ï ¨å, ®ç¥¢¨¤¥
x3 = const. �®íâ®¬ã ¤«ï à¥è¥¨ï ãà ¢¥¨© (12) ®áâ «®áì  ©â¨ âà¥âì¨ ¥§ ¢¨á¨¬ë¥ ¨â¥£à -
«ë á¨áâ¥¬ (13), ¨â¥£à¨àãï á®®â¢¥âáâ¢¥® ãà ¢¥¨ï dxi

�ivi
= � dhi

@i(�ivi)hi
¨«¨ dxi

�ib
= � dhj

@j(�jvj )hj
,

i; j = 1; 2, i 6= j.
�å ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ âà¥¡ãîâ, ¢®-¯¥à¢ëå, çâ®¡ë @i(�ivi) = ki = const 6= 0, �ivi =

fi(xi), i = 1; 2 (�ivi = kix
i + di, di = const, i = 1; 2, ¯® i ¥ áã¬¬¨àã¥âáï!), ¨, ¢®-¢â®àëå, çâ®¡ë

�1b, �2b ¥ § ¢¨á¥«¨ ®â ª®®à¤¨ â x1 ¨ x2 á®®â¢¥âáâ¢¥®. �®íâ®¬ã vib�1 = (kixi + di)'i, i; j =
1; 2, i 6= j, '1(x2), '2(x1) | ¥ª®â®àë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå â ª¨¥, çâ® (á¬. (14))
(k1x1 + d1)(k2x2 + d2)'1'2 = 1. �â® ¤ ¥â '2(k1x1 + d1) = C, '1(k2x2 + d2) = 1

C
, C = const 6= 0 ¨

�1b = C(k2x2 + d2), �2b = 1
C
(k1x1 + d1).

� ª «¥£ª® ¯à®¢¥à¨âì, v1
v2
=
�
1
C
k1x

1+d1
k2x2+d2

�2
, ¯®íâ®¬ã (k1x1+ d1)@1Q+C(k2x2+ d2)@2Q = 0, ®âªã¤ 

Q = Q(W ), £¤¥ Q | ¥ª®â®à ï äãªæ¨ï ¯¥à¥¬¥®© W = (k1x1 + d1)
1
k1 =(k2x2 + d2)

1
Ck2 .

�â ª, ãà ¢¥¨ï, ®¯à¥¤¥«ïîé¨¥ âà¥âì¨ ¥§ ¢¨á¨¬ë¥ ¨â¥£à «ë á¨áâ¥¬ (13), ¯à¨¢®¤ïâáï ª
¢¨¤ã dxi

kixi+di
= � dhi

kihi
, i = 1; 2, ¨«¨ Cdx1

k1x1+d1
= � dh2

k2h2
¨ dx2

C(k2x2+d2)
= � dh1

k1h1
. �å ¨â¥£à¨à®¢ ¨¥

¤ ¥â (kixi + di)hi = const, i = 1; 2 (h1(k2x2 + d2)
k1
Ck2 = const, h2(k1x1 + d1)

Ck2
k1 = const). �®íâ®¬ã

®¡é¨¥ à¥è¥¨ï (12) ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥® ãà ¢¥¨ï¬ �i(Q;x3; hi(kixi+di)) = 0, i = 1; 2

(G1(Q;x3; h1(k2x2+d2)
k1
Ck2 ) = 0, G2(Q;x3; h2(k1x1+d1)

Ck2
k1 ) = 0), £¤¥ �1, �2,G1,G2 |¯à®¨§¢®«ìë¥

äãªæ¨¨ âà¥å ¯¥à¥¬¥ëå. � §à¥è¨¢ ¨å ®â®á¨â¥«ì® h1 ¨ h2, ¯®«ãç¨¬ h1 = F1(W;x3)(k1x1 +

d1)�
1
2 (k2x2 + d2)

� k1
2Ck2 , h2 = F2(W;x3)(k2x2 + d2)�

1
2 (k1x1 + d1)

�Ck1
2k2 , £¤¥ F1, F2 | ¯à®¨§¢®«ìë¥

äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå.
�,  ª®¥æ, à áá¬®âà¨¬ ãà ¢¥¨ï (2) ¯à¨ i = j = 1, k = 2 ¨ i = j = 2, k = 1

@i

�
�i

�
vj � gii

gjj
vi

��
= �2j�ib

3@j

�
gii

(�jb)2gjj

�
; i 6= j:

� á¨«ã (14) ¨ à ¢¥áâ¢  g11v1 + g22v2 = 0 íâ¨ ãà ¢¥¨ï á®¢¯ ¤ îâ ¨ ¯à¨¢®¤ïâáï ª ¢¨¤ã
@1(�1v2) =

�1
�2

�
v2
b

�3
@2(�2v1). �âáî¤ , ãç¨âë¢ ï ã¦¥ ®¯à¥¤¥«¥®¥, ¯®«ãç ¥¬ k1 = Ck2, á«¥¤®¢ -

â¥«ì®, hi = Fi(W;x3)[(k1x1 + d1)(k2x2 + d2)]�
1
2 , i = 1; 2, W = (k1x1 + d1)=(k2x2 + d2).

2) �ãáâì @1(�1v1) = 0, @2(�2v2) 6= 0. �à¨ íâ®¬ ¯¥à¢®¥ ¨§ ãà ¢¥¨© (12) ï¢«ï¥âáï ®¤®à®¤ë¬,
¨ ¤«ï ¥£® à¥è¥¨ï ¤®áâ â®ç®  ©â¨ ¤¢  ¥§ ¢¨á¨¬ëå ¨â¥£à «  á¨áâ¥¬ë v�11 dx1 = b�1dx2,
dx3 = 0 ([8], á. 249),   ¤«ï ®¯à¥¤¥«¥¨ï h2 ¯®-¯à¥¦¥¬ã ¥®¡å®¤¨¬® à¥è¨âì ¢â®à®¥ ãà ¢¥¨¥
á¨áâ¥¬ë (12).

�áá«¥¤®¢ ¨¥ ¯®«ãç¥ëå ãà ¢¥¨© á®¢  ¯à¨¢®¤¨â ª (14), £¤¥ v1 = (@1Q)�2, v2 = (@2Q)�2,
  Q | ¯à®¨§¢®«ì ï äãªæ¨ï ¯¥à¥¬¥ëå x1, x2, ¯à¨ç¥¬ Q = const, x3 = const ï¢«ïîâáï
¥§ ¢¨á¨¬ë¬¨ ¨â¥£à « ¬¨ á®®â¢¥âáâ¢ãîé¨å (12) á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©. � ¨¥ ¨å ¯®§¢®«ï¥â  ¯¨á âì à¥è¥¨¥ ¯¥à¢®£® ¨§ ãà ¢¥¨© (12) h1 = eF1(Q;x3),
£¤¥ eF1 | ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå. �¡é¥¥ à¥è¥¨¥ ¢â®à®£® ¨§ ãà ¢¥¨© (12)
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¨é¥âáï â ª ¦¥, ª ª ¨ à ìè¥, ¨ ¨¬¥¥â ¢¨¤ h2 = eF2(Q;x3)[(kx2+d2)ek ]�1=2, £¤¥ eF2 |¯à®¨§¢®«ì ï
äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå,  | ¥ª®â®à ï äãªæ¨ï x1, k 6= 0, d2 ¯®áâ®ïë. �à¨ íâ®¬ �2v2 =
kx2 + d2, �1b 0 = 1, �1v1 ¥ § ¢¨á¨â ®â x1, �2b ¥ § ¢¨á¨â ®â x2.

� ª ª ª v2b�1 = bv�21 = (kx2+d2) 0 ¨ vi = (@iQ)�2, i = 1; 2, â® @1Q+(kx2+d2)@2Q = 0. �âáî¤ 
Q = Q(W ), £¤¥ W =  � 1

k
ln jkx2 + d2j, �1v1 = q

kx2+d2
, �1b = q 0, q | ¯à®¨§¢®«ì ï äãªæ¨ï x3.

�®á«¥¤¥¥ ¨§ ãà ¢¥¨© (2) ¯à¨ i = j 6= k, i; j; k = 1; 2 â¥¯¥àì § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ 2 00 = �k 02
¨ ¤ ¥â  = 1

k
ln jkx1 + d1jC, £¤¥ C 6= 0, d1 ¯®áâ®ïë.

� ª¨¬ ®¡à §®¬, h1 = F1(W;x3), h2 =
F2(W;x

3)

(kx1+d1)
p
kx2+d2

.

3) � ª®¥æ, à¥è¥¨¥ ®¤®à®¤ëå ãà ¢¥¨© (12) ¨¬¥¥â ¢¨¤ hj = Fj( 1j ; 2j), j = 1; 2, £¤¥
Fj | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå,  j1,  j2 | ¥§ ¢¨á¨¬ë¥ ¨â¥£à «ë á¨áâ¥¬ (13).
�¤¨ ¨§ ¨å, ®¡é¨© ¤«ï íâ¨å á¨áâ¥¬, ®ç¥¢¨¤¥ x3 = const. �â®àë¥ ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢-
¥¨© v�11 dx1 = b�1dx2, b�1dx1 = v�12 dx2. �âáî¤  á®¢  b2 = v1v2, vi = (@iQ)�2, i = 1; 2, Q |
¯à®¨§¢®«ì ï äãªæ¨ï x1, x2, ¯à¨ç¥¬ á®®â®è¥¨¥ Q = const ï¢«ï¥âáï ¢â®àë¬ ¥§ ¢¨á¨¬ë¬
¨â¥£à «®¬ á¨áâ¥¬ (13), ®¡é¨¬ ¤«ï ¨å.

�â ª, hj = Fj(Q;x3), j = 1; 2. �à¨ íâ®¬ �ivi = fi(xj ; x3), i; j = 1; 2, i 6= j. � ª ª ª dx1

�1v1
= dx2

�2b
,

â® �1b = g1(x1; x3). �®¤®¡ë¥ ¦¥ à ááã¦¤¥¨ï ¤ îâ �2b = g2(x2; x3) (g1, g2 | ¯à®¨§¢®«ìë¥
äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå). �®áª®«ìªã v�11 b = v2b

�1 ¨ ®¡¥ ç áâ¨ íâ®£® à ¢¥áâ¢  ¥ § -
¢¨áïâ ®â x3, g1 = �f1(x2; x3), g2 = ��1f2(x1; x3), £¤¥ � | ¯à®¨§¢®«ì ï äãªæ¨ï x1, x2 â ª ï,
çâ® @1� = �@1 ln jf2j, @2� = ��@2 ln jf1j. �® @3@1� = @3@2� = 0, ¯®íâ®¬ã f1 = p01(x

2)q1(x3),
f2 = p02(x

1)q2(x3) (pi, qi, i = 1; 2, | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå), â ª¨¬
®¡à §®¬, � = C p02

p0
1

, C = const 6= 0 ¨ �1v1 = p01q1, �1b = Cp02q1, �2v2 = p02q2, �2b =
1
C
p01q2.

�¥¯¥àì «¥£ª® ¯®«ãç¨âì @1Q
@2Q

= �C p02
p0
1

, ®âªã¤  Q = Q(W ), £¤e W = Cp2 � p1, á«¥¤®¢ â¥«ì®,

hj = Fj(W1x
3), j = 1; 2.

�§ ®áâ ¢è¨åáï ãà ¢¥¨© (2) ¨¬¥¥¬ p002(p
0
1)

2 = C(p02)
2p001 , ¨ ¯®íâ®¬ã

�
1
p0
2

�0
= C

�
1
p0
1

�0
= �k =

const. �âáî¤  ¯à¨ k = 0 ¯®«ãç¨¬ p1 = k2x
2 + d2, p2 = k1x

1 + d1 (ki 6= 0, di, i = 1; 2, ¯®áâ®ïë),
á«¥¤®¢ â¥«ì®,W = Ck1x

1�k2x2. �á«¨ ¦¥ k 6= 0, â® p2 = 1
k
ln jkx1+d2j+C1, p1 = C

k
ln j k

C
x2+d2j+C2

(Ci, di ¯®áâ®ïë, i = 1; 2) ¨ W = C kx1+d1
kx2+d2

.
�â ª, ¤®ª §  

�¥®à¥¬  1. �á«¨ âà¥å¬¥à®¥ à¨¬ ®¢® ¯à®áâà áâ¢® ¤®¯ãáª ¥â á¯¥æ¨ «ì®¥ ¢¥©«¥¢®-£¥®-

¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ª®â®à®£® ¨¬¥¥â ®¤¨ ¤¥©áâ¢¨â¥«ìë©

ª®à¥ì ªà â®áâ¨ 3, â® ¢ á¯¥æ¨ «ì®© á¨áâ¥¬¥ ª®®à¤¨ â ¬¥âà¨ç¥áª ï ä®à¬  íâ®£® ¯à®-

áâà áâ¢  ¨ ä®à¬ , ®¯à¥¤¥«ïîé ï ¯®«¥ ª®ãá®¢, ¯à¨¢®¤ïâáï á®®â¢¥âáâ¢¥® ª ¢¨¤ã (4), (5),
£¤¥ U1, U2, �3 6= 0 | äãªæ¨¨, á¢ï§ ë¥ á®®â®è¥¨ï¬¨ (11), a12 ¨¬¥¥â ¢¨¤ (9),   \¤®¯®«¨-
â¥«ìë¥" ¢¥ªâ®àë ¯®«ï | (8) ¨ (10), £¤¥ mi 6= 0, i = 1; 3; | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ª®®à¤¨ â,

b 6= 0, v1, v2 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ x1, x2, á¢ï§ ë¥ á®®â®è¥¨¥¬ (14), vi = (@iQ)�2,
i = 1; 2; Q | ¯à®¨§¢®«ì ï äãªæ¨ï W ¨

1) gii =
Fi(W;x

3)g33p
(k1x1+d1)(k2x2+d2)

, W = k1x
1+d1

k2x2+d2
, �ivi = kix

i + di, �jb =
kj
ki
(kixi + di) (i; j = 1; 2, i 6= j,

¯® i ¥ áã¬¬¨àã¥âáï!);
2) g11 = F1(W;x3)g33, g22 = F2(W;x

3)g33

(kx1+d1)
p
kx2+d2

, W = (kx1+d1)
2

kx2+d2
, �1v1 = q

kx2+d2
, �2v2 = kx2 + d2,

�1b =
2q

kx1+d1
, �2b = kx1+d1

2
;

3) gii = Fi(W;x3)g33, i = 1; 2; £¤¥
 ) W = Ck1x

1 � k2x
2, �1v1 = k2q1, �1b = Ck1q2, �2v2 = k1q2, �2b =

q2
kx2+Cd2

,

¡) W = C kx1+d1
kx2+Cd2

, �1v1 =
Cq1

kx2+Cd2
, �2b =

Cq1
kx1+d1

, �2v2 =
q2

kx1+d1
, �2b =

q2
kx2+Cd2

.

�à¨ íâ®¬ ¢® ¢á¥å á«ãç ïå g33 | ¯à®¨§¢®«ì ï äãªæ¨ï âà¥å, F1, F2 | ¤¢ãå, q, q1, q2 | ®¤®©

ãª § ëå ¯¥à¥¬¥ëå, g11v1+g22v2 = 0, C, k, k1, k2 | ®â«¨çë ®â ã«ï, d1, d2 | ¯à®¨§¢®«ìë¥

¯®áâ®ïë¥.
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�â¬¥â¨¬, çâ® ¢® ¢á¥å á«ãç ïå \¤®¯®«¨â¥«ìë©" ¢¥ªâ®à Mk £à ¤¨¥â¥. �®ª § â¥«ìáâ¢®
íâ®£® ¯à¥¤áâ ¢«¥® â®«ìª® ¤«ï ¯¥à¢®£® á«ãç ï (®áâ «ìë¥ ¤®ª §ë¢ îâáï   «®£¨ç®).

� ª ª ª m2
i =

kjm
2
3b

ki(kjxj+dj)
, i 6= j, â® ¢ á¨«ã (14) Mi = @i lnm2

3b.
�à®¤®«¦¨¬ ¯®áâà®¥¨¥ âà¥å¬¥àëå à¨¬ ®¢ëå ¯à®áâà áâ¢, ¤®¯ãáª îé¨å á¯¥æ¨ «ì®¥

¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢, áç¨â ï, çâ® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ íâ®£® ¯®«ï ¨¬¥-
¥â ª®¬¯«¥ªá®-á®¯àï¦¥ë¥ ª®à¨. � íâ®¬ á«ãç ¥ ¢ (11) ®¤  ¨§ äãªæ¨© v1 ¨«¨ v2 (\¯®áâ®ï-
ë¥" ¨â¥£à¨à®¢ ¨ï) ®¡à é ¥âáï ¢ ã«ì. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® v1 = 0,
  v2 = v 6= 0, ¨ § ¯¨á âì ãà ¢¥¨ï (2) ¯à¨ i = j = 3, k = 1, i = j = 3, k = 2, i = j = 2, k = 1 ¨
i = j = 1, k = 2 á®®â¢¥âáâ¢¥® ¢ ¢¨¤¥ (t = g22

g11
= h2

h1
)

@1h1 = 0; (15)

@2(�2vh2) = ��2b@1h2; (16)

@1(�1v) = �22�1b
3@2

�
1

(�2b)2t

�
; (17)

@2(�2vt) = ��21�2b3@1
�

t

(�1b)2

�
: (18)

� ¬¥â¨¬, çâ® ¯à¨ íâ®¬ (8){(11) ®áâ îâáï ¢ á¨«¥, â®«ìª® ¢ (11) ¥®¡å®¤¨¬® ¯®«®¦¨âì v1 = 0.
�§ (15) ¯®«ãç ¥¬ h1 = F1(x1; x3), £¤¥ F1 | ¯à®¨§¢®«ì ï äãªæ¨ï ãª § ëå ¯¥à¥¬¥ëå,

¯®íâ®¬ã (16) ¯à¨¨¬ ¥â ¢¨¤

@2(�2vt) = ��2b
F1

@1(F1t):

�à ¢¨¢ ï íâ® á (18), § ª«îç ¥¬ @1(F1�21b
2) = 0, á«¥¤®¢ â¥«ì®, (�1b)2F1 = p, £¤¥ p | ¯à®¨§-

¢®«ì ï äãªæ¨ï x2, x3.
�¡à â¨¬áï â¥¯¥àì ª ãà ¢¥¨î (16), ¯¥à¥¯¨á ¢ ¥£®

�2b@1h2 + �2v@2h2 + 0@3h2 = �@2(�2v)h2: (19)

� §¤¥áì ¯à¨å®¤¨âáï à §«¨ç âì ®¤®à®¤®¥ ¨ ¥®¤®à®¤®¥ ãà ¢¥¨ï.
4) @2(�2v) 6= 0. � íâ®¬ á«ãç ¥ á®®â¢¥âáâ¢ãîé ï (19) á¨áâ¥¬  ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (�2b)�1dx1 = (�2v)�1dx2 = dx3

0
= � dh2

@2(�2v)h2
.

�¥à¢ë© ¥¥ ¥§ ¢¨á¨¬ë© ¨â¥£à « | à¥è¥¨¥ ãà ¢¥¨ï b�1dx1 = v�1dx2 | ¨¬¥¥â ¢¨¤
Q(x1; x3) = const, £¤¥ b = (@1Q)�1, v = �(@2Q)�1. �â®à®© ®ç¥¢¨¤¥ x3 = const,   ¤«ï ®¯à¥¤¥-
«¥¨ï âà¥âì¥£® ¥®¡å®¤¨¬® ¨â¥£à¨à®¢ âì ãà ¢¥¨¥ dx2

�2v
= � dh2

@2(�2v)h2
. �£® ãá«®¢¨ï ¨â¥£à¨à®-

¢ ¨ï âà¥¡ãîâ, çâ®¡ë �2v ï¢«ï«®áì â ª®© äãªæ¨¥© ¯¥à¥¬¥®© x2, ¤«ï ª®â®à®© @2@2(�2v) = 0.
�®íâ®¬ã �2v = kx2+d (k 6= 0, d ¯®áâ®ïë) ¨ á®®â®è¥¨¥ (kx2+d)h2 = const ï¢«ï¥âáï âà¥âì¨¬
¥§ ¢¨á¨¬ë¬ ¨â¥£à «®¬ à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë. � ª¨¬ ®¡à §®¬, à¥è¥¨¥ (19) ã¤®¢«¥â¢®-
àï¥â ãà ¢¥¨î G1(Q;x3; (kx2 + d)h2) = 0, £¤¥ G1 | ¯à®¨§¢®«ì ï äãªæ¨ï âà¥å ¯¥à¥¬¥ëå,
à §à¥è¨¢ ª®â®à®¥, ¯®«ãç¨¬ h2 =

�2(Q;x
3)

kx2+d
, £¤¥ �2 | ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå.

�¤ ª® âà¥â¨© ¥§ ¢¨á¨¬ë© ¨â¥£à « ¬®¦® ¨áª âì ¨§ ãà ¢¥¨ï dx1

�2b
= �[@2(�2v)h2]�1dh2.

� ª «¥£ª® â¥¯¥àì ¯à®¢¥à¨âì, ¥£® ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ ¢ë¯®«¥ë, ¯®íâ®¬ã ¬®¦® ¯®-
«®¦¨âì [k�2b]�1 = (ln )0, £¤¥  | ¯à®¨§¢®«ì ï äãªæ¨ï x1, ¨ § ¯¨á âì âà¥â¨© ¨â¥£à «
 h2 = const. �«¥¤®¢ â¥«ì®, à¥è¥¨¥ (19) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î G2(Q;x3;  h2) = 0 (G2

| ¯à®¨§¢®«ì ï äãªæ¨ï âà¥å ¯¥à¥¬¥ëå), ®âªã¤  h2 =
�2(Q;x

3)
 

(Q | ¯à®¨§¢®«ì ï äãªæ¨ï

âà¥å ¯¥à¥¬¥ëå). � ª¨¬ ®¡à §®¬, à¥è¥¨¥ (19) ®ª®ç â¥«ì® § ¯¨áë¢ ¥âáï h2 =
�(Q;x3)p
 (kx2+d)

(�

| ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå).
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� ª «¥£ª® ¯®«ãç¨âì, @1Q=@2Q = � (kx2+d)(ln )0

k
, ¯®íâ®¬ã Q = Q(W ), £¤¥ W =  (x1)p

kx2+d
,

h2 = F2(W;x
3)p

 (kx2+d)
¨ F2 | ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå. �¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª 

¯®ª §ë¢ ¥â, çâ® ¯à¨ íâ®¬ (18) ®¡à é ¥âáï ¢ â®¦¤¥áâ¢®.
� áá¬®âà¨¬ ®áâ ¢è¥¥áï ãà ¢¥¨¥ (17). �®¤áâ ¢¨¢ ¢ ¥£® ã¦¥ ®¯à¥¤¥«¥ë¥ ¯ à ¬¥âàë,

¯à¨¢¥¤¥¬ ¥£® ª ¢¨¤ã

1
k
p
F1 

@1

�
(ln )0

F1

�
=

1
kx2 + d

@2

�p
kx2 + d

F2

�
:

�¥¢ ï ç áâì íâ®£® ãà ¢¥¨ï ¥ § ¢¨á¨â ®â x2. �®âà¥¡®¢ ¢ â®£® ¦¥ ®â ¯à ¢®© ç áâ¨, ¯à¨¤¥¬ ª
ãá«®¢¨î @2@2

�
1
F2

�� 3
4

k2

(kx2+d)2
1
F2

= 0 ¨«¨ (¯®áª®«ìªã F2 = F2(W;x3)) W 2@W@W
�
1
F2

�
+ 2W@W

�
1
F2

��
3
4

1
F2

= 0. �âáî¤  ([9], á. 406) 1
F2

= q1(x3)
p
W + q2(x

3)p
W 3

, £¤¥ q1, q2 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ x3, ¨

(17) ¯à¨¨¬ ¥â ¢¨¤ 1
F1
@1
� (ln )0

F1

�
= 2k2q2 1

 
. �®á«¥ ¨â¥£à¨à®¢ ¨ï ¯®«ãç¨¬ F1 = � 02[4(k2q2 +

q3 
2)]�1, £¤¥ q3 | ¯à®¨§¢®«ì ï äãªæ¨ï x3.
�á«¨ ¦¥ (19) ®¤®à®¤ë, â® (15) ¨ (17) ¥ ¬¥ïîâáï,   (16) ¨ (18) § ¯¨áë¢ îâáï á®®â¢¥â-

áâ¢¥®

b@1h2 + v@2h2 = 0; (20)

(�1b)2@1t+ �21bv@2t = @1(�1b)2t: (21)

� §¤¥áì ¢ë¤¥«ïîâáï ®¤®à®¤®¥ ¨ ¥®¤®à®¤®¥ ãà ¢¥¨ï (21).
5) @2(�2v) = 0, @1(�1b) 6= 0. B íâ®¬ á«ãç ¥ ¨§ (15) ¨ (17) á«¥¤ã¥â h1 = F1(x1; x3), (�1b)2 =

p(x2; x3)F1, £¤¥ p ¨ F1 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå,   (20) ¤ ¥â h2 =
h2(Q;x3), £¤¥ h2 | ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå, Q | äãªæ¨ï ¯¥à¥¬¥ëå x1

¨ x2 â ª ï, çâ® b@1Q = �v@2Q = 1.
�¥à¥¯¨á ¢ (21) á«¥¤ãîé¨¬ ®¡à §®¬:

�1b@1t+ �1v@2t+ 0@3t = 2@1(�1b)t;

ª ª ¨ à ìè¥  ©¤¥¬, çâ® �1b = k1x
1+d1 (k1 6= 0, d1 ¯®áâ®ïë), �1v = 2k1

(ln )0
,  | ¯à®¨§¢®«ì ï

äãªæ¨ï x2, �1 ¥ § ¢¨á¨â ®â x3 ¨ t = (k1x1 + d1)
p
 T (�; x3), £¤¥ T | ¯à®¨§¢®«ì ï äãªæ¨ï

¤¢ãå ¯¥à¥¬¥ëå. �à ¢¨¢  ©¤¥ë¥ § ç¥¨ï �1b á à ¥¥ ®¯à¥¤¥«¥ë¬¨, ¢ë¢®¤¨¬ p = p(x3),
  F1 =

p
(k1x1+d1)2

.

�®áª®«ìªã â¥¯¥àì @1Q=@2Q = � 2k1
(k1x1+d1)(ln )0

, â® Q = Q(W ), £¤¥ W = k1x
1+d1

 (x2)
, á«¥¤®¢ â¥«ì®,

h2 = F2(W;x3), £¤¥ F2 | ¯à®¨§¢®«ì ï äãªæ¨ï ¤¢ãå ¯¥à¥¬¥ëå ¨ t = k1x1+d1
p(x3)

F2(W;x3). �¥¯¥àì

(17) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ãà ¢¥¨ï W@WF2 + 2
�
1 �  00 

 02

�
F2 = 0, ª®â®à®¥ ®¯à¥¤¥«ï¥â F2 ª ª

äãªæ¨î W ¨ x3, ¥á«¨  00 j j2 = k = const. �® ¨¬¥¥â á«¥¤ãîé¨¥ à¥è¥¨ï:

 ) ¯à¨ k = 1 ( (x2) = ek2x
2+d2 , k2 6= 0, d ¯®áâ®ïë, W = (k1x

1+d1)
2

ek2x
2+d2

) h2 = F2(x3), £¤¥ F2 |
¯à®¨§¢®«ì ï äãªæ¨ï x3;

¡) ¯à¨ k 6= 1 ( = [(1� k)(k2x2 + d2)]
1

1�k , k2 6= 0, d ¯®áâ®ïë, W = (k1x1 + d1)[(1� k)(k2x2 +
d2)]

1
1�k ), h2 = qW 2(k�1), q | ¯à®¨§¢®«ì ï äãªæ¨ï x3.
� ¬¥â¨¬, çâ® ãá«®¢¨¥ @2(�2v) = 0 ¤ ¥â m2

1 = (ln )0�M 2
2 , £¤¥ � | ¯à®¨§¢®«ì ï äãªæ¨ï

¯¥à¥¬¥ëå x1, x2, ¯®íâ®¬ã Mi = grad.
6) �à¨ @2(�2v) = @1(�1b) = 0 ãà ¢¥¨ï (15), (17) ¨ (20) ®áâ îâáï ¢ á¨«¥,   (21) ¯¥-

à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥ b@1t + v@2t = 0. �®íâ®¬ã h1 = F1(x3), h2 = F2(Q;x3), T = T (Q;x3),
�1b = f1(x2; x3), �2v = f2(x1; x3), £¤¥ F1, T , f1, f2 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥-
ëå, F2 = TF1,   Q(x1; x2) â ª®¢ , çâ® b@1Q = �v2@2Q = 1. � ª¨¬ ®¡à §®¬, (17) ¯à¨¨¬ ¥â ¢¨¤
@1( vb ) = ( b

v
)2@2[( vb )

2 1
t
]. �®áª®«ìªã v

b
¥ § ¢¨á¨â ®â x3, â® 1

t
= ( b

v
)2[A(x1; x2)+B(x1; x3)], £¤¥ A ¨ B |

¯à®¨§¢®«ìë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå, ¨ (17) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥ @1( vb ) = ( b
v
)2@2A.
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�âáî¤ , ¯®«®¦¨¢ A = 1
3
@1a(x1; x2), ¢ë¢®¤¨¬ ( v

b
)3 = @2a + C(x2), £¤¥ C | ¯à®¨§¢®«ì ï

äãªæ¨ï x2. �®«ãç¥®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© á«¥¤ãîé¥¥ ãá«®¢¨¥ ¤«ï ®¯à¥¤¥«¥¨ï äãªæ¨¨ Q:

@1Q

@2Q
= � 3

p
@2a+C; (22)

¨ ¢ á¨«ã ¥®¯à¥¤¥«ï¥¬®áâ¨ äãªæ¨© a ¨ C ¥ ¯®§¢®«ï¥â  ©â¨ ¥¥ ®¡é¨© ¢¨¤.
�®íâ®¬ã ¨¦¥ ¯®ª ¦¥¬ «¨èì áãé¥áâ¢®¢ ¨¥ âà¥å¬¥àëå à¨¬ ®¢ëå ¯à®áâà áâ¢, ¤®¯ãá-

ª îé¨å áãé¥áâ¢®¢ ¨¥ ¢¥©«¥¢®-£¥®¤¥§¨ç¥áª®£® ¯®«ï ª®ãá®¢ à áá¬ âà¨¢ ¥¬®£® ¢¨¤ , ¯®áâà®¨¢
á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à. �«ï íâ®£®, ¯®«ì§ãïáì ¯à®¨§¢®«®¬ äãªæ¨© a ¨ C, ¯®«®¦¨¬ C(x2) = 0,
@2a = �( kx2+d2

�kx1+d1 )
3, £¤¥ k 6= 0, d1, d2 ¯®áâ®ïë. �®£¤  @1Q=@2Q = kx2+d2

�kx1+d1 , ®âªã¤  Q = Q(W ),

£¤¥ W = kx2+d2
�kx1+d1 ¨ 1

t
= �W 2

4
+ B(x1;x3)

W 2 (§ ¬¥â¨¬, çâ®\¯®áâ®ïãî" ¨â¥£à¨à®¢ ¨ï, ®¯à¥¤¥«ïï
äãªæ¨î a, ¯®«®¦¨«¨ à ¢®© ã«î).

�â ª, g11 = F1g33, g22 = [ B
W 2 � W 2

4
]�1g33, £¤¥ g33 | ¯à®¨§¢®«ì ï äãªæ¨ï ª®®à¤¨ â; B |

äãªæ¨ï x1, x3; F1 | äãªæ¨ï â®«ìª® x3.
7) � ª®¥æ, à áá¬®âà¨¬ ¯®á«¥¤¨© á«ãç © v1 = v2 = 0. �áâ ¢è¨¥áï ãà ¢¥¨ï (2) ¯à¨¢®¤ïâáï

ª ¢¨¤ã @ihj = @i[ t
(�ib)2

] = 0, i; j = 1; 2, i 6= j. �âáî¤  h1 = F1(x1; x3), h2 = F2(x2; x3), £¤¥ F1, F2
| â ª¨¥ äãªæ¨¨, ¤«ï ª®â®àëå @i[(�ib)2Fi] = 0, i = 1; 2. �â® ¤ ¥â m4

i = (m2
3b)

2FiHi, i = 1; 2, £¤¥
H1(x2; x3), H2(x1; x3) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ãª § ëå ¯¥à¥¬¥ëå.

�â ª, ¯®«ãç¥ 

�¥®à¥¬  2. �á«¨ âà¥å¬¥à®¥ à¨¬ ®¢® ¯à®áâà áâ¢® ¤®¯ãáª ¥â á¯¥æ¨ «ì®¥ ¢¥©«¥¢®-£¥®-

¤¥§¨ç¥áª®¥ ¯®«¥ ª®ãá®¢, å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ª®â®à®£® ¨¬¥¥â ®¤¨ ¯à®áâ®© ¤¥©-

áâ¢¨â¥«ìë© ª®à¥ì, â® ¢ á¯¥æ¨ «ì®© á¨áâ¥¬¥ ª®®à¤¨ â ¬¥âà¨ç¥áª ï ä®à¬  íâ®£® ¯à®-

áâà áâ¢  ¨ ä®à¬ , ®¯à¥¤¥«ïîé ï ¯®«¥ ª®ãá®¢, ¯à¨¢®¤ïâáï á®®â¢¥âáâ¢¥® ª ¢¨¤ã (4), (5),
£¤¥ U1, U2, �3 6= 0 | ¯à®¨§¢®«ìë¥ äãªæ¨¨ ª®®à¤¨ â, á¢ï§ ë¥ á®®â®è¥¨ï¬¨ (11) ¯à¨
v1 = 0, v2 = v 6= 0, a12 ¨¬¥¥â ¢¨¤ (9), £¤¥ b 6= 0 | ¯à®¨§¢®«ì ï äãªæ¨ï x1, x2, \¤®¯®«¨-
â¥«ìë¥" ¢¥ªâ®àë ¯®«ï | á®®â¢¥âáâ¢¥® (8) ¨ (10), £¤¥ mi 6= 0 (i = 1; 2; 3) | ¯à®¨§¢®«ìë¥

äãªæ¨¨ ª®®à¤¨ â, b@1Q = �v@2Q = 1, Q | ¥ª®â®à ï äãªæ¨ï W ¨

4. g11 = F1g33, g22 = F2g33p
 (k2x2+d2)

, F1 = �  02

4(k2q2 +q3 2)
, F2 = [q1

p
W + q2p

W 3
]�1, W =  

kx2+d
,

�2v = kx2+d, (�; b)2 = p
F1
, p2b = k

(ln )0
;  =  (x1), p = p(x2; x3) | ¯à®¨§¢®«ìë¥ äãªæ¨¨,

k 6= 0;
5. q11 = pg33

(k1x1+d1)2
, g22 = F2(W;x3)g33, W = (k1x

1+d1)
2

 
, p1b = k1x

1 + d1, �2b = 2k1
(ln )0

, m2
1 =

(ln )0�m2
2, £¤¥ p = p(x3), � = �(x1; x3) ¯à®¨§¢®«ìë ¨

 ) ¯à¨  = ek2x
2+d2 F2 = F2(x3),

¡) ¯à¨  = [(1� k)(k2x2 + d2)]
1

1�k (k 6= 1 ¯®áâ®ï ) F2 = qW 2(k�1).
6. g11 = F1(x3)g33, g22 = F2(Q;x3)g33, £¤¥ äãªæ¨ï Q(x1; x2) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (22);
7. g11 = F1g33, g22 = F2g33, m

4
1 = (m2

3b)
2F1H1, m

4
2 = (m2

3b)
2F2H2, £¤¥ F1(x1; x3), F2(x2; x3),

H1(x2; x3), H2(x1; x3) ¯à®¨§¢®«ìë.

�à¨ íâ®¬ ¢® ¢á¥å á«ãç ïå g33, mi (i = 1; 2; 3) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ âà¥å ¯¥à¥¬¥ëå ; F1,
F2, �, H1, H2; b, v | äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå ;  , q, q1, q2, q3 | äãªæ¨¨ ®¤®© ¯¥à¥¬¥®©;
k; k1, k2 | ®â«¨çë¥ ®â ã«ï ¯®áâ®ïë¥; d, d1, d2 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.
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